
collinear polarization. 
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EXCITATION SPECTRUm OF A HEISENBERG ANTIFERROMAGNET 

AT FINITE TEMPERATURES 

A. L. Kuzemskii and D. Marvakov* 

It is shown that the spectm~n of spin-wave excitations in a Heisenberg 
antiferromagnet can be described consistently in the framework of the 
method of irreducible Green's functions. The anomalous contributions 
to the renormalization of the mean field are taken into account from 
the very beginning. The spin wave damping is calculated self- 
consistently. 

i. Introduction 

The Heisenberg model of the exchange interaction of localized spins [i] is used to 
describe the magnetic properties of ferro-, ferri-, and antiferrodielectrics. For a ferro- 
magnet the ground state, in which all the spins are aligned parallel, is known exactly. 
Small deviations from the ground state, or spin waves, can be described quite well by 
dynamical variables of oscillator type [2,3]. A dependence of the frequency of the normal 
modes on the wave vector, i.e., dispersion, arises as a result of interaction between the 
oscillators. At temperatures near zero, a linear approximation for the spin waves is used. 

For an antiferromagnet an exact ground state is not known. N~el [4] introduced the 
concept of two mutually interpenetrating sublattices to explain the behavior of the 
susceptibility of antiferromagnets. However, the ground state in the form of two sub- 
lattices (N~el state) is only a classical approximation. The spin-wave theory for an 

*Physics Faculty, University of Sofia, Bulgaria. 

Joint Institute for Nuclear Research, Dubna. Translated from Teoreticheskaya i Matema- 
ticheskaya Fizika, Vol. 83, No. I, pp. 147-157, April, 1990. Original article submitted 
December 22, 1988; revision submitted June 22, 1989. 

0040-5779/90/8301-0441512.50 �9 1990 Plenum Publishing Corporation 441 



antiferromagnet [1-7] is, from the very beginning, a greater approximation than in the case 
of a ferromagnet, since the system has more resemblance to a set of anharmonic oscillators. 
In contrast to ferromagnets, in which the mean molecular field is homogeneous and propor- 
tional to the magnetization, in ferri- and antiferromagnets the mean molecular field is 
strongly inhomogeneous. The local molecular fields of N6el [4] are a more general concept. 
Multisublattice magnets with inequivalent sublattices and complicated magnetic ordering 
cannot be described by using a homogeneous mean field. 

From the point of view of quantum statistical mechanics, the problem of adequate 
introduction of mean fields for systems of many interacting particles can be most consis- 
tently investigated in the framework of the method of irreducible Green's functions 
[1,8-13]. A correct calculation of the quasiparticle spectra and their damping, 
particularly for systems with complicated spectrum and strong interaction [11,13-16], 
shows that the generalized mean fields can have very complicated structures that cannot 
be described by a functional of the mean density. Even for a Heisenberg ferromagnet, 
calculation of the damping of the spin-wave spectrum in the framework of the method of 
irreducible Green's ,functions [i,i0] requires the inclusion of the correlation functions 
of the longitudinal and transverse spin components in the mean fields. There is no 
spin-wave damping in a mean field proportional to the mean magnetization. 

In this paper, we calculate the spin-wave spectrum and damping of a Heisenberg anti- 
ferromagnet in the framework of the method of irreducible Green's functions. An initial 
formulation was given in [17,18]. 

2. Hamiltonian of the Model 

We shall proceed from a model of an isotropic two-sublattice antiferromagnet with 
Hamiltonian of the form 

+ -  + J+ = see, . ( 1 )  

Here, ~ and ~' take two values {a, b}. It is assumed that the spontaneous magnetization 
of sublattice a is directed along the z axis, and of sublattice b along the --z axis. The 
simple two-sublattice model (i) with two interpenetrating sublattices is valid only for 
systems with simple cubic and bcc lattices. 

For what follows, it is convenient to rewrite (I) in the form 

i 
~.~ ~ (S~ S-~,+S+~ S-~=,) (2 )  

where 
ms' ! k s '  

4 =/+(J~ 

I t  i s  known [ 1 , 2 , 1 9 - 2 1 ]  t h a t  t h e  a . d d t t i o n a l  a n i s o t r o p i c  c o n t r i b u t i o n s  p l a y  an i m p o r t a n t  
p a r t  i n  t h e  H a m i l t o n i a n  ( I ) .  S i n c e  a l l o w a n c e  f o r  them would s i g n i f i c a n t l y  c o m p l i c a t e  n o t  
o n l y  t h e  e x p r e s s i o n  b u t  a l s o  t h e  f o r m  o f  t h e  g round  s t a t e  and t h e  s p e c t r u m ,  t h e s e  c o n t r i -  
b u t i o n s  a r e  o m i t t e d  in  t h e  p r e s e n t  p a p e r  in  o r d e r  t o  d e m o n s t r a t e  more  t r a n s p a r e n t l y  t h e  
a d v a n t a g e s  o f  t h e  c h o s e n  me thod .  We i n t e n d  t o  t a k e  i n t o  a c c o u n t  t h e  a n i s o t r o p y  and an 
external field later. 

(3) 

3. Method of Calculation 

In this paper we shall use the method of irreducible Green's functions [1,8-13]. The 
essence of the method is as follows [13]. The introduction of the irreducible parts of 
the Green's functions results in separation of all renormalizations of the mean field. As 
a result, without having to make any truncation of the hierarchy of equations for the 
Green's functions, one can write down a Dyson equation and obtain an exact analytic repre- 
sentation for the mass operator in terms of the many-particle Green's functions. Approxi- 
mate solutions are constructed as definite approximations for the mass operator. This is 
the difference from the ordinary method of equations of motion for the Green's functions. 
At the same time, the splitting procedure can be controlled formally by analogy with the 
diagram approach. The method of irreducible Green's functions is intimately related to the 
projection operator method, which expresses the idea of a "reduced description" of the 
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system in the most general form. The projection operation [12] makes it possible to reduce 
the infinite hierarchy of coupled equations to a few relatively simple equations, that 
"effectively" take into account the essential information about the system that determines 
the specific nature of the given problem. Since a regular structure of the solution for 
the single-particle Green's function is used (in the form of a formal solution of the 
Dyson equation), approximate solutions can be constructed systematically. The method makes 
it possible to calculate the damping due to inelastic collisions for systems with compli- 
cated spectrum and strong interaction [13]. 

The connection between adequate introduction of mean fields and the nature of the 
broken symmetry of the system [2] was emphasized in [13,18]. It should be emphasized 
that although the N6el state is a fairly good approximation to the exact ground state, 
there is still no consistent microscopic theory of long-range antiferromagnetic order. 
From the point of view of the concept of broken symmetry [1,22], the system tends to go 
over, as a rule, to a less symmetric phase when the temperature is reduced. For example, 
in a superconductor the breaking of gauge invariance results in the appearance of phase 
coherence over large distances. In [23], Bogolyubov showed that the broken symmetry in a 
superconductor can be described by adding to the Hamiltonian infinitesimally small sources. 
As a result of this, nonvanishing anomalous pairings arise. Developing Bogolyubov's idea, 
Nambu [24] showed that a vacuum of the required form, corresponding to the nature of the 
broken symmetry, can be uniquely fixed by means of the spinor representation. 

In this paper, a similar approach is used to describe a Heisenberg antiferromagnet. 
It is shown that the use of "anomalous averages," which fix the vacuum, makes it possible 
to determine uniquely generalized mean fields and calculate in a very compact manner the 
spectrum of spin-wave excitations and their damping due to inelastic magnon-magnon 
scattering processes. A transition from the spin operators to Bose operators is not 
required. A method for calculating the damping for arbitrary value of the spin S is 
proposed. 

4. Derivation of the Dyson Equation 

To calculate the spin-wave spectrum of a two-sublattice Heisenberg antiferromagnet, 
we consider the two-time retarded Green's function 

G(t-t')=<<A (t), B(t ')>>=-ie(t-t ')<[A(t),  B(t')]_>. (4) 
As operators A and B in the Heisenberg ferromagnet, the operators S + and S- have been 
chosen. In the case of an antiferromagnet, as will be shown below, it is convenient to 
choose the following representation of "spinor" type: 

�9 Shb + 

The equation of motion for the Fourier transform of the Green's function can be written in 
the form 

S+ [SZ~a] [2 <~J>] [SZ~a] 

Here, 

Ok,.b=N, '/~ 2 I q  ~ Skq~b+N -'/z 2Iq""S~q ~, S~/~ = S~+_.,oS~'-S~ + S~tj~. 

from which these 

(7) 
q q 

We introduce irreducible Green's functions (or irreducible operators, 
Green's functions are constructed) in accordance with the definition 

~ - -  Skq -Dq S~o +Dk-qS~ , (8) 

(S~9'~=S~o~-N'~<S:>~, o. (9 )  

The choice of the irreducible part of the Green's functions is uniquely determined by the 
conditions 
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which lead to the vanishing of the inhomogeneous terms in the equations for the irreducible 
Green's functions. From (I0) we find that 

2< (s4o)" (s/)it> + <s_Lsq +> 
Os ~ __ ( i i ) 

2I/N <S~'> 

Taking into account (7)-(ii), we represent Eq. (6) in the form 

). (12) ( . - ,ooo) << + = + (k)l 
[S:~b J 

In (12) we have in t roduced  the  n o t a t i o n  

o~o~={( Io~- Ik~)<SJ>+Io~b<Ss  [(Iq~ --l~-~)Dz~q" ~ +Iq~bDm~b ] } ,  

q (13) 

DNq r =--a Dq~, r b 
VN 

ab ba 

q 

,, - ~ -s~, (s~_q,~ ir ~9, ( k ) - -W -v~ Iq"~[S+q,.(SqT=) ~ + . (15) 
q , 7 ~ a ,  b 

S i m i l a r l y ,  we ob t a in  

[S:~b], [S-~b] [2< ] _§ <@ ~r (k)] [S:~j>>" (16) 

To calculate the irreducible Green's functions on the right-hand sides of Eqs. (12) 
and (16), we use the device of differentiating with respect to the second time [8]. After 
introduction of the corresponding irreducible parts in the resulting equations, the system 
of equations can be represented in the matrix form 

@(k, ~)=do(k, ~)+~o(k, ~ )h(k ,  ~)~0(k, ~). (17) 

We have here  i n t roduced  the  Green ' s  f u n c t i o n  G O in the  g e n e r a l i z e d  mean f i e l d  approximat ion  
and the  s c a t t e r i n g  o p e r a t o r  H. I f  f o l l ows  from the  Dyson equa t ion  

~(k, @=Go(k, ~)+~0(k, ~) ~(k ,  ~)~(k, ~) (18) 

t h a t  

h(k, ~ ) = ~  (k, ~)+%I(k, ~)~0(k, ~)l~(k, ~). (19) 

Thus, on the  bas i s  of the  r e l a t i o n  (19) we can speak of  the  mass ope ra to r  M as the  
i n t r i n s i c  p a r t  of  the  ope ra to r  ~ by ana logy wi th  t he  diagram t echn ique ,  in  which the  mass 
ope ra to r  i s  the  connected p a r t  of  the  s c a t t e r i n g  o p e r a t o r  ( f o r  a more d e t a i l e d  d i s c u s s i o n ,  
see [13].). I t  can be shown t h a t  the  e x p l i c i t  form of  the  mass ope ra to r  M i s  

----- (fl)p ~ -  1 [<<(l:)q ir (k) l (I)ia r+ (k)>> <<(:I)a ir (]g) l (I)lr+ (k)>>] (20) 

4 <SaZ>'~ [(Q~)b ir (k)! (I)Y + (k)>> <Oh ~ (k) l (D~ ~+ (k)>>J " 

The formal  s o l u t i o n  of  the  Dyson equa t ion  f o r  t he  r e t a r d e d  Green ' s  f u n c t i o n  (18) can be 
r e p r e s e n t e d  in t he  form 

6(k, ~ ) =  [G0-'(k, ~ ) - ~  (k, ~)]-~ (21) 

Thus, the  f i n d i n g  of  the  t o t a l  Green ' s  f u n c t i o n  has been reduced to  c a l c u l a t i o n  of the  
Green ' s  f u n c t i o n  in the  g e n e r a l i z e d  mean f i e l d  approximat ion  and the  c a l c u l a t i o n  of the  
mass o p e r a t o r .  

6. Quasipartic!e Excitations in the Mean Field 

In accordance with the definition (18), the Green's function in the generalized mean 
field approximation has the form 
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(~o (k, o ) )2<S~> [ ( ~  ~ ] : , ( 2 2 )  
det ~ (o.b - (~O--r 

where 

det  ~= (ea--r (~--Obb) --  ~O.bO)~.. ( 2 3 )  

We f i n d  t h e  p o l e s  o f  t h e  G r e e n ' s  f u n c t i o n  (22)  from t h e  e q u a t i o n  

det ~ =0, ( 2 4 ) 

from which it follows that 

~-+=• ~. ( 2 5 )  

By analogy with [5], we introduce the quantities [i] 

u~2=l/2[(l--?k~)-"~+i], v~z='/2[(i--?~)-'/~--]], ? ~ = ~ Z e  'k~, Iq"~=0, /qbb----0. (26) 
Z 

l 

By means o f  (26 ) ,  we r e p r e s e n t  t h e  G r e e n ' s  f u n c t i o n  (22) in  t h e  form 

GZ~(k,o-))=2<S,~ ~> [_ ~2 vk" ] = G bb(k,_(~), (27) ~-~+(k) ~-~-(k) 

Go~(k, ~ ) =  2<Ss t ~ - ~ + ( k )  ~ ~ - ~ - ( k )  = Gob~ o~). (28) 

The G r e e n ' s  f u n c t i o n s  (27) and (28) show t h a t  t h e  p r o p a g a t i o n  of  q u a s i p a r t i c l e  e x c i t a t i o n s  
in the antiferromagnet is associated with definite superpositions of the two branches of 
spin waves. 

The spin-wave dispersion law in the generalized mean field approximation for arbitrary 
spin S has the form 

(29) 
~ 4 S s  

q 

where I o = z-l'~o , and z is the number of nearest neighbors in the lattice. The first term 
in (29)-corresponds to the Tyablikov approximation [i]. The second term in (29) describes 
elastic scattering of the spin-wave excitations. At low temperatures, the fluctuations 
of the longitudinal spin components are small, and, therefore, for (29) we obtain 

o)(k)-~I.S.z[ t -C(T)  ] ( i - ? ~ z ) " L  ( 3 0 )  

The function C(T) determines the temperature dependence of the spin-wave spectrum: 

i 
~, (<S-~o&o+> + ?~ <S-jq~+>). (31) C(T)= 2NS---- ~ 

q 

In the case when C(T) § 0 we obtain the result of the Tyablikov decoupling: 

E (k) =I<S~> �9 z (1-?h ~) v,. ( 32 ) 

From (32) we obtain the well-known expression for the Ndel temperature: 

I . Z ( N , ~ . ~  k 1 -~ 

For s m a l l  v a l u e s  o f  t h e  wave v e c t o r  k,  when 0~(k) in  gq~ (32) i s  a l i n e a r  f u n c t i o n  of  k,  i t  
can be e s t i m a t e d  t h a t  f o r  an a n t i f e r r o m a g n e t  t h e  sp in -wave  r i g i d i t y  c o e f f i c i e n t  behaves  
w i t h  t h e  t e m p e r a t u r e  as  

c(T) ~P.  (34) 

We emphas ize  t h a t  t h e  dependence  (34) i s  due to  t h e  e l a s t i c  s c a t t e r i n g  p r o c e s s e s .  To 
e s t i m a t e  t h e  c o n t r i b u t i o n  of  t h e  i n e l a s t i c  p r o c e s s e s ,  i t  i s  n e c e s s a r y  to  t a k e  i n t o  accoun t  
t h e  c o r r e c t i o n s  due to  t h e  mass o p e r a t o r .  We n o t e  t h a t  t h e  spec t rum of  an a n t i f e r r o m a g n e t  
in  a g e n e r a l i z e d  mean f i e l d  (o r  g e n e r a l i z e d  H a r t r e e - F o c k  a p p r o x i m a t i o n )  was i n v e s t i g a t e d  
in  d e t a i l  in  [19] unde r  s i g n i f i c a n t l y  more g e n e r a l  a s s u m p t i o n s  c o n c e r n i n g  t h e  model ( s e e  
a l s o  t h e  supp lemen t  t o  [ I ]  and t h e  s u b s e q u e n t  s t u d i e s  [20 ,21]  o f  t h e s e  a u t h o r s ) .  
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6. Damping of Quasiparticle Excitations 

An antiferromagnet is a system with complicated quasiparticle spectrum. The calcula- 
tion of the damping due to inelastic scattering processes in such systems has some 
important aspects [13-16]. When calculating the damping, it is necessary to take into 
account the contributions from all matrix elements of the mass operator (20). In other 
words, the damping of the quasiparticle excitations is determined on the basis of a Green's 
function of the form 

2<SJ> 
G~,(k,o)= (35) 

o - ~  (k)-- 2<Sg> E(k, o) 

Here,  t he  s e l f - e n e r g y  o p e r a t o r  Z(k, m) i s  de te rmined  by the  exp re s s ion  

2 <Ss M~,(k, o)M2~(k, o) 
E(k, o ) =  M~(k, o) (36) 

~ + o  (k)+2 <SJ> M2~ (k, ~) 

In the case when k, ~ + O, a restriction may be made to the approximation 

E(k, o)~M,(k, ~). (37) 

I t  fo l lows  from (20) t h a t  to  c a l c u l a t e  t he  damping i t  i s  n e c e s s a r y  to  f i n d  the  Green ' s  
f u n c t i o n  ir ~r I r  As an example,  we c o n s i d e r  t he  c a l c u l a t i o n  of  one of  them. By 
means of  t h e  s p e c t r a l  theorem [1] ,  we have 

~r [r =~- do' , ( e ~ ' - t )  -i dt ei~,t<Oatr+(k) Oalr(k,t)>" (38) 
O--O 2~ 

Thus, it is necessary to find a felicitous approximation for the correlation function on 
the right-hand side of (38). We consider an approximation of the following form (the 
physical justification of the choice of the approximation (39) was discussed in detail in 
[11,13-18]): 

, t ~ -+ -+ . +_ 
< (S~b)'~ S~*-q')'S~r (Scb(t) )'~> ~ 4NS---'--~ A~(Kh-~,~(t)Kq+p,bb(t)K,,.(t)+ 

where 

P 

--+ --+ -l-- K,-,.~b (t)Kq+,,,b (t)K,,b (t)) 6q,,,, (39) 

q,ob (t) = <s_]o sqb + (t) >. (40)  

By ana logy  wi th  t he  diagram t e c h n i q u e ,  we can say t h a t  t he  approximat ion  (39) cor responds  
to neglect of the vertex corrections to the magnon-magnon inelastic collisions. Using (39) 
in (38), we obtain 

<<O.~r (k) I O.'r+(k) >> ~ d~), d(0~ d ~  ~ ((0~) [ ~ ( o ~ ) -  ~ ((~,) ] + [ t + ~  (r l ~ ( ~ )  X 
16NS ~ o-o~-o2+o3  

qP 

.{-- l----ImG~(k-q,o,) } { -  i----ImObb(q+p, 02)} {-- l-J-ImGbb(p, oa) }, (41) 
g g 

where ~(o) is the Bose distribution function. 

Equations (18) and (41) form a self-consistent system of equations. To solve this 
system of equations, we can, in principle, use any convenient initial representation for 
the Green's function, substituting it on the right-hand side of Eq. (41). The system can 
then be solved iteratively. To estimate the damping, it is usually sufficient as the first 
iteration to use the simplest single-pole approximation (see Eq. (30)) 

- - - - I m  G(k, ~ ) ~  8 ( ~ - ~  (k)). (42) 

As a result, for the damping of the spin-wave excitations we obtain 

F(k, o) = - 2 S  Im E(k, r 

r (k, ~) = ~ ( z O  ~ ( l - e  -~~ ~ ~ (~+~q+.) ( ~ + ~ - 0  x 
qP 

(43) 
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6 ( ~ - ~ ( k - q ) +  ~(p) )Mi,(k,p; k-q,p+q).  (44) 

In the Appendix, we give M11 explicitly. The result (44) exactly reproduces the expression 
for the damping found in [7]. However, our method is much simpler and shorter. Moreover, 
in our approach it is not difficult to take into account inelastic scattering of the spin 
waves due to scattering by longitudinal spin fluctuations. For this, instead of the 
approximation (39), we can use 

<(S4b) irS_~_q)aSk4,a(t ) (Sq,b (t)) it> -- + zz ~ Kk-q.aa(t)Kq,~b(t)6q,q'. (45)  

If we restrict ourselves to the static approximation, 
-+ 

Kk-q,.: (t) Kq,~ (t) ~ Kk~,a: (t) Kq,~b (0), (46)  

t h e n  on t h e  b a s i s  o f  (38)  we f i n d  

Moo(~, ~ ) =  ~ m ~ - ~ _ ~  ~ (~ +~-~) ~ + ~1-~\-------- ~'~ ~ 2 ~ 1 - ~  ~ -  K~,o~ . 
q -- ; h--q 

In conclusion, we emphasize that on the basis of the proposed approach we can very 
readily calculate the spectrum and damping of quasiparticle excitations for arbitrary value 
of the spin S. For this, it is necessary to use the well-known representation [i] 

Sz=-S+ (2S) -~S+S-+ [ (2S) 2 ( 2 S -  t )]  -'S+S+S-S-+ . . . .  (48) 

Using (48) in (39), we can obtain explicit expressions for F(k, ~) (44) for arbitrary 
value of the spin. For spin S = �89 we retain the first two terms in (48), for spin S = 1 
it is necessary to retain the first three terms in (48), etc. 

There has been much recent study of the spin-wave damping of Heisenberg antiferromag- 
nets due to multimagnetic processes. On the basis of the expression (44), it is possible 
to describe broadening of an antiferromagnetic resonance line [25] and the width of a spin- 
wave line in the case of inelastic scattering of slow neutrons [26]. It is also important 
to take into account processes of magnon-magnon scattering in optical investigations of 
antiferrodielectrics [27]. On the basis of these investigations, it can be concluded 
that the damping is weak ~(k)/F ~~~176 i.e., antiferromagnons are well-defined excitations. 
Following [14,15], it is possible to determine the temperature dependence of the damping 
(of .  [7]) 

r(k, ~) ~ ~ - ~ - ~ U ~ f  / (49) 

i n  t h e  r e g i m e  T << s ( k )  << 1. H e r e ,  �9 = kBT/JzS  and a ( k )  = ~ ( k ) / 2 J z S .  I n  g e n e r a l ,  t h e  
e s t i m a t e s  o f  t h e  t e m p e r a t u r e  d e p e n d e n c e  o f  t h e  damping in  t h e  g e n e r a l  c a s e  a r e  v e r y  
c o m p l i c a t e d ,  and in  t h i s  q u e s t i o n  t h e r e  a r e  s t i l l  some o b s c u r e  p o i n t s  [ 7 , 2 5 - 2 8 ] .  

7. Conclusions 

In this paper we have shown that on the basis of the method of irreducible Green's 
functions it is relatively easy to calculate the spectrum and damping due to magnon- 
magnon scattering for a two-sublattice Heisenberg antiferromagnet in a wide range of 
temperatures. At the same time, all the calculations can be made in the representation of 
spin operators for arbitrary value of the spin S. In contrast, in the framework of the 
diagram approach allowance for the dependence on the value of the spin leads to signifi- 
cantly more complicated calculations. The theory we have proposed can be directly 
extended to the case of a large number of magnetic sublattices with inequivalent spins, 
i.e., it can be used to describe complicated ferrimagnets. 

In the framework of our approach, one can show that the mean fields in an antiferro- 
magnet must include "anomalous" means, this reflecting the local nature of the N~el 
molecular fields. Even in an ordinary cubic Heisenberg ferromagnet allowance for next- 
neighbor interaction forces us to go beyond the framework of the mean field approximation 
[29]. This is all the more true for an antiferromagnet [30,31]. Thus, the mean field in 
an antiferromagnet, like the mean field in a superconductor, has a more complicated 
structure. This circumstance has a number of interesting consequences. However, this 
group of questions goes beyond the scope of the present study and warrants a separate 
discussion. It would also be interesting to apply our method to more complicated configura- 
tions, for example, the spin-flop phase, for which consistent calculation of the damping 
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is a very topical problem. 

Appendix 

We give here the explicit expression for one of the elements of the matrix of the 
mass operator : 

-Ira Mtt(k, (o)= 2--~ ( t - e -~ )  v~ (l+~p+q) (l+vk-q) ~3(o~-t~(k-q) io~(p+q)-o)(p))Mll(k ,  p; k - q ,  p+q),  
qp 

2 2 2 2 2 2 2 2 2 
M ii ( k, p; k -  q, p + q) =z~I z { [ ~q2u~_qv q+ pvvz+'tq Uk-qUv+q~p +~tk-pak-~vp+qvvz] § 

2 2 2 
[ ~q2Uk--qVk--q~+qU p+qOp2-~-~qgUk--q~k--~U~+q~p~ ~-~'~k--~Uk--q~p+qVp+qapOp ] + 

2 2 2 2 2 2 2(2%(~-q+'~r~-p) l~k--ql)k--qUp+qVv+qlXpV~p "4-[~q~k- -q(~k-qOv+qUpOp"} '~k- -qUVq-qVp+ql~v  ) "}-~v '~k--p~k--qVp+qUv V p ] ' ~  

2 2 2 2 
[ "~q'~plXk--qV p+ql~pU p +'~q'~q+ pl'14t--qUv+qV v+ql l 'V2+~h--q~k--p~k--qVh--qV v + q ~ t  ] + 

2 2 2 2 2 2 2 2 
[~_qV~--~U~+qU~+'~--qV~--qU~+qV~2+'~V~--qV~+~ ~] + 

Z 2 

The r e m a i n i n g  e~ements  Mz~, M2~, and M~2 have  a s i m i l a r  fo rm.  
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