Z_n graded extensions of KdV equations and fractional supersymmetry

A.P. Isaev^∗ and Z. Popowicz^{∗∗}

∗Bogolubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research Dubna, Moscow Region, 141 980, Russia

∗∗Institute for Theoretical Physics University of Wrocław pl. Maxa Born 9, 50–204 Wrocław, Poland

Abstract We construct Z_n graded extentions of the KdV equations which are invariant under the fractional supersymmetry transformations.

1 Introduction

Generalized Grassmann algebras and fractional supersymmetry (as well as some other related problems) have been considered in [5] – [13]. Note that generalized grassmann algebras can be cosidered as an example of nonsimple Volichenko algebras [14].

2 Generalized grassmann algebras and fractional superfields

The generalized grassmann algebra with two generators θ and ∂ is defined by relations ∂ θ − q θ ∂ = 1 , θ^{p+1} = 0 = ∂^{p+1} , (2.1) td1 where q is a primitive root of unity: q^{p+1} = 1 and we chose for convenience q = exp(i 2π/(p + 1)). For p = 1 and p = ∞ we obtain from (2.1) the fermionic and bosonic Heisenberg algebras, respectively. One can deduce from (2.1) the identity

∂_θ θ^n = q^n θ^n ∂_θ + (n)_q θ^{n−1} , (2.2) td1a where (n)_q = (q^n − 1)/(q − 1). It is convenient also to introduce the operator g = ∂_θ θ − θ ∂_θ (2.3) td02 which satisfy the relations g θ = q θ g , g ∂_θ = q^{−1} ∂_θ g , g^{p+1} = 1 , (2.4) td2 ∂_θ θ = 1 − q g 1 − q , θ ∂_θ = 1 − g 1 − q . Then we consider a complex fractional superplane with two coordinates {x, θ} (x ∈ C) and introduce the functions on it (Z_{p+1}- graded superfields) u(x, θ) = u_0(x) + θ u_1(x) + θ^2 u_2(x) + . . . + θ^p u_p(x) , (2.5) td3 where in general the coefficient functions u_k(x) are noncommutative objects (e.g. they possess nontrivial commutation relations with θ and ∂_θ). We specify the algebra of coefficients u_k latter.

The action of the differential operators ∂_θ and ∂_x on fields (2.5) is (∂_x u(x, θ)) = p∑ i=0 θ^i u^′_i(x) , (∂_θ u(x, θ)) = p∑ i=1 (i)_q θ^{i−1} u_{i−1}(x) , (2.6) td33 (here we have used the identity (2.2)). Introduce a set of important differential operators D_n (n = 0, 1, . . . , p) D_0 = ∂_θ + 1 (p)_q!

θ^p ∂_x , D_n = g^n D_0 (n = 1, . . . , p) , (2.7) new1 where (n)_q! = (1)_q(2)_q · · · (n)_q. Operators D_n satisfy relations (1 − q)θ( p∑ k=0 q^kD_k) = (1 − q)θ∂_θ( p∑ k=0 g^k) = (1 − g)( p∑ k=0 g^k) = 1 − g^{p+1} = 0 , (2.8) td5b

D^{p+1}_n = (−1)^{pn} ∂_x , D_k D_n = q^{n−k} D_n D_k , (2.9) td5 where we have used the agreement q^{p+1}2 = −1. One can interprete D_n as a Z_{p+1}- graded generalizations of covariant derivatives and supercharges. We note that the operator Q := D_p can be written in the form: Q = ∂_θ + q (p)_q!

θ^p ∂_x (Q D_n = q^{n+1} D_n Q) , (2.10) td4

where derivative ∂_θ = g^{−1} ∂_θ obeys ∂_θ θ − q^{−1}θ ∂_θ = 1, ∂^{p+1}_θ = 0; i.e. we have Q θ − q^{−1}θ Q = 1 . (2.11) td4b

In general we have the following formula (Leibniz rule for derivatives D_n)

D_nθ = 1 + θ ( (q − 1) n∑ k=0 q^kD_k + q^n D_n ) , (2.12) new2

which can be deduced from the identity (D − D_n)θ = θ ( D + (1 − q) n∑ k=1 q^kD_k − q^nD_n ) . (2.13) new23

This identity can be proved as following. For the right hand side we have θ ( 1 + (1 − q) n∑ k=1 q^kg^k − q^ng^n ) ∂_θ = ( 1 + (1 − q) n∑ k=1 g^k − g^n ) θ∂_θ =

= (1 − g^n)(1 − qg) (1 − g) θ∂_θ = (1 − g^n)(1 − qg) (1 − q) , and the last expression coincides with the left hand side of (2.13). Note that eq. (2.12) for n = p reproduces (2.11) in view of eq. (2.8).

The matrix representation of the algebra (2.1) is constructed in the standard way [1]. Indeed, arbitrary function u(θ) (2.5) can be realized as (p + 1) dimensional vector u = u_0 . . u_p , u_k = ⟨k|u⟩ . (2.14) mrepr

To reproduce the actions of θ and ∂ to the function u(θ) one can use the following matrix representation of θ and ∂_θ

θ_{km} = ⟨k|θ|m⟩ = 0 0 0 . . . 0 1 0 0 . . . 0 0 1 0 . . . 0 . . . .. ... ... . . 0 . . . 0 1 0 , (∂_θ)_{km} = ⟨k|∂_θ|m⟩ = 0 1 0 . . . 0 0 0 (2)_q . . . 0 . . . . ... ... . . 0 0 . . . 0 (p)_q 0 0 . . . 0 0 .

(2.15) threpr The corresponding matrix representation of g (2.4) is

g_{km} = ⟨k|g|m⟩ = 1 0 . 0 0 q . . . . . . 0 . 0 q^p

. (2.16) ggm

In eqs. (2.14) – (2.16) we have introduced the ladder of p+1 states |m⟩ (m = 0, . . . , p) defined by: ∂|0⟩ = 0, θ|m⟩ = |m + 1⟩, ∂|m⟩ = (m)_q |m − 1⟩. The dual states ⟨k| satisfy the orthogonality condition ⟨k|m⟩ = δ_{km}. For the entries of the matrix θ we have θ_{km} = δ_{k,m+1} and in general (θ^n)_{km} = δ_{k,m+n}, while for the matrix ∂ we have (∂^n)_{km} = (k)_q · · · (k + n − 1)_q δ_{k+n,m}.

Example. Consider the fermionic case p = 1 (q = −1) of the algebra (2.1) ∂ θ + θ ∂ = 1 , θ^2 = 0 = ∂^2 ,

g∂_θ = ∂_θ , g θ = −θ . (2.17) td1aa In this case the superfield (2.5) is u(x, θ) = u_0(x)+θu_1(x). Two differential operators (2.7) have the form D_0 = ∂_θ + θ∂_x = D , D_1 = g(∂_θ + θ∂_x) = ∂_θ − θ∂_x = Q , and D is a covariant derivative while Q is a supercharge. The matrix representation of this algebra is θ_{km} = ( 0 0 1 0 ) , (∂_θ)_{km} = ( 0 1 0 0 ) , g_{km} = ( 1 0 0 −1 ) . 3 Theory of Z_{p+1}-graded pseudodifferential operators

Now we would like to define the algebra of Z_{p+1}-graded pseudodifferential operators L = ∑ k≤m u^{(k)}(x, θ) D^k , (3.1) td6

where the summation may include the negative integers k.

First of all we need to know how D acts on the products of superfields u^{(k)}(x, θ) of arbitrary grading. To find this action we postulate the homogeneous formula D u^{(k)} = q^{αk} u^{(k)} D + (D u^{(k)}) , (3.2) td7 where (D u^{(k)}) denotes the left action of D on u^{(k)} and α_k are some constants which have to be specified.

Considering the action of the second part of D (which is (θ^p/(p)_q!)∂_x) on the superfield u^{(k)}(x, θ) we deduce from (3.2) that the first component u^{(k)}_0 (2.5) of u^{(k)} possess the following commutation relation with θ u^{(k)}_0 θ = q^{αk} θ u^{(k)}_0 . (3.3) td8 For the first part of D we have from (3.2) the equation ∂_θ u^{(k)} = q^{αk} u^{(k)} ∂_θ + (∂_θ u^{(k)}) , which leads to the relations ∂_θ u^{(k)}_n = q^{αk−n} u^{(k)}_n ∂_θ . (3.4) td9

Now if we postulate the q-commutation relations for θ θ u^{(k)}_n = q^β u^{(k)}_n θ , (3.5) td10 then we obtain from (2.1) and (3.4) that β = n − α_k which corresponds to (3.3) for n = 0.

It is natural to put α_0 = 0 for bosonic superfield u^{(0)}. Then taking into account the relation u^{(−k)} ∼ (D^k u^{(0)}) = (k)_q! u^{(0)}_k + . . . (here ∼ denotes that the superfields u^{(−k)} and (D^k u^{(0)}) have the same grading), we obtain that α_k = k. Thus, we have for (3.2) and (3.5) D u^{(k)} = q^k u^{(k)} D + (D u^{(k)}) , θ u^{(k)}_n = q^{n−k} u^{(k)}_n θ , (3.6) td11 (one can consider this identity as a definition of (Du^{(k)})). It is natural to say that the grading of the fractional superfield u^{(k)} is equal to k.

The ring D of formal pseudodifferential operators consist of the formal series L = ∑ k≤m u^{(k)} D^k. To describe the multiplication in D we find from (3.6) (for n ≥ 0) D^n u^{(k)} = n∑ i=0 q^{i k} (n)_q−1 !

(n − i)_q−1 ! (i)_q−1 !

D^{n−i}(u^{(k)}) D^i . (3.7) td17 Consider the expansion D^{−n} u^{(k)} = W^{(k)}_1 (n) D^{−n} + W^{(k−1)}_2 (n) D^{−n−1} + W^{(k−2)}_3 (n) D^{−n−2} + . . . = = ∑_∞ i=0 W^{(k−i)}_{1+i} (n) D^{−n−i} . (3.8) td18

First, we take n = 1 in (3.8), act on it by D from the left and use (3.6). As a result we get the recursion relations q^k W^{(k)}_1 (1) = u^{(k)} , (D W^{(k)}_1 (1)) + q^{k−1} W^{(k−1)}_2 (1) = 0 , . . . , (D W^{(k−i)}_{i+1} (1)) + q^{k−i−1} W^{(k−i−1)}_{i+2} = 0 , . . .

which can be solved as W^{(k−i)}_{i+1} (1) = (−1)^i q^{−k(i+1)+(i+1)i/2} D^i(u^{(k)}) , and thus D^{−1}(u^{(k)}) = ∞∑ i=0 (−1)^i q^{−k(i+1)+(i+1)i/2} D^i(u^{(k)}) D^{−i−1} . (3.9) td19 Now using this equation and equation D^{−1} D^{−n} u^{(k)} = D^{−1} ( W^{(k)}_1 (n) D^{−n} + W^{(k−1)}_2 (n) D^{−n−1} + W^{(k−2)}_3 (n) D^{−n−2} + . . . ) = = W^{(k)}_1 (n + 1) D^{−n−1} + W^{(k−1)}_2 (n + 1) D^{−n−2} + W^{(k−2)}_3 (n + 1) D^{−n−3} + . . . , we obtain general recurent relations for the coeficients W^{(k−i)}_{i+1} (n):

q^{−k} W^{(k)}_1 (n) = W^{(k)}_1 (n + 1) ,

−q^{−2k+1} (D W^{(k)}_1 (n)) + q^{−k+1} W^{(k−1)}_2 (n) = W^{(k−1)}_2 (n + 1) , . . . , ∑_i l=0 (−1)^{i−l} q^{−(k−l)(i+1−l)+(i+1−l)(i−l)/2}(D^{i−l} W^{(k−l)}_{1+l} (n)) = W^{(k−i)}_{i+1} (n + 1) . The solution of these relations is

W^{(k−i)}_{i+1} (n) = (−1)^i q^{−(i+n)k+i(i+1)/2}

(i + n − 1)_q! (n − 1)_q! (i)_q!

D^i(u^{(k)}) . (3.10) td20

and its substitution in (3.8) gives

D^{−n} u^{(k)} = ∞∑ i=0 (−1)^i q^{−(i+n)k+i(i+1)/2} (i + n − 1)_q! (n − 1)_q! (i)_q!

D^i(u^{(k)}) D^{−n−i} =

= ∑ m≤−n (−1)^{m+n} q^{m k−m−n} (−m − 1)_q!

(n − 1)_q! (−n − m)_q−1 !

D^{−n−m}(u^{(k)}) D^m . (3.11) td21

One can write down formulas (3.7) and (3.11) as unique relation

D^n u^{(k)} = ∑ m≤n q^{m k} ( n m ) q^{−1} D^{n−m}(u^{(k)}) D^m , (3.12) td22

where ( n m ) q^{−1} = (n)_{q−1} ! (m)_{q−1} ! (n−m)_{q−1} ! for 0 ≤ m ≤ n, m ≤ n < 0, 0 for m < 0 ≤ n, and we use the relation (n)_q−1 ! (m)_q−1 ! ≡ (−q)^{n−m} (−m − 1)_q−1 ! (−n − 1)_q−1 !

, (3.13) td23

for n ≤ −1, m ≤ −1. Relation (3.13) is in an agreement with the relation for q-gamma functions

Γ_q(−n) Γ_q(−m) = (−q)^{n−m} Γ_q−1 (m + 1) Γ_q−1 (n + 1)

, Γ_q(x) = (q; q)_∞ (q^x; q)_∞

(1 − q)^{1−x} ,

where (x; q)_n = (1 − x)(1 − qx) · · · (1 − q^{n−1}x). We note that if we put in (3.12) q = −1 we obtain the formulas from [4].

Let the operator L (3.1) be of the form L = D^m + ∑ k<m u^{(k−m)}(x, θ) D^k .

The grading of this operator is (−m). Then, from (3.12) we conclude that there is a unique operator Λ = D + ∑ k≤0 v^{(k−1)} D^k such that Λ^m = L. The operator Λ should play the essential role in the defining of Z_{p+1} graded KP hierarchy D_{(j)}Λ = [Λ^j_−, Λ] , where as usual we have introduced the notaions: L_+ = ∑ 0≤k≤m u^{(k−m)} D^k , L_− = ∑ k<0 u^{(k−m)} D^k . The algebra of derivatives D_{(j)} over a set of graded times t_j (and their explicit forms) should be specified.

4 Fractional supersymmetry

To demonstrate how the fractional supersymmetry acts we consider fractional superfield u^{(k)} of grading k. The variation of u^{(k)} is δ u^{(k)} = (ϵ Q u^{(k)}) (4.14) td12 where ϵ is a parameter of fractional supersymmetry. To find the commutation relations of ϵ with coefficients of u^{(k)} we require identity δ(u^{(k)} D^k) = (ϵ Q)(u^{(k)} D^k) − (u^{(k)} D^k) (ϵ Q) = (ϵ Q u^{(k)}) D^k (4.15) td13 which guarantee the fractional supersymmetry in the theory of pseudo-differential operators. To prove this identity we consider the chain of equalities ϵ Q u^{(k)} D = ϵ Q (u^{(k)}_0 + θ u^{(k)}_1 + . . . + θ^p u^{(k)}_p ) D =

= ϵ (Q u^{(k)}) D + ϵ (q^k u^{(k)}_0 + q^{k−2} θ u^{(k)}_1 + . . . + q^{k−2p} θ^p u^{(k)}_p ) q D Q ,

(4.16) td14

If we postulate here only quadratic commutation relations ϵ with θ and u^{(k)}_n ϵ θ^n u^{(k)}_n = q^{2n+α} θ^n u^{(k)}_n ϵ , ϵ θ = q^{−β} θ ϵ , ϵ D = q^β D ϵ , and take into account that u^{(k)}_k is a bosonic coefficient [ϵ, u^{(k)}_k ] = 0, then we deduce ϵ θ^k u^{(k)}_k = q^{2k+α} θ^k u^{(k)}_k ϵ = q^{−kβ} θ^k u^{(k)}_k ϵ ⇒ α + k(β + 2) = 0 (4.17) td15 and from (4.16) we have (ϵ Q) (u^{(k)} D^k) = δ(u^{(k)} D^k) + q^{(1+β)(1−k)} (u^{(k)} D^k) (ϵ Q) which proves (4.15) for β = −1 and ∀k.

Summarizing, we have ϵ u^{(k)}_n = q^{n−k} u^{(k)}_n ϵ , θ u^{(k)}_n = q^{n−k} u^{(k)}_n θ , ϵ θ = q θ ϵ . In addition we obtain the condition of the covariance of the derivative D ϵ D = q^{−1} D ϵ =⇒ [ϵQ, D] = 0 .

5 Z_{p+1} - graded extension of KdV equation

Let us cosider the differential operator

L = D^{2p+2} + v^{(p)}(x, θ) D^p + . . . + v^{(1)}(x, θ) D + v^{(0)}(x, θ) =

= D^{2p+2} + ∑_p k=0 v^{(k)} D^k ≡ ∂^2_x + V (x, θ, D) ,

(5.18) td31

(if we put the dimension of operator ∂ as (∂) = 1, then we obtain (v^{(k)}_n ) = 2 + (n − k)/3) and find the pseudodifferential operator

L^{1/2} = D^{p+1} + ∑ k≤p w^{(k)} D^k , (5.19) td31a

such that (L^{1/2})^2 = L. First of all we note that in view of (5.18) we have to put w^{(k)} = 0 for k = 0, 1, . . . , p. Then we have

(L^{1/2})^2 = D^{2p+2} + D^{p+1} ∑ k<0 w^{(k)} D^k + ∑ k<0 w^{(k)} D^{k+p+1} + ( ∑ k<0 w^{(k)} D^k)^2 =

= D^{2p+2} + ∑ k<0 (∂_x w^{(k)}) D^k + 2 ∑ k<0 w^{(k)} D^{k+p+1}+

+ ∑ n<0,l<0 w^{(n)} ∑ k≤n+l q^{(k−l) l} ( n k − l ) q^{−1} (D^{n−k+l} w^{(l)}) D^k , and comparing with (5.18) we deduce (u^′ ≡ ∂_x(u)) w^{(k−p−1)} = 1 2 v^{(k)} (0 ≤ k ≤ p),

− 2 w^{(k−p−1)} = (w^{(k)})^′ + ∑ n,l<0 k≤n+l w^{(n)}q^{(k−l) l} ( n k − l ) q^{−1} (D^{n−k+l} w^{(l)}) (k ≤ −1) , (5.20) td32 In particular (for k ≤ −1) we have w^{(−p−2)} = − 1 4 (v^{(p)})^′ , w^{(−p−3)} = − 1 4 (v^{(p−1)})^′ − 1 8 q (v^{(p)})^2 , w^{(−p−4)} = − 1 4 (v^{(p−2)})^′ + 1 8 q^3 v^{(p)} (D v^{(p)}) − 1 8 q^2 (v^{(p)} v^{(p−1)} + v^{(p−1)} v^{(p)}) . (5.21) td33

Taking into account (5.19) - (5.21) one can write (5.19) in the form

L^{1/2} = ∂_x + 1 2 V ∂^{−1}_x − 1 4 V^′ ∂^{−2}_x + ∑ k≤−p−2 ~w^{(k)} D^k , (5.22) td34 where ~w^{(k)} = w^{(k)} + (1/4) (v^{(k+2p+2)})^′ for (−2p − 2 ≤ n ≤ −p − 2) and ~w^{(k)} = w^{(k)} for n < −2p − 2. Using (5.22) we find

(L^{3/2})_+ = (L L^{1/2})_+ =

(∂^2_x + V ) (∂_x + 1 2 V ∂^{−1}_x − 1 4 V^′ ∂^{−2}_x + ∑ k≤−p−2 ~w^{(k)} D^k) + = (5.23) td35 = ∂^3_x + 3 4 V^′ + 3 2 V ∂_x + ∑ 0≤k≤p ~w^{(k−2p−2)} D^k+

+ p∑ n,k=0 v^{(n)} ∑ p+1−k≤m≤n q^{m k} ( n m ) q^{−1} (D^{n−m}v^{(k)}) D^{m+k−p−1} . Now one can obtain Z_{p+1} - graded KdV equation as the Lax equation L_t = [(L^{3/2})_+, L]. Here we present the explicite form for Z_{p+1}- graded KdV equations for two cases: 1.) Z_3 - case, p = 2 and q^3 = 1, 2.) v^{(k)} = 0 (∀k ≠ 1), v^{(1)}(x, θ) ≠ 0..

1. Z_3 case.

In this case we find coeficients ~w^{(n)} for the formula (5.22) (see (5.21))

~w^{(−4)} = 0 , ~w^{(−5)} = − 1 8 q (v^{(2)})^2 , ~w^{(−6)} = 1 8 v^{(2)} (D v^{(2)})− 1 8 q^2 (v^{(2)} v^{(1)}+v^{(1)} v^{(2)}) , (5.24) td36 w^{(−7)} = 1 8 ( (v^{(2)})^{′′} − (v^{(2)} v^{(0)} + v^{(0)} v^{(2)})+

+v^{(2)} ( q^2 (D v^{(1)}) − (D^2 v^{(2)}) ) − v^{(1)} ( (D v^{(2)}) + (v^{(1)}) )) , w^{(−8)} = 1 8 ( (v^{(1)})^{′′} − (v^{(1)} v^{(0)} + v^{(0)} v^{(1)})+

+v^{(2)} ( q (v^{(2)})^′ + q (D v^{(0)}) − (D^2 v^{(1)}) ) − v^{(1)} (D v^{(1)}) + q (v^{(2)}v^{(2)})^′ ) , Substitution of these expresions into (5.23) gives

(L^{3/2})_+ = ∂^3_x+ 3 4 V^′+ 3 2 V ∂_x+ 3 8 ( q (v^{(2)})^2 D + q^2 (v^{(2)} v^{(1)} + v^{(1)} v^{(2)}) − v^{(2)} (Dv^{(2)}) ) = (5.25) td37 = ∂^3_x + 3 4 V^′ + 3 2 V ∂_x + 3 8 q (v^{(2)})^2 D + 3 8 V_0 ,

where V_0 = q^2 (v^{(2)} v^{(1)} + v^{(1)} v^{(2)}) − v^{(2)} (Dv^{(2)}) , (5.26) v0 and residue of the operator L^{3/2} (which is proportional to D^{−1}) is

res_D(L^{3/2}) = 1 8 (v^{(2)})^{′′} + 3 8 ( v^{(2)} (v^{(0)} − q^2 (D v^{(1)})) + q (v^{(1)})^2+

+v^{(2)} (D^2v^{(2)})) + v^{(1)} (D v^{(2)}) + v^{(0)} v^{(2)} ) = (5.27) td38

= 1 8 (v^{(2)})^{′′} + 3 8 ( v^{(2)} v^{(0)} − q^2 v^{(2)} (D v^{(1)}) + q (v^{(1)})^2 + V (D) (v^{(2)}) ) . Now the Lax pair equation L_t = [(L^{3/2})_+, L] for Z_3 case is equivalent to

∂_tv^{(2)} = 2 ∂_x ( res_D(L^{3/2}) ) , (5.28) td39

∂_tv^{(1)} = 1 4 ∂^3_x(v^{(1)}) − 3q 8 ∂^2_x((v^{(2)})^2) + 3 4 ∂_x ( (v^{(1)} v^{(0)} − q v^{(2)} (D v^{(0)}) + V (D) (v^{(1)}) ) + + 3 8 ( q^2 [v^{(2)}, (v^{(1)})^2] + q [(v^{(2)})^2, v^{(0)}]+

+v^{(2)} ( [(Dv^{(1)}, v^{(2)}] − q[(D^2v^{(2)}), v^{(2)}] ) − q[v^{(1)}(Dv^{(2)}), v^{(2)}] ) , (5.29) td40

∂_tv^{(0)} = 1 4 ∂^3_x(v^{(0)})+ 3 4 ∂_x ( V (D) (v^{(0)}) ) − 3 8 ( ∂^2_x + V (D) ) (V_0)+ 3 8 ( q (v^{(2)})^2 D + V_0 ) v^{(0)} = (5.30) v00 = 1 4 ∂^3_x(v^{(0)}) + 3 8 ∂^2_x ( v^{(2)}(Dv^{(2)}) − q^2 [v^{(2)}, v^{(1)}]_+ ) + 3 4 ∂_x ( V (D) (v^{(0)}) ) + + 3q^2 8 ( [v^{(1)}, v^{(2)}]_+ v^{(0)} − V (D) ([v^{(1)}, v^{(2)}]_+) )

+ 3 8 ( V (D) ( v^{(2)}(Dv^{(2)}) ) − v^{(2)}(Dv^{(2)}) v^{(0)} + q (v^{(2)})^2(Dv^{(0)}) ) (5.31) td41

We have obtained these equations with the help of REDUCE program of analytical calculations.

The function V_0 in (5.30) is defined in (5.26). It is clear from (5.30) that reduction v^{(0)} = 0 leads to the constraint ( ∂^2_x + V (D) ) (V_0) = ( ∂^2_x + V (D) ) ( q^2 (v^{(2)} v^{(1)} + v^{(1)} v^{(2)}) − v^{(2)} (Dv^{(2)}) ) = 0 .

Now we note that the system of equations (5.28) - (5.31) can be reduced to the unique Z_3-graded KdV equation

∂_tv^{(1)} = 1 4 ∂^3_x(v^{(1)}) + 3 4 ∂_x ( v^{(1)} (D v^{(1)}) ) , (5.32) td42

if we fix v^{(0)} = 0 = v^{(2)} and ∂_x (v^{(1)} v^{(1)}) = 0. From the dimension consideration it is natural to put

v^{(1)} v^{(1)} = 0 ⇒ (v^{(1)}_0 )^2 = 0 , v^{(1)}_1 v^{(1)}_0 + q v^{(1)}_0 v^{(1)}_1 = 0 , v^{(1)}_2 v^{(1)}_0 + q^2 v^{(1)}_0 v^{(1)}_2 = −(v^{(1)}_1 )^2 .

(5.33) td43

v^{(1)}_2 v^{(1)}_1 + q v^{(1)}_1 v^{(1)}_2 = 0 The last relation is a consistency condition of the relations (5.33). We note that dimmensions of the fields v^{(1)}_α are (see (5.18)) ( v^{(1)}(x, θ) ) = (v^{(1)}_0 ) = 5 3 , (v^{(1)}_1 ) = 2 , (v^{(1)}_2 ) = 7 3 , where (∂_x) = 1, (D) = 1/3 and therefore v^{(1)}_1 can be related with Virassoro field. Note that in view (5.32) and (5.33) we obtain new relations on the superfield v^{(1)}

∂_t(v^{(1)} v^{(1)}) = 1 4 ( v^{(1)} (v^{(1)})^{′′′} + (v^{(1)})^{′′′} v^{(1)} ) + + 3 4 ( v^{(1)} ( v^{(1)} (D v^{(1)}) )_′ + ( v^{(1)} (D v^{(1)}) )_′ v^{(1)} ) = 0 , (5.34) td44 and so on. We do not know how it is possible to write the whole relations (5.33), (5.34) as unique operator product expansion relation of the type

v^{(1)}(x_1, θ_1) v^{(1)}(x_2, θ_2) = ... + ( (x_1 − x_2) + qθ^2_1θ_2 − q^2θ_1θ^2

)_3

v^{(1)} (v^{(1)})^{′′′} + ....

For writing such a product expansion we have to use the generalized Taylor expansion [11] F (z_1) = ∑ n I_n(z_1, z_2) D^n F (z_2) ,

where z = (x, θ) and intervals I_n are defined by [11] Dz_1 I_{n+1}(z_1, z_2) = I_n(z_1, z_2) , I_0 = 1 .

Let us note that the reduction v^{(2)} = 0 = v^{(0)} (in the system (5.28) - (5.31)) is not quite interesting since one can not obtain the usual KdV equation from (5.32) in view of (5.33) which requires v^{(1)}_1 = 0 for v^{(1)}_0 = 0 = v^{(1)}_2 . Another reduction is v^{(1)} = 0 = v^{(0}) which leads to the Z_3 - KdV equation

∂_tv^{(2)} = 1 4 ∂^3_x(v^{(2)}) + 3 4 ∂_x ( v^{(2)} (D^2 v^{(2)}) ) , (5.35) td45

with additional relations ( (v^{(2)})^2 )_{′′} +v^{(2)} [(D^2v^{(2)}), v^{(2)}]_− = 0 ⇒ ( ∂^2_x + v^{(2)}D^2 ) (v^{(2)})^2 = −v^{(2)}D ( v^{(2)}(D v^{(2)}) ) , (∂^2_x + v^{(2)} D^2) ( v^{(2)} (D v^{(2)}) ) = 0 . (5.36) v22 We also don’t know how to write these relations in compact form, but we strees that component v^{(2)}_0 of the superfield v^{(2)} has the dimension^4_3 which coinsides with the dimension of paraconformal currents which have been introduced in [2].

One of the resolution of (5.36) is D ( v^{(2)} (D v^{(2)}) ) = 0 , ( v^{(2)} v^{(2)} ) = 0 .

These relations are equivalent to

∂_x(v^{(2)}_0 v^{(2)}_1 ) = 0 , (v^{(2)}_1 )^2 = v^{(2)}_0 v^{(2)}_2 , v^{(2)}_2 v^{(2)}_1 − q v^{(2)}_1 v^{(2)}_2 = v^{(2)}_0 ∂_x(v^{(2)}_0 ) ,

(v^{(2)}_0 )^2 = 0 , v^{(2)}_1 v^{(2)}_0 + q v^{(2)}_0 v^{(2)}_1 = 0 , v^{(2)}_0 v^{(2)}_2 + q v^{(2)}_2 v^{(2)}_0 + (v^{(2)}_1 )^2 = 0 . (5.37) cons

The equations (5.35) in components are (∂_t − 1 4 ∂^3_x)(v^{(2)}_0 ) = 3 4 ∂_x ( (1 + q) v^{(2)}_0 v^{(2)}_2 ) , (∂_t − 1 4 ∂^3_x)(v^{(2)}_1 ) = 3 4 ∂_x ( q^{−2} v^{(2)}_0 ∂_x(v^{(2)}_0 ) + (1 + q) v^{(2)}_1 v^{(2)}_2 ) , (∂_t − 1 4 ∂^3_x)(v^{(2)}_2 ) = 3 4 ∂_x ( −v^{(2)}_0 ∂_x(v^{(2)}_1 ) + q^{−1} v^{(2)}_1 ∂_x(v^{(2)}_0 ) + v^{(2)}_2 v^{(2)}_2 ) . Let us note that if we put v^{(2)}_0 = 0 then constraints (5.37) give conditions (v^{(2)}_1 )^2 = 0 , v^{(2)}_2 v^{(2)}_1 = q v^{(2)}_1 v^{(2)}_2 which should be consistent with the reduced system of equations (∂_t − 1 4 ∂^3_x)(v^{(2)}_1 ) =

3(1 + q) 4 ∂_x ( v^{(2)}_1 v^{(2)}_2 ) , (5.38) 1z (∂_t − 1 4 ∂^3_x)(v^{(2)}_2 ) = 3 4 ∂_x ( v^{(2)}_2 v^{(2)}_2 ) . (5.39) 2z Note that one can combine these equation in such a way that u = v^{(2)}_2 +α v^{(2)}_1 satisfy KdV equation for arbitrary parameter α. Thus, the system of eqs. (5.38), (5.39) can be splitted into two identical KdV equations for the fields v^{(2)}_2 and u = v^{(2)}_2 + α v^{(2)}_1 . 2. The Z_{p+1}- graded case v^{(k)} = 0 ∀k ≠ 1. Let us consider L = ∂^2_x + v^{(1)}(x, θ) D , (5.40) td46 and find the pseudodifferential operator L^{1/2} = ∂_x +^1_2 v^{(1)} ∂^{−1}_x D −^1_4 (v^{(1)})^′ ∂^{−2}_x D+

+^1_8 ( (v^{(1)})^{′′} − v^{(1)} (D v^{(1)}) ) ∂^{−3}_x D + (. . .)d^{−4}_x D^2 + . . . ,

(5.41) td47

which satisfy to (L^{1/2})^2 = L for (v^{(1)})^2 = 0. Then we have

(L^{3/2})_+ = ∂^3_x + 3 4 (v^{(1)})^′ D + 3 2 v^{(1)} ∂_x D ,

and Z_{p+1}-graded KdV equation ∂_t L = [(L^{3/2})_+, L]_− is (for (v^{(1)})^2 = 0)

∂_tv^{(1)} = 1 4 (v^{(1)})^{′′′} + 3 4 ( v^{(1)} (D v^{(1)}) )_′ , (5.42) td48

which coinsides with (5.32). In components this equation is represented as ∂_tv^{(1)}_k =^1_4 (v^{(1)}_k )^{′′′} +^3_4 ∑_k n=0(k + 1 − n)_qq^{(n−1)(n−k)} v^{(1)}_n v^{(1)}_{k+1−n} , (0 ≤ k < p)

∂_tv^{(1)}_p =^1_4 (v^{(1)}_p )^{′′′} +^3_4 ∑_p n=1(−n)_qq^{(n−1)(n+1)} v^{(1)}_n v^{(1)}_{p+1−n} +^{3q−1}_{4(p)q !} v^{(1)}_0 (v^{(1)}_0 )^′ . (5.43) td50

6 Hamiltonian Structure for Z_{p+1}- graded KdV Equation 7 Z_3 Superconformal Non-algebra

Let us consider bosonic operator T = F∂ + α D(F) D^2 + F D , DF = D(F) + q^{−2} F D where α is a constant, ∂ = D^3 and F(θ, x) ∼ D^2(F) + (D(F))^2 , is a superfield of the order 2. We calculate the commutator [T, H D] = [F∂ + α D(F) D^2 + F D , H D] = = (FH − HF)∂ D + ( −(1 + α q^{−1}) H D(F) + α D(F) H ) ∂+ + ( α (1 + q^{−1}) D(F) D(H) − α H D^2(F) + F H − q^{−2} H F ) D^2+ + ( F ∂(H) + α D(F) D^2(H) + F D(H) − H D(F) ) D . The algebra will be correct if we put the first three terms are equal to zero. It meens that we have to fix α = 1 1 − q^{−1} , [F, H] = 0 = [H, D(F)] , (7.44) sc1 (1 + q^{−1}) D(F) D(H) = H D^2(F) − (1 − q^{−1}) F H + (q − 1) H F = (7.45) sc2 = H D^2(F) + (q − 1) ( H F − q^{−1} F H ) . We consider F = f_0 + θ f_1 + θ^2 f_2 , H = h_0 + θ h_1 + θ^2 h_2 ⇒ ⇒ D(F) = f_1 + 2_q θ f_2 + 1 2_q θ^2 f_0^′ , 2_q = 1 + q , as a superfields of degree zero and from (7.44) we obtain [f_0, h_0] = 0 , [f_1, h_0] = [h_1, f_0] = 0 , h_1 f_1 − q^{−1} f_1 h_1 = (1 + q) [f_2, h_0] , f_1 h_1 − q^{−1} h_1 f_1 = (1 + q) [h_2, f_0] , [h_0, f_0^′] = 0 , h_2 f_1 − q f_1 h_2 + f_2 h_1 − q h_1 f_2 = 0 We substitute in (7.45) the expression F = β D^2(F) + γ F^{−1} (D(F))^2 = = β ( (1 + q) f_2 + θ f_0^′ + 1 1 + q θ^2 f_1^′ ) + γ F^{−1} (D(F))^2 , as result we deduce

8 Lax operators for N2 super KdV

These Lax operators are (see Popowicz, Krivonos, Sorin)

L_1 = D(∂_x + J)D , L_2 = ∂_x + [D, D] ∂^{−1}_x J ,

L_3 = [D, 1 (∂_x + J)

D(∂_x + J)]_+ ,

where J = v + θψ̄ + θ̄ψ + θθ̄u (u is Virasorro field) and

D = ∂_θ + 1 2 θ̄∂_x , D = ∂_{θ̄} + 1 2 θ∂_x , The integral over a generic algebra (in particular over generalized grassmann algebras) has been considered in [16]

References

[1] A. P. Isaev, Z. Popowicz and O. Santillan, Generalized Grassmann algebras and extended supersymmetric models, in Proceedings of 16th Max Born Symposium (SQS ’01), Karpacz, Poland, 21-25 Sep 2001, pp. 131-143; hep-th/0110246.

[2] V.A.Fateev and A.B.Zamolodchikov, Representations of ”Parafermion Current” Algebra for 4/3 Spins in Two-Dimensional Conformal Field Theory. Minimal Models and Tricritical Potts Model. Teor.Math.Phys. 71 (1987) 161.

[3] V.A. Fateev and S.L. Lukyakhov, The Models of Two-Dimensional Conformal Quantum Field Theory with Z(N) Symmetry. Int.J.Mod.Phys. A 3 (1988) 507.

[4] [MR] Yu.I.Manin and A.O.Radul, A Supersymmetric Extension of the Kadomtsev-Petviashvili Hieraachy, Comm.Math.Phys. 98 (1985) 65-78.

[5] C. Ahn, D. Bernard and A. LeClair, Fractional Supersymmetries in Perturbed Coset CFTs and Integrable Soliton Theory. Nucl.Phys. B346 (1990) 409-439.

[6] A.T.Filippov, A.P.Isaev and A.B.Kurdikov, Paragrassmann Analysis and Quantum Groups, Mod. Phys. Lett. A7 (1992) 2129-2142; hep-th/9204089.

[7] [DMAP] R.S.Dunne, A.J.Macfarlane, J.A. De Azcarraga and J.C.Perez Bueno, Geometrical Foundations of Fractional Supersymmetry, Int.J.Mod.Phys. A 12 (1997) 3275-3305.

[8] A.J.Macfarlane and J.A. De Azcarraga, Group Theoretical Foundations of Fractional Supersymmetry, J.Math.Phys. 37 (1996) 1115-1127.

[9] A.P. Isaev, Paragrassmann Integral, Discrete Systems and Quantum Groups, Int.J.Mod.Phys. A 12 No.1 (1997) 201-206; q-alg/9609030.

[10] A.T.Filippov, A.P.Isaev and A.B.Kurdikov, Paragrassmann Differential Calculus, Teor.Math.Phys. 94 (1993) 150-165; hep-th/9210075.

[11] A.T.Filippov, A.P.Isaev and A.B.Kurdikov, Para-Grassmann Extensions of the Virassoro Algebra, Int.J.Mod.Phys. A 8 (1993) 4973-5003; hep-th/9212157.

[12] M. Rausch de Traubenberg Clifford Algebras, Supersymmetry and Z(N) Symmetries: Applications in Field Theory. Thesis Preprint LPT-Strasbourg-97-02 (1997) 105pp.; hep-th/9802141.

[13] S. Durand, Fractional Supersymmetry and Quantum Mechanics. Phys.Lett.

B312 (1993) 115-120; hep-th/9305128.

[14] D.Leites and V.Serganova, Simple Volichenko Algebras: A Closer View.

Preprint (1998).

[15] M. Rausch de Traubenberg and P. Simon, 2-D Fractional Supersymmetry And Conformal Field Theory For Alternative Statistics, Nucl. Phys. B 517 (1998) 485; hep-th/9606188.

[16] R. Casalbuoni, Integration over a generic algebra, Int.J. of Mod. Physics A 12, No. 32 (1997) 5803.