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Motivation
Maximal SYM

D=4 N=4
D=6 N=2
D=10 N=1

Partial or total cancellation of UV divergences 
(all bubble and triangle diagrams cancel)
First UV divergent diagrams at D=4+6/L
Conformal or dual conformal symmetry
Common structure of the integrands
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Color decomposition & Spinor 
helicity formalism
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Helicity	  is	  no	  longer	  conserved	  in	  D=6!
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Perturbation Expansion for the 
Amplitudes
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Perturbation Expansion for the Amplitudes

B1(s, t) =
⇡

3

(2⇡)

6

b2(x)

s+ t

, b2(x) =
L

2
(x) + ⇡

2

2

, L(x)

.

= log(x), x =

t

s

B2(s, t) =

✓
⇡

3

(2⇡)6

◆2 ✓
b4(x)

t

+
b3(x)

s+ t

◆

b4(x) =

✓
2⇣3 � 2Li3(�x)� ⇡

2

3
L(x)

◆
L(1 + x) +

✓
1

2
L(x) +

⇡

2

2

◆
L

2(1 + x)

+

✓
2L(x)L(1 + x)� ⇡

2

3

◆
Li2(�x) + 2L(x)S1,2(�x)� 2S2,2(�x)

b3(x) = �2⇣3 +
⇡

2

3
L(x)�

�
L(x) + ⇡

2
�
L(1 + x)� 2L(x)Li2(�x) + 2Li3(�x)

B2(s, t) ⇠
1

12
L

4(x)

Exact calculation
p2i = 0, m = 0

Regge Limit s ! 1, t < 0, fixed

B1(s, t) ⇠
1

2
L

2(x)

6

Anastasiou,	  Tausk,	  Tejeda-‐Yeomans	  ,	  00	  
Bork,Kazakov,Vlasenko,	  13



Leading Logarithms
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Perturbation Expansion for the Amplitudes

Leading Powers
Bn(s, t) =

1

s
(Cn +O(t/s)) , n � 2

UV finite

8

Loops 1 2 3 4 5 6

Values

Numerics
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Feynman integrals via hyperlogarithms Erik Panzer

B3 = B4 =

Figure 5: Examples of the box ladder graphs Bn of n = 3 and n = 4 loops.

the values cn := �(Bn)|s=1,t=0 for n Æ 6 where s = (p1 + p2)2 and t = (p1 + p4)2 measure
the momentum running through Bn in the horizontal and vertical directions:5

c2 = 2’2, (3.2)
c3 = 4’2

3 + 124
35 ’3

2 ≠8’3 ≠6’2, (3.3)

c4 = ≠56’7 ≠32’2’5 +32’2
3 + 8

5’3
1
4’2

2 ≠15
2

+ 992
35 ’3

2 ≠8’2
2 ≠18’2, (3.4)

c5 = 56’7 (’3 ≠5)+26’2
5 +4’5 (8’2’3 +35’3 ≠40’2 ≠49)+ 4

5’2
3

1
140≠25’2 ≠4’2

2
2

+8’3
1
7’2 +4’2

2 ≠14
2

≠ 1168
385 ’5

2 ≠ 24
7 ’4

2 + 496
5 ’3

2 +4’2
1
2’3,5 ≠21

2
+20’3,5 +4’3,7, (3.5)

c6 = 18864
35 ’3

2 +336’3,5 ≠12’9 (20’2 +161)+ 8
5’7

1
104’2

2 +35’2 +840’3 ≠1120
2

+624’2
5 + 16

35’5
1
1680’2’3 ≠3675≠12’3

2 ≠2240’2 +490’2
2 +5145’3

2

+96
1
’2

2 + ’3,7
2

≠ 48
5 ’2

3
1
35’2 +8’2

2 ≠60
2

≠ 32
5 ’3

1
105≠32’2

2 +3’3
2 ≠75’2

2

+24’2
1
8’3,5 ≠21

2
≠ 28032

385 ’5
2 ≠ 288

5 ’4
2 ≠1320’11. (3.6)

4. Problems for parametric integration with hyperlogarithms

1. To compute divergent integrals in dimensional regularization, one first needs to con-
struct a representation involving only convergent integrands. An algorithm that
solves this problem was presented in [29], but already for low numbers of divergences
it can produce expressions that become untractibly large. It seems very promising to
combine this algorithm with programs for integration by parts, in order to obtain a
reduction to finite (convergent) master integrals.

2. We know many cases (like K4 and P7,11 mentioned above) of integrals that are not
linearly reducible in the original Schwinger parameters, but become so after a suitable
change of variables. It is unclear under which general circumstances this is possible.
So far, there is only one combinatorial analysis available which considers a particular
kind of transformation for vacuum integrals [34].

3. Why do alternating sums so far not occur in massless propagators?

4. The implementation [28] works in the Euclidean region. Analytic continuation to
various kinematic regimes of the physical region can in general be very cumbersome
and should be automated.

5
Printing the expressions for �(Bn) including the dependence on s and t would take too much space.

6

Panzer,14
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In	  the	  limit	  ε-‐>0	  the	  full	  expression	  is	  FINITE	  !
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This is a remarkable property of the series  which we checked up to 5 loops 
for the leading divergences and leading powers.

 It might mean that in nonrenormalizable theories the finite number of PT 
terms has no meaning while the full theory exists.
 That would imply that  severe UV divergences  present in any given order 
of PT are actually artifacts of the weak coupling expansion. 
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This would mean that one should not be confused by  nonrenormalizability  
of PT in quantum gravity. 
 It may well be that the full theory is meaningful, PT is just not applicable 
here.

 In order to understand the nonrenormalizable theories one has to find an 
alternative description. 
 The result of an alternative approach might be quite different from the PT 
one. 
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