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Variational expansion for antiprotonic helium atoms
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A very accurate variational expansion is suggested for calculation of nonrelativistic energies of the meta-
stable antiprotonic helium atoms He. This expansion reflects the dual atomic-molecular nature of the
system. Convergence of the results as a function of the increasing sets of basis functions shows an accuracy
better than 10'%a.u., two orders of magnitude better than in our previous calculations.
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PACS numbes): 36.10—k, 31.15.Ar

The discovery of long-lived antiprotonic states in helium ther stages are relativistic and QED corrections of first, sec-
[1], and subsequent precise measurements of some transid, and higher orders to the nonrelativistic Hamiltonian.
tions between these statiggs3], presented a new, very inter- Therefore, the accuracy of the nonrelativistic calculations de-
esting exotic atomic physics system. When stopped in hetermines the overall precision.

lium, an antiproton replaces an electron in the reaction The purpose of this work is to increase the numerical
accuracy of the nonrelativistic energies to 1®a.u. Such an
He+p—He p+e~ effort is of manifold interest. First, the radiative corrections

for a bound electron and vacuum polarization must be taken

taking up the space of the released electron. The majority dgpto account(7]. Recent .calculajuons .Of the fine and hyper-
ne structures of the antiprotonic helium energy levels show

atoms formed decays promptly due to the emission of Auge : . T
a slow convergence of numerical results, which sets the limit

electron and in collisions with ambient He atoms. However, ) ; " _
on the relative accuracy of the hyperfine splitting to 40

about 3% of stoppeg settle into nearly circular orbitsl ( [11] with our previous basiEs]. Therefore, a more accurate
~n—1) and live as long as a few microseconds. This 'Snumerlcal method is extremely desirable

because the system becomes stable agéimsrna) Auger The states considered have very high values of the total

transitions: to remove the-25eV binding energy of the angular momentumL(~ 35) and have an adiabatic behavior
electron requires @ transition withAl=3. In Table | the (vy<ve). The highL leads to a system of a large number of
lifetime of the metastable I-Tep atom is compared with those equatlons(L + 1 equationsthat couple components of inter-
of other well-known atomic systems. nal degrees of freedoffiEq. (1)]. This makes the numerical

The first theoretical predictions, based on rather simpléreatment of the system difficult. On the other hand, the adia-
atomic[4] and Born-Oppenheimer adiabafs] approxima- baticity enables the number of components in this equation
tions of the wave function, provided a good qualitative de-to be reduced to a reasonable number.
scription of the energy-level structure for theT—E but ap- We could perform a separation of rotational variables by
proached the experimental values with a large dispersion dfsing the molecular expansion based on the symmetrized
1000 ppm. These calculations confirmed the dual nature ofVigner D functions[6]
the antiprotonic helium atoms as exotic systems exhibiting L
features of both atoms and molecules. LA LA LA

Substantial progress in calculating nonrelativistic energies T (Rr)= 2 Diin(®,0,0)F ' (R.r,0). @
has been achieved {16,7] by using a molecular-type varia-
tional expansion. An accuracy of10 %a.u. has been In the case of a semiadiabatic three-body system the above
reached, which improves on the previous level of precisiormethod converges quickly with respectrg, <L, where
by four orders of magnitude. Recently, finite-elemg8y,
hyperspherical9], and variationa[10] calculations of non-
relativistic energies have become available. All of these cal-
culations support the results [#].

The theoretical study of three-body systems is usually carg,
ried out in several stages. Since the system no longer has aé
analytical solution the first stage presents the calculation of gx 10795 3.3x10°8s 1.7¢10°%s
nonrelativistic energies with the Scliinger equation. Fur-

TABLE I. Comparison of the lifetimes of the hydrogerP2
state, the helium 3P state, and the antiprotonic helium metastable
states.

He(2°P) He'p
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TABLE Il. Convergence of the new variational expansion with
the number of basis function&ie*p (37,34.

N Enr
400 —2.9111806548
R F') 600 —2.911180925 0
He** 800 —-2.911180 9321
FIG. 1. Coordinat ¢ for th iati | functi 1000 —2.911180933 3
. L. Coordnate system tor the variational wave tunction. 1200 —2.911180 933 86
Mnax IS the number of components kept in expansibn If 1400 ~2.911180 93402
Mmax IS Smaller than thé\l=1—1"' of the Auger transition,
J— — m
+ + - —
[He™p]n—[HE pl(nr,iy+e, Hm:|20 R'lr'2{Y|1®Y|2}LMG|L1)|‘2(R,r,@),
e

the Hamiltonian projected onto this subspace has a purely
discrete spectrum. Expansi¢h) was the basis for our pre- and we can retain in expansi@®) the components with,
vious calculatiorn6]. <l pax-
Since the antiprotonic helium resembles the atomic sys- Finally we get

tem as well, one may construct the wave function as a com-
bination that inherits some features of atomic systems as well
as of molecular systems. Thus, the bipolar harmonic expan-
sion[12] (coordinates are shown in Fig),1

Imax
R - S Rt 0¥, uGl, (R )

2=

| 1+ I 2= L
YR RN= > Ry, 0¥} uGH (Rr.6), - @
14T=L 12 12 G (R,r,6)=>, [Cicog»R)
(2 12 i=1
could be chosen for the angular part of the wave function and +D; sin(y;R)Je” @R-Ar- iRl
exponential expansiofi3,14], . o o
This expansion is reminiscent of that used 18], where the
> complex exponentg (4i*1")R have been introduced into
G}'ﬁz(R,r,a)=E C,e” @iR=Air—vilR=r (3)  Eg.(3). In both cases the problem is reduced to the equation

=1 of type

for the description of components of internal degrees of free- A—\B=0

dom. Herea;, B;, and vy, are generated in a quasirandom

manner. To meet the requirements of the molecular nature Qfith real (2nx 2n) matricesA andB. In our case we getr2

this system the functions of type cegfe " should be itferent eigenvalues, whereas 5] only the n twofold
introduced for the antiprotonic orbital insteadeof®R. Then eigenvalues can be obtained, and the wave function of the
it can be proven that the subspace, studied state is complex.

The convergence of this variational method is demon-
strated in Table Il. At present the major limitation is
the computational time, which is about 20 h on an IBM
RS/6000 workstation for a basis set dbf=1400. Table
coincides with the subspace spanned by the functions, Il shows that the achieved precision is about i%a.u.

m
Hm: 2 Dkﬂhm/(q)l®!¢)F;>>(Ryr10)l
m'=0

TABLE lll. Nonrelativistic energies of the states in tFé‘He+ atom.N=1200.

v=0 v=1 v=2 v=3 v=4 v=5

L=32 —3.3537578634

L=33 —3.2162442323 —3.1053826693

L=34 —3.0934669016 —2.9963354419 —2.9111809339

L=35 —2.9840209543 —2.8992821783 —2.8251468043 —2.7602333412 —2.7032832130

L=36 —2.8866823902 —2.8131153956 —2.7488599229 —2.6926248459 —2.6432489029 —2.5997076722
L=37 —2.8003723155 —2.7368411916 —2.6813941293 —2.6328329026 —2.5901012001

L=38 —27241247919 —2.6695517491 —2.6218918757 —2.5800514055

L=39 —-2.6570569431 -—2.6104012818 —2.5695474799

L=40 —25983406483 —2.5585860743

L=41 —25471766129
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close to the natural width I0'a.u. of these states defined be treated in a way that is similiar to what is described in
by the radiative lifetime. This method improves upon our[16]. The masses of particles adopted for numerical calcula-
previous molecular-type variational calculatiof§] and  tions arem,=7294.299,m;=1836.1527.

more recent calculationi8—10] by more than two orders of ) )
magnitude. This work has been partially supported by INTAS Grant

Results of numerical calculations are presented in Tabl&0. 97-1032, National Science Foundation Grant No. INT-
lll. Only the radiative dominated decay states are retained®602189, and NATO Grant No. SA.5-2.04-OUTREACH

since the Auger dominated states are short-lived and possedsc 950924 131795) 472, which are gratefully acknowl-
a width that is greater than 18°a.u., and these states should edged.
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