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Motivation

Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Partial or total cancellation of UV divergences 

(all bubble and triangle diagrams cancel)

First UV divergent diagrams at D=4+6/L

Conformal or dual conformal symmetry

Common structure of the integrands
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Bern, D
ixon &Co 10

Arkani-H
ammed 12

Drummond, H
enn, 

Korchemsky, S
okatchev 10

Object: Helicity Amplitudes on mass shell 
with arbitrary number of legs and loops

The case: Planar limit Nc → ∞, g2
YM

→ 0 and g2
YM

Nc - fixed

The aim: to get all loop (exact) result



Colour decomposition
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A
a1...an

n (pλ1

1
. . . pλn

n ) =
X

σ∈Sn/Zn

Tr[σ(T a1 . . . T an)]An(σ(p
λ1

1
. . . pλn

n )) +O(1/Nc)

Colour ordered amplitude

Nc → ∞, g2
YM

→ 0 and g2
YM

Nc - fixedPlanar Limit

T1 = Tr(Ta1Ta2Ta3Ta4)+Tr(Ta1Ta4Ta3Ta2),  

T2 = Tr(Ta1Ta2Ta4Ta3)+Tr(Ta1Ta3Ta4Ta2), 

T3 = Tr(Ta1Ta4Ta2Ta3)+Tr(Ta1Ta3Ta2Ta4)

A4
(l),phys.(1,2,3,4) = T1A4

(0)(1,2,3,4)M(l)(s,t)  + T2A4
(0)(1,2,4,3)M(l)(s,u) + T3A4

(0)(1,4,2,3)M(l)(t,u). 

Four-point 

amplitude

This is what we 

calculate

Tree level amplitude usually has a simple universal form proportional to 

the delta function (conservation of momenta), in SUSY case - 

conservation of supercharge in on shell momentum superspace



Perturbation Expansion for the 
Amplitudes for any D 

A4/A
tree

4 1

2

4

15

60

No bubbles
No Triangles

Universal expansion for any D in maximal SYM due to

First UV div at 

L=[6/(D-4)] loops

IR finite
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Dual conformal invariance

Т. Dennen Yu-yin Huang 10 ,

S.Caron-Huot D.O'Connell 10 



Leading Divergences from Generalized 

«Renormalization Group»
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• In renormalizable theories the leading divergences can be found 

from the 1-loop term due to the renormalization group, in particular, 

for a single coupling theory the coefficient of            in n loops in 

given by
1/✏n

• In non-renormalizable theories the leading divergences can be also 

found from 1-loop due to locality and R-operation
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SubLeading Divergences from Generalized 

«Renormalization Group»
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• In non-renormalizable theories the leading divergences can be also 

found from 2-loop due to locality and R-operation

Leading pole

from 1 loop

diagrams 
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SubLeading pole

from 2 loop 

diagrams 

Just like in 

renormalizable 

theories one can 

deduce the 

leading, 

subheading, etc 

divergences from 

1, 2, etc diagrams



R-operation and Recurrence Relation
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Horizontal boxes D=8 N=1
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MI Comb D = 6 D = 8 D = 10
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Perturbation Expansion for the Amplitudes

Leading Divergences
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Result up to 4 loopsD=8 N=1

Doesn’t look like Geom progression anymore,

however, coefficients grow slowly

L.P. = −st
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Leading Divergences Result up to 4 loops



Ladder diagrams (leading divs)
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Horizontal boxes D=8 N=1
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Ladder diagrams (subleading divs)
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Ladder diagrams (subleading divs)
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Ladder diagrams (subleading divs)
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Sum of Ladder diagrams (subleading divs)
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Sum of Ladder diagrams (subleading divs)
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Sum of Ladder diagrams 

Series: 20 terms

Exact solution
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All loop Exact Recurrence Relation

D=8 N=1

Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

Exact relation for ALL diagrams

summation
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All loop Solution (leading divs)
D=8 N=1
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Summary
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 The UV divergences for the on-shell scattering amplitudes DO NOT 

CANCEL  in any given order of PT

 The recurrence relations allow one to calculate the leading UV 

divergences in ALL orders of PT algebraically starting from 1 loop

D=8 N=1

 The recurrence relations allow one to calculate the sub leading UV 

divergences in ALL orders of PT algebraically starting from 1 and 2 loops

 This procedure apparently continues the same way for all divergences 

just like in renormalizable theories
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 The subheading divergences seem to repeat the general pattern of the 

leading ones. 

Summary D=8 N=1

There is no simple limit when         ✏ → +0

The solution to this equation possesses the infinite sequence of poles in s 

and t channels

 The sum of  the leading UV divergences to ALL orders obeys the nonlinear  

integro-differential equation



 What is a possible interpretation of the UV divergences in this case? 
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 The theory is non-renormalizable in perturbatione sense.

 If one assumes some kind of  effective cut-off, then taking 1/eps =log s/M 

one gets an infinite number of bound states in s and t channels with 

equidistant masses^2  - possible link to a string theory interpretation

Summary D=8 N=1


