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Spontaneously Broken Theory
= Unbroken Theory in External Field

Symmetric theory → Spontaneously Broken Symmetry
⇓ ⇓

< H >= 0 < H > 6= 0
Put the system into external �eld H : the couplings become
dependent on external �eld: g(H), m(H)
Taylor expansion:

g(< H >) = g(0) + g′(0) < H > +< H >2

2 g′′(0) + ...

?RG Equations: ⇓
_g = β(g) → _g(H) = β(g(H)) !!!

Taylor Expansion:




_g = β(g)
_g′ = dβ(g)

dg g′

_g′′ = d2β(g)
dg2 (g′)2 + dβ(g)

dg g′′

? Solution to RG Equation (one coupling for simplicity):

t =
∫ gt

g0

dx

β(x) → t =
∫ gt(H)

g0(H)

dx

β(x)
Taylor Expansion:

g′ = c1β(g), g′′ = c2
1β

dβ
dg + c2β(g), g = g(t)
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SUPERSYMMETRY

Poincare Algebra
[Pµ, Pν] = 0,
[Pµ,Mρσ] = i(gµρPσ − gµσPρ),
[Mµν,Mρσ] = i(gνρMµσ − gνσMµρ − gµρMνσ + gµσMνρ),
Internal Algebra
[Br, Bs] = iCt

rsBt,
[Br, Pµ] = [Br,Mµσ] = 0,
SUSY Algebra
[Qi

α, Pµ] = [ �Qi
_α, Pµ] = 0,

[Qi
α,Mµν] = 1

2(σµν)β
αQ

i
β, [ �Qi

_α,Mµν] = −1
2

�Qi
_β(�σµν) _β

_α,

[Qi
α, Br] = (br)i

jQ
j
α, [ �Qi

_α, Br] = − �Qj
_α(br)i

j,

{Qi
α, �Qj

_β} = 2δij(σµ)α _βPµ ,

{Qi
α, Q

j
β} = 2εαβZ

ij, Zij = ar
ijbr, Z ij = Z+

ij ,

{ �Qi
_α, �Qj

_β} = −2ε _α _βZ
ij, [Zij, anything] = 0,

α, _α = 1, 2 i, j = 1, 2, . . . , N.

Supersymmetry relates particles with spin di�erent by
1/2, boson and fermions!

Space ⇒ Superspace
xµ xµ, θα, �θ _α

θ, �θ are Grassmannian variables
{θα, θβ} = 0, {�θ _α, �θ _β} = 0, α, β = 1, 2.
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A SUSY group element can be constructed in superspace
in the same way as an ordinary translation in the usual
space

G(x, θ, �θ) = ei(−xµPµ + θQ + �θ �Q)

It leads to a supertranslation in superspace
xµ → xµ + iθσµ�ε− iεσµ

�θ,
θ → θ + ε,
�θ → �θ + �ε,

? Super�elds (yµ = xµ + �θσµθ)

�(y, θ) = A(y) +
√

2θψ(y) + θθF (y)
↑ scalar �eld ↑ spinor �eld ↑ auxiliary �eld

= A(x) + iθσµ�θ∂µA(x) + 1
4θθ�θ�θ2A(x)

+
√

2θψ(x)− i√
2
θθ∂µψ(x)σµ�θ + θθF (x).

V (x, θ, �θ) = C(x) + iθχ(x)− i�θ �χ(x)
+ i

2θθ[M(x) + iN(x)]− i

2
�θ�θ[M(x)− iN(x)]

− θσµ�θvµ(x) + iθθ�θ[λ(x) + i

2�σµ∂µχ(x)]
↑ vector �eld ↑ spinor �eld l auxiliary �eld

− i�θ�θθ[λ + i

2σµ∂µ �χ(x)] + 1
2θθ�θ�θ[D(x) + 1

22C(x)].
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The Main Statement:

Softly Broken ≈ Rigid SUSY Theory
SUSY Theory in External

Spurion Superfield

Avdeev, Kazakov & Kondrashuk NP '98
Jack & Jones, PL '97

Giudice & Rattazzi, NP '98
Yamada, PR '94

The Couplings g⇒ External Super�lelds S(θ, �θ)

Singular Part of E�ective Action:

S
eff
Sing(g) ⇒ S

eff
Sing(S, D2S, �D2S, D2 �D2S)

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

Consequence:
Renormalizations of the Soft Terms Follow from

those of a Rigid Theory

Renormalization Constants: ~Zi(g) = Zi(S)
Grassmannian Taylor Expansion ! Kazakov PL '98
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THE RIGID N=1 SUSY GAUGE THEORY

? The Lagrangian

Lrigid =
∫

d2θ
1

4g2TrW αWα +
∫

d2 �θ 1
4g2Tr �W _α �W _α

+
∫

d2θd2 �θ ��i(eV )j
i�j +

∫
d2θ W +

∫
d2 �θ �W ,

Wα = −1
4

�D2e−V Dαe
V , �W _α = −1

4D2e−V �D _αe
V ,

W = 1
6yijk�i�j�k + 1

2M ij�i�j.

? Gauge �xing

Lgauge−fixing = − 1
16

∫
d2θd2 �θTr

( �ff + f �f
)

f = �D2 V√
ξg2

, �f = D2 V√
ξg2

.

? Ghost Term

Lghost = i

∫
d2θ

1
4Tr b δcf − i

∫
d2 �θ 1

4Tr �b δ�c �f,

δ�f = �D2δ�
V√
ξg2

= i �D2 1√
ξg2
LV/2[�+��+coth(LV/2)(�−��)],
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Lghost = −
∫

d2θ
1
4Tr b �D2 1√

ξg2
LV/2[c + �c

+ coth(LV/2)(c− �c)] + h.c.

=
∫

d2θd2 �θ Tr
(

b + b√
ξg2

)
LV/2[c + �c + coth(LV/2)(c− �c)]

=
∫

d2θd2 �θ Tr
(

b + b√
ξg2

)(
(c− c) + 1

2[V, (c + c) ]

+ 1
12[V, [V, (c− c) ]] + ...

)
.

where LXY ≡ [X, Y ].

? BRST transformations
δV = εLV/2[c + �c + coth(LV/2)(c− �c)],

δ ca = − i

2εfabccbcc , δ �ca = − i

2εfabc�cb�cc ,

δ ba = 1
8ε �D2 �fa , δ �ba = 1

8εD2fa.
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SOFT SUSY BREAKING

? Soft Terms

−Lsoft−breaking =
[
M

2 λλ + 1
6Aijkφiφjφk + 1

2Bijφiφj + h.c.

]

+(m2)i
jφ
∗
iφ

j,

? Spurion Fields η = θ2 and �η = �θ2

Girardello & Grisaru
NP '82

Lsoft =
∫

d2θ
1

4g2(1− 2Mη)TrW αWα

+
∫

d2 �θ 1
4g2(1− 2 �M �η)Tr �W _α �W _α

+
∫

d2θd2 �θ ��i(δk
i − (m2)k

i η�η)(eV )j
k�j

+
∫

d2θ

[
1
6(yijk − Aijkη)�i�j�k + 1

2(M ij −Bijη)�i�j

]
+ h.c.

? Replacement
1
g2 →

1
~g2 = 1−Mθ2 − �M �θ2

g2 ,

yijk → ~yijk = yijk − Aijkη,

M ij → ~M ij = M ij −Bijη,
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? NEW!
1
g2 →

1
~g2 = 1−Mθ2 − �M �θ2 −�θ2 �θ2

g2 ,

~g2 = g2 (
1 + Mθ2 + �M �θ2 + 2M �Mθ2 �θ2 + �θ2 �θ2) .

? Gauge Parameter
~ξ = ξ

(
1 + xθ2 + �x�θ2 + (x�x + z)θ2 �θ2) ,

? Modi�ed Gauge Fixing

f → �D2 V√
~ξ~g2

, �f → D2 V√
~ξ~g2

.

Lgauge−fixing = − 1
8

∫
d2θd2 �θ Tr


 �D2 V√

~ξ~g2
D2 V√

~ξ~g2


 ,

? Modi�ed Ghost Term
Lghost =

∫
d2θd2 �θ Tr 1√

~ξ~g2

(
b + b

)LV/2[c + �c

+ coth(LV/2)(c− �c)].

L(2)
ghost =

∫
d2θd2 �θ Tr 1√

ξg2

(
1− 1

2�ξθ2 �θ2
)

(b + b) (c− c)

− 1
2

∫
d2θ Tr 1√

ξg2
Mξbc + 1

2

∫
d2 �θ Tr 1√

ξg2
�Mξ�b�c,

9



V (x, θ, �θ) = C(x) + iθχ(x)− i�θ �χ(x) + i

2θθN(x)− i

2
�θ�θ �N(x)

−θσµ�θvµ(x) + iθθ�θ[�λ(x) + i

2 �σµ∂µχ(x)]

−i�θ�θθ[λ + i

2σµ∂µ �χ(x)] + 1
2θθ�θ�θ[D(x)− 1

22C(x)].

Lg−f = 1
2ξg2

[
−(D −2C−�ξC + i

2Mξ �N − i

2
�MξN)2

− (∂µvµ)2 + ( �N − i �MξC)2(N + iMξC)
− i(λ + 1

2
�Mξχ)σµ∂µ(�λ + 1

2Mξ �χ)

− (λ + 1
2

�Mξχ)2χ− (�λ + 1
2Mξ �χ)2�χ− i2χσµ∂µ �χ

]
.

? The Meaning of Masses

M − gaugino �eld λ mass
− auxiliary �eld χ mass
− spinor ghost mass

� − soft scalar ghost mass
− auxiliary �elds C and N mass
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RENORMALIZATION OF SOFT
VERSUS RIGID THEORY

The Statement Let a rigid theory be renormalized via
introduction of the renormalization constants Zi,de�ned
within some minimal subtraction massless scheme. Then,
a softly broken theory is renormalized via introduction
of the renormalization super�elds ~Zi which are related
to Zi by the coupling constants rede�nition

~Zi(g2, y, �y) = Zi(~g2, ~y, ~�y),
where the rede�ned couplings are

~g2
i = g2

i (1 + Miη + �Mi�η + (2Mi
�Mi + �i)η�η)

~yijk = yijk − Aijkη + 1
2(ynjk(m2)i

n + yink(m2)j
n + yijn(m2)k

n)η�η

~�yijk = �yijk − �Aijk �η + 1
2(ynjk(m2)n

i + yink(m2)n
j + yijn(m2)n

k)η�η
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Summary on Soft Term Renormalizations

The Rigid Terms The Soft Terms
βαi

= αiγαi
βmAi

= D1γαi

βij
M = 1

2(M ilγj
l + M ljγi

l ) βij
B = 1

2(Bilγj
l + Bljγi

l )
−(M ilD1γ

j
l + M ljD1γi

l )
βijk

y = 1
2(yijlγk

l + perm's) βijk
A = 1

2(Aijlγk
l + perm's)

⇑ −(yijlD1γk
l + perm's)

chiral anomalous dim. (βm2)i
j = D2γi

j

D1 = mAi
αi

∂
∂αi

− Aijk ∂
∂yijk

�D1 = mAi
αi

∂
∂αi

− Aijk
∂

∂yijk

D2 = �D1D1 + �αi
αi

∂
∂αi

+ 1
2(m2)a

n

(
ynbc ∂

∂yabc + ybnc ∂
∂ybac

+ybcn ∂
∂ybca + yabc

∂
∂ynbc

+ ybac
∂

∂ybnc
+ ybca

∂
∂ybcn

)

�αi
= Mi

�Mi + �i

Jack, Jones & Pickering
PL '98 (� ≡ X)
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Example: Pure gauge theory

Notation: α ≡ g2
i /16π2.

αBare = Zαα ⇒ ~αBare = ~Zα ~α
Expand over η:

αBare(1 + mBare
A η) = α(1 + mAη)Zα(~α)|�η=0.

αBare = αZα(α),
mBare

A αBare = mAαZα(α) + αD1Zα

Differential operator

D1 = mAα ∂
∂α

extracting linear

term over η

Result:
mBare

A = mA + D1 ln Zα

RG Functions

βα = αγα, βmA
= D1γα

Consequence:
mAα

βα
is RG invariant

J.Hisano & M.Shifman
Phys.Rev.D56 (1997)5745

13



ILLUSTRATION

? One-loop Renormalization functions
γ(1)

α = αQ, Q = T (R)− 3C(G),
γ

i (1)
j = 1

2yiklyjkl − 2αC(R)i
j,

? Casimir Operators
T (R)δAB = Tr(RARB), C(G)δAB = fACDfBCD,

C(R)i
j = (RARA)i

j

? Soft RG Functions
β(1)

mA
= αmAQ,

β
ij (1)
B = 1

2Bil(1
2yjkmylkm − 2αC(R)j

l )

+M il(1
2Ajkmylkm + 2αmAC(R)j

l ) + (i ↔ j),

β
ijk (1)
A = 1

2Aijl(1
2ykmnylmn − 2αC(R)k

l )

+yijl(1
2Akmnylmn + 2αmAC(R)k

l )
+(i ↔ j) + (i ↔ k),

[βm2]i (1)
j = 1

2AiklAjkl − 4αm2
AC(R)i

j

+1
4ynkl(m2)i

nyjkl + 1
4yikl(m2)n

j ynkl + 4
4yisl(m2)k

syjkl.
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Three-loop gaugino mass renormalization

The RG β functions for the gauge couplings:

βαi
= biα

2
i + α2

i


∑

j

bijαj −
∑

f

aifYf




+α2
i


∑

jk

bijkαjαk −
∑

jf

aijfαjYf +
∑

fg

aifgYfYg


 + ...,

Yf means Yt, Yb, Yτ and the coe�cients bi, bij, aif , bijk,
aijf , aifg are given in Ferreira, Jack & Jones, PL B387(1996)80

The RG β functions for the gaugino masses:
βmAi

= biαimAi

+ αi


∑

j

bijαj(mAi
+ mAj

)−
∑

f

aifYf(mAi
− Af)




+ αi


∑

jk

bijkαjαk(mAi
+ mAj

+ mAk
)

−
∑

jf

aijfαjYf(mAi
+ mAj

− Af)

+
∑

fg

aifgYfYg(mAi
− Af − Ag)


 + ....
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? Illustration (3 loops) Jack, Jones & North
PL '96

γα = αQ + 2α2QC(G)− 2
r
αγi

j
(1)

C(R)j
i − α3Q2C(G)

+ 4α3QC2(G)− 6
r
α3QC(R)i

jC(R)j
i −

4
r
α2C(G)γi

j
(1)

C(R)j
i

+ 3
r
αyikmyjknγ

n
m

(1)C(R)j
i

+ 1
r
αγi

j
(1)

γj
p

(1)
C(R)p

i + 6
r
α2γi

j
(1)

C(R)j
pC(R)p

i ,

γi
j = 1

2yiklyjkl − 2αC(R)i
j

− (yimpyjmn + 2αC(R)p
jδ

i
n)(1

2ynklypkl − 2αC(R)n
p)

+2α2QC(R)i
j ,

? Solution for �α: Jack, Jones & Pickering
PL '98 (� ≡ X)

�α
(1) = M 2,

�α
(2) = �(2)

α = −2α[1
r

(m2)i

jC(R)j
i −M 2C(G)],

�α
(3) = �(3)

α = α

2r [12(m2)i
ny

nklyjkl + 1
2(m2)n

j y
iklynkl

+ 2(m2)m
n yiknyjkm + AiklAjkl − 8αM 2C(R)i

j]C(R)j
i

− 2α2QC(G)M 2 − 4α2C(G)[1
r

(m2)i

jC(R)j
i −M 2C(G)].
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? All loop Solution in NSVZ Scheme
Novikov, Shifman,

Vainshtein & Zakharov
NP '83

γNSV Z
α = α

Q− 2r−1Tr[γC(R)]
1− 2C(G)α

Solition:

�NSV Z
α = −2αr−1Tr[m2C(R)]−M 2C(G)

1− 2C(G)α

Jack, Jones & Pickering
PL '98

� ≡ X
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ILLUSTRATION: THE MSSM

? Notation:
αi ≡ g2

i

16π2 , i = 1, 2, 3; Yk ≡ y2
k

16π2 , k = t, b, τ.

? Substitution:
~αi = αi

(
1 + Miη + �Mi�η + (Mi

�Mi + �αi
)η�η

)
~Yk = Yk

(
1− Akη − �Ak �η + (Ak

�Ak + �k)η�η
)

�t = ~m2
Q+ ~m2

U+m2
H2, �b = ~m2

Q+ ~m2
D+m2

H1, �τ = ~m2
L+ ~m2

E+m2
H1

? RGE:
_ai = aiγi(a), ai = {αi, Yk},

? Soft RGE: Kazakov
PL '98

_~ai = ~aiγi(~a).
~ai = ai(1 + miη + �mi�η + Siη�η),

mi = {Mi,−Ak}, Si = {Mi
�Mi + �αi

, Ak
�Ak + �k}

_mi = γi(~a)|F =
∑

j

aj
∂γi

∂aj
mj.

_�i = γi(~a)|D =
∑

j

aj
∂γi

∂aj
(mjmj + �j) +

∑

j,k

ajak
∂2γi

∂aj∂ak
mjmk
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? Solutions for �α:

�α1 = M 2
1 − α1σ1 − 199

25 α2
1M

2
1 −

27
5 α1α2M

2
2 −

88
5 α1α3M

2
3

+ 13
5 α1Yt(�t + A2

t ) + 7
5α1Yb(�b + A2

b) + 9
5α1Yτ(�τ + A2

τ)

�α2 = M 2
2 − α2(σ2 − 4M 2

2 )− α2
2(4σ2 + 9M 2

2 )− 9
5α2α1M

2
1

−24α2α3M
2
3 + 3α2Yt(�t + A2

t ) + 3α2Yb(�b + A2
b)

+α2Yτ(�τ + A2
τ)

�α3 = M 2
3 − α3(σ3 − 6M 2

3 )− α2
3(6σ3 − 22M 2

3 )− 11
5 α3α1M

2
1

−9α3α2M
2
2 + 2α3Yt(�t + A2

t ) + 2α3Yb(�b + A2
b)

σ1 = 1
5

[
3(m2

H1 + m2
H2) + 3( ~m2

Q + 3 ~m2
L + 8 ~m2

U + 2 ~m2
D + 6 ~m2

E)
]

σ2 = m2
H1 + m2

H2 + 3(3 ~m2
Q + ~m2

L)
σ3 = 3(2 ~m2

Q + ~m2
U + ~m2

D).

Martin & Vaughn
PR '94
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ALTERNATIVE FORMULATION

? RG Equation
d

dt
α = β(α) ⇒ d

dt
α(1 + MAθ2) = β(α(1 + MAθ2))

Expand over θ2:

_α = β(α)
_αMA + α _MA = dβ

dααMA
⇒ _MA = MAα d

dα

(
β(α)
α

)

? Solution to RG Equation

∫ α dα′

β(α′) = ln Q2

�2

∫ α(1+MAθ2
dα′

β(α′) = ln Q2

�2(1 + cθ2)
Expand over θ2:

αMA

β(α) = −c ⇒ MA = const
β(α)
α

20



EXAMPLES

1. MSSM in low tan β regime

RQ Eqs.





_αi = −biα
2
i , i = 1, 2, 3

_Yt = Yt(16
3 α3 + 3α2 + 13

15α1 − 6Yt)

Solution





αi(t) = α0
1+biα0t

, t = ln M2
X

Q2

Yt(t) = Y0E(t)
1+6Y0F (t)

E(t) =
∏

i(1 + biα0t)ci/bi, F (t) =
∫ t

0 E(t′)dt′

To get solutions for the soft terms one has to make sub-
stitution: α → ~α, Y → ~Y and expand over η, �η

αiMAi
= α0M0

1+biα0t
− α0biα0M0t

(1+biα0t)2 = α0
1+biα0t

· M0
1+biα0t

MAi
= M0

1+biα0t

At(t) = A0
1+6Y0F

−M0[ t
E

dE
dt − 6Y0

1+6Y0F
(tE − F )]

Expand up to η�η :

�t(t) = �0−A2
0

1+6Y0F
+ [A0+6M0Y0(tE−F )]2

(1+6Y0F )2 + M 2
0 [ d

dt(
t2
E

dE
dt )− 6Y0

1+6Y0F
t2dE

dt ]
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Infrared Quasi Fixed Points

Y0 →∞ ⇒ Yt(t) → Y FP
t = E

6F

Expand the FP over η, �η

AFP
t = −M0

(
t

E

dE

dt
− tE − F

F

)

�FP
t = M 2

0

[
(tE − F

F
)2 + d

dt
(t

2

E

dE

dt
)− t2

F

dE

dt

]

2. MSSM in high tan β regime

RQ Eqs.





_αi = −biα
2
i , i = 1, 2, 3

_Yt = Yt(16
3 α3 + 3α2 + 13

15α1 − 6Yt − Yb)
_Yb = Yt(16

3 α3 + 3α2 + 7
15α1 − Yt − 6Yb − Yτ)

_Yτ = Yτ(3α2 + 9
5α1 − 3Yb − 4Yτ)

No explicit solution ⇒
{

Approximate Solution
Iterative Solution

In both the cases Grassmannian Expansion leads to the
corresponding solutions for the soft terms

? Approximate Solution

Y app
t (t) = Yt0Et(t)

[1 + 7
2(Yt0Ft(t) + Yb0Fb(t))]2/7[1 + 7Yt0Ft(t)]5/7

...
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? Comparison to Numerical Solution
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? The Fixed Points
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3. Totally all loop �nite N=1 SUSY gauge
theories

Conditions:{ ∑
R T (R) = 3C2(G)

Yi = Yi(α), Yi(α) = ci
1α + ci

2α
2 + ...

ci
n are calculated algebraically in n-th order of PT.

Softly Broken Finite Theory
• Replace α → ~α, Y → ~Y
• Expand over η, �η

~Yi = Yi(~α) ⇒




Ai = −M d ln Yi
d ln α

�i = M 2 d
dααd ln Yi

d ln α

This expressions lead to a totally �nite softly broken
SUSY �eld theory!

Alternative formulation for the bare couplings

In Dimensional regularization

Y Bare
i = αBare · fi(ε), fi(ε) = c

(1)
i + c

(2)
i ε + c

(3)
i ε2 + ...

Soft SUSY Breaking
~Y Bare
i = ~αBare · fi(ε) ⇒ ABare

i = −MBare

�Bare
i = M 2

Bare

Universality of the soft terms!
25



CONCLUSION
One has to write down a spontaneously broken theory

in terms of a rigid one in external �eld and to be able to
perform renormalization for the arbitrary �led. Then:
• All the renormalizations are de�ned in a rigid theory.

No independent renormalizations in softly broken the-
ory.

• RG ow in Softly Broken Theories follows those in rigid
theories.

• This statement is true for RG equations, solutions to
these equations, particular (�xed point) solutions, ap-
proximate solutions, etc.
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