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EXCITATION SPECTRUM OF A HEISENBERG ANTIFERROMAGNET
AT FINITE TEMPERATURES

A. L. Kuzemskii and D. Marvakov®

It is shown that the spectrum of spin-wave excitations in a Heisenberg
antiferromagnet can be described consistently in the framework of the
method of irreducible Green’s functions. The anomalous contributions
to the renormalization of the mean field are taken into account from
the very beginning. The spin wave damping is calculated self-
consistently.

1. Introduction

The Heisenberg model of the exchange interaction of localized spins [1] is used to
describe the magnetic properties of ferro-, ferri-, and antiferrodielectrics. For a ferro-
magnet the ground state, in which all the spins are aligned parallel, is known exactly.
Small deviations from the ground state, or spin waves, can be described quite well by
dynamical variables of oscillator type [2,3]. A dependence of the frequency of the normal
modes on the wave vector, i.e., dispersion, arises as a result of interaction between the
oscillators. At temperatures near zero, a linear approximation for the spin waves is used.

For an antiferromagnet an exact ground state is not known. Néel [4] introduced the
concept of two mutually interpenetrating sublattices to explain the behavior of the
susceptibility of antiferromagnets. However, the ground state in the form of two sub-
lattices (Néel state) is only a classical approximation. The spin-wave theory for an
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antiferromagnet [1~7] is, from the very beginning, a greater approximation than in the case
of a ferromagnet, since the system has more resemblance to a set of anharmonic oscillators.
In contrast to ferromagnets, in which the mean molecular field is homogeneous and propor-
tional to the magnetization, in ferri- and antiferromagnets the mean molecular field is
strongly inhomogeneous. The local molecular fields of Néel [4] are a more general concept.
Multisublattice magnets with inequivalent sublattices and complicated magnetic ordering
cannot be described by using a homogeneous mean field.

From the point of view of quantum statistical mechanics, the problem of adequate
introduction of mean fields for systems of many interacting particles can be most consis-
tently investigated in the framework of the method of irreducible Green’s functions
[1,8—13]. A correct calculation of the quasiparticle spectra and their damping,
particularly for systems with complicated spectrum and strong interaction [11,13-16],
shows that the generalized mean fields can have very complicated structures that cannot
be described by a functional of the mean density. Even for a Heisenberg ferromagnet,
calculation of the damping of the spin-wave spectrum in the framework of the method of
irreducible Green’s functions [1,10] requires the inclusion of the correlation functions
of the longitudinal and transverse spin components in the mean fields. There is no
spin-wave damping in a mean field proportional to the mean magnetization.

In this paper, we calculate the spin-wave spectrum and damping of a Heisenberg anti-
ferromagnet in the framework of the method of irreducible Green’s functions. An initial
formulation was given in [17,18].

2. Hamiltonian of the Model

We shall proceed from a model of an isotropic two-sublattice antiferromagnet with

Hamiltonian of the form
1 an’ 1 oo’ 1 - z
H=— 5 Z]q * SeaS—gar = — “é"z-’q ' {”é"(Sqa+S—qa'+Sqa_S—:a’) + SaSqar } (1)
que” qoe’

Here, o and o' take two values {a, b}. It is assumed that the spontaneous magnetization
of sublattice @ is directed along the z axis, and of sublattice b along the —z axis. The
simple two-sublattice model (1) with two interpenetrating sublattices is valid only for
systems with simple cubic and bec lattices.

For what follows, it is convenient to rewrite (1) in the form

1. an’ - 2
H=— "2‘“ leq (Sqm+S—qu'+SqazS—qm’) ’ (2)
qon’
where
1 =05 15y =15 (3)

It is known {1,2,19-21] that the additional anisotropic contributions play an important
part in the Hamiltonian (1). Since allowance for them would significantly complicate not
only the expression but also the form of the ground state and the spectrum, these contri-
butions are omitted in the present paper in order to demonstrate more transparently the
advantages of the chosen method. We intend to take into account the anisotropy and an
external field later.

3. Method of Calculation

In this paper we shall use the method of irreducible Green’s functions [1,8—13]. The
essence of the method is as follows [13]. The introduction of the irreducible parts of
the Green’s functions results in separation of all renormalizations of the mean field. As
a result, without having to make any truncation of the hierarchy of equations for the
Green’s functions, one can write down a Dyson equation and obtain an exact analytic repre-
sentation for the mass operator in terms of the many-particle Green’s functions. Approxi-
mate solutions are constructed as definite approximations for the mass operator. This is
the difference from the ordinary method of equations of motion for the Green’s functions.
At the same time, the splitting procedure can be controlled formally by analogy with the
diagram approach. The method of irreducible Green’s functions is intimately related to the
projection operator method, which expresses the idea of a "reduced description" of the
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system in the most general form. The projection operation [12] makes it possible to reduce
the infinite hierarchy of coupled equations to a few relatively simple equations, that
"effectively'" take into account the essential information about the system that determines
the specific nature of the given problem. Since a regular structure of the solution for
the single-particle Green’s function is used (in the form of a formal solution of the
Dyson equation), approximate solutions can be constructed systematically. The method makes
it possible to calculate the damping due to inelastic collisions for systems with compli-
cated spectrum and strong interaction [13].

The connection between adequate introduction of mean fields and the nature of the
broken symmetry of the system [2] was emphasized in [13,18]. It should be emphasized
that although the Néel state is a fairly good approximation to the exact ground state,
there is still no consistent microscopic theory of long-range antiferromagnetic order.
From the point of view of the concept of broken symmetry [1,22], the system tends to go
over, as a rule, to a less symmetric phase when the temperature is reduced. For example,
in a superconductor the breaking of gauge invariance results in the appearance of phase
coherence over large distances. In [23], Bogolyubov showed that the broken symmetry in a
superconductor can be described by adding to the Hamiltonian infinitesimally small sources.
As a result of this, nonvanishing anomalous pairings arise. Developing Bogolyubov’s idea,
Nambu [24] showed that a vacuum of the required form, corresponding to the nature of the
broken symmetry, can be uniquely fixed by means of the spinor representation.

In this paper, a similar approach is used to describe a Heisenberg antiferromagnet.
It is shown that the use of "anomalous averages,'" which fix the vacuum, makes it possible
to determine uniquely generalized mean fields and calculate in a very compact manner the
spectrum of spin-wave excitations and their damping due to inelastic magnon—magnon
scattering processes. A transition from the spin operators to Bose operators is not
required. A method for calculating the damping for arbitrary value of the spin 5 is
proposed.

4, Derivation of the Dyson Equation

To calculate the spin-wave spectrum of a two-sublattice Heisenberg antiferromagnet,
we consider the two-time retarded Green’s function

G(t—t' )=(A (1), B(#')»»=—i0(t—t')<[A(), B(£)]->. (4)

As operators A and B in the Heisenberg ferromagnet, the operators ST and $~ have been
chosen. In the case of an antiferromagnet, as will be shown below, it is convenient to
choose the following representation of "spinor' type:

- P SeT - -
4= ’ Bz[S—ha7S—kb]~ (5)
C Skb+
The equation of motion for the Fourier transform of the Green’s function can be written in
the form
S 248, S
‘—0<<S;a ',: - aj'>>m:[ ¢ +<<(Dk,ab| _ >>m (6)
S 0 S
Here,
@k,ab= N Z [qab Shqab FN- Z [qaa Shqaa’ Skqab — S}:q’a quz__ qu+ Skz_ e ( 7)

q g

We introduce irreducible Green’s functions (or irreducible operators, from which these
Green’s functions are constructed) in accordance with the definition

(Sig™) " = S —D ™St + Dh'fq S (8)
(Sqaz) 11‘=Sqal_N'Iz<Saz >6q’ o ( 9)

The choice of the irreducible part of the Green’s functions is uniquely determined by the
conditions
S:ka.
(S%b)ir,[ _ H =0, (10)
<[ 4 STep _>
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which lead to the vanishing of the inhomogeneous terms in the equations for the irreducible
Green’s functions. TFrom (10) we find that

24(822) T (Sp?) Y + (S a8

DS = . (11)
2YN (S>>
Taking into account (7)—(11), we represent Eq. (6) in the form
STha Ska 282 . STha
(m—maa><<sxal[ i} ]>+coab<<sztbl[ _ ]>>=[ +(DF W[ - (12)
STkp SZks 0 SZkp
In (12) we have introduced the notation
Bz = { (I —L,2) (8a?> + 1,2 <S8, + Z [ (12— Ih"_'_‘q) D +1 2Dy } ,
! (13)
1
Dy = ﬁDq“B, a, p=a,b
@gp = [ kab <Saz> +Zl}za—quNqba}, (114)
q
0. (R = N 2y LIS\ 0 (Sur) =S (Sueas) "1 (15)
q,'r=a,b
Similarly, we obtain
S:kb S:kb 2 <S Z> . -S:kb
0= ) €Sio] [ - ]>> & O (St [s— }>> S[ I ERCRUTY] (16)
~ka ~ka -ka

To calculate the irreducible Green’s functions on the right-hand sides of Egs. (12)
and (16), we use the device of differentiating with respect to the second time [8]. After
introduction of the corresponding irreducible parts in the resulting equations, the system
of equations can be represented in the matrix form

Gk, ©)=Go(k, @) +Go(k, ©)TI(k, ©)Go(k, o). (17)

We have here introduced the Green’s function G, in the generalized mean field approximation
and the scattering operator NI. If follows from the Dyson equation

Gk, ©)=Go(k, 0)+Go(k, 0) M (k, 0)G(k, o) (18)
that
Tk, @)=HM (k, o)+ 1 (k, ©)Golk, ®)TT (%, 0). (19)

Thus, on the basis of the relation (19) we can speak of the mass operator M as the
intrinsic part of the operator I by analogy with the diagram technique, in which the mass
operator is the connected part of the scattering operator {for a more detailed discussion,
see [13}). It can be shown that the explicit form of the mass operator M is

@y — o [<<®qfr<k>|§D;’+<k>>> (" () | @8 (k>>>]. (20)
e 10,7 ()| DT (R)) (D" (k)| DB (R))
The formal solution of the Dyson equation for the retarded Green’s function (18) can be
represented in the form
Gk, 0) =[G (k, ©)—M (k, ®)] . (21)

Thus, the finding of the total Green’s function has been reduced to calculation of the
Green’s function in the generalized mean field approximation and the calculation of the
mass operator.

6. Quasiparticle Excitations in the Mean Field

In accordance with the definition (18), the Green’s function in the generalized mean
field approximation has the form
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245 [ (0—®as ®
Golhy o) = e [ (0m0w) - 0u ] (22)
det Q Mgy - ((D—O.)bb)
where
(Mtﬁ=(m—mu)0m~mw)—mwmm. (23)
We find the poles of the Green’s function (22) from the equation
det =0, (24)
from which it follows that
t=:ty(ﬂ,mz'_(l)ab2. ( 25 )
By analogy with [5], we introduce the quantities (1]
. 1
wi="LIU=) ], vl T ], = 2l L=0, 1=, (26)
z
H
By means of (26), we represent the Green’s function {22) in the form
w,? Uyt ]
G (k, =2<S{>[ — = G,"(k, —0), (27
0" () oo (B a—a (ni o el )
—Uilp Lply \
G (&, =2<S,,z>[ ]=G’m ko). (28)
(ks 0) oot (k) o—o-(k) o (k@)

The Green’s functions (27) and (28) show that the propagation of quasiparticle excitations
in the antiferromagnet is associated with definite superpositions of the two branches of
spin waves.

The spin-wave dispersion law in the generalized mean field approximation for arbitrary
spin S has the form

1
R e r e T (KR (29)
( TN S, ‘Vq:”" : T

where Iq = z*I°yy, and z is the number of nearest neighbors in the lattice. The first term
in (29) corresponds to the Tyablikov approximation [1]. The second term in (29) describes
elastic scattering of the spin-wave excitations. At low temperatures, the fluctuations

of the longitudinal spin components are small, and, therefore, for (29) we obtain

o (k)=I-S-z[1—-C(T) J(1—y:2) ™ (30)
The function C(T) determines the temperature dependence of the spin-wave spectrum: ‘
1 - -
C(T)= INS? Z (<S-—anqa+> + Yq <S—-qa.qu+>) . (31)

q

In the case when C(T) + 0 we obtain the result of the Tyablikov decoupling:

E(k) =I(Saz>'z(1‘-"{kz)!h. (32)
From (32) we obtain the well-known expression for the Néel temperature:
Iz ( 1 )“
Ty=———\N"! . 33)
v Z, — (33

For small values of the wave vector k, when w(k) in Eq. (32) is a linear function of k, it
can be estimated that for an antiferromagnet the spin-wave rigidity coefficient behaves
with the temperature as

C(T)~T". (34)

We emphasize that the dependence (34) is due te the elastic scattering processes. To
estimate the contribution of the inelastic processes, it is necessary to take inte account
the corrections due to the mass operator. We note that the spectrum of an antiferromagnet
in a generalized mean field (or generalized Hartree—Fock approximation) was investigated
in detail in [19] under significantly more general assumptions concerning the model (see
also the supplement to [1] and the subsequent studies [20,21] of these authors).
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6. Damping of Quasiparticle Excitations

An antiferromagnet is a system with complicated quasiparticle spectrum. The calcula-
tion of the damping due to inelastic scattering processes in such systems has some
important aspects [13—16]. When calculating the damping, it is necessary to take into
account the contributions from all matrix elements of the mass operator (20). In other
words, the damping of the quasiparticle excitations is determined on the basis of a Green’s
function of the form

248,75
Gu(k,0)= . (35)
w0 = = 285 2(F, @)
Here, the self-energy operator %(k, w) is determined by the expression
2485 My (k, o) M, (k, ©)
Sk, 0)=M,(k o)— . 36
(k, ) u(k, @) oto(k)+2<8 My (k, o) (36)
In the case when k, w > 0, a restriction may be made to the approximation
Z(k, o) ~My(k, o). (37)
It follows from (20) that to calculate the damping it is necessary to find the Green’s
function OI'(k) |®;*(k)». As an example, we consider the calculation of one of them. By
means of the spectral theorem [1], we have
do’ , 3 dt .
(((I)a”(lc)|(l).,“+(k)>)=j 5 m,(eﬁ‘" —1)j 3 et D, (k) D, (k, £)). (38)
Lo S 2n

Thus, it is necessary to find a felicitous approximation for the correlation function on
the right-hand side of (38). We consider an approximation of the following form (the
physical justification of the choice of the approximation (39) was discussed in detail in
[11,13-18]):

PR : _ 1 —t iy, - -
< (S—qb) . S—(k~q’)u Shtq'a(t) (Sq'b (t) ) )R e Z (Kh—-;mz(t) Kq+:,bb(t) K:,bl) (t) +

4NS?
b
-+ -+ + -
Kh—Q,ﬂb (t)KQ+P,ab (t)KP,M) (t) )641,«1': (39)
where
Ko % (1) = (S 5 St (). (40)

By analogy with the diagram technique, we can say that the approximation (39) corresponds
to neglect of the vertex corrections to the magnon—magnon inelastic collisions. Using (39)
in (38), we obtain

" SN T ) v(02) [v(0s) — v(0) 1+ {14V (o) Iv(a:)
€07 (k) | @7 (k) Y oS j‘dmidmzdms P ——— X
1 1 1
_{——-ﬂ—lm Goa(k—q, ®1) }{——K—Im Gu(gtp, (ﬂz)} {—}—Im Gu(p, 03) } (41)

where v(®) is the Bose distribution function.

Equations (18) and (41) form a self-consistent system of equations. To solve this
system of equations, we can, in principle, use any convenient initial representation for
the Green’s function, substituting it on the right-hand side of Eq. (41). The system can
then be solved iteratively. To estimate the damping, it is usually sufficient as the first
iteration to use the simplest single-pole approximation (see Eq. (30))

——i—ImG(k,m)~6(m—m(k)). (42)

As a result, for the damping of the spin-wave excitations we obtain
Tk, @)=—2SIm 3 (k, o), (43)

T (k, 0) == (a1)* (1=e7) N v ves) (o) X

qap

446



8 (0~ (k—g)+ o(p)) Mk, p; k—q,p+q). (44)

In the Appendix, we give M,; explicitly. The result (44) exactly reproduces the expression
for the damping found in [7]. However, our method is much simpler and shorter. Moreover,
in our approach it is not difficult to take into account inelastic scattering of the spin
waves due to scattering by longitudinal spin fluctuations. For this, instead of the
approximation (39), we can use

US8-00) ™8 gy Sulera(t) (Sqra (1)) = Ky graa (£) K g () By (45)

If we restrict ourselves to the static approximation,
Ky s () Ko (1) % Ky g0 () Ko (0), (46)

then on the basis of (38) we find
(21)® 1 3 ( ®p—q ) 2z YaYr—q@r—q L0 ]
Molk, )= P Ypmg) {0 T e VK e K | (47)
( ) 2S Z(I(Dz’_ﬁ)i , l:('Yq Yh q) 'yf[_rYZA q 21/1_”? q,ab
q - - Vh_g

In conclusion, we emphasize that on the basis of the proposed approach we can very
readily calculate the spectrum and damping of quasiparticle excitations for arbitrary value
of the spin S. TFor this, it is necessary to use the well-known representation [1]

Sr=— S+ (28) ~1STSH (25)2(25—1)] 1 S+SHS-S—+ .. .. (48)

Using (48) in (39), we can obtain explicit expressions for I'(k, w) (44) for arbitrary
value of the spin. For spin S = 3, we retain the first two terms in (48), for spin S = 1
it is necessary to retain the first three terms in (48), etc.

There has been much recent study of the spin-wave damping of Heisenberg antiferromag-
nets due to multimagnetic processes. On the basis of the expression (44), it is possible
to describe broadening of an antiferromagnetic resonance line [25] and the width of a spin-
wave line in the case of inelastic scattering of slow neutrons [26]. It is also important
to take into account processes of magnon—magnon scattering in optical investigations of
antiferrodielectrics [27]. On the basis of these investigations, it can be concluded
that the damping is weak o(k)/I~'""*'%, i.e., antiferromagnons are well-defined excitationms.
Following [14,15], it is possible to determine the temperature dependence of the damping

(et (71) o (k) { ksT \*
S? ( JSz)

in the regime t < e(k) < 1. Here, 1 = kgT/JzS and e(k) = w(k)/2J2S. 1In general, the
estimates of the temperature dependence of the damping in the general case are very
complicated, and in this question there are still some obscure points [7,25-28].

Tk o)~a (49)

7. Conclusions

In this paper we have shown that on the basis of the method of irreducible Green’s
functions it is relatively easy to calculate the spectrum and damping due to magnon-—
magnon scattering for a two-sublattice Heisenberg antiferromagnet in a wide range of
temperatures. At the same time, all the calculations can be made in the representation of
spin operators for arbitrary value of the spin S. In contrast, in the framework of the
diagram approach allowance for the dependence on the value of the spin leads to signifi-
cantly more complicated calculations. The theory we have proposed can be directly
extended to the case of a large number of magnetic sublattices with inequivalent spins,
i.e., it can be used to describe complicated ferrimagnets.

In the framework of our approach, one can show that the mean fields in an antiferro-
magnet must include "anomalous' means, this reflecting the local nature of the Néel
molecular fields. Even in an ordinary cubic Heisenberg ferromagnet allowance for next-
neighbor interaction forces us to go beyond the framework of the mean field approximation
[29]. This is all the more true for an antiferromagnet [30,31]. Thus, the mean field in
an antiferromagnet, like the mean field in a superconductor, has a more complicated
structure. This circumstance has a number of interesting consequences. However, this
group of questions goes beyond the scope of the present study and warrants a separate
discussion. It would also be interesting to apply our method to more complicated configura-
tions, for example, the spin-flop phase, for which consistent calculation of the damping
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is a very topical problem.

Appendix
We give here the explicit expression for one of the elements of the matrix of the
mass operator:

I .
—Im My (k, 0)= >SN (1—em82) Z Vp (1 +Vp1q) (1 +Vr—g) 8(0—0 (k—q) -0 (p+q) ~0 (P)) M1 (%, p; k—q, p+q),

qp

2 2 2 2 2 2 2
. 2 J2 2 2 2 2 2
Myy (K, p; k—q, P+ ) =222 {[1 0r—qV g4 pUp* TV Br gBprqtip” T b plR-gVpgVp®] T
s 2 2 2 2 2
(Yo Un—gVh—qUp+qVp+qVp" T1g h—qVh—alp+qUpVsH Ya—pUh—qUptaUp+alipVp] +
+ 2 2 2 2 2 .
2(2YgYr—g T pYa—p) Br—qUh—q¥p+aVp+alpVp ["{q'fk—-q(uh—q”p+qupvp+”h—qup+qu+qup ) T Yr—pUh—qVprqip®Up]
2 2 + 2 . 2 .
[YaYpBr-qVp+qBpVp T Voot pli—q¥p+q¥p+qlp” T fa—gYam pla~qVh—qVpiqalp T
2 2 2 2 2 2 2 3 2 2 2 2
[Yr—qVr—gp+qp® TYr—qVh—qVUp+qVp* T 192 Vh—gVprqtp? ]+

2 2
2
[Yr—qYo (Br—gVr—gBp+qVp+gln ™t Vr—glpi9¥p+qBpVs) TYr—ap+q¥h—Vr—qVp+aipVp]}.

The remaining elements M;,, M,;; and M,, have a similar form.
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