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The foundation:

 Local Quantum Field Theory obeying the requirements of causality, unitarity 
and analyticity has a remarkable property:  after applying the R-operation all 
UV divergent structures are local in coordinate space or are at most 
polynomial in momentum space (Bogoliubov-Parasiuk theorem).

 This is true for any local QFT irrespectively of its renormalizablility or 
non-renormalizablility

 Quantum field theory is formulated for all types of interactions 
independently on renormalizability

 R-operation equally works for NR theories and leads to local counter 
terms resulting in finite amplitudes

 All these statements lead to relations between the subsequent orders 
of PT resulting in the RG equations which aimed on the summation of 
infinite series of PT for the asymptotics of the Green functions, 
amplitudes, potential, etc
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RG = (1�K)R0G

Renormalization

BPHZ  R-operation

Bogolyubov-Parasiuk Theorem:   In any local quantum field theory to get the UV 
finite S-matrix one has to introduce local counter terms to the Lagrangian in each 
order of perturbation theory - R-operation

L ) L+�L
In non-renormalizable case the BP theorem is still valid and the counter terms are 
also local (contain a finite number of derivatives or at maximum are polynomial 
over momenta)
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G/� Graph G with subgraph      shrunken to the point
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A.N.Vasiliev,  Green Book



BPHZ  R-operation

n loops n-1 loops

1 loop1 loop 
counter 

term

n-1 loop 
counter 

term

+ +…+=
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BPHZ  R-operation

Bogoliubov-Parasiuk Theorem:

R0Gn is local, i.e. terms like logk µ2/✏m should cancel for any k and m

(Locality)
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• Due to locality all higher order divergences are related to the lower ones
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The Local Counter Terms 

Consequence:

The leading divergences are governed by 1 loop diagrams!

Leading divergences:

SubLeading divergences:

Coefficients of 
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The sub leading divergences are governed by 2 loop diagrams!
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  These recurrence relations can be promoted to the RG equations for the scattering 
amplitudes, effective potential, etc  which sum up the leading divergences (logarithms)  
and to find out the high energy/field behaviour 

The Recurrence Relations

 These properties allow one to write down the recurrence relations connecting the 
subsequent orders of the counterterms and to evaluate them algebraically without 
calculating the diagrams. This can be done in renormalizable and non-renormalizable 
theories. The difference is a more complicated structure of these relations in NR case.



Leading divergences in Scattering Amplitudes 

Quartic vertices

Cubic vertices

<latexit sha1_base64="Oxy6iDb2P9u1CIFRjFE4HxCZIV0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGqJx/Tsjyd9Iolt+LOgJaJl5ESZKj3il/dfkQSQaUhHGvd8dzY+ClWhhFOJ4VuommMyQgPaMdSiQXVfjo7eIJOrNJHYaRsSYNm6u+JFAutxyKwnQKboV70puJ/Xicx4aWfMhknhkoyXxQmHJkITb9HfaYoMXxsCSaK2VsRGWKFibEZFWwI3uLLy6R5VvHOK+5dtVS7zuLIwxEcQxk8uIAa3EIdGkBAwDO8wpujnBfn3fmYt+acbOYQ/sD5/AEm3Y/7</latexit>

A(n)
n

<latexit sha1_base64="XJv86A8VWAjTB1KjSHfR2kd0+ds=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGq5z2mZXk66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOKdV9y7aql2ncWRhyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QPI7I++</latexit>

A(n)
1

<latexit sha1_base64="XJv86A8VWAjTB1KjSHfR2kd0+ds=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9eKxgv2Qdi3ZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eGq5z2mZXk66RVLbsWdAS0TLyMlyFDvFb+6/YgkgkpDONa647mx8VOsDCOcTgrdRNMYkxEe0I6lEguq/XR28ASdWKWPwkjZkgbN1N8TKRZaj0VgOwU2Q73oTcX/vE5iwks/ZTJODJVkvihMODIRmn6P+kxRYvjYEkwUs7ciMsQKE2MzKtgQvMWXl0nzrOKdV9y7aql2ncWRhyM4hjJ4cAE1uIU6NICAgGd4hTdHOS/Ou/Mxb8052cwh/IHz+QPI7I++</latexit>

A(n)
1

9



SYM_D
S-channel

D=6 N=2
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

t0 = t(x� y)� sy

S3 = �s/3, T3 = �t/3

T-channel

nSn(s, t) = �2s

Z 1

0
dx

Z x

0
dy (Sn�1(s, t

0) + Tn�1(s, t
0))

n � 4

Exact all-loop recurrence relation

D=8 N=1
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

S1 =
1

12
, T1 =

1

12

nSn(s, t) = �2s2
Z 1

0
dx

Z x

0
dy y(1� x) (Sn�1(s, t

0) + Tn�1(s, t
0))|t0=tx+yu

+ s4
Z 1

0
dx x2(1� x)2

n�2X

k=1

2k�2X

p=0

1

p!(p+ 2)!

dp

dt0p
(Sk(s, t

0) + Tk(s, t
0))⇥

⇥ dp

dt0p
(Sn�1�k(s, t

0) + Tn�1�k(s, t
0))|t0=�sx (tsx(1� x))p

S-channel T-channel

Bork,Kazakov,Kompaneets,Vlasenko, 13

Borlakov,,Kazakov,Tolkachev,Vlasenko, 15

Exact all-loop recurrence relation

10



Recurrence Relation for the Scattering Amplitude 

This is the generalized RG equation valid in any  (even non-renormalizable) theory!

n�2X

k=1

n A_n = - 2 A_n-1 - A_k A_n-1-k

• This is the general recurrence relation that reflects the locality of the counter 
terms in any theory 

• In renormalizable theories A_n is a constant and this relation  is reduced to the 
algebraic one

• In non-renormalizable theories  for the scattering amplitudes A_n depends on 
kinematics and one has to integrate through the one loop diagrams

• For the effective potential A_n depends on the fields and one has to differentiate

Taking  the sum one can transform the recurrence relation

into integro-diff equation

X

n

An(�z)n = A(z)

Kazakov,20

<latexit sha1_base64="97z0bUmD+ptBEW3xN+pW8kdYoMo="></latexit>

d

dz
A(z) = b0{�1� 2

Z

�
A(z)�

Z

�
A2(z)}

<latexit sha1_base64="MqQ3bOeh3YCF1doClDktKfTI2dg=">AAACC3icbVDLSgMxFM3UV62vUZduQovgxjJTELsRiy50WcE+oFNLJpNpQ5OZIcmIdZi9G3/FjQtF3PoBunPlr5g+QG09cOHknHvJvceNGJXKsj6NzNz8wuJSdjm3srq2vmFubtVlGAtMajhkoWi6SBJGA1JTVDHSjARB3GWk4fZPh37jmghJw+BSDSLS5qgbUJ9ipLTUMfOOLxBOvDTxblN49PNyWNh1eHxVSjtmwSpaI8BZYk9IoXL89X6zXz6rdswPxwtxzEmgMENStmwrUu0ECUUxI2nOiSWJEO6jLmlpGiBOZDsZ3ZLCXa140A+FrkDBkfp7IkFcygF3dSdHqienvaH4n9eKlV9uJzSIYkUCPP7IjxlUIRwGAz0qCFZsoAnCgupdIe4hHYfS8eV0CPb0ybOkXiraB0XrQqdxAsbIgh2QB3vABoegAs5BFdQABnfgATyBZ+PeeDRejNdxa8aYzGyDPzDevgF5gp71</latexit>

d

dz
=

d

d logµ2

11



• Maximally supersymmetric gauge theory in D=6,8,10 dimensions  SYM

• Scalar field theory in D=4,6,8,10 dimensions  

•  Four-fermion interaction in D=4

• Supersymmetric Wess-Zumino model with quartic superpotential  in 
D=4            

Examples:

D

<latexit sha1_base64="Bau9oWS6bEdjOgjo5tvEF4KbogE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GNQDx4jmAcka5id9CZDZmfXmVkhhPyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqHSPJb3ZpSgH9G+5CFn1Fip1UkG/KHSvekWim7JnYEsEy8jRchQ6xa+Or2YpRFKwwTVuu25ifHHVBnOBE7ynVRjQtmQ9rFtqaQRan88u3dCTq3SI2GsbElDZurviTGNtB5Fge2MqBnoRW8q/ue1UxNe+mMuk9SgZPNFYSqIicn0edLjCpkRI0soU9zeStiAKsqMjShvQ/AWX14mjXLJOy+V7yrF6lUWRw6O4QTOwIMLqMIt1KAODAQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8AYZNj6M=</latexit>

�4
D

<latexit sha1_base64="ai+ZaZiHREXtvXAXUiKpOcpHh00=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xkUcCK5kdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6qvWqvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5vdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J45U+ESlLkii0WhakkGJPZ86QvNGcox5ZQpoW9lbAh1ZShjahgQ/CWX14lzUrZuyhX7qql2nUWRx5O4BTOwYNLqMEt1KEBDCQ8wyu8OY/Oi/PufCxac042cwx/4Hz+ADzNj3M=</latexit>

�4
4

These are the toy models for (super) gravity - our aim

See talk by A. Borlakov  for sensation results!



D=6 N=2

d

dz
⌃(s, t, z) = s� 2

z
⌃(s, t, z) + 2s

Z 1

0
dx

Z x

0
dy (⌃(s, t0, z) + ⌃(t0, s, z))|t0=xt+yu

<latexit sha1_base64="L4iBcufaVLrOPN2cnHdRHfzkw9Q="></latexit>

⌃(s, t, z) = z�2
1X

n=3

(�z)nSn(s, t)

<latexit sha1_base64="m9tIEhJuquhUBQdoR4Fjll/eTgU="></latexit>

⌃(s, t, z) =
1X

n=1

(�z)nSn(s, t)D=8 N=1

d

dz
⌃(s, t, z) = � 1

12
+ 2s2

Z 1

0
dx

Z x

0
dy y(1� x) (⌃(s, t0, z) + ⌃(t0, s, z))|t0=tx+yu

�s4
Z 1

0
dx x2(1� x)2

1X

p=0

1

p!(p+ 2)!
(
dp

dt0p
(⌃(s, t0, z) + ⌃(t0, s, z))|t0=�sx)

2 (tsx(1� x))p.

RG Equation

SYM_D

Linear equation

Non-linear equation
13



14

Recurrence relations for the leading poles for effective potential 

Action of R’-operation on divergent diagram

<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

Kazakov, Iakhibbaev, Tolkachev  22

<latexit sha1_base64="CWS7H/QoiquzQjvTyKYF7mn59Ko=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCF0tSpHos2oPHCvYD2hA22227dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL4g5U9pxvq3c2vrG5lZ+u7Czu7d/YBcPWypKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxjczv/1ApWKRuNeTmHohHgo2YARrI/l2se5XenXKNUYtPxXn7tS3S07ZmQOtEjcjJcjQ8O2vXj8iSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fvoUnRqljwaRNCU0mqu/J1IcKjUJA9MZYj1Sy95M/M/rJnpw5aVMxImmgiwWDRKOdIRmOaA+k5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qqU3Wq5endRql1nceThGE7gDFy4hBrcQgOaQOARnuEV3qwn68V6tz4WrTkrmzmCP7A+fwDNF5MU</latexit>

D2�Vn�1
<latexit sha1_base64="gkLGMS5Y+xU8JgiapZ24Sfx62m0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSpHos2oPHCvYD2hA220m7dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeY3M797iNIxWLxoKcJeBEZCRYySrSRfLvc9GuDJnBNcMfPJjPfrjhVZwG8TtycVFCOlm9/DYYxTSMQmnKiVN91Eu1lRGpGOcxKg1RBQuiEjKBvqCARKC9bHD7D50YZ4jCWpoTGC/X3REYipaZRYDojosdq1ZuL/3n9VIfXXsZEkmoQdLkoTDnWMZ6ngIdMAtV8agihkplbMR0TSag2WZVMCO7qy+ukU6u69Wr9/rLSuMnjKKJTdIYukIuuUAPdoRZqI4pS9Ixe0Zv1ZL1Y79bHsrVg5TMn6A+szx/lhJKf</latexit>

D2�Vk

<latexit sha1_base64="VUNzxGWt4O/MFpMfrRjnaqsk0FU="></latexit>

n�Vn =
1

2
v2D2�Vn�1 +

1

4

n�2X

k=1

D2�VkD2�Vn�1�k, n � 2
<latexit sha1_base64="UqbzI+XeCyAP3QWBxBIqHDyHvtU=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQPIXdEKIXIagHjxHMA7LrMjuZTYbMPpjpDYQQvPgrXjwo4tWv8ObfOEn2oIkFDUVVN91dfiK4Asv6NnIrq2vrG/nNwtb2zu6euX/QVHEqKWvQWMSy7RPFBI9YAzgI1k4kI6EvWMsfXE/91pBJxePoHkYJc0PSi3jAKQEteeaRc8MEENz07EsnkIRiu4KHXvmh7JlFq2TNgJeJnZEiylD3zC+nG9M0ZBFQQZTq2FYC7phI4FSwScFJFUsIHZAe62gakZApdzx7YYJPtdLFQSx1RYBn6u+JMQmVGoW+7gwJ9NWiNxX/8zopBBfumEdJCiyi80VBKjDEeJoH7nLJKIiRJoRKrm/FtE90EKBTK+gQ7MWXl0mzXLKrpepdpVi7yuLIo2N0gs6Qjc5RDd2iOmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzA+fwBB65Vt</latexit>

�V1 =
1

4
v22

<latexit sha1_base64="WRRCK7SFo6kDgoi2wdsBtER2ncw="></latexit>

n�Vn =
1

4

n�1X

k=0

D2�VkD2�Vn�1�k, n � 1, �V0 = V0

<latexit sha1_base64="029B6SPRgNh97hzdtxhVTo7wUvM=">AAACAXicbZDLSsNAFIYn9VbjLepGcDNYBDeWpIvajVhU0GUFe4Emhslk0g6dXJiZiCXUja/ixoUibn0K3bnyVZxeFtr6w8DHf87hzPm9hFEhTfNLy83NLywu5Zf1ldW19Q1jc6sh4pRjUscxi3nLQ4IwGpG6pJKRVsIJCj1Gml7vbFhv3hIuaBxdy35CnBB1IhpQjKSyXGNHP3dLx3bAEc78m9Ig8+2kSxW4RsEsmiPBWbAmUKiefH/cHVYuaq7xafsxTkMSScyQEG3LTKSTIS4pZmSg26kgCcI91CFthREKiXCy0QUDuK8cHwYxVy+ScOT+nshQKEQ/9FRniGRXTNeG5n+1diqDipPRKEklifB4UZAyKGM4jAP6lBMsWV8Bwpyqv0LcRSoNqULTVQjW9Mmz0CgVrXKxfKXSOAVj5cEu2AMHwAJHoAouQQ3UAQb34BE8gxftQXvSXrW3cWtOm8xsgz/S3n8Aw6SZfg==</latexit>

D2 =
d2

d�2
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RG pole equation for arbitrary potential

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2
<latexit sha1_base64="TlI+IrcgDqBHZ7X1UdtnJ4YWKLU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSoG6HoxmVFe4HOMGTSTBuaZIYkI5ShbnwVNy4UcetbuPNtTKddaPWHwMd/zuHk/GHCqNKO82UVFhaXlleKq6W19Y3NLXt7p6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya1Nv3RCoaizs9SojPUV/QiGKkjRXYe94t7XNUcY69ZECPLlqBU8kpsMtO1ckF/4I7gzKYqRHYn14vxiknQmOGlOq6TqL9DElNMSPjkpcqkiA8RH3SNSgQJ8rP8gvG8NA4PRjF0jyhYe7+nMgQV2rEQ9PJkR6o+drE/K/WTXV07mdUJKkmAk8XRSmDOoaTOGCPSoI1GxlAWFLzV4gHSCKsTWglE4I7f/JfaJ1U3dNq7aZWrl/O4iiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s92lrwZrN7IJfsj6+AfK+lUs=</latexit>

⌃(0,�) = V0(�)

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .

<latexit sha1_base64="cDE1ZcWl67SsW3i6SCfEAtAbEkE=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSyCp5JIUS9C0YvHCvYDmlA220m7dLMJuxulxv4ULx4U8eov8ea/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V67st1WUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vs78zj1IxSJxpycxeCEZChYwSrSR+uXK46UbSELx0IVYMZ5pVbtmz4CXiZOTKsrR7Je/3EFEkxCEppwo1XPsWHspkZpRDtOSmyiICR2TIfQMFSQE5aWz06f42CgDHETSlNB4pv6eSEmo1CT0TWdI9Egtepn4n9dLdHDhpUzEiQZB54uChGMd4SwHPGASqOYTQwiVzNyK6YiYJLRJq2RCcBZfXibt05pzVqvf1quNqzyOIjpER+gEOegcNdANaqIWougBPaNX9GY9WS/Wu/Uxby1Y+cwB+gPr8wcZ35Pq</latexit>

z =
g

✏

RG pole equation

Effective potential

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

This a non-linear partial differential equation!

Kazakov, Iakhibbaev, Tolkachev  22

JHEP  v 2304 (2023) 128 

<latexit sha1_base64="WnQvzt0/VDJacQ/3ZqVJOExfIJM="></latexit>

⌃(z,�) =
1X

n=0

(�z)n�Vn(�)

See talk by V. Filippov for curved space



RG Equations in Subleading Order
Scattering Amplitude

<latexit sha1_base64="vwRFIwQ35kclxEwxVq4XqpKheD4="></latexit>

d2S2(s, t, z)

dz2
= s

d

dz
(S1 + T1)⌦ (S2 + T2)

+s2(S1 + T1)⌦ (S2 + T2)⌦ (S1 + T1)

+s(S1 + T1)⌦⌦(S1 + T1)
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 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!
 This seems to be in contradiction with the usual RG equation but is not!



RG Equations in Subleading Order
Effective potential
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Contribution to kinetic term 

See talk by R. Iakhibbaev



RG Equations in Subleading Order
Effective potential - leading order

- subleading order
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Dn ⌘ @n

@�n

 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!
 This seems to be in contradiction with the usual RG equation which is 
non-linear, however, the proper form of the usual RG equation is also 
linear!!
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⌃G - kinetic term
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RG Equations for the Logarithms

Coefficient of the leading logarithms
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logn�1 µ2

 Differential equation for the logarithms in all orders are always  linear!
 They contain the known rhs which is calculated from higher order linear 
differential equation
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Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations for the leading, 
subleasing, etc divergences in all loops divergences starting from one-, 
two-, three-, etc loop diagrams

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour

 The RG equations for the subleading poles, etc are always linear 
differential equation of increasing order

 The RG equations for logarithms are always first order  differential 
equation with known rhs
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