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I n  t he  p a p e r  of ZUBAREV a n d  t he  a u t h o r s  (1) t he  S c h r b d i n g e r - t y p e  e q u a t i o n  w i t h  
d a m p i n g  for t he  d y n a m i c a l  s y s t e m  weak ly  coupled  to a t h e r m a l  b a t h  was  o b t a i n e d  on 
t he  basis  of t he  m e t h o d  of t h e  n o n e q u i l i b r i u m  s t a t i s t i c a l  o p e r a t o r  (2). The  app l i cab i l i t y  
of th i s  genera l  e q u a t i o n  to t h e  concre te  p r o b l e m s  was d e m o n s t r a t e d  in p a p e r  (1) on t h e  
examples  of t he  ca lcu la t ion  of t h e  ene rgy  sh i f t  a n d  w i d t h  of t he  e lec t ron  a n d  exc i ton  sys- 
t ems  i n t e r a c t i n g  w i t h  t h e  p h o n o n  field. I t  was  s h o w n  in (1) t h a t  these  va lues  of t h e  
sh i f t  a n d  w i d t h  coincide w i t h  t h e  resu l t s  of ca lcu la t ions  b y  t h e  o t h e r  m e t h o d s  (3~4). 

In  th i s  s h o r t  no t e  we p r e s e n t  a n  a d d i t i o n a l  i m p o r t a n t  examp le  of t he  app l i ca t ion  
of t h e  m e t h o d  of p a p e r  (1). W e  cons ider  t h e  p r o b l e m  of t h e  n a t u r a l  w i d t h  of spec t r a l  
l ine  of t h e  a t o m i c  sys t em a n d  show t h a t  our  resu l t  coincides  w i t h  t h e  r e su l t  o b t a i n e d  
ear l ie r  (see for  exam p l e  ref. (5,6)). This  p r o b l e m  is an  exce l len t  examp le  for  e l uc ida t i ng  
t h e  sense of t h e  S c h r S d i n g e r - t y p e  e q u a t i o n  w i t h  damping .  

I t  is well  k n o w n  t h a t  t h e  exc i t ed  levels of t he  i so la ted  a t o m i c  s y s t e m  h a v e  a f ini te  
l i fe t ime  because  t he re  is a p r o b a b i l i t y  of emiss ion  of p h o t o n s  due  to i n t e r a c t i o n  w i t h  
t h e  se l f -e lec t romagne t i c  field. This  leads to  t he  a t o m i c  levels b e c o m i n g  quas i -d i sc re te  
a n d  c o n s e q u e n t l y  acqu i r ing  a f ini te  smal l  wid th .  I t  is j u s t  t h i s  w i d t h  t h a t  is cal led t h e  
n a t u r a l  w i d t h  of t he  spec t r a l  l ines. 

L e t  us  cons ider  a n  a t o m  i n t e r a c t i n g  w i t h  t he  se l f - e l ec t romagne t i c  field in  t he  approx i -  
m a t i o n  w h e n  t he  a t o m  is a t  rest .  F o r  s impl ic i ty ,  t he  a t o m  is s u p p o s e d  to be  in two 
s t a t e s  only,  i .e .  in  a g r o u n d  s t a t e  a a n d  in a n  exc i t ed  s t a t e  b. The  a t o m i c  s y s t e m  in t he  
exc i t ed  s t a t e  b is cons idered ,  in  a c e r t a i n  sense,  as a smal l  (( n o n e q u i l i b r i u m  )) sys t em,  
a n d  t h e  se l f - e l ec t romagne t i c  field as a t h e r m o s t a t  or a t h e r m a l  b a t h .  The  r e l a x a t i o n  
of t he  smal l  s y s t e m  is t h e n  a decay  of t he  exc i t ed  level  a n d  occurs  b y  r a d i a t i v e  t r a n -  
s i t ions.  

W e  shal l  n o t  discuss here  t h e  case w h e n  t he  e l ec t romagne t i c  field can  be  cons idered  
as a n  equ i l i b r i um s y s t e m  w i t h  in f in i te ly  m a n y  degrees  of f reedom,  because  i t  has  been  
discussed comple te ly  in  t he  l i t e r a t u r e  (5,6). 
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Following the paper  (1), w e  write  the tota l  Hami l ton ian  in the  form 

(1) ogf = ~ A- J~fl-4- V ,  

where 

(2) ~ t  = ~ Ec, a~ar , a = a, b ,  
0c 

is the  Hami l ton i an  for the  atomic system alone, a~ r and  a~ are the creat ion and  anni-  
h i la t ion  operators of the  system in  the  s tate  wi th  energy E~. (For  a detailed descrip- 
t ion  of the  algebra of second quan t iza t ion  for one system see, for example,  ref. (7.s)). 

(3) w ,  = ~ kob:~b~ 

is the  Hami l ton i an  of t ransverse  electromagnetic  field (5.6), ~ = 1,2 is the  polar izat ion,  
hk i s ' t he  m o m e n t u m  of a photon,  b~x and  b~ are the  of creation and  ann ih i l a t ion  oper- 
ators  of the pho ton  in the s tate  (k2), c is the  l ight  velocity, V is the  in te rac t ion  operator  
responsible for the  radia t ive  t rans i t ions  and  having  the following form in the  non-  
relat ivist ic  approximat ion  : 

e 
(4) V = - -  - - p  .A~ , ( r )  , 

~/bC 

where e and  m a r e t h c e l e c t r o n  charge a n d  mass, respectively,  Ate(r) is the  vector  po- 
t en t i a l  of the  t ransverse  electromagnetic  field a t  the  po in t  r ;  [p  •  = 0. For  a 
f inite sys tem enclosed in  a cubic box of volume /2 wi th  periodic b o u n d a r y  condit ions,  
one can wri te  (5.e) 

(5) Ate(r )  = ~ ~ + exp . - 

Now, following (1), the  in te rac t ion  (4) is represented as a product ,  such t ha t  the  
a tomic  and  field variables are factorized: 

(6) v = ~ ~ cfa~aaafl , crag = c f ~  , 

where 

(7) Vr = ~ ~ {Gc,~(k, Z)bk~ + b k ~ G ~ ( k ,  ~)} , 
"v ~z 

~(~' ~ )=-~  I , ~ )  ~ e~P T p /  , (s) 

where 1~> and  Ifl> are the eigenstates of energies and  E~ tha t  of the Hami l ton ian  jtv~, 
and  are given by  

(9) 5~f~1cr > = E~I~>, ~, fl = a, b .  

(7) M. LAX: Phys.  Rev.,  129, 2342 (1963). 
(s) ~[. LAX: 1966 Brandeis Lectures in Theoretical Physics (New York, 1968). 
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In  the electric-dipole approximat ion,  from eqs. (7) and (8) we get 

(10) 

The matr ix  element of the dipole moment  d = er between states [a> and ]fl> is rela- 
ted to the mat r ix  element of the momentum p in the following way:  

~b 
(11) <alp 1~> - - ~ (E~ - -  E~) d ~ ,  

and we assume tha t  <alp]a } = 0. 
As was already mentioned, we use the SehrSdinger-type equation with damping (1) 

for the quant i ty  (as> which has the form 

d<as> 
(12) ih - Ea<a~> + ~ Ks~/az> , 

dt 

where 

(12a) 

o 

K~/~ = __1 ~ (d t l  exp [etl] <(P~,v r , 
i h ~ J  

- c o  

and <...>q denotes the stat is t ical  average with the quasi-eqlfilibrium stat is t ical  opera- 
tor  (2), which has the form 

(13) 

(13a) 

~q(t, 0 ) =  Q~I exp [--~_,~(/'s(t)as Zr- ]~(t)a~ -- F~(t)a:aa)], 

Qq = Spexp[--~(ia(t)ac,+ ]~(t)a: + Fs(t)a:ac~)] , 

+ t" where/~(t) ,  ]~(t), Fs(t) are the parameters  conjugated with quantit ies <as}, <as>, <a~as} 
in the sense of nonequilibrium thermodynamics ,  

i E  ~ ( t )  = Cfs~(t)exp [~(  c,--E/~)t] 

I t  is clear from eq. (12a) tha t  the Ka~ and Kba are equal to zero and thus (12) becomes 

(14) ih dfa~) = Eb<ab> + Kbbfab} 
dt 

where 

(15) K b b  - -  m 2 c D d~o ha) o -- he) _Lie Aab 
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with ~/~o o = E b - -  Ea, 

(16) 

(17) 

(is) 

Next we have 

~r ~o) = {(<nk> + 1) ~(o~ + ok) + <nk> 6(~ - -  ck)}, 

1 
<%> = ~ <n~> - - n(k) 

exp [tick] -- 1 ' 

aJk\  = (<alp]b>k) (<b]p]a> k) 

(19) 

c o  co co 

l ~ l  l ~r oJ) Aab[k' ~ 1 ~d~o~. ~r kdk.fAa~(k) do, 
--co --co 0 

where d(~ denotes the spherical angle element. I t  is easily verified that  

(20) j ~bkk ] d e =  ~- I<alplb>l ~ . 

Substi tution of (20) into (15) gives (v = ck) 

(21) 

co 

f 1 -)} Kbb-- 3 m2cah ]<alpib>l" vdv[wo--v+ ie + o~o+ v-+ ie 
0 

Finally, we obtain the formulae for width F b which we defined by Kbb = AEb-- (h/2)iF~ 
from eq. (21) when the temperature tends to zero 

4 e2~Oo 4 a 
(22) Pb 3 ~ l<alPib>I~= ~ Id~I~" 

This expression coincides with the well-known value for the natural  width of spectral 
lines (~). We are not concerned with the calculation of the shift and the discussion of 
of its linear divergence because this is a usual example of the divergence of the self- 
energy in field theories. 

Thus, with the aid of the SchrSdinger-type equation with damping one can simply 
calculate the energy width and shift. ThiS t reatment  can be used in a number of con- 
crete problems of line broadening due to per turbat ions  (9). In  our paper we have cal- 
culated the width with the aid of the equation for the nonequilibrium averages. However, 
it  is well known that  the equations for nonequflibrium averages are equivalent to the 
equations for the appropriate Green's functions which are equivalent, in turn,  to usual 
perturbat ion theory if the latter holds. 

The authors wish to thank Prof. D. N. ZUBAREV for many valuable suggestions and 
discussions. 
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