QUANTUM GROUPS AND YANG-BAXTER EQUATIONS.

A. P. Isaev Max-Plank-Institut für Mathematik, Vivatsgasse 7, 53111, Bonn, Germany Bogoliubov Lab. of Theoretical Physics, JINR, 141 980 Dubna, Moscow Reg., Russia

Abstract.

The principles of the theory of quantum groups are reviewed from the point of view of the possibility of using them for deformations of symmetries in physics models. The R -matrix approach to the theory of quantum groups is discussed in detail and taken as the basis of quantization of classical Lie groups and also some Lie supergroups. Trigonometric solutions of the Yang-Baxter equation associated with the quantum groups GL_q(N), SO_q(N), Sp_q(2n) and supergroups GL_q(N|M), Osp_q(N|2m), as well as their rational (Yangian) limits, are presented. Elliptic solutions of the Yang- Baxter equation are also considered. The notions of a group algebra of braid group and its finite dimensional qoutients (Hecke and Birman-Murakami-Wenzl algebras) are introduced. Applications of the theory of quantum groups and Yang-Baxter equations in different branches of theoretical physics are briefly discussed.

Preprint Max-Plank-Institut für Mathematik Bonn, MPI-04 132 (2004)

Contents

1. Introduction

2. Hopf algebras 2.1 Coalgebras 2.2 Bialgebras 2.3 Hopf algebras 2.4 Example: the group algebra of finite group and its algebra of functions 2.5 Heisenberg and Quantum doubles 2.6 Twisted, ribbon and quasi-Hopf algebras

3. The Yang-Baxter equation and quantization of Lie groups 3.1 Numerical R-matrices 3.2 Quantum matrix algebras (RT T , reflection equation algebras, etc) 3.3 The semiclassical limit (Sklyanin brackets and Lie bialgebras) 3.4 The quantum groups GL_q(N) and SL_q(N) and corresponding quantum algebras and hyperplanes 3.5 Hecke type R matrices and related quantum matrix algebras 3.6 Many-parameter deformations of linear groups 3.7 The quantum supergroups GL_q(N|M) and SL_q(N|M) 3.8 GL_q(N)- and GL_q(N|M)- invariant Baxterized R matrices 3.9 The quantum groups SO_q(N) and Sp_q(2n) (B, C, and D series) 3.10 The many-parameter case of the SO_{q,aij} (N) and Sp_{q,aij} (2n) groups and the quantum supergroups Osp_q(N|2m) 3.11 SO_q(N)-, Sp_q(2n)- and Osp_q(N|2m)- invariant Baxterized R matrices 3.12 Quantum Knizhnik-Zamolodchikov equations 3.13 Elliptic solutions of the Yang-Baxter equation

4. Group algebra of braid group and its quotients 4.1 Group algebra of braid group 4.2 A-type Hecke algebras 4.3 Birman-Murakami-Wenzl algebra

5. Applications and Conclusions 5.1 Quantum periodic spin chains 5.2 Factorizable scattering: S-matrix and boundary K-matrix 5.3 Yang-Baxter equations in calculations of multiloop Feynman diagrams

6. References

1 INTRODUCTION

In modern theoretical physics, the ideas of symmetry and invariance play a very important role. As a rule, symmetry transformations form groups, and therefore the most natural language for describing symmetries is the group theory language. About 25 years ago, in the study of quantum integrable systems [2, 3, 4] in particular in the framework of the quantum inverse scattering method [1] new algebraic structures arose, the generalizations of which were later called quantum groups [22]^1. Yang-Baxter equations became a unifying basis of all these investigations. The most important nontrivial examples of quantum groups are deformations or quantizations of ordinary classical Lie groups and algebras (more precisely, one considers the quantization of the algebra of functions on a Lie group and the universal enveloping of a Lie algebra). The quantization is accompanied by the introduction of an additional parameter q (the deformation parameter), which plays a role analogous to the role of Planck’s constant in quantum mechanics. In the limit q → 1, the quantum Lie groups and algebras go over into the classical ones. Although quantum groups are deformations of the usual groups, they nevertheless possess several properties that make it possible to speak of them as ”symmetry groups”. Moreover, one can claim that the quantum groups serve as the symmetries of the quantum integrable models (see, for example, Refs. [5, 6, 7])^2. In this connection, the idea naturally arises of looking for and constructing other physical models possessing such quantum symmetries. Some of these approaches use the similarity of the representation theories of quantum and classical Lie groups and algebras (for q not equal to the roots of unity). As a result, we have, for example, identity of the dimensions of the irreducible representations (multiplets) for the group SU(N) and dimensions for co-representations of the quantum group SU_q(N). Thus, we can use quantum Lie groups and algebras both in the phenomenology of elementary particles and in nuclear spectroscopy investigations. Further, it is natural to wish to investigate the already existing fieldtheoretical models (for example, the Salam-Weinberg model or the standard model) with a view to establishing their connection (see e.g. Ref. [9]) with noncommutative geometry [8]^3 and, in particular, the possibility of their being invariant with respect to quantum-group transformations. A very attractive idea is that of relating the deformation parameters of quantum groups to the mixing angles that occur in the standard model as free parameters. One of the possible realizations of this idea was proposed in Ref. [12] (see also [13]). We also mention here the numerous attempts to deform the Lorentz and Poincare groups and the construction of a covariant quantum space-time corresponding to these deformations [15, 16]^4. It is clear that the approaches listed above (associated with quantization of symmetries in physics) represent only a small fraction of all the applications of the theory of quantum groups. Quantum groups and Yang-Baxter equations arise naturally in many problems of theoretical physics, and this makes it possible to speak of them and the theories of

1In pure mathematics the analogous structures have been appeared as nontrivial examples of “ring-groups” introduced by G.I. Kac; see [31] and references therein.

2Yangian symmetries are the symmetries of the same type.

3After the quantization of any Poisson manifold [10] and appearing of papers [11] the subject of field theories on noncommutative spaces has started to be very popular from the point of view of string theories.

4Discussions of different covariant quantum spaces can be found in [14] (see also refs. therein)

them as an important paradigm in mathematical physics. Unfortunately, the strict limits of the review make it impossible to discuss in detail all applications of quantum groups and Yang-Baxter equations. I have therefore restricted myself to a brief listing of certain areas in theoretical and mathematical physics in which quantum groups and Yang-Baxter equations play an important role. The list is given in the Conclusions. In Sec. 2, the mathematical foundations of the theory of quantum groups are presented. A significant part of Sec. 3, is a detailed exposition of the famous work of Faddeev, Reshetikhin and Takhtajan [17] who have formulated the R matrix approach to the theory of quantum groups. In this section, we also consider questions of invariant Baxterization of R matrices, many-parameter deformations of Lie groups, and the quantization of some Lie supergroups. At the end of Sec. 3, we outline the basic notions of a theory of quantum Knizhnik - Zamolodchikov equations and discuss elliptic solutions of the Yang-Baxter equation for which the algebraic basis (the type of quantum universal enveloping Lie algebras U_q(g) in the case of trigonometric solutions) has not yet completely clarified (see, however [18], [19]). In Sec. 4, we briefly discuss a group algebra of braid group and its finite quotients such as Hecke and Birman-Murakami-Wenzl algebras. The content of this Section can be considered as a different presentation of some facts from Sec. 3.

As we have already mentioned, that some applications of quantum groups and the Yang-Baxter equations are briefly considered in Sec. 5.

This is an introductory review paper which considerably modifies and extends the review published in Sov. J. Part. Nucl. 26 (1995) 501 (Fiz. Elem. Chastits i At. Yadra 26 (1995) 1204). I would like to thank P. Kulish, A. Molev, A. Mudrov, O. Ogievetsky and P. Pyatov for valuable discussions and comments. I especially thank O. Ogievetsky for the discussions of the content of Sect. 4.

2 HOPF ALGEBRAS

This section of the review is based on the Refs. [20]-[30].

2.1 Coalgebras

We consider an associative unital algebra A (over the field of complex numbers C; in what follows, all algebras that are introduced will also be understood to be over the field of complex numbers). Each element of A can be expressed as a linear combination of basis elements {e_i}, where i = 1, 2, 3, . . . and E^ie_i = I (E^i ∈ C) is the identity element (we imply the summation over repeated indices). This means that for any two elements e_i and e_j we can define their multiplication in the form

A ⊗ A^m−→ A ⇒ e_i · e_j = m^k_{ij} e_k, (2.1.1) 2.1

where m^k_{ij} is certain set of complex numbers that satisfy the condition

E^im^k_{ij} = m^k_{ji}E^i = δ^k_j (2.1.2) 2.2

for the identity element, and also the condition

m^l_{ij} m^n_{lk} = m^n_{il}m^l_{jk} ≡ m^n_{ijk} , (2.1.3) 2.3 which is equivalent to the condition of associativity for the algebra A: (e_ie_j )e_k = e_i(e_j e_k). (2.1.4) 2.4 The condition of associativity (2.1.4) for the multiplication (2.1.1) can obviously be represented in the form of the commutativity of the diagram:

A ⊗ A ⊗ A id ⊗ m

A ⊗ A m ⊗ id m

A ⊗ A m A Fig. 1. Associativity axiom.

In Fig. 1, m represents multiplication: A⊗A^m−→ A, and id denotes the identity mapping. The existence of the unit element I means that one can define a mapping i: C → A (embedding of C in A) k^i−→ k · I , k ∈ C (2.1.5) 2.5 For I we have the condition (2.1.2), which is equivalent to the diagram of Fig.2,

C ⊗ A i⊗id A ⊗ A id⊗i A ⊗ C A m

Fig. 2. Axioms for the identity.

in which the mappings C ⊗ A ↔ A and A ⊗ C ↔ A are natural isomorphisms. One of the advantages of the diagrammatic language used here is that it leads directly to the definition of a new fundamental object – the coalgebra – if we reverse all the arrows in the diagrams of Fig.1 and Fig.2.

Definition 1. A coalgebra C is a vector space (with the basis {e_i}) equipped with a mapping Δ : C → C ⊗ C Δ(e_i) = Δ^{kj}_i e_k ⊗ e_j , (2.1.6) 2.6 which is called comultiplication, and also equipped with a mapping ϵ : C → C, which is called the coidentity. The coalgebra C is called coassociative if the mapping Δ satisfies the condition of coassociativity (cf. the first diagram with arrows reversed) (id ⊗ Δ)Δ = (Δ ⊗ id)Δ ⇒ Δ^{nl}_i Δ^{kj}_l = Δ^{lj}_i Δ^{nk}_l ≡ Δ^{nkj}_i . (2.1.7) 2.7 The coidentity ϵ must satisfy the following conditions (cf. the second diagram) m(ϵ ⊗ id)Δ(C) = m(id ⊗ ϵ)Δ(C) = C ⇒ ϵ_iΔ^{ij}_k = Δ^{ji}_k ϵ_i = δ^j_k . (2.1.8) 2.8

Here m is multiplication map: m(c ⊗ e_i) = m(e_i ⊗ c) = c · e_i, and the complex numbers ϵ_i are determined from the relations ϵ(e_i) = ϵ_i.

For algebras and coalgebras, the concepts of modules and comodules can be introduced. Thus, if A is an algebra, the left A-module can be defined as a vector space N and a mapping ψ : A⊗N → N (action of A on N) such that the diagrams on Fig. 3 are commutative.

A ⊗ A ⊗ N id ⊗ ψ

A ⊗ N m ⊗ id ψ

A ⊗ N ψ N C ⊗ N i⊗id A ⊗ N

N ψ

Fig. 3 Axioms for left A-module.

In other words, the space N is the space of a representation for the algebra A.

If N is a (co)algebra and the mapping ψ preserves the (co)algebraic structure of N (see below), then N is called a left A-module (co)algebra. The concepts of right module and module (co)algebra are introduced similarly. If N is simultaneously a left and a right A-module, then N is called a two-sided A-module. It is obvious that the algebra A itself is a two-sided A-module for which the left and right actions are given by the left and right multiplications in the algebra.

Now suppose that C is a coalgebra; then a left C-comodule can be defined as a space M together with a mapping Δ_L : M → C ⊗ M (coaction of C on M) satisfying the axioms of Fig. 4 (in the diagrams in Fig. 3 defining modules it is necessary to reverse all the arrows).

C ⊗ C ⊗ M id ⊗ Δ_L

C ⊗ M Δ ⊗ id Δ_L

C ⊗ M Δ_L M C ⊗ M ϵ ⊗ id C ⊗ M

M

Δ_L

Fig. 4 Axioms for left A-comodule.

If M is a (co)algebra and the mapping Δ_L preserves the (co)algebraic structure (for example, is a homomorphism; see below), then M is called a left C-comodule (co)algebra. Right comodules are introduced similarly, after which two-sided comodules are defined in the natural manner. It is obvious that the coalgebra C is a two-sided C-comodule.

Let V, Ṽ be two vector spaces with bases {e_i}, {ẽ_i}. We denote by V^∗, Ṽ^∗ the corresponding dual linear spaces whose basis elements are linear functionals {e^i} : V → C, {ẽ^i} : Ṽ → C. For the values of these functionals, we shall use the expressions ⟨e^i|e_j ⟩ and ⟨ẽ^i|ẽ_j⟩. For every mapping L : V → Ṽ it is possible to define a unique mapping L^∗ : Ṽ^∗ → V^∗ induced by the equations

⟨ẽ^i|L(e_j )⟩ = ⟨L^∗(ẽ^i)|e_j⟩, (2.1.9) 2.9

if the matrix ⟨e^i|e_j ⟩ is invertible. In addition, for the dual objects there exists the linear injection ρ : V^∗ ⊗ Ṽ^∗ → (V ⊗ Ṽ)^∗ , which is given by the equations ⟨ρ(e^i ⊗ ẽ^j )|e_k ⊗ ẽ_l⟩ = ⟨e^i|e_k⟩⟨ẽ^j|ẽ_l⟩ . A consequence of these facts is that for every coalgebra (C, Δ, ϵ) it is possible to define an algebra C^∗ = A (as dual object to C) with multiplication m = Δ^∗ · ρ and the unit element I that satisfy the relations ⟨a|c_{(1)}⟩⟨a^′|c_{(2)}⟩ = ⟨ρ(a ⊗ a^′)|Δ(c)⟩ = ⟨Δ^∗ · ρ(a ⊗ a^′)|c⟩ = ⟨a a^′ | c⟩ , ⟨I|c⟩ = ϵ(c) , ∀a, a^′ ∈ A , ∀c ∈ C . Here we have used the convenient Sweedler notation of Ref. [11] for comultiplication in C: Δ(c) = ∑ c c_{(1)} ⊗ c_{(2)} [cf. (2.1.6)] (we also use the Sweedler notations for left and right coactions Δ_L(v) = ∑ v v̄^{(−1)} ⊗ v^{(0)} and Δ_R(v) = ∑ v v^{(0)} ⊗ v̄^{(1)}, where index (0) is reserved for the comodule elements). The summation symbol ∑ c will usually be omitted in the equations.

Thus, duality in the diagrammatic definitions of the algebras and coalgebras (reversal of the arrows) has in particular the consequence that the algebras and coalgebras are indeed duals of each other.

It is natural to expect that an analogous duality can also be traced for modules and comodules. Let V be a left comodule for C. Then the left coaction of C on V: v → ∑ v v̄^{(−1)} ⊗ v^{(0)} (v̄ ∈ C, v ∈ V) induces a right action of A = C^∗ on V: (v, a) → v ◁ a = ⟨a|v̄^{(−1)}⟩v^{(0)} , a ∈ A (here and in what follows, we omit the summation sign ∑ v) and therefore V is a right module for A. Conversely, the right coaction of C on V: v → v^{(0)} ⊗ v̄^{(1)} induces the left action of A = C^∗ on V: (a, v) → a ▷ v = v^{(0)}⟨a|v̄^{(1)}⟩ . From this we immediately conclude that the coassociative coalgebra C (which coacts on itself by the coproduct) is a natural module for its dual algebra A. Indeed, the right action C ⊗ A → C is determined by the equations

(c, a) → c ◁ a = ⟨a|c_{(1)}⟩c_{(2)} (2.1.10) 2.10

whereas for the left action A ⊗ C → C we have

(a, c) → a ▷ c = c_{(1)}⟨a|c_{(2)}⟩ . (2.1.11) 2.11

Here a ∈ A c ∈ C. The module axioms (shown as the diagrams in Fig. 3) hold by virtue of the coassociativity of C.

Finally, we note that the action of a certain algebra H on C from the left (from the right) induces an action of H on A = C^∗ from the right (from the left). This obviously follows from relations of the type (2.1.9).

2.2 Bialgebras

So-called bialgebras are the next important objects that are used in the theory of quantum groups.

Definition 2. An associative algebra A with identity that is simultaneously a coassociative coalgebra with coidentity is called a bialgebra if the algebraic and coalgebraic structures are self-consistent. Namely, the comultiplication and coidentity must be homomorphisms of the algebras: Δ(e_i)Δ(e_j) = m^k_{ij} Δ(e_k) ⇒ Δ^{i′i′′}_i Δ^{j′j′′}_j m^{k′}_i′_j′ m^{k′′}_i′′_j′′ = m^k_{ij} Δ^{k′k′′}_k , (2.2.1) 2.12 Δ(I) = I ⊗ I , ϵ(e_ie_j ) = ϵ(e_i)ϵ(e_j ) , ϵ(I) = E^i ϵ_i = 1 .

Note that for every bialgebra we have a certain freedom in the definition of the multiplication (2.1.1) and the comultiplication (2.1.6). Indeed, all the axioms (2.1.3), (2.1.7), and (2.2.1) are satisfied if instead of (2.1.1) we take e_i · e_j = m^k_{ji}e_k, or instead of (2.1.6) choose

Δ^′(e_i) = Δ^{jk}_i e_k ⊗ e_j , (2.2.2) 2.13

(such algebras are denoted as A^{op} and A^{cop}, respectively). Then the algebra A is called noncommutative if m^k_{ij} ≠ m^k_{ji}, and noncocommutative if Δ^{ij}_k ≠ Δ^{ji}_k .

In quantum physics, it is usually assumed that all algebras of observables are bialgebras. Indeed, a coalgebraic structure is needed to define the action of the algebra A of observables on the state |ψ_1⟩ ⊗ |ψ_2⟩ of the system that is the composite system formed from two independent systems with wave functions |ψ_1⟩ and |ψ_2⟩

a ▷ (|ψ_1⟩ ⊗ |ψ_2⟩) = Δ(a) (|ψ_1⟩ ⊗ |ψ_2⟩) = a_{(1)} |ψ_1⟩ ⊗ a_{(2)} |ψ_2⟩ (∀a ∈ A) . (2.2.3) phys

In other words, for bialgebras it is possible to formulate a theory of representations in which new representations can be constructed by direct multiplication of old ones.

A classical example of a bialgebra is the universal enveloping algebra of a Lie algebra, in particular, the spin algebra in three-dimensional space. To demonstrate this, we consider the Lie algebra g with generators J_α (α = 1, 2, 3, . . .), that satisfy the antisymmetric multiplication rule (defining relations)

[J_α, J_β] = t^γ_{αβ} J_γ . (2.2.4) lie

Here t^γ_{αβ} = −t^γ_{βα} are structure constants which satisfy Jacoby identity. The enveloping algebra of this algebra is the algebra U_g with basis elements consisting of the identity I and the elements e_i = J_{α1} · · · J_{αn} ∀n ≥ 1, where the products of the generators J are ordered lexicographically, i.e., α_1 ≤ α_2 ≤ . . . ≤ α_n. The coalgebraic structure for the algebra U_g is specified by means of the mappings

Δ(J_α) = J_α ⊗ I + I ⊗ J_α , ϵ(J_α) = 0 , ϵ(I) = 1 , (2.2.5) 2.14

which satisfy all the axioms of a bialgebra. The mapping Δ in (2.2.5) is none other than the rule for addition of spins. In fact one can quantize the coalgebraic structure (2.2.5) for universal enveloping algebra U_g and consider the noncocommutative comultiplications Δ. Such quantizations will be considered below in Section 3.3 and leads to the definition of Lie bialgebras.

Considering exponentials of elements of a Lie algebra, one can arrive at the definition of a group bialgebra of the group G with structure mappings

Δ(h) = h ⊗ h , ϵ(h) = 1 (∀h ∈ G), (2.2.6) 2.15

which obviously follow from (2.2.5). The next important example of a bialgebra is the algebra A(G) of functions on a group (f : G →C). This algebra is dual to the group algebra of the group G, and its structure mappings have the form (f, f^′ ∈ A(G); h, h^′ ∈ G): (f · f^′)(h) = f(h)f^′(h) , (Δ(f))(h, h^′) = f(h · h^′) , ϵ(f) = f(I) . (2.2.7) 2.15b

where I_G is the identity element in the group G. In particular, if the functions T^i_j realize a matrix representation of the group G, then we have

T^i_j (hh^′) = T^i_k(h)T^k_j (h^′) ⇒ Δ(T^i_j ) = T^i_k ⊗ T^k_j , (2.2.8) 2.15a

(the functions T^i_j can be regarded as generators of a subalgebra in the algebra A(G)). Note that if g is non-Abelian, then U_g and G are noncommutative but cocommutative bialgebras, whereas A(G) is a commutative but noncocommutative bialgebra. Anticipating, we mention that the most interesting quantum groups are associated with noncommutative and noncocommutative bialgebras.

It is obvious that for a bialgebra H it is also possible to introduce the concepts of left (co)modules and (co)module (co)algebras [right (co)modules and (co)module (co)algebras are introduced in exactly the same way]. Moreover, for the bialgebra H it is possible to introduce the concept of a left (right) bimodule B, i.e., a left (right) H-module that is simultaneously a left (right) H-comodule; at the same time, the module and comodule structures must be self-consistent:

Δ_L(H ▷ B) = Δ(H) ▷ Δ_L(B) , (ϵ ⊗ id)Δ_L(b) = b , b ∈ B . On the other hand, in the case of bialgebras the conditions of conserving of the (co)algebraic structure of (co)modules can be represented in a more explicit form. For example, for the left H-module algebra A we have (a, b ∈ A; h ∈ H):

h ▷ (ab) = (h_{(1)} ▷ a)(h_{(2)} ▷ b) , h ▷ I_A = ϵ(h)I_A .

In addition, for the left H-module coalgebra A we must have

Δ(h ▷ a) = Δ(h) ▷ Δ(a) = h_{(1)} ▷ a_{(1)} ⊗ h_{(2)} ▷ a_{(2)} , ϵ(h ▷ a) = ϵ(h)ϵ(a) .

Similarly, the algebra A is a left H-comodule algebra if

Δ_L(ab) = Δ_L(a)Δ_L(b) , Δ_L(I_A) = I_H ⊗ I_A ,

and, finally, the coalgebra A is a left H-comodule coalgebra if

(id ⊗ Δ)Δ_L(a) = m_H(Δ_L ⊗ Δ_L)Δ(a) , (id ⊗ ϵ_A)Δ_L(a) = I_Hϵ_A(a) , (2.2.9) 2.16 where m_H(Δ_L ⊗ Δ_L)(a ⊗ b) = ā^{(−1)}b̄^{(−1)} ⊗ a^{(0)} ⊗ b^{(0)} .

We now consider the bialgebra H, which acts on a certain module algebra A. One further important property of bialgebras is that we can define a new associative algebra A♯H as the cross product (smash product) of A and H. Namely: Definition 3. The left smash product A♯H of the bialgebra H and its left module algebra A is an associative algebra such that: 1) As a vector space, A♯H is identical to A ⊗ H 2) The product is defined in the sense (h, g ∈ H; a, b ∈ A) (a♯g)(b♯h) = ∑ g a(g_{(1)} ▷ b)♯(g_{(2)}h) ≡ (a♯I)(Δ(g) ▷ (b♯h)) ; (2.2.10) 2.17

3) The identity element is I♯I.

If the algebra A is the bialgebra dual to the bialgebra H, then the relations (2.2.10) and (2.1.11) define the rules for interchanging the elements (I♯g) and (a♯I):

(I♯g)(a♯I) = (a_{(1)}♯I)⟨g_{(1)}|a_{(2)}⟩(I♯g_{(2)}) . (2.2.11) 2.18

Thus, the subalgebras A and H in A♯H do not commute with each other. The smash product depends on which action (left or right) of the algebra H on A we choose. In addition, the smash product generalizes the concept of the semidirect product. In particular, if we take as bialgebra H the Lorentz group algebra [see (2.2.6)], and as module A the group of translations in Minkowski space, then the smash product A♯H defines the structure of the Poincare group.

The coanalog of the smash product, the smash coproduct A♯H, can also be defined. For this, we consider the bialgebra H and its comodule coalgebra A. Then on the space A ⊗ H it is possible to define the structure of a coassociative coalgebra:

Δ(a♯h) = (a_{(1)}♯ā^{(−1)}_{(2)} h_{(1)}) ⊗ (a_{(2)}^{(0)}♯h_{(2)}) , ϵ(a♯h) = ϵ(a)ϵ(h) . (2.2.12) 2.19

The proof of the coassociativity reduces to verification of the identity

(m_H(Δ_L ⊗ Δ_H) ⊗ id)(id ⊗ Δ_L)Δ_A(a) = (id ⊗ id ⊗ Δ_L)(id ⊗ Δ_A)Δ_L(a) ,

which is satisfied if we take into account the axiom (2.2.9) and the comodule axiom

(id ⊗ Δ_L)Δ_L(a) = (Δ_H ⊗ id)Δ_L(a) . (2.2.13) 2.20

Note that from the two bialgebras A and H, which act and coact on each other in a special manner, it is possible to organize a new bialgebra that is simultaneously the smash product and smash coproduct of A and H (bicross product; see Ref. [24]).

2.3 Hopf algebras

We can now introduce the main concept in the theory of quantum groups, namely, the concept of the Hopf algebra.

Definition 4. A bialgebra A equipped with an additional mapping S : A → A such that m(S ⊗ id)Δ = m(id ⊗ S)Δ = i · ϵ ⇒ S(a_{(1)}) a_{(2)} = a_{(1)} S(a_{(2)}) = ϵ(a) · I (∀a ∈ A) (2.3.1) 2.21 is called a Hopf algebra. The mapping S is called the antipode and is an antihomomorphism with respect to both multiplication and comultiplication: S(ab) = S(b)S(a) , (S ⊗ S)Δ(a) = σ · Δ(S(a)) , (2.3.2) 2.22 where a, b ∈ A and σ denotes the operator of transposition, σ(a ⊗ b) = (b ⊗ a). If we set S(e_i) = S^j_i e_j , (2.3.3) 2.23 then the axiom (2.3.1) can be rewritten in the form Δ^{ij}_k S^n_i m^l_{nj} = Δ^{ij}_k S^n_j m^l_{in} = ϵ_kE^l . (2.3.4) 2.24 From the axioms for the structure mappings of a Hopf algebra, it is possible to obtain the useful equations S^i_j ϵ_i = ϵ_j , S^i_jE^j = E^i ,

Δ^{ji}_k (S^{−1})^n_i m^l_{nj} = Δ^{ji}_k (S^{−1})^n_j m^l_{in} = ϵ_kE^l ,

(2.3.5) 2.25

which we shall use in what follows. Note that, in general, the antipode S is not necessarily invertible. An invertible antipode is called bijective.

In quantum physics the existence of the antipode S is needed to define a space of contragredient states ⟨ψ| (contragredient module of A) with pairing ⟨ψ|ϕ⟩: ⟨ψ| ⊗ |ϕ⟩ → C. Left actions of the Hopf algebra A of observables to the contragredient states are (cf. the actions (2.2.3) of A to the gredient states): a ▷ ⟨ψ| := ⟨ψ| S(a) (a ∈ A) , a ▷ (⟨ψ_1| ⊗ ⟨ψ_2|) := (⟨ψ_1| ⊗ ⟨ψ_2|)Δ(S(a)) = ⟨ψ_1| S(a_{(2)}) ⊗ ⟨ψ_2| S(a_{(1)}) .

The states ⟨ψ| are called left dual to the states |ϕ⟩; the right dual ones are introduced with the help of the inverse antipode S^{−1} (see e.g. [30]). Then, the covariance of the pairing ⟨ψ|ϕ⟩ under the left action of A can be established: a ▷ ⟨ψ|ϕ⟩ = ⟨ψ|S(a_{(1)}) a_{(2)}|ϕ⟩ = ϵ(a)⟨ψ|ϕ⟩ . The universal enveloping algebra U_q and the group bialgebra of the group G that we considered above can again serve as examples of cocommutative Hopf algebras. An example of a commutative Hopf algebra is the bialgebra A(G), which we also considered above. The antipodes for these algebras have the form U_g : S(J_α) = −J_α , S(I) = I ,

G : S(h) = h^{−1} ,

A(G) : S(f)(h) = f(h^{−1}) ,

(2.3.6) 2.25a

and satisfy the relation S^2 = id, which holds for all commutative or cocommutative Hopf algebras.

From the point of view of the axiom (2.3.1), S(a) looks like the inverse of the element a, although in the general case S^2 ≠ id. We recall that if a set of elements of G with associative multiplication G ⊗ G → G and with identity (semigroup) also contains all the inverse elements, then such a set G becomes a group. Thus, from the point of view of the presence of the mapping S, a Hopf algebra is a generalization of a group algebra (for which S(h) = h^{−1}), although by itself it obviously need not be a group algebra. In accordance with Drinfeld’s definition [13] the concepts of a Hopf algebra and a quantum group are more or less equivalent. Of course, the most interesting examples of quantum groups arise when one considers noncommutative and noncocommutative Hopf algebras.

We consider a noncommutative Hopf algebra A which is also noncommutative Δ ≠ Δ^′.

Definition 5. A Hopf algebra A for which there exists an invertible element R ∈ A ⊗ A such that ∀a ∈ A Δ^′(a) = RΔ(a)R^{−1} , (2.3.7) 2.26

(Δ ⊗ id)(R) = R_{13}R_{23} , (id ⊗ Δ)(R) = R_{13}R_{12} (2.3.8) 2.27

is called quasitriangular. Here the element R = ∑ ij R^{(ij)}e_i ⊗ e_j (2.3.9) 2.28

is called the universal R matrix, R^{(ij)} are the constants and the symbols R_{12}, . . . have the meaning

R_{12} = ∑ ij R^{(ij)}e_i ⊗ e_j ⊗ I , R_{13} = ∑ ij R^{(ij)}e_i ⊗ I ⊗ e_j , R_{23} = ∑ ij R^{(ij)}I ⊗ e_i ⊗ e_j . (2.3.10) 2.30a The relation (2.3.7) shows that the noncocommutativity in a quasitriangular Hopf algebra is kept ”under control.” It can be shown [23] that for such a Hopf algebra the universal R matrix (2.3.9) satisfies the Yang-Baxter equation

R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12} , (2.3.11) 2.30

(to which a considerable part of the review will be devoted) and the relations

(id ⊗ ϵ)R = (ϵ ⊗ id)R = I , (2.3.12) 2.29

(S ⊗ id)R = R^{−1} , (id ⊗ S)R^{−1} = R . (2.3.13) 2.29a

The proof of Eq. (2.3.11) reduces to writing out the expression (id ⊗ Δ^′)(R) in two different ways:

(id ⊗ Δ^′)(R) = R^{ij} e_i ⊗ RΔ(e_j )R^{−1} =

R_{23}(id ⊗ Δ)(R)R^{−1}_{23} = R_{23}R_{13}R_{12}R^{−1}_{23} .

(2.3.14) 2.31

On the other hand, we have

(id ⊗ Δ^′)(R) = (id ⊗ σ)(id ⊗ Δ)(R) = (id ⊗ σ)R_{13}R_{12} = R_{12}R_{13} , (2.3.15) 2.32 where σ is the transposition operator. Comparing (2.3.14) and (2.3.15), we readily obtain (2.3.11). It is easy to derive the relations (2.3.12) by applying (ϵ ⊗ id ⊗ id) and (id ⊗ id ⊗ ϵ) respectively to (2.3.8). Next, we prove the first relation in (2.3.13) (the second one can be proved in a similar manner). We consider the expression R·(S ⊗id) R and make use of the Hopf algebra axioms (2.3.1) and the first equation in (2.3.8). Then we obtain the desired equation

R_{23} · (id ⊗ S ⊗ id) R_{23} = (m_{12} ⊗ id)R_{13}(id ⊗ S ⊗ id)R_{23} =

= (m_{12} ⊗ id) (id ⊗ S ⊗ id)R_{13} R_{23} = (i · ϵ ⊗ id) R = I .

The next important concept that we shall need in what follows is the concept of the Hopf algebra A^∗ that is the dual of the Hopf algebra A. We choose in A^∗ basis elements {e^i} and define multiplication, the identity, comultiplication, the coidentity, and the antipode for A^∗ in the form

e^ie^j = m^{ij}_k e^k , I = Ē_ie^i , Δ(e^i) = Δ^i_{jk}e^j ⊗e^k , ϵ(e^i) = ϵ̄^i , S(e^i) = S̄^i_j e^j . (2.3.16) 2.33

Definition 6. Two Hopf algebras A and A^∗ with corresponding bases {e_i} and {e^i} are said to be dual to each other if there exists a nondegenerate pairing ⟨.|.⟩: A^∗ ⊗ A → C such that ⟨e^ie^j |e_k⟩ ≡ ⟨e^i ⊗ e^j|Δ(e_k)⟩ = ⟨e^i|e_k′ ⟩Δ^{k′k′′}_k ⟨e^j |e_k′′ ⟩ ⟨e^i|e_je_k⟩ ≡ ⟨Δ(e^i)|e_j ⊗ e_k⟩ = ⟨e^{i′} |e_j ⟩Δ^i′_i′′ ⟨e^{i′′} |e_k⟩ ⟨S(e^i)|e_j ⟩ = ⟨e^i|S(e_j)⟩ , ⟨e^i|I⟩ = ϵ(e^i) , ⟨I|e_i⟩ = ϵ(e_i) . (2.3.17) 2.34

Since the pairing ⟨.|.⟩ (2.3.17) is nondegenerate, we can always choose basis elements {e^i} such that ⟨e^i|e_j⟩ = δ^i_j . (2.3.18) 2.35

Then from the axioms for the pairing (2.3.17) and from the definitions of the structure maps (2.1.1), (2.3.3), and (2.3.16) in A and A^∗ we readily deduce

m^{ij}_k = Δ^{ij}_k , m^k_{ij} = Δ^k_{ij} , S̄^i_j = S^i_j , ϵ̄^i = E^i , Ē_i = ϵ_i . (2.3.19) 2.36

Thus, the multiplication, identity, comultiplication, coidentity, and antipode in a Hopf algebra define, respectively, comultiplication, coidentity, multiplication, identity, and antipode in the dual Hopf algebra.

2.4 Example: the group algebra of finite group and its algebra of functions

In [32] L.S. Pontrjagin showed that the set of characters of an abelian locally compact group G is an abelian group, called the dual group G^∗ of G. The group G^∗ is also locally compact. Moreover, the dual group of G^∗ is isomorphic to G. This beautiful theory becomes wrong if G is a noncommutative group, even if it is finite. To restore the duality principle one can replace the set of characters for a finite noncommutative group G by the category of its irreducible representations (irreducible representations for the commutative groups are exactly characters). Indeed, T. Tannaka and M. Krein showed that the compact group G can be recovered from the set of its unitary irreducible representations. They proved a duality theorem for compact groups, involving irreducible representations of G (although no grouplike structure is to be put on that class, since the tensor product of two irreducible representation may no longer be irreducible). However, the tensor product of two irreducible representations can be expanded as a sum of irreducible representations and, thus, the dual object has the structure of an algebra.

In this Subsection we consider the group algebra G of finite group G and the algebra A(G) ≡ G^⋆ of functions on the group G as simplest examples of the Hopf algebras. The structure mappings for these algebras have been defined in (2.2.6), (2.2.7) and (2.3.6). Note that the algebras G and G^⋆ are Hopf dual to each other. Below we concentrate on the discussion of the detailed structure of G^⋆ from the point of view of the representation theory of finite groups (see e.g. [26]).

Let G be a finite group of order N with generic element g including unit 1: (g_1 = 1, g_2, , . . . , g_N ). Consider the element e of G (an invariant average over G or ”symmetrizer”): e = 1 N N∑ i=1 g_i ≡ 1 N ∑ g∈G g . (2.4.1) fg1

This element satisfies properties

1.) e^2 = e , 2.) h e = e h = e ∀h ∈ G . (2.4.2) fg2

which can be immediately proved if we note that the sets of elements {h g_i} and {g_i h} (i = 1, 2, . . . , N), for fixed h ∈ G, coincide with G, or in other words coincide with the set {g_1, g_2, , . . . , g_N } but written in a different order.

Let the functions T^i_j ∈ G^⋆ (i, j = 1, 2, . . . , n) (see (2.2.8)) define a representation of finite group G in n-dimensional vector space V . Two representations T^{(1)} and T^{(2)} are called equivalent (or isomorphic T^{(1)} = T^{(2)}) if an isomorphic map τ : V_1 → V_2 exists such that T^{(1)}(h) = τ^{−1}T^{(2)}(h)τ (∀h ∈ G). Any representation of finite group G is equivalent to the unitary representation. Indeed, let ⟨x, y⟩_1 = ⟨y, x⟩_1 be a Hermitian scalar product in V (x, y ∈ V ). Then, one can prove that the pairing ⟨x, y⟩ := 1 N ∑ g∈G ⟨T (g)x, T (g)y⟩_1 (2.4.3) fg6

is also a Hermitian scalar product in V . It is clear that ⟨x, y⟩ = ⟨T (h)x, T (h)y⟩ for all h ∈ G and, therefore, T is an unitary representation of G with respect to the scalar product (2.4.3).

Let the functions (T^{(ν)})^i_j ∈ G^⋆ (i, j = 1, 2, . . . , N_ν ) define all irreducible representations of G in N_ν - dimensional vector spaces V_ν (index ν enumerates inequivalent irreducible representations). Consider the set of matrices A^{kμ}_{jν} , B^{iν}_{mμ} : (A^{kμ}_{jν} )^{iν}_{mμ} = ⟨ S ( (T^{(ν)})^{iν}_{jν} ) (T^{(μ)})^{kμ}_{mμ} | e ⟩ = (B^{iν}_{mμ} )^{kμ}_{jν} , (2.4.4) fg3

where ⟨.|.⟩ denotes the pairing: G^∗ ⊗ G → C (see Definition 6 in Subsect. 2.3) and the element e is given in (2.4.1). Below we use concise matrix notations such that eq. (2.4.4) is written in the form A_{νμ} = ⟨ S (T_ν ) T_μ | e ⟩ = B_{μν} where low indices ν and μ denote the numbers of vector spaces related to corresponding irreducible representations. From the property 2.) (2.4.2) and relations (2.2.8), (2.3.17) we deduce (∀h ∈ G)

A_{νμ} = ⟨ S (T_ν ) T_μ| e h ⟩ = ⟨ S (T_ν ) | e_{(1)} h ⟩ ⟨ T_μ | e_{(2)} h ⟩ =

= ⟨ S (T_ν ) | h ⟩ ⟨ S (T_ν ) | e_{(1)} ⟩ ⟨ T_μ | e_{(2)} ⟩ ⟨ T_μ | h ⟩ = T^{−1}_ν (h) A_{νμ} T_μ(h) ,

(2.4.5) fg4

where Δ(h) = h ⊗ h and

Δ(e) = e_{(1)} ⊗ e_{(2)} ≡ 1 N ∑ g∈G g ⊗ g . (2.4.6) fg4aa

Analogously we have

B_{μν} = ⟨ S (T_ν ) T_μ | h e ⟩ = T_μ(h) B_{μν} T^{−1}_ν (h) ∀h ∈ G . (2.4.7) fg5b

Thus, the matrices A_{νμ}, B_{μν} intertwine the representations T^{(ν)} and T^{(μ)}. Since T^{(ν)} and T^{(μ)} are irreducible representations of G which are inequivalent for μ ≠ ν, we conclude that A_{νμ} = B_{μν} = λδ^{μν} P_{νμ} ⇒ (A^{kμ}_{jν} )^{iν}_{mμ} = (B^{iν}_{mμ} )^{kμ}_{jν} = λ δ^{μν} δ^{iν}_{mμ} δ^{kμ}_{jν} , (2.4.8) fg5 where λ is a constant and P_{νμ} is a permutation matrix: P^{iν iμ}_{jν jμ} = δ^{iμ}_{jν} δ^{iν}_{jμ} . It follows from Schur’s Lemma:

Lemma. Let T^{(1)} : G → GL(V_1) and T^{(2)} : G → GL(V_2) are irreducible linear representations of G in vector spaces V_1, V_2 and A is a linear map: V_1 → V_2 such that T^{(2)}(h) · A = A · T^{(1)}(h) ∀h ∈ G . (2.4.9) fg5a

Then, (1) A = 0, if representations T^{(1)} and T^{(2)} are not equivalent (isomorphic); (2) A = λ · I (A is proportional to the unit map I), if V_1 = V_2 and T^{(1)} is equivalent to T^{(2)}.

Proof. Let the representations T^{(1)} and T^{(2)} are not equivalent. We assume that A ≠ 0 and denote W_1 = Ker(A) (W_1 is a set of elements x ∈ V_1 such that A(x) = 0). If x ∈ W_1, then, in view of (2.4.9), we have A · T^{(1)}(h) (x) = T^{(2)}(h) · A(x) = 0 and T^{(1)}(h) (x) ∈ W_1 ∀h. It means that W_1 is invariant subspace in V_1. Since T^{(1)} is irreducible we conclude that either W_1 = V_1, or W_1 = Ker(A) = 0. The first case is excluded (it corresponds to A = 0) and, therefore, W_1 = 0. In the same way one can prove that Img(A) is invariant subspace of V_2 and, thus, Img(A) = V_2. It means that the map A : V_1 → V_2 is the isomorphism (i.e. T^{(1)} and T^{(2)} are equivalent representations) and it proves the statement (1).

Now we suppose that V_1 = V_2, T^{(1)} is equivalent to T^{(2)} and one can choose a basis in V_2 in such a way that T^{(1)}(h) = T^{(2)}(h) ∀h. Let λ be an eigenvalue of A: Av = λv, (v ≠ 0). Consider the map A^′ = A − λI for which v ∈ Ker(A^′) and, thus, Ker(A^′) ≠ 0. For the map A^′ we also obtain T^{(2)}(h) · A^′ = A^′ · T^{(1)}(h) ∀h ∈ G. But according to the first part of this proof we have A^′ = 0, i.e. A = λI. □

Using (2.4.1), (2.4.4), (2.4.6) we write (2.4.8) in the form 1 N ∑ g∈G T^{iν}_{jν} (g^{−1}) T^{kμ}_{mμ} (g) = λ δ^{μν} δ^{iν}_{mμ} δ^{kμ}_{jν} . (2.4.10) fg7

The coefficient λ in (2.4.10) can be found if we put μ = ν, k_μ = j_ν and take the sum over j_ν = 1, . . . , N_ν . As a result we obtain λ = 1/N_ν , where N_ν is the dimension of the irreducible representation T_ν . According to the definition of the scalar product (2.4.3) one can choose the basis in the space V_ν in such a way that T^{iν}_{jν} (g^{−1}) = (T^{jν}_{iν} (g))^∗ (i.e. T_ν is a unitary representation) and represent (2.4.10) as an orthogonality condition 1 N ∑ g∈G (T^{jν}_{iν} (g))^∗ T^{kμ}_{mμ} (g) = 1 N_ν δ^{μν} δ^{iν}_{mμ} δ^{kμ}_{jν} ⇔ (2.4.11) fg8

⇔ ⟨T^†_ν T_μ | e⟩ = 1 N_ν δ^{μν} P_{μν} . Consider a representation T of G in n-dimensional vector space V and define a function χ_T (h) := n∑ i=1 T^i_i (h) = Tr(T (h)) , (2.4.12) fg6a

which is called the character of the group G in the representation T . It is clear that: 1.) χ_T (1) = n;

2.) χ_T (g^{−1}) = χ^∗_T (g) (it is evident for the unitary representation); 3.) for a direct sum of two representations T = T^{(1)} ⊕ T^{(2)} we have χ_T = χ_{(1)} + χ_{(2)}; 4.) for a direct product of two representations T = T^{(1)} ⊗T^{(2)} we have χ_T = χ_{(1)} ·χ_{(2)}; 5.) χ_T (h) = χ_T (g h g^{−1}) and for equivalent representations T^{(1)} and T^{(2)} we have χ_{(1)} = χ_{(2)}.

Property 2.) is correct for any representations of the finite group G in view of their equivalence to the unitary representations.

For two functions ϕ, ψ ∈ G^⋆ on G we define the pairing (cf. (2.4.3), (2.4.4)) ⟨ϕ, ψ⟩ = 1 N ∑ g∈G ϕ(g)^∗ ψ(g) = ⟨ϕ^∗ ψ | e⟩ . (2.4.13) fg9

This pairing satisfies all axioms for scalar products. Using (2.4.13) we write (2.4.11) in the form ⟨T_ν , T_μ⟩ =^1_{Nν} δ^{μν} P_{μν} and then obtain by means of (2.4.12) the orthogonality conditions for characters of the irreducible representations T_ν and T_μ ⟨χ_ν , χ_μ⟩ = 1 N ∑ g∈G χ^∗_ν (g) χ_μ(g) = δ^{μν} . (2.4.14) fg10

Let χ_1, . . . , χ_h be different characters of all inequivalent irreducible representations T_1, . . . , T_h of the group G. Then any representation T is isomorphic to T = m_1T_1 ⊕ . . . ⊕ m_hT_h where integers m_i ≥ 0. In this case character χ of the representation T is χ = m_1χ_1 + . . . + m_hχ_h, and from the orthogonality condition (2.4.14) we deduce ⟨χ, χ_ν ⟩ = m_ν , ⟨χ, χ⟩ = h∑ ν=1 m^2_ν .

If we apply this consideration to a representation which is the tensor product T_ν ⊗T_μ of two irreducible representations, then for the product of two characters we obtain the expansion χ_ν χ_μ = ∑ ξ m^ξ_{νμ}χ_ξ , where m^ξ_{νμ} are positive integers.

Let T be a regular representation of the finite group G: g_ig_k = ∑_N m=1 T^m_k (g_i)g_m, where T^m_k (g_i) = δ^m_{ki} if g_ig_k = g_{ki} . It is clear that the character χ_R of the regular representation has the properties: χ_R(1) = N, where N is the order of the group G and χ_R(g) = 0 ∀g ≠ 1, since T^m_m (g) = 0 for g ≠ 1. Using this fact one can calculate the number of times each irreducible representation T_ν is contained in the regular representation T_R: ⟨χ_R, χ_ν ⟩ = 1 N ∑ g∈G χ^∗_R(g) χ_ν(g) = 1 N N χ_ν (1) = N_ν ,

and an expansion of χ_R over the basis χ_ν is χ_R = ∑_h ν=1 N_ν χ_ν . The direct consequence of these propositions is that the degree (dimension) N_ν of irreducible representations T_ν and the order N of the group G are related by the condition

N = χ_R(1) = h∑ ν=1 N_ν χ_ν (1) = h∑ ν=1 N^2_ν .

Let f ∈ G^⋆ be a class function on G, i.e. f(hgh^{−1}) = f(g) ∀h, g ∈ G. For some representation T we consider the matrix

A^m_k (f) = 1 N ∑ g∈G f(g)T^m_k (g) = ⟨f^∗ , T^m_k ⟩ = ⟨f T^m_k | e⟩ . (2.4.15) fg11

If representation T = T_ν (of degree N_ν ) is irreducible and has character χ_ν , then A^m_k = λδ^m_k and λ is a constant: λ = 1 N_ν ∑ g∈G f(g)χ_ν(g) ≡ N N_ν ⟨f^∗, χ_ν ⟩ = N N_ν ⟨f χ_ν | e⟩ . (2.4.16) fg12

Indeed, it is readily to show that T^r_m(h^{−1})A^m_k T^k_j (h) = A^r_j (∀h) and according to Schur’s Lemma we have A^m_k = λδ^m_k . Taking the trace of both sides of this relation we deduce (2.4.16) and

A^m_k (f) = 1 N ∑ g∈G f(g)T^m_k (g) = N N_ν ⟨f^∗, χ_ν ⟩δ^m_k . (2.4.17) fg13

Consider the space H of all class functions on G. The characters χ_1, . . . , χ_h belong to this space. Now we prove that the characters χ_1, . . . , χ_h form an orthonormal basis in the space H. Indeed, according to (2.4.14) χ_1, . . . , χ_h forms the orthonormal system in H. We need to show that this system is complete. In other words we should prove that every element f of H orthogonal to any χ_ν is zero. Indeed, for this class function f consider the matrix A^m_k (f^∗) (2.4.15) which is zero for any irreducible representation T in view of (2.4.17). Since any representation can be decomposed into a dirrect sum of irreducible ones we conclude that A^m_k (f^∗) = 0 for the regular representation, but it means that (∀g_k ∈ G) (_N ∑ i=1 f^∗(g_i) g_i ) g_k = N∑ m,i=1 f^∗(g_i) T^m_k (g_i) g_m = 0 ⇒ (_N ∑ i=1 f^∗(g_i) g_i ) = 0 ,

and, therefore, f^∗(g_i) = 0 ⇒ f(g_i) = 0 (∀g_i ∈ G).

Recall that the elements g, g^′ ∈ G are said to be conjugated if there is an element h ∈ G such that g^′ = hgh^{−1}. One can split all elements of G on conjugacy classes C_1, . . . , C_k. The number k of all conjugacy classes of the group G is equal to the number h of inequivalent irreducible representations of G. Indeed, consider a class function f ∈ H which is a constant on each class C_m. Thus, f can be defined by k arbitrary constants. It means that the dimension of H is k. On the other hand the dimension of H is equal to the number of independent characters χ_1, . . . , χ_h but this number coincides with the number of inequivalent irreducible representations. It proves the identity k = h.

Let f_g′ be the function equal to 1 on conjugacy class C_g′ of g^′ ∈ G and equal to 0 elsewhere. Since it is a class function, it can be expanded as f_g′ = h∑ ν=1 λ_ν χ_ν , λ_ν = ⟨χ_ν , f_g′ ⟩ = 1 N ∑ g∈C_h χ^∗_ν (g) f_g′ (g) = c(g^′) N χ^∗_ν (g^′) ,

where c(g^′) := dim(C_g′ ). Thus, we have for each g ∈ G c(g^′) N h∑ ν=1 χ^∗_ν (g^′) χ_ν (g) = f_g′ (g) = { 1 if g ∈ C_g′ , 0 if g ∈/ C_g′ , (2.4.18) fg14

a different type of the orthogonality condition for the characters χ_ν (g) (cf. (2.4.14)).

Remark. The above results about representations of finite groups are carried over to the representation theory of compact Lie groups G_L. It follows from the fact that the averaging over finite groups (see eqs. (2.4.1), (2.4.3), (2.4.10), (2.4.13) and (2.4.15)) has an analog in the case of compact Lie groups which is an invariant integration over G_L.

2.5 Heisenberg and Quantum doubles.

In Subsection 2.2 we have defined (see Definition 3) the notion of the smash (cross) product of the bialgebra and its module algebra. Since the Hopf dual algebra A^∗ is the natural right and left module algebra for the Hopf algebra A (2.1.10), (2.1.11), one can immediately define the right A^∗♯A and the left A♯A^∗ cross products of the algebra A on A^∗. These cross-product algebras are called Heisenberg doubles of A and they are the associative algebras with nontrivial cross-multiplication rules (cf. eq. (2.2.11)):

a ā = (a_{(1)} ▷ ā) a_{(2)} = ā_{(1)} ⟨a_{(1)} | ā_{(2)}⟩ a_{(2)} , (2.5.1) 25d

ā a = a_{(1)}(ā ◁ a_{(2)}) = a_{(1)} ⟨ā_{(1)} | a_{(2)}⟩ ā_{(2)} , (2.5.2) 25dd

where a ∈ A and ā ∈ A^∗. Here we discuss only the left cross product algebra A♯A^∗ (2.5.1) (the other one (2.5.2) is considered analogously).

As in the previous subsection, we denote {e^i} and {e_i} the dual basis elements of A^∗ and A, respectively. In terms of this basis we rewrite (2.5.1) in the form e_r e^n = e^i Δ^n_{if} ⟨e_j|e^f ⟩ Δ^{jk}_r e_k = m^n_{ij} e^i e_k Δ^{jk}_r . (2.5.3) 25f Let us define a right A^∗ - coaction and a left A - coaction on the algebra A♯A^∗, such that these coactions respect the algebra structure of A♯A^∗:

Δ_R(z) = C (z ⊗ 1) C^{−1} , Δ_L(z) = C^{−1} (1 ⊗ z) C , C ≡ e_i ⊗ e^i . (2.5.4) 26 The inverse of the canonical element C is C^{−1} = S(e_i) ⊗ e^i = e_i ⊗ S(e^i) , and Δ_R, Δ_L (2.5.4) are represented in the form

Δ_R(z) = (e_{k(1)} z S(e_{k(2)})) ⊗ e^k , Δ_L(z) = e_k ⊗ S(e^k_{(1)}) z e^k_{(2)} . (2.5.5) 27 Note that Δ_R(z̄) = Δ(z̄) ∀z̄ ∈ A^∗ and Δ_L(z) = Δ(z) ∀z ∈ A (here A and A^∗ are understood as the Hopf subalgebras in A♯A^∗ and Δ are corresponding comultiplications). Indeed, for z ∈ A we have

Δ_L(z) = e_k ⊗ S(e^k_{(1)}) z e^k_{(2)} = e_k ⊗ S(e^k_{(1)}) e^k_{(2)} ⟨z_{(1)} | e^k_{(3)}⟩z_{(2)} = = e_k ⟨z_{(1)} | e^k⟩ ⊗ z_{(2)} = z_{(1)} ⊗ z_{(2)} , (the proof of Δ_R(z̄) = Δ(z̄) is similar). The axioms

(id ⊗ Δ)Δ_R = (Δ_R ⊗ id)Δ_R , (id ⊗ Δ_L)Δ_L = (Δ ⊗ id)Δ_L , (id ⊗ Δ_R)Δ_L(z) = C^{−1}_{13} (Δ_L ⊗ id)Δ_R(z) C_{13} , can be verified directly by using relations (cf. (2.3.8)) (id ⊗ Δ)C_{12} = C_{13} C_{23} , (Δ ⊗ id)C_{12} = C_{13} C_{23} , and the pentagon identity [27] for C C_{12} C_{13} C_{23} = C_{23} C_{12} . (2.5.6) c5 The proof of (2.5.6) is straightforward (see (2.5.3)): C_{12} C_{13} C_{23} = e_i e_j ⊗ e^i e_k ⊗ e^j e^k = e_n ⊗ m^n_{ij} e^i e_k Δ^{jk}_r ⊗ e^r = = e_n ⊗ e_r e^n ⊗ e^r = C_{23} C_{12} .

The pentagon identity (2.5.6) is used for the construction of the explicit solutions of the tetrahedron equations (3D generalizations of the Yang-Baxter equations).

Although A and A^∗ are Hopf algebras, their Heisenberg doubles A♯A^∗, A^∗♯A are not Hopf algebras. But as we have seen just before the algebra A♯A^∗ (as well as A^∗♯A) still possesses some covariance properties, since the coactions (2.5.4) are covariant transformations (homomorphisms) of the algebra A♯A^∗.

The natural question is the following: is it possible to invent such a cross-product of the Hopf algebra and its dual Hopf algebra to obtain a new Hopf algebra? Drinfeld [22] showed that there exists a quasitriangular Hopf algebra D(A) that is a special smash product of the Hopf algebras A and A^o: D(A) = A ⋈ A^o, which is called the quantum double. Here we denote by A^o the algebra A^∗ with opposite comultiplication: Δ(e^i) = m^i_{kj} e^j ⊗ e^k, A^o = (A^∗)^{cop}. It follows from (2.3.5) that the antipode for A^o will be not S but the skew antipode S^{−1}. Thus, the structure mappings for A^o have the form e^ie^j = Δ^{ij}_k e^k , Δ(e^i) = m^i_{kj}e^j ⊗ e^k , S(e^i) = (S^{−1})^i_je^j . (2.5.7) 2.37 The algebras A and A^o are said to be antidual, and for them we can introduce the antidual pairing ⟨⟨.|.⟩⟩: A^o ⊗ A →C, which satisfies the conditions ⟨⟨e^ie^j |e_k⟩⟩ ≡ ⟨⟨e^i ⊗ e^j |Δ(e_k)⟩⟩ = Δ^{ij}_k , ⟨⟨e^i|e_ke_j ⟩⟩ ≡ ⟨⟨Δ(e^i)|e_j ⊗ e_k⟩⟩ = m^i_{kj} , ⟨⟨S(e^i)|e_j⟩⟩ = ⟨⟨e^i|S^{−1}(e_j )⟩⟩ = (S^{−1})^i_j , ⟨⟨e^i|S(e_j )⟩⟩ = ⟨⟨S^{−1}(e^i)|e_j⟩⟩ = S^i_j , ⟨⟨e^i|I⟩⟩ = E^i , ⟨⟨I|e_i⟩⟩ = ϵ_i .

(2.5.8) 2.38

The universal R matrix can be expressed in the form of the canonical element R = (e_i ⋈ I) ⊗ (I ⋈ e^i) , (2.5.9) 2.39 and the multiplication in D(A) is defined in accordance with (the summation signs are omitted) (a ⋈ α)(b ⋈ β) = a ( (α_{(3)} ▷ b) ◁ S(α_{(1)}) ) ⋈ α_{(2)}β , (2.5.10) 2.40 where α, β ∈ A^o, a, b ∈ A, Δ^2(α) = α_{(1)} ⊗ α_{(2)} ⊗ α_{(3)} and α ▷ b = b_{(1)}⟨⟨α|b_{(2)}⟩⟩ , b ◁ α = ⟨⟨α|b_{(1)}⟩⟩b_{(2)} . (2.5.11) 2.41 The coalgebraic structure on the quantum double is defined by the direct product of the coalgebraic structures on the Hopf algebras A and A^o:

Δ(e_i ⋈ e^j) = Δ(e_i ⋈ I)Δ(I ⋈ e^j) = Δ^{nk}_i m^j_{lp}(e_n ⋈ e^p) ⊗ (e_k ⋈ e^l) . (2.5.12) 2.42 Finally, the antipode and coidentity for D(A) have the form S(a ⋈ α) = S(a) ⋈ S(α) , ϵ(a ⋈ α) = ϵ(a)ϵ(α) . (2.5.13) 2.43 All the axioms of a Hopf algebra can be verified for D(A) by direct calculation. A simple proof of the associativity of the multiplication (2.5.10) and the coassociativity of the comultiplication (2.5.12) can be found in Ref. [25].

Taking into account (2.5.11), we can rewrite (2.5.10) as the commutator for the elements (I ⋈ α) and (b ⋈ I):

(I ⋈ α)(b ⋈ I) = ⟨⟨S(α_{(1)})|b_{(1)}⟩⟩(b_{(2)} ⋈ I)(I ⋈ α_{(2)})⟨⟨α_{(3)}|b_{(3)}⟩⟩ (2.5.14) 2.44a or, in terms of the basis elements α = e^t and b = e_s we have [22]

(I ⋈ e^t)(e_s ⋈ I) = m^t_{klp}Δ^{njk}_s (S^{−1})^p_n(e_j ⋈ I)(I ⋈ e^l) ≡ ( m^t_{ip}(S^{−1})^p_nΔ^{nr}_s ) ( m^i_{kl}Δ^{jk}_r ) (e_j ⋈ I)(I ⋈ e^l) , (2.5.15) 2.44

where m^t_{klp} and Δ^{njk}_s are defined in (2.1.3) and (2.1.7), and (S^{−1})^p_n is the matrix of the skew antipode.

The consistence of definitions of left and right bimodules over the quantum double D(A) should be clarified in view of the nontrivial structure of the crossmultiplication rule (2.5.14), (2.5.15) for subalgebras A and A^o. It can be done (see, e.g. [113]) if one considers left or right coinvariant bimodules (Hopf modules): M^L = {m : Δ_L(m) = 1 ⊗ m} or M^R = {m : Δ_R(m) = m ⊗ 1}. E.g., for M^R one can define the left A and left A^o-module actions as

a ▷ m = a_{(1)} m S(a_{(2)}) , (2.5.16) 2.44b

α ▷ m = ⟨⟨S(α), m_{(−1)}⟩⟩ m_{(0)} , (2.5.17) 2.44bb

where Δ_L(m) = m_{(−1)} ⊗m_{(0)} is the left A-coaction on M^R and a ∈ A, α ∈ A^o. Note that left A-module action (2.5.16) respects the right coinvariance of M^R. The compatibility condition for the left A-action (2.5.16) and left A-coaction Δ_L is written in the form (we represent Δ_L(a ▷ m) in two different ways):

(a ▷ m)_{(−1)} ⊗ (a ▷ m)_{(0)} = a_{(1)} m_{(−1)} S(a_{(3)}) ⊗ a_{(2)} ▷ m_{(0)} . (2.5.18) 2.44c

A module with the property (2.5.18) is called Yetter-Drinfeld module. Then, using (2.5.16), (2.5.18) and opposite coproduct for A^o, we obtain

α ▷ (a ▷ m) = α ▷ (a_{(1)} m S(a_{(2)})) = ⟨⟨S(α), a_{(1)} m_{(−1)} S(a_{(3)})⟩⟩ a_{(2)} ▷ m_{(0)} =

= ⟨⟨S(α_{(1)}), a_{(1)}⟩⟩ ⟨⟨α_{(3)}, a_{(3)}⟩⟩ a_{(2)} ▷ (α_{(2)} ▷ m) , (2.5.19) 2.44d and one can recognize in eq. (2.5.19) the quantum double multiplication formula (2.5.14).

It follows from Eqs. (2.1.3) and (2.1.7) and from the identities for the skew antipode (2.3.5) that ( m^q_{tk}Δ^{ks}_m ) ( m^t_{ip}(S^{−1})^p_nΔ^{nr}_s ) = δ^q_i δ^r_m , (2.5.20) 2.45

and this enables us to rewrite (2.5.15) in the form ( m^q_{tk}Δ^{ks}_m ) (I ⋈ e^t)(e_s ⋈ I) = (m^q_{kl}Δ^{jk}_m )(e_j ⋈ I)(I ⋈ e^l) .

This equation is equivalent to the axiom (2.3.7) for the universal matrix R (2.5.9). The relations (2.3.8) for R (2.5.9) are readily verified. Thus, D(A) is indeed a quasitriangular Hopf algebra with universal R matrix represented by (2.5.9).

In conclusion, we note that many relations for the structure constants of Hopf algebras [for example, the relation (2.45)] can be obtained and represented in a transparent form by means of the following diagrammatic technique:

Δ^{ij}_k = i k

j m^k_{ij} = j

k i ϵ_i = ϵ i E^i = i S^i_j = j s i

For example, the axioms of associativity (2.3) and coassociativity (2.1.7) and the axioms for the antipode (2.3.4) can be represented in the form

n l k j i = n l k j i

n l k j i = n l k j i k s

l

= k s

l

= ϵ k

l Now we make three important remarks relating to the further development of the theory of Hopf algebras.

2.6 Twisted, ribbon and quasi- Hopf algebras

Remark 1.Twisted Hopf algebras.

Consider a Hopf algebra A (Δ, ϵ, S). Let F be an invertible element of A ⊗ A such that:

(ϵ ⊗ id)F = 1 = (id ⊗ ϵ)F , (2.6.1) ef and we denote F = ∑ i α_i ⊗ β_i, F^{−1} = ∑ i γ_i ⊗ δ_i. Following the twisting procedure [30] one can define a new Hopf algebra A^{(F )} (Δ^{(F )}, ϵ^{(F )}, S^{(F )}) (twisted Hopf algebra) with the new structure mappings Δ^{(F )}(a) = F Δ(a) F^{−1} , (2.6.2) 2 ϵ^{(F )}(a) = ϵ(a) , S^{(F )}(a) = U S(a) U^{−1} (∀a ∈ A) , (2.6.3) 222 where the twisting element F satisfies the cocycle equation F_{12} (Δ ⊗ id)F = F_{23} (id ⊗ Δ)F , (2.6.4) cocycl and the element U = α_i S(β_i) is invertible and obeys U^{−1} = S(γ_i) δ_i , S(α_i) U^{−1} β_i = 1 , (2.6.5) U (the summation over i is assumed). First of all we show that the algebra A^{(F )} (Δ^{(F )}, ϵ) is a bialgebra. Indeed, the cocycle equation (2.6.4) guarantees the coassociativity condition (2.1.7) for the new coproduct Δ^{(F )} (2.6.2). Then the axioms for counit ϵ (2.1.8) are easily deduced from (2.6.1). Considering the identity m(id ⊗ S ⊗ id) ( F^{−1}_{23} F_{12} (Δ ⊗ id)F ) = m(id ⊗ S ⊗ id)(id ⊗ Δ)F we obtain the form for U^{−1} (2.6.5). The second relation in (2.6.5) is obtained from the identity: m(S ⊗ id)F^{−1}F = 1.

Now the new antipode S^{(F )} (2.6.3) follows from equation

m(id ⊗ S) (Δ^{(F )}(a) F) = m(id ⊗ S) (F Δ(a)) ,

which is rewritten in the form ã_{(1)}US(ã_{(2)}) = ϵ(a) U, where Δ^{(F )}(a) = ã_{(1)} ⊗ ã_{(2)}.

If the algebra A is a quasitriangular Hopf algebra with the universal R matrix (2.3.7), then the new Hopf algebra A^{(F )} is also quasitriangular and a new universal R-matrix is R^{(F )} = F_{21} R F^{−1} , (2.6.6) 2a

since we have

Δ^{(F )′} = F_{21} Δ^′ F^{−1}_{21} = F_{21} R Δ R^{−1} F^{−1}_{21} = ( F_{21} R F^{−1} ) Δ^{(F )} ( F R^{−1} F^{−1}_{21} ) . The Yang - Baxter eq. (2.3.11) for R matrix (2.6.6) can be directly checked with the help of (2.3.7) and (2.6.4).

Impose additional relations on F

(Δ ⊗ id)F = F_{13} F_{23} , (id ⊗ Δ)F = F_{13} F_{12} , (2.6.7) 4

which, together with (2.6.4), implies the Yang-Baxter equation for F. Using (2.3.7) one deduces from (2.6.7) equations

R_{12} F_{13} F_{23} = F_{23} F_{13} R_{12} , F_{12} F_{13} R_{23} = R_{23} F_{13} F_{12} . (2.6.8) 5aa

Eqs. (2.6.8) and the Yang-Baxter relations for universal elements R, F define the twist which is proposed in [28] (the additional condition F^{21}F = 1 ⊗ 1 is assumed in [28]).

Note that if A is the Hopf algebra of functions on the group algebra of group G (2.2.7), then eq. (2.6.4) can be written in the form of 2-cocycle equation: F(a, b) F(ab, c) = F(b, c)F(a, bc) , (∀a, b, c ∈ G) , for the projective representation ρ of G: ρ(a)ρ(b) = F(a, b) ρ(a b). That is why eq. (2.6.4) is called cocycle equation.

Many explicit solutions of the cocycle equation (2.6.4) are known (see e.g. [33]– [35] and references therein). Remark 2.Ribbon Hopf algebras.

Here we explain the notion of the ribbon Hopf algebras [29]. Consider quasitriangular Hopf algebra A and represent the universal R-matrix in the form R = ∑ μ α_μ ⊗ β_μ, R^{−1} = ∑ μ γ_μ ⊗δ_μ, where α_μ, β_μ, γ_μ, δ_μ ∈ A. Using (2.3.13) we rewrite the identities (id ⊗ S)RR^{−1} = 1 = (id ⊗ S)R^{−1}R as α_μ α_ν ⊗ β_ν S(β_μ) = 1 = α_μ α_ν ⊗ S(β_ν ) β_μ . (2.6.9) close

(here and below the sum over μ and ν is assumed) while for (S ⊗ id)RR^{−1} = 1 = (S ⊗ id)R^{−1}R we have

S(γ_μ) γ_ν ⊗ δ_ν δ_μ = 1 = γ_μ S(γ_ν) ⊗ δ_ν δ_μ . (2.6.10) close1

Consider the element u = ∑ μ S(β_μ) α_μ for which the following proposition holds Proposition 1. (see [23]) 1.) For any a ∈ A we have S^2(a) u = u a . (2.6.11) 0.2

2.) the element u is invertible, with u^{−1} = S^{−1}(δ_μ) γ_μ. Proof.

1.) From the relation (2.3.7) it follows that ∀a ∈ A (the summation signs are omitted):

α_μ a_{(1)} ⊗ β_μ a_{(2)} ⊗ a_{(3)} = a_{(2)} α_μ ⊗ a_{(1)} β_μ ⊗ a_{(3)} .

From this we obtain

S^2(a_{(3)}) S(β_μ a_{(2)}) α_μa_{(1)} = S^2(a_{(3)}) S(a_{(1)} β_μ) a_{(2)}α_μ , or S^2(a_{(3)}) S(a_{(2)}) u a_{(1)} = S^2(a_{(3)}) S(β_i) S(a_{(1)}) a_{(2)}α_i .

Applying to this equation the axioms (2.3.1) and taking into account the fact that ϵ(S(a)) = ϵ(a), we obtain (2.6.11). 2.) Putting w = S^{−1}(δ_μ) γ_μ, we have

u w = u S^{−1}(δ_μ) γ_μ = S(δ_μ) u γ_μ = S(β_ν δ_μ) α_ν γ_μ .

Since R · R^{−1} = α_ν γ_μ ⊗ β_ν δ_μ = 1, we have u w = 1. It follows from last equation and from (2.6.11) that S^2(w) u = 1, and therefore the element u has both a right and left inverse. Thus, the element u is invertible and we can rewrite (2.6.11) in the form S^2(a) = u a u^{−1} . (2.6.12) 0.3

This relation shows, in particular, that the operation of taking the antipode is not involutive. In Ref. [23] it was noted that

Δ(u) = (R_{21}R_{12})^{−1}(u ⊗ u) = (u ⊗ u)(R_{21}R_{12})^{−1} .

In addition, it was shown that the relations (2.6.12) are satisfied if, for the element u ≡ u_1, we take any of the following three elements:

u_2 = S(γ_μ) δ_μ , u_3 = β_μ S^{−1}(α_μ) , u_4 = γ_μ S^{−1}(δ_μ) .

Using the results of this Proposition, it can be seen that S(u)^{−1} = u_2, S(u_3)^{−1} = u_4. In addition, it turns out that all the u_i commute with each other, and the elements u_iu^{−1}_j = u^{−1}_j u_i are central in A (see [23]). Consequently, the element u S(u) = u_1 u^{−1}_2 is also central. On the basis of these remarks, we introduce the important concept of a ribbon Hopf algebra (see [29]):

Definition 7. Consider a quasitriangular Hopf algebra (A, R). Then the triplet (A, R, v) is called a ribbon Hopf algebra if v is a central element in A and

v^2 = u S(u) , S(v) = v , ϵ(v) = 1 ,

Δ(v) = (R_{21} R_{12})^{−1} (v ⊗ v) .

For each quasitriangular Hopf algebra A, we can define A-colored ribbon graphs [29]. If, moreover, A is a ribbon Hopf algebra, then for each A-colored ribbon graph we can associate the central element of A that generalizes the Jones polynomial being an invariant of a knot in R^3 (see [29], [36]). Remark 3.Quasi-Hopf algebras.

One can introduce a generalization of a Hopf algebra, called a quasi-Hopf algebra, [30] which is defined as an associative unital algebra A with homomorphism Δ : A → A ⊗ A, homomorphism ϵ : A → C, antiautomorphism S : A → A and invertible element Φ ∈ A ⊗ A ⊗ A. At the same time Δ, ϵ, Φ and S satisfy the axioms (id ⊗ Δ)Δ(a) = Φ · (Δ ⊗ id)Δ(a) · Φ^{−1}, a ∈ A, (2.6.13) 2.47

(id ⊗ id ⊗ Δ)(Φ) · (Δ ⊗ id ⊗ id)(Φ) = (I ⊗ Φ) · (id ⊗ Δ ⊗ id)(Φ) · (Φ ⊗ I), (2.6.14) 2.48

(ϵ ⊗ id)Δ = id = (id ⊗ ϵ)Δ , (id ⊗ ϵ ⊗ id)Φ = I ⊗ I (2.6.15) 2.48a

S(a_{(1)}) α a_{(2)} = ϵ(a) α , a_{(1)} β S(a_{(2)}) = ϵ(a) β , (2.6.16) 2.49 ϕ_i β S(ϕ^′_i) α ϕ^{′′}_i = I , S(ϕ̄_i) α ϕ̄^′_i β S(ϕ̄^{′′}_i ) = I , where α and β are certain fixed elements of A, Δ(a) = a_{(1)} ⊗ a_{(2)}, and

Φ := ϕ_i ⊗ ϕ^′_i ⊗ ϕ^{′′}_i , Φ^{−1} := ϕ̄_i ⊗ ϕ̄^′_i ⊗ ϕ̄^{′′}_i ,

(summation over i is assumed). Thus, a quasi-Hopf algebra differs from an ordinary Hopf algebra in that the axiom of coassociativity is replaced by the weaker condition (2.6.13). In other words, a quasi-Hopf algebra is noncoassociative, but this noncoassociativity is kept under control by means of the element Φ. The axioms (2.6.16) (which looks like different definitions of the left and right antipodes) generalize the axioms (2.3.1) for usual Hopf algebras and consequently the elements α and β involve into the play with the contragredient representations of the quasi-Hopf algebras.

To make the pentagonal condition (2.6.14) more transparent, let us consider (following Ref. [30]) the algebra A as the algebra of functions on a ”noncommutative” space X equipped with a ∗ product: X × X → X. Then, elements a ∈ A, b ∈ A ⊗ A, . . . are written in the form a(x), b(x, y) . . . and Δ(a) is represented as a(x ∗ y). The homomorphism ϵ defines the point in X, which we denote 1 and instead of ϵ(a) we write a(1). Then, equations (2.6.13) – (2.6.15) are represented in the form [30]: a(x ∗ (y ∗ z)) = Φ(x, y, z) a((x ∗ y) ∗ z) Φ(x, y, z)^{−1} , Φ(x, y, z ∗ u) Φ(x ∗ y, z, u) = Φ(y, z, u) Φ(x, y ∗ z, u) Φ(x, y, z) , (2.6.17) 5phi a(1 ∗ x) = a(x) = a(x ∗ 1) , Φ(x, 1, z) = 1 .

Now it is clear that (2.6.17) (and respectively (2.6.14)) is the sufficient condition for the commutativity of the diagram:

a (((x ∗ y) ∗ z) ∗ u) −→ a((x ∗ y) ∗ (z ∗ u)) −→ a(x ∗ (y ∗ (z ∗ u)))

a((x ∗ (y ∗ z)) ∗ u) → a(x ∗ ((y ∗ z) ∗ u)) Applications of the theory of quasi-Hopf algebras to the solutions of the Knizhnik- Zamolodchikov equations are discussed in Ref. [30]. On the other hand, one can suppose that, by virtue of the occurrence of the pentagonal relation (2.6.14) for the element Φ, quasi-Hopf algebras will be associated with multidimensional generalizations of Yang-Baxter equations.

3 THE YANG-BAXTER EQUATION AND QUANTIZATION OF LIE GROUPS

In this section, we discuss the R -matrix approach to the theory of quantum groups [17], on the basis of which we perform a quantization of classical Lie groups and also some Lie supergroups. We present trigonometric solutions of the Yang-Baxter equation invariant with respect to the adjoint action of the quantum groups GL_q(N), SO_q(N), Sp_q(2n) and supergroups GL_q(N|M), Osp_q(N|2m). We briefly discuss the corresponding Yangian (rational) solutions, and also quantum Knizhnik-Zamolod-chikov equations and Z_N ⊗Z_N symmetric elliptic solutions of the Yang-Baxter equation.

3.1 Numerical R-matrices

Some results of this Subsection have been presented in [36], [37].

Let A be a quasitriangular Hopf algebra. Consider a representation T of the algebra A: a → T^i_j (a), ∀a ∈ A (i, j = 1, . . . , N) in N-dimensional vector space V . In view of (2.3.11) and (2.2.8), the matrix representation R^{ij}_{kl} = (T^i_k ⊗ T^j_l )R of the universal element R ∈ A ⊗ A satisfies the Yang-Baxter equation

R^{i1i2}_{j1j2} R^{j1i3}_{k1j3} R^{j2j3}_{k2k3} = R^{i2i3}_{j2j3} R^{i1j3}_{j1k3} R^{j1j2}_{k1k2} (3.1.1) ybe

(the summation over repeated indices is assumed). We stress that not all solutions R of the eqs. (3.1.1) are images (T ⊗ T )R of some universal R matrix. We assume that R ∈ End(V ⊗ V ) is an invertible matrix

R^{ij}_{kl} (R^{−1})^{kl}_{mn} = (R^{−1})^{ij}_{kl} R^{kl}_{mn} = δ^i_m δ^l_n . (3.1.2) inv

In terms of concise matrix notation [17], the relation (3.1.1) is written in the following equivalent forms

R_{12} R_{13} R_{23} = R_{23} R_{13} R_{12} =⇒ (3.1.3) 3.1.2

R̂_{12} R̂_{23} R̂_{12} = R̂_{23} R̂_{12} R̂_{23} =⇒ (3.1.4) 3.1.2i

R̂_{23} R̂^{−1}_{12} R̂^{−1}_{23} = R̂^{−1}_{12} R̂^{−1}_{23} R̂_{12} , R̂_{12} R̂^{−1}_{23} R̂^{−1}_{12} = R̂^{−1}_{23} R̂^{−1}_{12} R̂_{23} , (3.1.5) 3.1.2is where R̂ := P R, P is the permutation matrix: P^{i1i2}_{j1j2} = δ^{i1}_{j2} δ^{i2}_{j1} , R̂^{i1i2}_{j1j2} = (P R)^{i1i2}_{j1j2} = R^{i2i1}_{j1j2} .

and the indices 1, 2, 3 label the vector spaces V in which the corresponding R matrices act non-trivially, e.g. R_{12} = R ⊗ I, R_{23} = I ⊗ R (I is a unit matrix in Mat(N)). We also use the following form of the Yang-Baxter equations (3.1.1), (3.1.3), (3.1.4) R̂_a R̂_{a+1} R̂_a = R̂_{a+1} R̂_a R̂_{a+1} , (3.1.6) 3.1.3 where R̂_a = I^{⊗(a−1)} ⊗R̂⊗I^{⊗(M−a)}, (a = 1, . . . , M). Note that the matrices R̂_a define the representation of the braid group B_{M+1} in view of relations (3.1.6) and [R̂_a, R̂_b] = 0 (for |a − b| > 1) . (3.1.7) 3.1.3is The direct consequences of (3.1.6) are the equations

X(R̂_a) R̂_{a+1} R̂_a = R̂_{a+1} R̂_a X(R̂_{a+1}) , R̂_a R̂_{a+1} X(R̂_a) = X(R̂_{a+1}) R̂_a R̂_{a+1} , (3.1.8) 3.1.4 which make it possible to carry an arbitrary function X(R̂_a) through the operators R̂_aR̂_{a+1} and R̂_{a+1}R̂_a.

Definition 8. The matrix R is called skew-invertible if there exists matrix Ψ such that (cf. (3.1.2)) R^{mk}_{jn} Ψ^{in}_{ml} = δ^i_jδ^k_l = Ψ^{ni}_{lm} R^{km}_{nj} . The matrix forms of these relations are^5 R^{t1}_{12} Ψ^{t1}_{12} = I_{12} = Ψ^{t1}_{12} R^{t1}_{12} , (3.1.9) skewa T r_2(R̂_{12} Ψ̂_{23}) = P_{13} = T r_2 ( Ψ̂_{12} R̂_{23} ) , (3.1.10) skew where Ψ̂ = P Ψ. We say that the invertible R- matrix is completely invertible if R_{12} is skew-invertible and the matrix R^{−1}_{12} is also skew-invertible, i.e. there exists the matrix Φ_{12} such that T r_2 ( Φ̂_{12} R̂^{−1}_{23} ) = P_{13} = T r_2(R̂^{−1}_{12} Φ̂_{23}) , (3.1.11) skew2 where R̂^{−1} = R^{−1} P .

Note that the skew-invertible R- matrices have been considered in [36] where the matrix Ψ_{12} is denoted as ((R^{t1}_{12})^{−1})^{t1} (see (3.1.9)).

Now we define four matrices D_1 = T r_2(Ψ̂_{12}) , Q_2 = T r_1(Ψ̂_{12}) , , (3.1.12) dmatr D_1 = T r_2(Φ̂_{12}) , Q_2 = T r_1(Φ̂_{12}) , (3.1.13) dmatr1 which we use below. In view of the relations (3.1.10) and (3.1.11) we deduce T r_2 ( R̂_{12}D_2 ) = I_1 , T r_1(Q_1 R̂_{12}) = I_2 . (3.1.14) qtrs

5The form (3.1.10) is very convenient in calculations and has been proposed in [50].

T r_2(R̂^{−1}_{12} D_2) = I_1 , T r_1 ( Q_1 R̂^{−1}_{12} ) = I_2 . (3.1.15) qtrs1 Proposition 2. Let the Yang-Baxter matrix R̂ be invertible and skew-invertible, then the following identities hold

D_0 P_{02} = T r_3D_3R̂^{−1}_{23} R̂_{03} , D_0 P_{02} = T r_3D_3R̂_{23} R̂^{−1}_{03} , (3.1.16) sk2 Q_0 P_{02} = T r_1Q_1R̂^{−1}_{12} R̂_{10} , Q_0 P_{02} = T r_1Q_1R̂_{12} R̂^{−1}_{10} , (3.1.17) sk3 R̂^{−1}_1 D_2 = D_1 Ψ̂_{21} , D_2 R̂^{−1}_1 = Ψ̂_{21} D_1 , (3.1.18) sk4 R̂^{−1}_1 Q_1 = Q_2 Ψ̂_{21} , Q_1 R̂^{−1}_1 = Ψ̂_{21} Q_2 , (3.1.19) sk6 where the matrices D and Q satisfy D_2 Q_2 = Q_2 D_2 = T r_3(D_3 R̂^{−1}_2 ) = T r_1(Q_1 R̂^{−1}_1 ) . (3.1.20) sk9 If the matrix R is completely invertible, then R̂_1 D_2 = D_1 Φ̂_{21} , D_2 R̂_1 = Φ̂_{21} D_1 . (3.1.21) sk5 R̂_1 Q_1 = Q_2 Φ̂_{21} , Q_1 R̂_1 = Φ̂_{21} Q_2 . (3.1.22) sk7 and the matrices D and Q are invertible according to the relations D^{−1} = Q , Q^{−1} = D . (3.1.23) sk8 Conversely, if the matrix D (or Q) is invertible, then the matrix R is completely invertible. For invertible matrices D and Q one has the relations T r_1(D^{−1}_1 R̂^{−1}_1 ) = I_2 = T r_3(Q^{−1}_3 R̂^{−1}_2 ) . (3.1.24) sskk

Proof. We multiply both equations (3.1.8) (for a = 1) from the left by Ψ̂_{01} and from the right by Ψ̂_{34} and take the traces T r_{13} (≡ T r_1 T r_3). Using (3.1.10) we obtain T r_1Ψ̂_{01}X(R̂_1)P_{24}R̂_1 = T r_3R̂_2 P_{02} X(R̂_2) Ψ̂_{34} , (3.1.25) ybe1 T r_1Ψ̂_{01}R̂_1 P_{24} X(R̂_1) = T r_3X(R̂_2) P_{02} R̂_2 Ψ̂_{34} . (3.1.26) ybe2 We put in (3.1.25), (3.1.26) X(R̂) = R̂^{−1} and act on these relations by T r_4(. . .) or T r_0(. . .). Using (3.1.10) and (3.1.12) we obtain the following identities D_0 I_2 = T r_3D_3R̂^{∓1}_2 P_{02} R̂^{±1}_2 , Q_0 I_2 = T r_1Q_1R̂^{±1}_1 P_{02} R̂^{∓1}_1 , (3.1.27) 4a which can be easily rewritten as (3.1.16) and (3.1.17) D_0 P_{02} = T r_3D_3R̂^{∓1}_{23} R̂^{±1}_{03} , Q_0 P_{02} = T r_1Q_1R̂^{±1}_{12} R̂^{∓1}_{10} .

Acting on the first relation (3.1.16) by T r_0(Ψ̂_{10}...) and on the second relation (3.1.16) by T r_2(Ψ̂_{12}...) we obtain (3.1.18). Similarly acting on the first relation (3.1.17) by T r_0(. . . Ψ̂_{03}) and on the second relation (3.1.17) by T r_2(. . . Ψ̂_{23}) we obtain (3.1.19). Taking the traces T r_2(. . .) and T r_1(. . .) of (3.1.18) and (3.1.19), respectively, gives (3.1.20).

If the matrix R is completely invertible, then acting on the first relation (3.1.16) by T r_2(Φ̂_{12}...) and on the second relation (3.1.16) by T r_0(Φ̂_{10}...) we obtain (3.1.21). Analogously, acting on the first relation (3.1.17) by T r_2(. . . Φ̂_{23}) and on the second relation (3.1.17) by T r_0(. . . Φ̂_{03}) we deduce (3.1.22). Eqs. (3.1.23) are obtained by taking traces T r_2(. . .) and T r_1(. . .) of (3.1.21) and (3.1.22), respectively.

Conversely, if the matrix D is invertible, then D_1R̂_{21}D^{−1}_2 (cf. (3.1.21)) is the skew-inverse matrix for R̂^{−1}. Indeed, T r_2 ( R̂^{−1}_{12} D_2 R̂_{32} D^{−1}_3 ) = T r_2 ( R̂^{−1}_{12} D_2 R̂_{32} ) D^{−1}_3 =

= D_1 T r_2 ( Ψ̂_{21} R̂_{32} ) D^{−1}_3 = D_1 P_{13} D^{−1}_3 = P_{13} .

Thus, the R-matrix is completely invertible. The proof of the fact that the R- matrix is completely invertible for the case of the invertible matrix Q is analogous.

For invertible matrices D and Q one can rewrite the first relations of (3.1.18) and (3.1.19) as D^{−1}_1 R̂^{−1}_1 = Ψ̂_{21} D^{−1}_2 , Q^{−1}_2 R̂^{−1}_1 = Ψ̂_{21} Q^{−1}_1 .

Then acting on these relations by the traces T r_1(. . .) and T r_2(. . .) we obtain (3.1.24). □ Corollary 1. Let R̂ be skew-invertible and the matrix A_{12} be one of the matrices {R̂_{12}, Ψ̂_{12}}. Then, from (3.1.18), (3.1.19) we obtain

[A_{12}, D_1 D_2] = 0 = [A_{12}, Q_1 Q_2] , (3.1.28) sk10

A^{±1}_{12} D_1 Q_1 = D_2 Q_2 A^{±1}_{12} . (3.1.29) sk10a

If R̂ is completely invertible, then, using (3.1.21), (3.1.22) we prove eqs. (3.1.28), (3.1.29) for A_{12} = Φ̂_{12} and deduce the relation on the matrices Φ̂ and Ψ̂:

Φ̂^{−1}_{12} = D^2 Ψ̂_{12} D^{−2}_1 = Q^2_1 Ψ̂_{12} Q^{−2}_2 .

Corollary 2. For any quantum (N × N) matrix E (with noncommutative entries E^i_j ) one can find the following identities

T r(D E) I_1 = T r_2 ( D_2R̂^{∓1}_1 E_1 R̂^{±1}_1 ) , T r(Q E) I_2 = T r_1 ( Q_1R̂^{±1}_1 E_2 R̂^{∓1}_1 ) , (3.1.30) RER

which demonstrate the invariance properties of the quantum traces T r(D E) =: T r_D(E) and T r(Q E) =: T r_Q(E). To prove these identities we multiply eqs. (3.1.27) by the matrix E_0 and take the trace T r_0(. . .). Note that in view of (3.1.28) the multiple quantum traces satisfy cyclic property: T r_{D(1...m)} ( X(R̂) · Y ) = T r_{D(1...m)} ( Y · X(R̂) ) , T r_{Q(1...m)} ( X(R̂) · Y ) = T r_{Q(1...m)} ( Y · X(R̂) ) , (3.1.31) cycl

where X(R̂) ∈ End(V^{⊗m}) denotes arbitrary element of the group algebra of the braid group B_m in R-matrix representation (see (3.1.6)) and Y ∈ End(V^{⊗m}) are arbitrary operators.

Corollary 3. Let R be skew-invertible matrix. We multiply Yang-Baxter eqs. (3.1.5) by the matrices D_2, D_3 from the left and right:

D_2 R̂_2 R̂^{−1}_1 R̂^{−1}_2 D_3 = D_2 R̂^{−1}_1 R̂^{−1}_2 R̂_1 D_3 , D_3 R̂_1 R̂^{−1}_2 R̂^{−1}_1 D_2 = D_3 R̂^{−1}_2 R̂^{−1}_1 R̂_2 D_2 , and use the relations (3.1.18) and (3.1.28). As a result we deduce

Ψ̂_{21} Ψ̂_{32} R̂_{12} = R̂_{23} Ψ̂_{21} Ψ̂_{32} , Ψ̂_{32} Ψ̂_{21} R̂_{23} = R̂_{12} Ψ̂_{32} Ψ̂_{21} . (3.1.32) ppr Corollary 4. For any function X of R̂ the matrix Y_2 := T r_1Q_1X(R̂_1) (3.1.35) satisfies Y_2R̂^{±1}_1 = R̂^{±1}_1 Y_1 , (3.1.33) yyy2 and [D, Y ] = 0 = [Y, Q]. The matrices Y^{(n)}_2 := T r_3 ( D_3 R̂^n_2 ) = T r_1 ( Q_1 R̂^n_1 ) ∀n ∈ Z , (3.1.34) yyy2a generate the commutative set. Indeed,

Y_2R̂^{±1}_1 = T r_3 ( D_3X(R̂_2)R̂^{±1}_1 R̂^{±1}_2 R̂^{∓1}_2 ) = R̂^{±1}_1 T r_3 ( D_3R̂^{±1}_2 X(R̂_1)R̂^{∓1}_2 ) = = R̂^{±1}_1 T r_2 ( D_2 X(R̂_1) ) = R̂^{±1}_1 Y_1 .

Then, we have:

D_2 Y_2 = T r_3D_2 D_3 X(R̂_2) = T r_3X(R̂_2) D_2 D_3 = Y_2 D_2 .

The proof of the identity [Y, Q] = 0 is the same. The commutativity of the matrices Y^{(n)}_2 follows from (3.1.33), since for n is even and odd we have, respectively Y_2 Y^{(2k)}_2 = T r_3 ( D_3 Y_2 R̂^{2k}_2 ) = T r_3 ( D_3 R̂^{2k}_2 Y_2 ) = Y^{(2k)}_2 Y_2 , Y_2 Y^{(2k+1)}

2 = T r_1 ( Q_1 R̂^{2k+1}_2 Y_1 ) = T r_1 ( Y_1 Q_1 R̂^{2k+1}_2 ) = = T r_1 ( Q_1 Y_1 R̂^{2k+1}_2 ) = T r_1 ( Q_1 R̂^{2k+1}_2 Y_2 ) = Y^{(2k+1)}

2 Y_2 .

Corollary 5. The trace T r_{04}(. . .) of eq. (3.1.25) (or (3.1.26)) gives T r_1Q_1X(R̂_1) = T r_3D_3X(R̂_2) , (3.1.35) yyy1 where we have redefined the arbitrary function X: X(R̂)R̂ → X(R̂). In particular, for X = 1, we obtain T r(D) = T r(Q). Eq. (3.1.35) leads to the following identity T r_{12} ( Q_1Q_2X(R̂_1) ) = T r_{23} ( D_3Q_2X(R̂_2) ) = T r_{34} ( D_3D_4X(R̂_3) ) . (3.1.36) yis1 Proposition 3. The identity (3.1.36) is generalized as T r_{1...n} (Q_1 · · · Q_kD_{k+1} · · · D_nX_{1→n}) = T r_{1...n} (D_1 · · · D_nX_{1→n}) (∀k ≤ n) , (3.1.37) yis2 where X_{1→n} := X(R̂_1, . . . , R̂_{n−1}) is a function of matrices R̂_i (i = 1, . . . , n − 1).

Proof. Indeed, from (3.1.6), (3.1.7) we have R̂_1R̂_2 · · · R̂_n X_{1→n} = X_{2→n+1} R̂_1R̂_2 · · · R̂_n. Multiplying this eq. by the matrices Q_1 and D_{n+1} from the left and right and taking the trace T r_1T r_{n+1} (. . .) we deduce T r_1 ( Q_1 R̂_1 · · · R̂_{n−1} X_{1→n} ) = T r_{n+1} ( D_{n+1} X_{2→n+1} R̂_2 · · · R̂_n ) , which is written (for arbitrary function X) in the form

T r_1 (Q_1 X_{1→n}) = T r_{n+1} ( D_{n+1} (R̂_2 · · · R̂_n)^{−1} X_{2→n+1} R̂_2 · · · R̂_n ) . (3.1.38) yis3

Then, applying the trace T r_2(Q_2 . . .) to (3.1.38) (and again using (3.1.38)) we obtain

T r_{12} (Q_1Q_2 X_{1→n}) = T r_{n+1}D_{n+1}T r_2 ( Q_2 (R̂_2 · · · R̂_n)^{−1} X_{2→n+1} R̂_2 · · · R̂_n ) = = T r_{n+1,n+2} ( D_{n+1}D_{n+2} (R̂_3 · · · R̂_{n+1})^{−2} X_{3→n+2} (R̂_3 · · · R̂_{n+1})^2 ) . (3.1.39) yis4 Applying the trace T r_3(Q_3 . . .) to (3.1.39) etc. we obtain T r_{1...k} (Q_1 · · · Q_k X_{1→n}) = = T r_{n+1...n+k} ( D_{n+1} · · · D_{n+k} (R̂_{k+1} · · · R̂_{n+k−1})^{−k} X_{k+1→n+k} (R̂_{k+1} · · · R̂_{n+k−1})^k ) , and finally applying T r_{k+1...n}(D_{k+1} · · · D_n . . .) deduce (3.1.37) T r_{1...n} (Q_1 · · · Q_kD_{k+1} · · · D_n X_{1→n}) = = T r_{k+1...n+k} ( D_{k+1} · · · D_{n+k} (R̂_{k+1} · · · R̂_{n+k−1})^{−k} X_{k+1→n+k} (R̂_{k+1} · · · R̂_{n+k−1})^k ) = = T r_{k+1...n+k} (D_{k+1} · · · D_{n+k} X_{k+1→n+k}) , (3.1.40) yis5 where we have used many times the cyclic property (3.1.31). □ The Proposition 3 is important from the point of veiw of the investigations of link invariants, since it demonstrates the equivalence (for the case of the skew-invertible R-matrices) of the left and right closuring of braids (functions X_{1→n}) by means of the traces with matrices Q and D, respectively.

We shall now assume that the invertible R̂ matrix obeys the characteristic equation

(R̂ − λ_1)(R̂ − λ_2) · · · (R̂ − λ_M ) = 0, (λ_i ≠ λ_j if i ≠ j) , (3.1.41) 3.1.27 where λ_i ≠ 0 ∀i. This equation can be represented in the form

R̂^M − σ_1(λ) R̂^{M−1} + . . . + (−1)^{M−1} σ_{M−1}(λ) R̂ + (−1)^M σ_M (λ) = 0 , (3.1.42) chars

where σ_k(λ) = ∑ i_1<i_2<...<i_k λ_{i1} . . . λ_{ik} , are elementary symmetric functions of λ_i (i = 1, . . . , M). For R matrices satisfying (3.1.41), one can introduce a set of M projectors:

P_k = ∏ j≠k (R̂ − λ_j ) (λ_k − λ_j) , ∑ k P_k = 1 , (3.1.43) 3.1.28 which project the R̂ matrix to its eigenvalues P_k R̂ = R̂ P_k = λ_k P_k and can be used for the spectral decomposition

X(R̂) = M∑ k=1 X(λ_k)P_k, (3.1.44) 3.1.29

of an arbitrary function X of the R matrix. In particular, for X = 1 we obtain the completeness condition. For the R- matrix satisfying (3.1.41) the space of matrices Y (3.1.35) is M- dimensional and the basis is generated by {Y^{(n)}} (3.1.34) or Y^{(n)}_2 := T r_1 (Q_1 P_n) for (n = 1, . . . , M).

For known explicit examples of the completely invertible R̂ matrices, being solutions of (3.1.6), all matrices (3.1.35) which satisfy (3.1.33) are proportional to the identity matrix. In fact one can prove the following statement.

Proposition 4. Assume that Y satisfies eq. (3.1.33), where the invertible matrix R̂ obeys the characteristic eqs. (3.1.41) and (3.1.42). If the eigenvalues λ_i of R̂ are such that [^M_2 ]∑ k=0 (−1)^{M−2k} σ_{M−2k}(λ) λ^{2k}_j ≠ 0 ∀j = 1, . . . , M , (3.1.45) yyy4

(σ_0 = 1) then, the matrix Y is proportional to the identity matrix. Proof. Consider a matrix A which is the sum over the even powers of R̂:

A :=

[^M_2 ]∑ k=0 (−1)^{M−2k} σ_{M−2k}(λ) R̂^{2k} . The matrix A is invertible iff all its eigenvalues are not equal to zero and this is equivalent to the conditions (3.1.45). In this case eq. (3.1.42) can be represented in the form [^M_2 ]∑ k=0 (−1)^{M−2k−1} σ_{M−2k−1}(λ) R̂^{2k+1} A^{−1} = I . Multiplying the last identity by Y_1 and Y_2 from the left and right, respectively, and using (3.1.33) we deduce the equation Y_1 − Y_2 = 0 which gives Y ∼ I if condition (3.1.45) holds. □ Here we consider two special cases M = 2, 3 for the characteristic equation (3.1.41). By renormalizing the matrix R̂, it is always possible to fix first two eigenvalues in (3.1.41) so that λ_1 = q ≠ 0 and λ_2 = −q^{−1} ≠ 0. For M = 2 the Eqs. (3.1.41), (3.1.42) are represented in the form of the Hecke condition

(R̂ − q)(R̂ + q^{−1}) = 0 ⇒ R̂^2 = λ R̂ + I ⇒ R̂ − λ I − R̂−1 = 0 , λ := (q − q−1) . (3.1.46) 3.3.7

In this case, according to Proposition 4, all matrices Y are proportional to the identity matrix if λ ≠ 0. Here we have only two basis matrices (3.1.34) (n = 0, 1): Y^{(0)} = T r(D) I and Y^{(1)} = I and any other matrices (3.1.35) are represented as a linear combination of Y^{(0)} and Y^{(1)}. E.g. the matrix Y^{(−1)} can be immediately found as (see (3.1.20))

Y^{(−1)}_1 = Q_1 D_1 = T r_2D_2R̂^{−1}_1 = T r_2D_2 ( R̂_1 − λ I ) = (1 − λ T r(D)) I_1 .

It means that for the Hecke case the matrix QD ∼ I everywhere and the matrices D and Q are always invertible if λT r(D) ≠ 1.

For M = 3 the equations (3.1.41), (3.1.42) are the Birman-Wenzl cubic relation

(R̂ − q)(R̂ + q^{−1})(R̂ − ν) = 0 ⇒ R̂^3 − (λ + ν) R̂^2 + (λν − 1)R̂ + ν = 0 .

According to Proposition 4 one can deduce the conditions

λ ≠ 0 , (ν^2 + λν − 1) ≠ 0 .

Thus, for the cubic characteristic equation, in the case {q^2 ≠ 1 , ν ≠ ±q^{∓1}} all the matrices Y (3.1.35) are proportional to the identity matrix.

Numerical R-matrix which is the image (T ⊗ T )R of the universal R matrix for quasitriangular Hopf algebra is obliged to be skew-invertible. Indeed, relations (2.6.9) are the algebraic counterparts of (3.1.10) where the matrix Ψ is given by the equation Ψ^{in}_{ml} = T^i_m(α_μ) T^n_l (S(β_μ)) = Ψ̂^{ni}_{ml} . (3.1.47) psi

Moreover, the image (T ⊗ T )R^{−1} = R^{−1} is also skew-invertible. The matrix Φ_{12} in (3.1.11) is given by Φ^{in}_{ml} = T^i_m(δ_μ) T^n_l (S(γ_μ)) = Φ̂^{ni}_{ml} . (3.1.48) phi

and the algebraic counterpart of (3.1.11) is (2.6.10).

From eqs. (3.1.47), (3.1.48) we have

D = T (S(β_μ)α_μ) = T (u) , D = T (S(γ_μ)δ_μ) = T (u_2) ,

Q = T (α_μS(β_μ)) = T (S(u_3)) , Q = T (δ_μS(γ_μ)) = T (S(u_4)) ,

where elements u, u_1, u_2, u_3 were discussed in Remark 2 of Subsection 2.5.

3.2 Quantum matrix algebras (RT T , reflection equation algebras, etc)

We consider an algebra A^∗ of functions on a quasitriangular Hopf algebra A and generators of A^∗: the identity element 1 and elements of N × N matrix T = ||T^i_j || (i, j = 1, . . . , N), which define N- dimensional matrix representation of A. We will use the following notation: f(a) = ⟨a, f⟩ for the functions f ∈ A^∗ of elements a ∈ A. For the image R_{12} = ⟨R, T_1 ⊗ T_2⟩ of the universal matrix R ∈ A ⊗ A we deduce ∀a ∈ A the identity (by using (2.2.8))

R_{12} ⟨a, T_1 T_2⟩ = R_{12} ⟨a_{(1)}, T_1⟩ ⟨a_{(2)}, T_2⟩ = ⟨ R_{12}Δ(a) , T_1 ⊗ T_2 ⟩ =

= ⟨ Δ^′(a)R_{12} , T_1 ⊗ T_2 ⟩ = ⟨ Δ^′(a) , T_1 ⊗ T_2 ⟩ R_{12} = ⟨a, T_2 T_1⟩ R_{12} .

Since the element a ∈ A is not fixed here, one can conclude (for the nondegenerate pairing) that the elements T^i_j satisfy the following quadratic relations (RT T relations):

R^{i1i2}_{j1j2} T^{j1}_{k1} T^{j2}_{k2} = T^{i2}_{j2} T^{i1}_{j1} R^{j1j2}_{k1k2} ⇔ R_{12}T_1T_2 = T_2T_1R_{12} ⇔ R̂ T_1 T_2 = T_1 T_2 R̂ , (3.2.1) 3.1.1

where the indices 1 and 2 label the matrix spaces and the matrix R_{12} satisfies Yang- Baxter equation (3.1.1), (3.1.3).

In the case of nontrivial R matrices satisfying (3.1.1) the relations (3.2.1) define a noncommutative quadratic algebra (as the algebra of functions with the generators {1, T^i_j }) which is called RT T algebra. We stress that one can consider RT T algebra (3.2.1) determined by the Yang-Baxter R matrix which is not in general the image of any universal R matrix. The Yang-Baxter equation for R is necessary to ensure that on monomials of third degree in T no relations additional to (3.2.1) arise. We shall assume that R_{12} is a skew-invertible matrix. In this case matrices D and Q (3.1.12) define 1-dimensional representations ρ_D(T^i_j ) = D^i_j and ρ_Q(T^i_j ) = Q^i_j for RTT algebra (3.2.1) (see (3.1.28)). In some cases below we also assume that R_{12} is a lower triangular block matrix and its elements depend on the numerical parameter q = exp(h), which is called the deformation parameter.

Suppose that the RT T algebra can be extended in such a way that it also contains all elements (T^{−1})^i_j :

(T^{−1})^i_k T^k_j = T^i_k (T^{−1})^k_j = δ^i_j · 1 .

Then this algebra becomes a Hopf algebra with structure mappings

Δ(T^i_k) = T^i_j ⊗ T^j_k , ϵ(T^i_j ) = δ^i_j , S(T^i_j ) = (T^{−1})^i_j , (3.2.2) 3.1.5

which, as is readily verified, satisfy the standard axioms (see the previous section):

(id ⊗ Δ)Δ(T^i_j ) = (Δ ⊗ id)Δ(T^i_j ) , (ϵ ⊗ id)Δ(T^i_j ) = (id ⊗ ϵ)Δ(T^i_j ) = T^i_j , m(S ⊗ id)Δ(T^i_j ) = m(id ⊗ S)Δ(T^i_j ) = ϵ(T^i_j )1 .

(3.2.3) 3.1.6

The antipode S is not an involution, since instead of S^2 = id we have equation

S^2(T^i_j ) D^j_l = D^i_k T^k_l , (3.2.4) 3.1.7

which can be rewritten in the form

D^j_l T^l_kS(T^i_j ) = D^i_k , (3.2.5) 3.1.8

and the matrix D has been defined in (3.1.12). The relations (3.2.4) and (3.2.5) can be interpreted as the rules of permutation of the operations of taking the inverse matrix and the transposition (t):

D^t(T^{−1})^t = (T^t)^{−1}D^t (3.2.6) tmin

To prove (3.2.4) we note that the RT T relations (3.2.1) can be represented in the form T^{−1}_1 R̂_{12} T_1 = T_2 R̂_{12} T^{−1}_2 .

We multiply this relation by Ψ̂_{01} from the left and by Ψ̂_{23} from the right and take the traces T r_{12}(. . .). After this, taking into account eqs. (3.1.10), we arrive at the relations: T r_1 ( Ψ̂_{01} T^{−1}_1 P_{13} T_1 ) = T r_2 ( T_2 P_{02} T^{−1}_2 Ψ̂_{23} ) . Acting on this relations by T r_3(. . .) and T r_0(. . .) we obtain, respectively

D_0 = T r_2T_2 P_{02} T^{−1}_2 D_2 , T r_1Q_1 T^{−1}_1 P_{13} T_1 = Q_3 . (3.2.7) 3.1.10a

The first equation in (3.2.7) is identical to (3.2.4), (3.2.5) while the second one gives

S(T^j_i ) T^k_l Q^l_j = Q^k_i . (3.2.8) second

The matrices D^i_j and Q^i_j (3.1.12) entering the conditions (3.2.7) define the quantum traces [17],[36]. To explain the concept of the quantum trace, we consider the N^2-dimensional adjoint A^∗-comodule E (in what follows we continue to use the concise notation A^∗ for the RT T algebra). We represent its basis elements in the form of an N × N matrix E = ||E^i_j||, i, j = 1, ..., N. The adjoint coaction is

E^i_j → T^i_i′ S(T^{j′}_j ) ⊗ E^{i′}_j′ =: (T ET^{−1})^i_j , (3.2.9) 3.1.11

where in the final part of the expression (3.2.9) we have introduced abbreviations that we shall use in what follows (we should only remember that the elements E^i_j commute with the elements T^k_m). We note that there is a different form of the adjoint coaction:

E^i_j → E^{i′}_j′ ⊗ S(T^i_i′ )T^{j′}_j =: (T^{−1}ET )^i_j . (3.2.10) 3.1.12

One can check that the elements E^i_j (3.2.9) and (3.2.10) form, respectively, left and right comodules. The matrix ||T^i_j || is interpreted now as the matrix of linear noncommutative transformations. Both left and right comodules E are reducible, and the irreducible subspaces in E can be distinguished by means of the quantum traces. For the case (3.2.9), the quantum trace has the form T r_DE := T r(DE) ≡ N∑ i,j=1 D^i_j E^j_i (3.2.11) 3.1.13

and satisfies the following invariance property, which follows from Eqs. (3.2.4), (3.2.5) and first relation in (3.2.7):

T r_D(T ET^{−1}) = T r_D(E) , (3.2.12) 3.1.14

For the case (3.2.10), the definition of the quantum trace must be changed to T r_QE := T r(Q E) ≡ N∑ i,j=1 Q^i_j E^j_i , T r_Q(T^{−1}ET ) = T r_Q(E) , (3.2.13) 3.1.15

this follows from the second relation in (3.2.7). Thus, T r_D(E) and T r_Q(E) are, respectively, the scalar parts of the comodules E (3.2.9) and (3.2.10), whereas the q-traceless part of E generates (N^2 − 1)-dimensional (reducible in the general case and irreducible in the case of linear quantum groups) A^∗-adjoint comodules. Note that, if the matrix D is invertible, one can substitute Q → const · D^{−1} in (3.2.13) since eq. (3.2.5) is rewritten in the form (D^{−1})^k_i = S(T^j_i ) T^k_l (D^{−1})^l_j (cf. (3.2.8)).

An important consequence of the definition of the quantum trace (3.2.12)-(3.2.13) and the RT T relations (3.2.1) is the fact that

T^{−1}_1 T r_{D(2)}(X(R̂))T_1 = T r_{D(2)}(X(R̂)) , T_2 T r_{Q(1)}(X(R̂)) T^{−1}_2 = T r_{Q(1)}(X(R̂)) (3.2.14) yyy4ab [here X(.) is an arbitrary function, and T r_{Q(1)}, T r_{D(2)} are the quantum traces over the first and second space, respectively]. Eq. (3.2.14) indicates that the matrices Y_2 = T r_{D(3)}(X(R̂_2)) = T r_{Q(1)}(X(R̂_1)) (see (3.1.35)) must be proportional to the identity matrix if T^i_j defines an irreducible representation of the quantum group A (otherwise, the projectors constructed from the matrices Y will define the invariant subspaces for the representation T^i_j , see (3.2.14)). In particular, we must have

T r_{D(3)}(R̂^k_{23}) = T r_{Q(1)}(R̂^k_{12}) = c_kI_2 , (3.2.15) 3.1.16

where c_k are certain constants, e.g. c_1 = 1 (3.1.14), (3.1.15), and I_k is the identity matrix in the k-th space. Note that a direct consequence of (3.1.20) is

T r_{D(2)}(R̂^{−1}_{12} ) = c_{−1} · I_1 = D_1 Q_1 , (3.2.16) 3.1.17

and for c_{−1} ≠ 0 matrices D, Q are invertible. As we will see below, for the quantum groups of the classical series the fact (3.2.15) does indeed hold. In what follows, we shall attempt to restrict consideration to either left or right adjoint comodules with quantum traces (3.2.11) or (3.2.13). The analogous relations for right or left comodules, respectively, can be considered in exactly the same way.

It can be seen from comparison of the relations (3.2.1) and (3.1.1), (3.1.3) that for the generators T^i_j it is possible to choose the following finite-dimensional matrix representations:

(T^i_j )^k_l = R^{ik}_{jl} , (T^i_j )^k_l = (R^{−1})^{ki}_{lj} . (3.2.17) 3.1.18

Since the R matrix satisfies the Yang-Baxter equation, there exist linear functionals (L^±)^i_j ∈ A that realize the homomorphisms (3.2.17), i.e., we have

⟨L^+_2 , T_1⟩ = R_{12} := R^{(+)}_{12} , ⟨L^−_2 , T_1⟩ = R^{−1}_{21} := R^{(−)}_{12} , (3.2.18) 3.1.19

For the case R_{12} = ⟨R, T_1 ⊗ T_2⟩ we immediately construct the mapping from A^∗ to A (see, for example, [36, 46]) ⟨R , id ⊗ T^i_j ⟩ = (L^+)^i_j , ⟨R , S(T^i_j ) ⊗ id⟩ = (L^−)^i_j , ⟨R , T^i_j ⊗ id⟩ = S((L^−)^i_j ) . (3.2.19) 0.5

Eqs. (3.2.18) are generalized in the following form

⟨L^±_f , T_1 T_2 . . . T_k⟩ = R^{(±)}_{1f} R^{(±)}_{2f} . . . R^{(±)}_{kf} .

The Yang-Baxter equation (3.1.3) can now be reproduced from the RT T relations (3.2.1) by averaging them with the L^± operators.

From the requirement that the (L^±)^i_j ∈ A form the algebra that is the dual of the algebra A^∗ (the definition of the dual algebra is given in Def. 6, Subsec. 2.3), we obtain the following commutation relations for the generators L^{(±)}:

R̂_{12} L^±_2 L^±_1 = L^±_2 L^±_1 R̂_{12} , (3.2.20) 3.1.20b

R̂_{12} L^+_2 L^−_1 = L^−_2 L^+_1 R̂_{12} . (3.2.21) 3.1.20

The same equations are obtained from the universal Yang-Baxter equation (2.3.11) by the averaging it with (T_1 ⊗T_2 ⊗id), (id⊗T_1 ⊗T_2), (T_1 ⊗id⊗T_2) and using (3.2.19). The algebra (3.2.20), (3.2.21) is obviously a Hopf algebra with comultiplication, antipode, and coidentity:

△(L^±)^i_j = (L^±)^i_k ⊗ (L^±)^k_j , S(L^±) = (L^±)^{−1} , (3.2.22) 3.1.20a

ϵ((L^±)^i_j ) = ⟨(L^±)^i_j , 1⟩ = δ^i_j , (3.2.23) 3.1.20c

where we have assumed that the matrices L^± are invertible. As was shown in Ref. [17], for the R matrices of the quantum groups of the classical series A_N , B_n, C_n, D_n (respectively, SL_q(N), SO_q(2n + 1), Sp_q(2n), SO_q(2n)), the relations (3.2.20), (3.2.21) define quantum universal enveloping Lie algebras in which the elements (L^±)^i_j play the role of the quantum analog of the Cartan-Weyl generators (the case of SL_q(N) will be analyzed in Sec. 3.4).

One can consider (see, e.g., [38]) the Hopf algebra (3.2.20) – (3.2.23) as a Drinfeld double of two dual Hopf subalgebras B^± with generators (L^±)^i_j, defining relations (3.2.20) and structure maps (3.2.23), and (cf. (3.2.22))

△(L^+)^i_j = (L^+)^i_k ⊗ (L^+)^k_j , △_{op} (L^−)^i_j = (L^−)^k_j ⊗ (L^−)^i_k ,

S(L^+) = (L^+)^{−1} , S^{−1}_{op} (L^−) = (L^−)^{−1} ,

(3.2.24) 3.1.20aa

In this case, the Hopf algebras B^+ and B^− are dual to one another with respect to the pairing [38] ⟨⟨L^−_1 , L^+_2 ⟩⟩ = R^{−1}_{12} . (3.2.25) pairv

We denote by B^{−O} the Hopf algebra with generators (L^−)^i_j, and with comultiplication and antipode (3.2.22) opposite to that of (3.2.24). The algebras B^+ and B^{−O} are antidual with respect to the pairing (3.2.25). As was shown in Sec. 2.4, from antidual Hopf algebras B^+ and B^{−O} it is possible to construct a Drinfeld quantum double B^+ ⋈ B^{−O}, for which the crossed commutation relations have the form (3.2.21). Thus, for the algebras B^± in (3.2.20), one can propose a special cross-product (quantum Drinfeld double), given by (3.2.21), which is again a Hopf algebra (with structure mapings (3.2.22), (3.2.23)), and which was used in Ref. [17] for R-matrix formulation of quantum deformations of the universal enveloping Lie algebras.

Note that the algebra (3.2.20), (3.2.21) is a covariant algebra with respect to the left and right cotransformations

(L^±)^i_j → (T^{−1})^k_j ⊗ (L^±)^i_k ≡ (L^± T^{−1})^i_j ,

(L^±)^i_j → (L^±)^k_j ⊗ (T^{−1})^i_k ≡ (T^{−1} L^±)^i_j ,

(3.2.26) 3.1.21

(we forget here for a moment that the matrices T and L^± could have the different triangular properties). Thus, the matrices

L^i_j = (S(L^−)L^+)^i_j , L̄^i_j = (L^+S(L^−))^i_j , (3.2.27) 3.1.21a

realize, respectively, the left and right adjoint comodules (3.2.9) and (3.2.10). It is readily verified that the coinvariants C_M = T r_D ( L^M ) , C_M = T r_Q ( L̄^M ) (3.2.28) 3.1.22

are central elements (see also [17]) for the algebra (3.2.20), (3.2.21) (below we show that C_M = C_M for the realizations (3.2.27)). Indeed, one can obtain from (3.2.20), (3.2.21) the relations

L^M_2 L^±_1 = L^±_1 R̂^{±1} L^M_1 R̂^{∓1} , L^∓_2 L̄^M_1 = R̂^{±1} L̄^M_2 R̂^{∓1} L^∓_2 , (3.2.29) iiii

where R̂ := R̂_{12}. Then, by taking the traces T r_{D(2)}, T r_{Q(1)} of the first and second relations (3.2.29) and using (3.1.30) we demonstrate the centrality of the elements (3.2.28)

The equality C_M = C_M for the elements (3.2.28) (where L and L are composed from L^± (3.2.27)) is proved as follows: T r_D ( L^M ) = T r_{D(2)} ( S(L^−_2 ) L̄^M_2 L^−_2 ) = T r_{Q(1)}T r_{D(2)} ( S(L^−_2 ) R̂ L̄^M_2 L^−_2 ) = = T r_{Q(1)}T r_{D(2)} ( L̄^M_1 S(L^−_2 ) R̂ L^−_2 ) = T r_{Q(1)}T r_{D(2)} ( L̄^M_1 L^−_1 R̂ S(L^−_1 ) ) = T r_Q ( L̄^M ) , where we have used Eqs. (3.1.14), (3.1.15), (3.2.20), (3.2.21), (3.2.29).

Note also that the generators L^i_j and L̄^i_j satisfy equations

R̂_{12} L_1 R̂_{12} L_1 = L_1 R̂_{12} L_1 R̂_{12} , (3.2.30) 3.1.23a

R̂_{12} L̄_2 R̂_{12} L̄_2 = L̄_2 R̂_{12} L̄_2 R̂_{12} , (3.2.31) 3.1.23b

(they are the special limits of the reflection equations which will be considered in the last Section of this paper). Algebras with generators L^i_j and L̄^i_j are called left and right reflection equation algebras, since the defining relations (3.2.30), (3.2.31) of these algebras are covariant under the left and right co-transformations (3.2.9), (3.2.10). A set (which is incomplete in general; see below) of central elements for these algebras are represented by the same formulas as in (3.2.28). Indeed, one can deduce from (3.2.30), (3.2.31) the relations

L_1 R̂_{12} L^M_1 R̂^{−1}_{12} = R̂^{−1}_{12} L^M_1 R̂_{12} L_1 , L̄_2 R̂_{12} L̄^M_2 R̂^{−1}_{12} = R̂^{−1}_{12} L̄^M_2 R̂_{12} L̄_2 .

Then, taking the quantum traces T r_{D(2)}(. . .) and T r_{Q(1)}(. . .) of the first and second relations and using (3.1.30) we prove the centrality of the elements (3.2.28).

The algebra (3.2.30) (and similarly the second algebra (3.2.31)) decomposes into the direct sum of two subalgebras, namely, into an abelian algebra with generator C_1 = T r_D(L) and an algebra with (N^2 − 1) traceless generators L̃^i_j (we assume that the RE algebra is extended by the element C^{−1}_1 ):

L^i_j =

C_1 T r_D(I) ( δ^i_j + λ L̃^i_j ) ⇒ L̃^i_j = 1 λ [ T r_D(I) C_1 L^i_j − δ^i_j ] , (3.2.32) 3.1.24 where the factor λ = q − q^{−1} is introduced to ensure that the operators L̃ have the correct classical limit when the deformation parameter q → 1. For the last algebra, it is easy to obtain the commutation relations

R̂_{12} L̃_1 R̂_{12} L̃_1 − L̃_1 R̂_{12} L̃_1 R̂_{12} = 1 λ (R̂^2_{12} L̃_1 − L̃_1 R̂^2_{12}) , (3.2.33) 3.1.25

which can be regarded (for an arbitrary R matrix satisfying the Yang-Baxter equation) as a deformation of the commutation relations for Lie algebras. For the Hecke type R-matrix (3.1.46), the relations (3.2.33) are equivalent to

R̂_{12} L̃_1 R̂_{12} L̃_1 − L̃_1 R̂_{12} L̃_1 R̂_{12} = R̂_{12} L̃_1 − L̃_1 R̂_{12} , (3.2.34) 3.1.25a

and corresponding algebra has a projector type representation: (L̃^i_j)^k_m = A^{ik}B_{jm}, where numerical matrices A and B are such that B_{jk}A^{ik} = Q^i_j (for any Q-matrix which satisfies T r_1Q_1R̂_{12} = I_2; see (3.1.14)).

The relations (3.2.30), (3.2.31) and (3.2.33) are extremely important and arise, for example, in the construction of a differential calculus on quantum groups as the commutation relations for invariant vector fields (see [39] – [46] and refs. therein).

Note that, instead of (3.2.19), one can use a somewhat different linear mapping from A^∗ to A [23, 36, 46, 48, 49] (which is completely determined by (3.2.19)): ⟨σ(R) R , id ⊗ a⟩ = α (a ∈ A^∗ , α ∈ A) , (3.2.35) 0.5a where σ(a ⊗ b) = (b ⊗ a), ∀a, b ∈ A. The explicit calculations give ⟨σ(R) R , id ⊗ T^i_j ⟩ = L^i_j , ⟨σ(R) R , id ⊗ T_1 T_2⟩ = S(L^−_1 ) L_2 L^+_1 = L_1 R̂_1 L_1 R̂^{−1}_1 ,

⟨σ(R) R , id ⊗ T_1 T_2 T_3⟩ = S(L^−_1 ) S(L^−_2 ) L_3 L^+_2 L^+_1 = L_1 L_2 L_3 ≡ L_3 L_2 L_1 , . . . . . . . . . . . . , ⟨σ(R) R , id ⊗ T_1 . . . T_k⟩ = L_1 L_2 . . . L_k ≡ L_k . . . L_2 L_1 ,

(3.2.36) 0.5aaa

where L_{k+1} = R̂_k L_k R̂^{−1}_k , L_{k+1} = R̂^{−1}_k L_k R̂_k, (L_1 = L_1 = L_1) and we have used eqs. (2.3.8), (3.2.19) and (3.2.29). If we confine ourselves to the fairly general case of quasitriangular Hopf algebras A, for which the mapping (3.2.35) is invertible (such Hopf algebras are said to be factorizable [48]), one can rewrite (using relations (3.2.35)) the identities for the RT T algebra into the identities for the reflection equation algebra and vice versa (for more details see [49]).

In view of (3.2.36) one can represent the reflection equation algebra (3.2.30) in the “universal” form

R_{32} (R_{31}R_{13}) R_{23} (R_{21} R_{12}) = (R_{21} R_{12}) R_{32} (R_{31}R_{13}) R_{23} ,

where the notation R_{ij} has been introduced in (2.3.10). The pairing of this relation with (id⊗T ⊗T ) gives (3.2.30). The algebra (3.2.31) has an analogous representation.

We note that the identity (which has been obtained in (3.2.36))

L_1 L_2 . . . L_k = L_k . . . L_2 L_1 , (3.2.37) L123 valid in more general case of any reflection equation algebra (3.2.30) (even not realized in the form (3.2.27)). Below we also use the following identity (which can be proved by induction) L_{k+1} L_{k+2} . . . L_{k+n} = U_{(k,n)} L_1 L_2 . . . L_n U^{−1}_{(k,n)} . (3.2.38) L124 where the operator U_{(k,n)} is represented as a product of k or n factors: U_{(k,n)} = R̂_{(k→n+k−1)} . . . R̂_{(2→n+1)} R̂_{(1→n)} ≡ R̂_{(k←1)} R̂_{(k+1←2)} . . . R̂_{(n+k−1←n)} , (3.2.39) 04.4a R̂_{(k←m)} := R̂_k R̂_{k−1} · · · R̂_m , R̂_{(m→k)} := R̂_m R̂_{m+1} · · · R̂_k .

Now the description of more general set of central elements is in order. Proposition 5. Let X be an arbitrary element of the group algebra of the braid group B_m in R-matrix representation (see (3.1.6)) generated by a skew-invertible R-matrix. Then, the elements σ_m(X) = T r_{D(1...m)} ( X_{(1→m)} L_1 L_2 . . . L_m ) , (3.2.40) center belong to a center Z(L) of the RE-algebra (3.2.30).

Proof. First of all we note that σ_m(X) (3.2.40) are represented in the forms σ_m(X) I_1 = T r_{D(2...m+1)} ( X_{(2→m+1)} L_2 L_3 . . . L_{m+1} ) = = T r_{D(2...m+1)} ( X_{(2→m+1)} L_{m+1} . . . L_3 L_2 ) . (3.2.41) cent1

The first representation follows from the chain of relations T r_{D(2...m+1)} ( X_{(2→m+1)} L_2 . . . L_{m+1} ) = = T r_{D(2...m+1)} ( X_{(2→m+1)} R̂_1 · · · R̂_m L_1 . . . L_m R̂^{−1}_m · · · R̂^{−1}_1 ) = = T r_{D(2...m+1)} ( R̂_1 · · · R̂_m (X_{(1→m)} L_1 . . . L_m) R̂−1_m · · · R̂^{−1}_1 ) = = T r_{D(2...m)} ( R̂_1 · · · R̂_{m−1} [T r_{D(m)}(X_{(1→m)} L_1 . . . L_m)] R̂^{−1}_{m−1} · · · R̂^{−1}_1 ) = = . . . = T r_{D(1...m)} ( X_{(1→m)} L_1 L_2 . . . L_m ) , where we have applied (3.1.30) many times. The second form in (3.2.41) is proved in the same way, or by using the generalization of the identity (3.2.37) L_m L_{m+1} . . . L_k = L_k . . . L_{m+1} L_m (m < k) .

Then, the proof of the commutativity of the arbitrary generator of the RE algebra (3.2.30) with elements σ_m(X) is straightforward L_1 σ_m(X) = T r_{D(2...m+1)} ( X_{(2→m+1)} L_1L_2 L_3 . . . L_{m+1} ) = = T r_{D(2...m+1)} ( X_{(2→m+1)} L_{m+1} . . . L_2 L_1 ) = σ_m(X) L_1 .

Remark. If elements X, in the definition of central generators (3.2.40), are idempotents in the group algebra of B_m, then, these central elements form a basis in Z(L) and σ_m(X) are interpreted as characters of the irreducible representations which correspond to the idempotents X.

Note, that “power sums” (3.2.28) generate a subset in Z(L). Indeed, the substitution of X = R̂_{(m−1←1)} := R̂_{m−1} . . . R̂_1 in (3.2.40) gives σ_m(X) = T r_{D(1...m)} ( L_1 . . . L_{m−1} (R̂_{(m−1←1)}L_1R̂^{−1}_{(m−1←1)}) R̂_{(m−1←1)} ) = = T r_{D(1...m)} ( L_1 . . . L_{m−2} (R̂_{(m−2←1)}L_1R̂^{−1}_{(m−2←1)})R̂_{m−1}R̂_{(m−2←1)}L_1 ) = (3.2.42) sigms = T r_{D(1...m−1)} ( L_1 . . . L_{m−2} R̂_{(m−2←1)}L^2_1 ) = . . . = T r_{D(1)}(L^m_1 ) = s_m , where in the first line we have used the cyclic property of the quantum trace (3.1.31) and in the second line we apply (3.1.14).

Now we discuss the set of commuting elements in the RT T algebra (3.2.1). For this algebra one can construct [47] the following mutually commuting elements:

Q_k = T r_{Y (1...k)}(R̂_{(k−1←1)} T_1 T_2 · · · T_k) = T r_{Y (1...k)}(R̂_{(1→k−1)} T_1 T_2 · · · T_k) , (3.2.43) 0.4 where T r_{Y (1...k)}(X) := T r_1 . . . T r_k(Y_1 . . . Y_k X) , and the matrices Y are such that Y_1Y_2R̂_1 = R̂_1Y_1Y_2 (e.g. Y = D). The second equality in (3.2.43) is obtained as follows:

T r_{Y (1...k)}(R̂_1 · · · R̂_{k−1} T_1 · · · T_k) = T r_{Y (1...k)}(R̂_{k−1} T_1 · · · T_k R̂_1 · · · R̂_{k−2}) = = T r_{Y (1...k)}(R̂_1 · · · R̂_{k−3} R̂_{k−1} R̂_{k−2} T_1 · · · T_k ) = = T r_{Y (1...k)}(R̂_{k−1} R̂_{k−2} T_1 · · · T_k R̂_1 · · · R̂_{k−3}) = = . . . = T r_{Y (1...k)}(R̂_{k−1} R̂_{k−2} · · · R̂_1 T_1 · · · T_k) . (3.2.44) 04.4

Note that by means of (3.2.35) we map the elements Q_k (3.2.43) (for Y = D) to the central elements C_k (3.2.28) of the reflection equation algebra.

Our proof of the commutativity of the elements Q_k is based (see [50]) on the fact that there exists the operator U_{(k,n)} (3.2.39) which satisfies U_{(k,n)} R̂_i U^{−1}_{(k,n)} = R̂_{i+k} , (i = 1, . . . , n − 1) , U_{(k,n)} R̂_{n+j} U^{−1}_{(k,n)} = R̂_j , (j = 1, . . . , k − 1) . Using the operator U_{(k,n)} we obtain the commutativity of Q_k:

Q_k Q_n = T r_{Y (1...k)}(R̂_{(1→k−1)} T_1 · · · T_k) T r_{Y (1...n)}(R̂_{(1→n−1)} T_1 · · · T_n) =

= T r_{Y (1...k+n)}(R̂_{(1→k−1)} R̂_{(k+1→k+n−1)} T_1 · · · T_{k+n}) = = T r_{Y (1...k+n)}(U_{(k,n)} R̂_{(n+1→n+k−1)} R̂_{(1→n−1)} U^{−1}_{(k,n)} T_1 · · · T_{k+n}) = = T r_{Y (1...k+n)}(R̂_{(1→n−1)} R̂_{(n+1→n+k−1)} U^{−1}_{(k,n)} T_1 · · · T_{k+n} U_{(k,n)}) = Q_n Q_k

(3.2.45) qq

In fact, using the same method as in (3.2.45), one can prove [50] that the set of commuting elements in the RT T algebra is wider then the set (3.2.43) and consist of all elements of the form Q_k(X) = T r_{Y (1...k)} ( X(R̂_1, . . . R̂_{k−1}) T_1 T_2 · · · T_k ) (3.2.46) charac

where X(. . .) are basis elements of the braid group algebra with generators {R̂_i} (i = 1, . . . , k − 1). However, for the Hecke type R matrices (3.1.46) the set of elements (3.2.43) is complete and all Q_k(X) are expressed as the polynomials of the commuting variables {Q_1, . . . , Q_k}. These polynomials (with some additional constraints related to Markov moves for the braids X, see Sect. 1 in [114]) could be considered as link polynomials. On the other hand, eq. (3.2.46) defines characters for representations of A (and corepresentations of A^∗) characterized by special choices of the elements X(. . .) being central idempotents in the braid group algebra generated by {R̂_i} (i = 1, . . . , k − 1). Since the RT T algebra A^∗ (3.2.1), (3.2.2) and the quantum algebra A (3.2.20), (3.2.21), (3.2.22), (3.2.23) are Hopf dual to each other (with respect to the pairing (3.2.18)) one can define the left and right Heisenberg doubles (HD) of these algebras. Their cross-multiplication rules (2.5.1), (2.5.2) are written in the form

L^+_1 T_2 = T_2R_{21}L^+_1 , L^−_1 T_2 = T_2R^{−1}_{12} L^−_1 , (3.2.47) lhd

for the left HD and for the right one we have

T_1L^+_2 = L^+_2 R_{12}T_1 , T_1L^−_2 = L^−_2 R^{−1}_{21} T_1 . (3.2.48) rhd

The corresponding cross products of the RT T algebra and the reflection equation algebras (3.2.27), (3.2.30), (3.2.31) are described by the cross-multiplication rules

L_1 T_2 = T_2R̂_{12}L_2R̂_{12} , T_1L_2 = R̂_{12}L_1R̂_{12}T_1 (3.2.49) tangb

in the case of the left (3.2.47) and right (3.2.48) HD, respectively. A remarkable property [51] of these cross products is the existence of automorphisms of the HD algebras {T , L}^{mn}→ {T L^n , L} , {T , L}^{mn}→ {L^n T , L} , (3.2.50) discr (one can check it by induction using (3.2.1), (3.2.30), (3.2.31) and (3.2.49)). The maps m_n, m_n define discrete time evolutions on the RT T algebra. For the Hecke type R-matrices (3.1.46) the automorphisms (3.2.50) can be generalized in the form {T , L}^{m′n}→ {T ( n∑ m=0 x̄_mL^m) , L} , {T , L}^{m′n}→ {( n∑ m=0 x_mL^m) T , L} , (3.2.51) discr1

for any vectors x, x̄ ∈ C^{n+1} (it follows from the fact that any symmetric function of two variables L_1 and R̂_1L_1R̂_1 commutes with R̂_1).

For the left (3.2.47) and right (3.2.48) HD one can define the adjoint reflection equation algebras, generated by the elements of transformed matrices Y = T L^{−1} T^{−1}, Y = T^{−1} L^{−1} T (cf. (3.2.30), (3.2.31), (3.2.49)):

R̂_{12} Y_1 R̂_{12} Y_1 = Y_1 R̂_{12} Y_1 R̂_{12} , R̂_{12} Y_2 R̂_{12} Y_2 = Y_2 R̂_{12} Y_2 R̂_{12} ,

T_1 Y_2 = R̂_{12} Y_1 R̂_{12} T_1 , Y_1 T_2 = T_2 R̂_{12} Y_2 R̂_{12} .

The elements of these matrices satisfy: [Y_2, L_1] = 0 = [Y_1, L_2].

The cross-multiplication rules (3.2.49) for the HD of the RT T and reflection equation algebras have been extensively exploited in the context of the R matrix approach to the differential calculus on quantum groups [40] – [46]. Another crossmultiplications (of the RT T and reflection equation matrix algebras) which characterized by the relations

L_1 T_2 = T_2R̂_{12}L_2R̂^{−1}_{12} , T_1L_2 = R̂_{12}L_1R̂^{−1}_{12} T_1

have been also considered in various investigations [41], [43], [45] of a noncommutative differential geometry on quantum groups.

Definition 9. Let N-dimensional vector spaces V̄_N and V_N be dual to each other. Let R be a Yang-Baxter numerical matrix R ∈ End(V_N ⊗ V_N ) and A^∗ is corresponding RT T algebra (3.2.1). A noncommutative algebra M generated by components of a (k, m)-tensor M ∈ V^{⊗k}_N ⊗ V̄^{⊗m}_N is called quantum (k, m)-tensor algebra (or A^∗- coideal algebra) if it is A^∗-comodule algebra with respect to any matrix coactions (homomorphisms) of A^∗: M → M ⊗ A^∗ (or M → A^∗ ⊗ M). Quantum (1, 1)- tensor algebra is called quantum matrix algebra.

For example, the RT T algebra (3.2.1) and reflection equation algebras (3.2.30), (3.2.31) are quantum matrix algebras in view of the coactions (3.2.2) and (3.2.9), (3.2.10).

Now we present a definition of a more general quantum matrix algebra M(R̂, F̂ ) generated by (N × N) matrix components M^i_j subject to the relation

R̂_1 M_1 F̂_1 M_1 F̂_1 = M_1 F̂_1 M_1 F̂_1 R̂_1 , (3.2.52) qmam

where the pair of the Yang-Baxter operators {R̂, F̂ } is compatible, i.e. they satisfy the conditions (cf. eqs. (2.6.8))

R̂_1 F̂_2 F̂_1 = F̂_2 F̂_1 R̂_2 , R̂_2 F̂_1 F̂_2 = F̂_1 F̂_2 R̂_1 . (3.2.53) compat

Specializing to F̂ = P or F̂ = R̂ one reproduces the RT T or reflection equation algebras, respectively. The algebras M(R̂, F̂ ) and their modifications were discussed in [50], [52].

At the end of this subsection we introduce a notion of a coideal subalgebra of the quantum algebra (3.2.20), (3.2.21). Let R_{12} be a Yang-Baxter R matrix and there are numerical matrices G^i_j , G^i_j which satisfy the conditions

R_{12} G_2 R^{t2}_{12} G_1 = G_1 R^{t1}_{21} G_2 R^{t1t2}_{21} ,

R_{12} G_1 R^{t1}_{12} G_2 = G_2 R^{t2}_{21} G_1 R^{t1t2}_{21} .

(3.2.54) coid

Using relations (3.2.20), (3.2.21) and conditions (3.2.54) it can be shown directly that the elements of quantum matrices

K = L^− G (L^+)^t , K = S(L^+) G (S(L^−))^t , obey the following commutation relations

R_{12} K_2 R^{t2}_{12} K_1 = K_1 R^{t1}_{21} K_2 R^{t1t2}_{21} ,

R_{12} K_1 R^{t1}_{12} K_2 = K_2 R^{t2}_{21} K_1 R^{t1t2}_{21} ,

(3.2.55) coid1

which we consider as the defining relations for a new type of quantum matrix algebras K(R̂, G) and K(R̂, G). The defining relations (3.2.55) are covariant^6 under the left and right A-coactions:

K^i_j −→ (L^−)^i_k (L^+)^j_n ⊗ K^k_n , K^i_j −→ K^k_n ⊗ S(L^+)^i_k S(L^−)^j_n . (3.2.56) blin

Thus, the unital algebras K and K (with generators K^i_j and K^i_j, respectively) are left and right A-comodule algebras and these algebras are called coideal subalgebras of A.

One can consider two more such algebras with generators K^′ = L^+G^′(L^−)^t and K^′ = S(L^−)G^′S(L^+)^t which obey the following defining relations

R^{−1}_{12} K^′_1 (R^{−1}_{12} )^{t1} K^′_2 = K^′_2 (R^{−1}_{21} )^{t2} K^′_1 (R^{−1}_{21} )^{t1t2} ,

R^{−1}_{12} K^′_2 (R^{−1}_{12} )^{t2} K^′_1 = K^′_1 (R^{−1}_{21} )^{t1} K^′_2 (R^{−1}_{21} )^{t1t2} .

Note, that these relations can be obtained from (3.2.55) by the substitution R_{12} → R^{−1}_{12} .

For the special case of GL_q(N) R-matrices (see Sec. 3.4) the algebras (3.2.55) have been considered in [53], [55] (see also references therein). In this case the coideal subalgebras coincide with quantized enveloping algebras introduced earlier by Gavrilik and Klimyk [54].

Representation theory for compact quantum groups has been considered in [65]. In [66] a universal solution to the reflection equation has been introduced and general problems of the representation theory for the reflection equation algebra were discussed (representations and characters for some special reflection equation algebras were considered in [67]).

3.3 The semiclassical limit (Sklyanin brackets and Lie bialgebras)

We assume that the R matrix introduced in (3.2.1) has the following expansion in the limit h → 0 (q = e^h → 1):

R_{12} = 1 + hr_{12} + O(h^2) . (3.3.1) 3.2.1

Here 1 = I ⊗ I denotes the (N^2 × N^2) unit matrix. One says that such R matrices have quasiclassical behavior, and r_{12} is called a classical r matrix. It is readily found from the quantum Yang-Baxter equation (3.1.6) that r_{12} satisfies the so-called classical Yang-Baxter equation

[r_{12}, r_{13} + r_{23}] + [r_{13}, r_{23}] = 0 . (3.3.2) 3.2.2

6Here the notion covariant is equivalent to the statement that (3.2.56) are homomorphisms for the algebras defined by (3.2.55).

Substituting the expansion (3.3.1) in the RT T relations (3.2.1), we obtain

[T_1, T_2] = h[T_1T_2, r_{12}] + O(h^2) . (3.3.3) 3.2.3

This equation demonstrates the fact that the RT T relations (3.2.1) can be interpreted as a quantization (deformation) of the classical Poisson bracket (Sklyanin bracket [18]):

{T_1, T_2} = [T_1T_2, r_{12}] , (3.3.4) 3.2.4 (here the elements T^i_j are commutative coordinates of some Poisson manifold). The classical Yang-Baxter equation (3.3.2) guarantees fulfillment of the Jacobi identity for the bracket (3.3.4). From the requirement of antisymmetry of the Poisson bracket (3.3.4), we obtain {T_1, T_2} = [T_1T_2, −r_{21}] . (3.3.5) 3.2.5

Thus, the classical r matrix r^{(−)}_{12} = −r_{21} corresponding to the representation R^{(−)} (3.2.17) must also be a solution of Eq. (3.3.2), as is readily shown by making the substitution 3 ↔ 1 in (3.3.2). On the other hand, comparing (3.3.4) and (3.3.5), we obtain T_1T_2(r_{12} + r_{21}) = (r_{12} + r_{21})T_1T_2 . (3.3.6) 3.2.6 Thus, t_{12} = 1 2 (r_{12} + r_{21}) (3.3.7) 3.2.7

is an invariant with respect to the adjoint action of the matrix T_1T_2 (it is an adinvariant). We introduce the new classical r matrix

r̃_{12} = 1 2 (r_{12} − r_{21}) . (3.3.8) 3.2.8

Then the Sklyanin bracket can be represented in the manifestly antisymmetric form

{T_1, T_2} = [T_1T_2, r̃_{12}] , (3.3.9) 3.2.9

and the matrix r̃ (3.3.8) satisfies the modified classical Yang-Baxter equation

[r̃_{12}, r̃_{13} + r̃_{23}] + [r̃_{13}, r̃_{23}] = 1 4 [r_{23} + r_{32}, r_{13} + r_{31}] = [t_{23}, t_{13}] . (3.3.10) 3.2.10

Note that the reflection equation algebras (3.2.30), (3.2.31) can also be regarded as the result of quantization of a certain Poisson structure. For example, for these algebras we have [68] (see also [45])

{L_2, L_1} = [L_1, [L_2, r̃_{12}]] + L_1t_{12}L_2 − L_2t_{12}L_1 ,

{L_2, L_1} = −[L_1, [L_2, r̃_{12}]] + L_1t_{12}L_2 − L_2t_{12}L_1 , where again we must assume that [L_1L_2, t_{12}] = 0 = [L_1L_2, t_{12}] [cf. (3.3.6)]. On the other hand, the relations (3.2.33) in the zeroth order in h give the equations

[L̃_1, L̃_2] = [t_{12}, L̃_1] , ( [t_{12}, L̃_1 + L̃_2] = 0 ) , and this enables us to regard (3.2.33) as a deformation of the defining relations of a Lie algebra.

Now we consider the universal enveloping U_g of a Lie algebra g with defining relations (2.2.4) as a bialgebra (2.2.5) and assume that the cocommutative comultiplication Δ (2.2.5) is quantized Δ → Δ_h in such a way that Δ_h is noncocommutative. The semiclassical expansion of Δ_h is^7

Δ_h(J_α) = J^1_α + J^2_α + h μ^{βγ}_α J^1_β J^2_γ + h^2 ( μ^{β1β2,γ} α J^1_{β1} J^1_{β2} J^2_γ + μ^{β,γ1γ2}_α J^1_β J^2_{γ1} J^2_{γ2} ) + h^3 . . .

(3.3.11) colie where J^1_α = J_α⊗1, J^2_α = 1⊗J_α, the term of zeroth order in h in (3.3.11) is the classical comultiplication (2.2.5) and μ^{βγ}_α , μ^{β1β2,γ}_α , . . . are some constants. The comultiplication map (3.3.11) (as well as the opposite comultiplication Δ^′_h; see (2.2.2)) should be a homomorphic map for the Lie algebra (2.2.4):

[Δ_h(J_α), Δ_h(J_β)] = t^γ_{αβ} Δ_h(J_γ ) , [Δ^′_h(J_α), Δ^′_h(J_β)] = t^γ_{αβ} Δ^′_h(J_γ ) . (3.3.12) cl2

Then, the subtraction of the second relation of (3.3.12) from the first one gives the following equation

[Δ^−_h (J_α), Δ^+_h (J_β)] + [Δ^+_h (J_α), Δ^−_h (J_β)] = t^γ_{αβ} Δ^−_h (J_γ ) ,

(here we define Δ^−_h := Δ_h − Δ^′_h and Δ^+_h :=^1_2 (Δ_h + Δ^′_h)) which is rewritten (in the first order of h) as

[δ(J_α), J^1_β + J^2_β ] + [J^1_α + J^2_α, δ(J_β)] = t^γ_{αβ} δ(J_γ ) , (3.3.13) bilie1

where the map δ: g → g ∧ g is

δ(J_α) = δ^{βγ}_α J_β ⊗ J_γ , δ^{βγ}_α := μ^{βγ}_α − μ^{γβ}_α . (3.3.14) bilie2

Eq. (3.3.13) is nothing but the cocycle condition for δ^{βγ}_α : ( δ^{ρμ}_α t^κ_{βρ} − δ^{ρκ}_α t^μ_{βρ} ) − ( δ^{ρμ}_β t^κ_{αρ} − δ^{ρκ}_β t^μ_{αρ} ) = t^γ_{αβ} δ^{μκ}_γ . On the other hand the structure constants (Δ^−)^{ij}_k = Δ^{ij}_k − Δ^{ji}_k satisfy the co-Jacobi identity (Δ^−)^{jk}_i (Δ^−)^{nm}_j + (Δ^−)^{jn}_i (Δ^−)^{mk}_j + (Δ^−)^{jm}_i (Δ^−)^{kn}_j = 0 , as it is evident from the co-associativity condition (2.1.7). This identity for the comultiplication (3.3.11) in the order h^2 reduces to the co-Jacoby identity for the structure constants δ^{βγ}_α (3.3.14):

δ^{βγ}_α δ^{ρξ}_β + (cycle γ, ρ, ξ) = 0 . (3.3.15) bilie3

Thus, we have arrived to the following definition [22]:

Definition 10. The vector space g with the basis {J_α} equipped with a linear map δ: g → g∧g (3.3.14) satisfying the co-Jacobi identity (3.3.15) is called Lie coalgebra. A Lie bialgebra is a Lie algebra (2.2.4) which is in the same time is a Lie coalgebra with the map δ: g → g ∧ g (3.3.14), (3.3.15) satisfying the cocycle condition (3.3.13).

Let g be a Lie bialgebra. If there exists an element r ∈ g ⊗ g such that the map δ has the form δ(J) = [J ⊗ 1 + 1 ⊗ J, r] ∀J ∈ g , then the Lie bialgebra g is called co-boundary or r-matrix bialgebra.

7The terms hϕ^{βγ}_α J^1_β J^1_γ and hϕ^{βγ}_α J^2_β J^2_γ are gauged out by triviality transformation from this expansion (see, e.g., [37]).

3.4 The quantum groups GL_q(N), SL_q(N) and corresponding quantum algebras and hyperplanes

In this subsection, we discuss the simplest quantum groups, which are the quantizations (deformations) of the linear Lie groups GL(N) and SL(N). We begin with the definition of a quantum hyperplane. We recall that the Lie group GL(N) is the set of nondegenerate N ×N matrices T^i_j that act on an N-dimensional vector space, whose coordinates we denote by x^i, (i = 1, . . . N). Thus, we have the transformations

x^i → x̃^i = T^i_j x^j , (3.4.1) 3.3.1

which we can regard from a different point of view. Namely, let {T^i_j } and {x^i} (i, j = 1, . . . , N) be the generators of two Abelian (commuting) algebras

[x^i, x^j ] = [T^i_j , T^k_l ] = [T^i_j , x^k] = 0 . (3.4.2) 3.3.2

Then the transformation (3.4.1) can be regarded as an action (more precisely, it is a coaction) of the algebra {T } on the algebra {x}

x^i → x̃^i = T^i_j ⊗ x^j , (3.4.3) 3.3.1bb

that preserves the Abelian structure of the latter, i.e., we have [x̃^i, x̃^j ] = 0. We introduce a deformed N-dimensional ”vector space” whose coordinates {x^i} commute as follows:

x^ix^j = qx^j x^i, i < j (3.4.4) 3.3.3

where q is some number (the deformation parameter). In other words, we now have a noncommutative associative algebra with N generators {x^i}. In accordance with (3.4.4), any element of this algebra, which is a monomial of arbitrary degree

x^{i1} x^{i2} · · · x^{iK} , (3.4.5) 3.3.4

can be uniquely ordered lexicographically, i.e., in such a way that i_1 ≤ i_2 ≤ . . . ≤ i_K . Of such algebras, one says that they possess the Poincare-Birkhoff-Witt (PBW) property. An algebra with N generators satisfying (3.4.4) is called an N-dimensional quantum hyperplane [56],[57]. The relations (3.4.4) can be written in the matrix form

R^{i1i2}_{j1j2} x^{j1} x^{j2} = qx^{i2} x^{i1} ⇔ R_{12}x_1x_2 = qx_2x_1 ⇔ R̂ x_1 x_2 = q x_1 x_2 . (3.4.6) 3.3.5

Here the indices 1 and 2 label the vector spaces on which the R matrix, realized in the tensor square Mat(N)_1 ⊗ Mat(N)_2, acts. Thus, the indices 1 and 2 of the R matrix show how the R matrix acts on the direct product of the first and second vector spaces. We emphasize that the R matrix depends on the parameter q and, generally speaking, its explicit form is recovered nonuniquely from the relations (3.4.4). However, if we require that the R matrix (3.4.6) be constructed by means of two GL(N)-invariant tensors 1_{12} and P_{12},^8 i.e.,

R^{i1i2}_{j1j2} = (δ^{i1}_{j1} δ^{i2}_{j2} ) · a_{i1i2} + (δ^{i1}_{j2} δ^{i2}_{j1} ) · b_{i1i2} , (3.4.7) anzdym

8The form of R- matrix (3.4.7) proves to be very fruitful for the construction of solutions for the dynamical Yang-Baxter equations (see [58], [59] and references therein).

and also satisfy the Yang-Baxter equation (3.1.1) and have lower-triangular block form (R^{i1i2}_{j1j2} = 0, i_1 < j_1), then we obtain the explicit expression R_{12} = q ∑ i e_{ii} ⊗ e_{ii} + ∑ i≠j e_{ii} ⊗ e_{jj} + λ ∑ i>j e_{ij} ⊗ e_{ji} , (3.4.8) 3.3.6a

where e_{ij} are matrix units: (e_{ij} )^k_l = δ^{ik}δ_{jl}, (i, j = 1, . . . N) and λ = q − q^{−1}. In the components eq. (3.4.8) is represented in the form R^{i1i2}_{j1j2} = δ^{i1}_{j1} δ^{i2}_{j2} (1 + (q − 1)δ^{i1i2} ) + λδ^{i1}_{j2} δ^{i2}_{j1} Θ_{i1i2} ,

R̂^i1^i2_{j1j2} = δ^i1_{j2} δ^i2_{j1} qδi_1i_2 + λδ^i1_{j1} δ^i2_{j2} Θ_{i2i1} , Θ_{ij} = {1 if i > j, 0 if i ≤ j}. (3.4.9) 3.3.6

It can be verified (using e.g. the diagrammatic technique of Sec. 3.6) that this R matrix satisfies the Hecke relation (3.1.46) [a special case of (3.1.41)] R_{12} − λ P_{12} − R^{−1}_{21} = 0 ⇒ R̂ − λ − R̂^{−1} = 0 . (3.4.10) 3.3.7aa The following helpful relations also follow from the explicit form (3.4.8), (3.4.9) for the GL_q(N) R matrix: R^{t1t2}_{12} = R_{21} , R_{12}( 1 q ) = R^{−1}_{12} (q) , R^{t1}_{12} R_{12} = R_{12} R^{t1}_{12} .

For the R matrix (3.4.7) one can define skew-inverse matrix Ψ_{12} (3.1.10): Ψ̂^i1^i2_{j1j2} = δ^i1_{j2} δ^i2_{j1} 1 a_{i2i1} − δ^{i1}_{j1} δ^{i2}_{j2} d_{i2i1} , (3.4.11) skewdym where coefficients d_{ij} are defined from the matrix equation d = A^{−1} b (A + b)^{−1} , A_{ij} := a_{ii}δ_{ij} .

Thus, for the given R matrix (3.4.9), the matrices Ψ̂_{12} (3.1.10), D, Q (3.1.12) and the quantum traces (3.2.11) can be chosen in the form Ψ̂^i1^i2_{j1j2} = q^{−δ}i1i2 δ^i1_{j2} δ^i2_{j1} − λΘ_{i2i1} q^{2(i}1^{−i}2^)δ^i1_{j1} δ^i2_{j2} , (3.4.12) skewdym1 D_1 ≡ T r_2 ( Ψ̂_{12} ) = diag{q^{−2N+1}, q^{−2N+3}, . . . , q^{−1}} , D^i_j = q^{2(i−N)−1}δ^i_j , Q_2 ≡ T r_1 ( Ψ̂_{12} ) = diag{q^{−1}, . . . , q^{−2N+3}, q^{−2N+1}} , Q^i_j = q^{1−2i}δ^i_j , (3.4.13) 3.3.14

T r_DA := T r(DA) ≡ N∑ i=1 q^{2(i−N)−1}A^i , T r_QA := T r(QA) ≡ N∑ i=1 q^{1−2i}A^i , (the GL_q(N) matrix Ψ_{12} (3.4.13) has been presented in [37]). We also note the useful relations [cf. (3.1.14), (3.2.16)] T r_D(I) = T r(D) = q^{−N} [N]_q = T r(Q) = T r_Q(I) , q^N T r_{D(3)}R̂^{±1}_{23} = q^{±N} · I_{(2)} = q^N T r_{Q(1)}R̂^{±1} ,

(3.4.14) 3.3.15 where [N]_q =^{qN −q−N}_{q−q−1} . One can readily prove the cyclic property of the quantum trace (the same property is valid for the quantum trace T r_Q)

T r_{D(12)}(R̂E_{12}) = T r_{12}(D_1D_2R̂E_{12}) = T r_{12}(R̂D_1D_2 E_{12}) = T r_{q(12)}(E_{12}R̂) , (3.4.15) 3.3.16

for any quantum matrix E_{12} ∈ Mat(N) ⊗ Mat(N), since the matrix D obeys eq. [R̂, D_1D_2] = 0 (3.1.28) by definition (in fact, all diagonal matrices satisfy this equation with R-matrices of the type (3.4.7)).

In the semiclassical limit (3.3.1), the relation (3.4.10) can be rewritten in the form r_{12} + r_{21} = 2P_{12} . (3.4.16) 3.3.8

Thus, for the Lie-Poisson structure on the group GL(N) the transposition matrix P_{12} is taken as the ad-invariant tensor t_{12}. For the r̃ matrix (3.3.8) determining the Sklyanin bracket, we obtain from (3.4.9) the expression

r̃_{12} = ∑ i>j [e_{ij} ⊗ e_{ji} − e_{ji} ⊗ e_{ij} ] ∈ gl(N) ∧ gl(N) . (3.4.17) 3.3.9

In accordance with (3.1.46), (3.1.43), and (3.1.44) for q^2 ≠ −1 the matrix R̂ has the spectral decomposition R̂ = qP^+ − q^{−1}P^− , (3.4.18) 3.3.10

with projectors P^± = (q + q^{−1})^{−1}{q^{∓1}1 ± R̂} , (3.4.19) 3.3.11

which are the quantum analogs of the symmetrizer (P^+) and antisymmetrizer (P^−), as can be seen by setting q = 1 in (3.4.19). Using the projector P^−, we can represent the definition (3.4.4) of the quantum hyperplane in the form

P^− x_1 x_2 = 0. (3.4.20) 3.3.12

Note that the relations

P^+ x_1 x_2 = 0 ⇔ (x^i)^2 = 0 , x^ix^j = −q^{−1}x^j x^i (i < j) (3.4.21) 3.3.13

define a fermionic N-dimensional quantum hyperplane that is a deformation of the algebra of N fermions: x^ix^j = −x^j x^i.

A natural question now is that of the properties of the N ×N matrix elements T^i_j that determine the transformations (3.4.3) of the quantum bosonic (3.4.4), (3.4.20) and fermionic (3.4.21) hyperplanes. These properties should be such that the transformed coordinates x̃^i form the same quantum algebras (q- hyperplanes) (3.4.20) and (3.4.21). It is readily seen that the elements of the N × N matrix T^i_j must satisfy the conditions P^± T_1 T_2 P^∓ = 0 . (3.4.22) 3.3.17

Indeed, we have for bosonic x^− and fermionic x^+ hyperplanes (the symbol ⊗ is omitted) 0 = P^± x̃^±_1 x̃^±_2 = P^± T_1 T_2 x^±_1 x^±_2 =

= P^± T_1 T_2 (P^+ + P^−) x^±_1 x^±_2 = P^± T_1 T_2 P^∓ x^±_1 x^±_2 , and we deduce (3.4.22) if new quadratic relations on the coordinates x^± are not imposed. Eqs. (3.4.22) are equivalent to the RT T relations (3.2.1).

Definition 11. A Hopf algebra generated by unit element and N^2 elements T^i_j (i, j = 1, . . . , N) which satisfy RT T relations (3.2.1) with R matrix (3.4.9) is called the algebra of functions on the quantum group GL_q(N) and denoted by F un(GL_q(N)). For F un(GL_q(N)) case the RT T relations (3.2.1) and (3.4.22) can be written in the component form as

T^i_k T^j_k = q T^j_k T^i_k , T^k_i T^k_j = q T^k_j T^k_i , (i < j, k = 1, . . . , N) ,

[T^{i1}_{j1} , T^{i2}_{j2} ] = (q − q^{−1}) T^{i1}_{j2} T^{i2}_{j1} , [T^{i1}_{j2} , T^{i2}_{j1} ] = 0 , (i_1 < i_2, j_1 < j_2) .

(3.4.23) glrtt

The simplest special case of the algebra F un(GL_q(2)) is

T^1_k T^2_k = q T^2_k T^1_k , T^k_1 T^k_2 = q T^k_2 T^k_1 , (k = 1, 2) ,

[T^1_1 , T^2_2 ] = (q − q^{−1}) T^1_2 T^2_1 , [T^1_2 , T^2_1 ] = 0 .

(3.4.24) glrtt2

One can directly check that det_q(T ) := T^1_1 T^2_2 − qT^1_2 T^2_1 is a central element for the algebra F un(GL_q(2)). This element is called quantum determinant (since for q = 1 we obtain the usual determinant) for (2 × 2) quantum matrix T .

Now we generalize this definition for the case of (N ×N) quantum matrices T and introduce the quantum determinant det_q(T ), which is a deformation of the ordinary determinant and also is a central element for the algebra F un(GL_q(N)). For this aim we introduce the q-deformed antisymmetric tensors E_{j1j2...jN} and E^{j1j2...jN} (j_k = 1, . . . , N) as follows: N∑ j_1...j_N =1 E_{j1j2...jN} E^{j1j2...jN} = E_{⟨12...N} E^{12...N⟩} = 1 , E_{⟨12...N} P^+_{k,k+1} = E_{⟨12...N} (R̂_{k,k+1} + q^{−1}) = 0 , 1 ≤ k < N ,

P^+_{k,k+1}E^{12...N⟩} = (R̂_{k,k+1} + q^{−1})E^{12...N⟩} = 0 , 1 ≤ k < N ,

(3.4.25) 3.3.19

where we have used concise matrix notations. Namely, we have denoted by 12 . . . N⟩ and ⟨12 . . . N – sets of incomming and outgoing indices, where 1, 2, . . . N are numbers of the vector spaces, and P^+_{k,k+1} = I^{⊗(k−1)} ⊗ P^+ ⊗ I^{⊗(N−k−1)} are the symmetrizers (3.4.18) acting in the vector spaces labeled by numbers k and k+1. Note that, in view of the RT T relations (3.2.1), the tensors E_{⟨12...N} (T_1T_2 · · · T_N ), (T_1T_2 · · · T_N )E^{12...N⟩} possess the same symmetry (3.4.25) as tensors E_{⟨12...N} , E^{12...N⟩}, respectively. Supposing that the E-tensors are unique (up to normalization), one can write det_q(T ) E_{j1j2...jN} = E_{i1i2...iN} T^{i1}_{j1} · T^{i2}_{j2} · · · T^{iN}_{jN} , E^{i1i2...iN} det_q(T ) = T^{i1}_{j1} · T^{i2}_{j2} · · · T^{iN}_{jN} E^{j1j2...jN} , (3.4.26) 3.3.18

or in concise matrix notations we have det_q(T ) E_{⟨12...N} = E_{⟨12...N} T_1 · T_2 · · · T_N , E^{12...N⟩} det_q(T ) = T_1 · T_2 · · · T_N E^{12...N⟩} , (3.4.27) 3.3.20 where T_m := I^{⊗(m−1)} ⊗ T ⊗ I^{⊗(N−m)} and the scalar coefficient det_q(T ):

det_q(T ) = E_{⟨12...N} (T_1T_2 · · · T_N ) E^{12...N⟩} = T r_{12...N} (A_{1→N} T_1T_2 · · · T_N ) , (3.4.28) 3.3.20a is called the quantum determinant for the (N × N) quantum matrix T : T^i_j ∈ F un(GL_q(N)). In (3.4.28) we have used the rank 1 projector A_{1→N} := E^{12...N⟩}E_{⟨12...N} , A_{1→N} A_{1→N} = A_{1→N} , A_{1→N} P^+_{k,k+1} = P^+_{k,k+1} A_{1→N} = 0 , 1 ≤ k < N ,

(3.4.29) Aeps

which acts as an q-antisymmetrizer in the tensor product of N vector spaces. It is interesting to note that the q-antisymmetrizers A_{1→2} := P^−_{1,2} (3.4.19) and A_{1→N} are special cases of antisymmetrizers A_{1→m} A_{1→m} A_{1→m} = A_{1→m} , A_{1→m} P^+_{k,k+1} = P^+_{k,k+1} A_{1→m} = 0 , 1 ≤ k < m ,

(3.4.30) Aeps1

(acting in the tensor product of m vector spaces, m = 2, 3, . . . , N) and all of them can be explicitly constructed in terms of the R matrix (3.4.8), (3.4.9) (see, e.g., [62] and Subsection 3.5 below).

The fact that det_q(T ) is indeed a central element in the algebra F un(GL_q(N)) can be obtained as follows E_{⟨12...N} det_q(T ) T_{N+1} = E_{⟨12...N} T_1 T_2 · · · T_N T_{N+1} = (3.4.31) 3.3.21a = E_{⟨12...N} (R_{1,N+1} · · · R_{N,N+1})^{−1}T_{N+1} T_1 T_2 · · · T_N (R_{1,N+1} · · · R_{N,N+1}) = = q^{−1} T_{N+1}E_{⟨12...N} T_1 T_2 · · · T_N (R_{1,N+1} · · · R_{N,N+1}) = T_{N+1} det_q(T ) E_{⟨12...N} , where the indices 1, 2, . . . , N + 1 are the numbers of the vector spaces and we have used the definition (3.4.27), the RT T relations, and the equations qI_{N+1} E_{⟨12...N} = E_{⟨12...N} R_{1,N+1} · R_{2,N+1} · · · R_{N,N+1} q^{−1}I_{N+1} E_{⟨12...N} = E_{⟨12...N} R^{−1}_{N+1,1} · R^{−1}_{N+1,2} · · · R^{−1}_{N+1,N} (3.4.32) 3.3.21

In fact we have only used the first eq. (3.4.32). The second one is needed if we apply RT T relations in (3.4.31) in different manner.

The relations (3.4.32) are deduced from the expressions for the quantum determinants

det_q(R^{(±)}_{N+1}) = E_{⟨12...N} R^{(±)}_{1,N+1} · · · R^{(±)}_{N,N+1}E^{12...N⟩} = q^{±1} I_{N+1} , (3.4.33) 3.3.22

where the R^{(±)}-matrix representations for T^i_j are given in (3.2.17), (3.2.18). In their turn, the relations (3.4.33) follow from the fact that R^{(+)} and R^{(−)} are, respectively, upper and lower triangular block matrices with diagonal blocks of the form (R^{(±)i})^k_l = δ^k_l q^{±δik} .

The algebra F un(SL_q(N)) can be obtained from the algebra F un(GL_q(N)) by imposing the additional condition det_q(T ) = 1 and, in accordance with (3.4.33), the matrix representations (3.2.18) for T^i_j ∈ F un(SL_q(N)) have the form

⟨L^+_2 , T_1⟩ = 1 q^{1/N} R_{12} , ⟨L^−_2 , T_1⟩ = q^{1/N} R^{−1}_{21} , (3.4.34) LTsl

(these formulas are interpreted as matrix representations of the universal enveloping algebra generators L^± as well).

The quantum universal enveloping algebra U_q(gl(N)) appears in the R matrix approach [17] as the algebra (3.2.20), (3.2.21). Indeed, we consider the upper and lower triangular matrices L^+, L^− in the form [17] (see also [61])

L^+ = q^{H1} 0 . . . 0 0 q^{H2} . . . 0 . . . . ... . . 0 0 . . . q^{HN}

1 λe_1 λe^1_3 . . . ∗ 0 1 λe_2 . . . . . . . . ... ... ... . . 0 . . . 0 1 λe_{N−1} 0 0 . . . 0 1

, (3.4.35) lplu

L^− = 1 0 . . . . . . 0 λf_1 1 0 . . . 0 λf^3_1 λf_2 1 . . . 0 . . . . ... . .. . . ∗ . . . . . . λf_{N−1} 1 q^{−H̃1} 0 . . . 0 0 q^{−H̃2} . . . 0 . . . . ... . . 0 0 . . . q^{−H̃N} , (3.4.36) lmin

and, in particular, we have

(L^+)^i = q^{Hi} , (L^−)^i = q^{−H̃i} , (L^+)^i_{+1} = λq^{Hi} e_i , (L^−)^{i+1}_i = λf_iq^{−H̃i} . (3.4.37) lll

In the case of R matrix (3.4.8), (3.4.9)) the relations (3.2.20), (3.2.21) are represented in the components as (no summation over repeated indices)

(L^±)^i_k (L^±)^j_k = q (L^±)^j_k (L^±)^i_k , (L^±)^k_i (L^±)^k_j = q (L^±)^k_j (L^±)^k_i , (i > j) , (3.4.38) gl1

[(L^±)^{i1}_{j1} , (L^±)^{i2}_{j2} ] = λ (L^±)^{i1}_{j2} (L^±)^{i2}_{j1} , [(L^±)^{i1}_{j2} , (L^±)^{i2}_{j1} ] = 0, (i_1 > i_2, j_1 > j_2), (3.4.39) gl2

(L^+)^i_k (L^−)^j_k = q (L^−)^j_k (L^+)^i_k , (L^−)^k_i (L^+)^k_j = q (L^+)^k_j (L^−)^k_i , (i < j) , (3.4.40) gl3

[(L^∓)^{i1}_{j1} , (L^±)^{i2}_{j2} ] = 0 , (i_1 > i_2, j_1 > j_2) , [(L^+)^i, (L^−)^i] = 0 , (3.4.41) gl4

[(L^−)^{i1}_{j1} , (L^+)^{i2}_{j2} ] = λ ( (L^+)^{i1}_{j2} (L^−)^{i2}_{j1} − (L^−)^{i1}_{j2} (L^+)^{i2}_{j1} ) , (i_1 > i_2, j_1 < j_2) , (3.4.42) gl5

where we have written only the terms and relations which survive under the condition that (L^+)^i_j = 0 = (L^−)^j_i , i > j. Now the substitution of (3.4.37) into eqs. (3.4.38) - (3.4.42) gives the Drinfeld-Jimbo [62] formulation of U_q(gl(N)). From eqs. (3.4.38), (3.4.40) and (3.4.41) one can obtain that q^{Hi−H̃i} are the central elements. Thus, the matrices L^± can be renormalized (by multiplying them with diagonal matrices) in such a way that elements q^{Hi−H̃i} are fixed as units. Then, from eq. (3.4.40) we find e_iq^{Hj} = q^{δj,i−δj,i+1} q^{Hj} e_i , f_iq^{Hj} = q^{δj,i+1−δj,i} q^{Hj} f_i . (3.4.43) dj1

The first eq. in (3.4.41) gives e_if_j = f_j e_i for i ≠ j and taking into account (3.4.42) we derive e_if_j − f_j e_i = δ_{i,j} q^{Hi−Hi+1} − q^{Hi+1−Hi} λ . (3.4.44) dj2

The first eq. in (3.4.39)) yields a part of the Serre relations

e_ie_j = e_j e_i , f_if_j = f_jf_i , (|i − j| ≥ 2) . (3.4.45) dj3

and gives the definitions of the composite roots via the simple roots {e_i, f_j}:

e^{i−1}_{i+1} = (e_ie_{i−1} − q^{−1}e_{i−1}e_i) = λ^{−1} q^{−Hi−1} (L^+)^{i−1}_{i+1} ,

f^{i+1}_{i−1} = (qf_if_{i−1} − f_{i−1}f_i) = λ^{−1} (L^−)^{i−1}_{i+1} q^{Hi−1} .

(3.4.46) dj4

Using these definitions and eqs. (3.4.38) we deduce another part of Serre relations

e^2_i e_{i±1} − (q + q^{−1})e_ie_{i±1}e_i + e_{i±1}e^2_i = 0 (1 ≤ i, i ± 1 ≤ N) ,

f^2_i f_{i±1} − (q + q^{−1})f_if_{i±1}f_i + f_{i±1}f^2_i = 0 (1 ≤ i, i ± 1 ≤ N) .

(3.4.47) dj5

So, we see that equations (3.2.20), (3.2.21) (with the form of L^± given in (3.4.35), (3.4.36)) yield not only the commutation relations (3.4.43), (3.4.44) for the elements of the Chevalley basis, but also present the Serre relations (3.4.45), (3.4.47) and define the composite roots (3.4.46) as the q- commutators of the simple roots. In this sense the generators (L^±)^i_j (3.4.35), (3.4.36)) play the role of a quantum analog of the Cartan-Weyl basis for U_q(gl(N)) (q^{Hi} , (L^+)^i_j , (L^−)^i_j are Cartan elements, positive and negative roots, respectively). The quantum Casimir operators are given by eqs. (3.2.27) and (3.2.28). The co-multiplication, antipode and coidentity in terms of the generators {H_i, e_i, f_i} can be deduced from (3.2.22), (3.2.23). For example the co-multiplication is Δ(q^{Hi} ) = q^{Hi} ⊗q^{Hi} , Δ(e_i) = 1⊗e_i +e_i ⊗q^{Hi+1−Hi} , Δ(f_i) = f_i ⊗1+q^{Hi−Hi+1} ⊗f_i , Note that ∑ i H_i is a central element in the algebra U_q(gl(N)) and the condition ∑ i H_i = 0 reduces U_q(gl(N)) to the algebra U_q(sl(N)) with generators {h_i := H_i − H_{i+1}, e_i, f_i} subject to the relations

[q^{hi} , q^{hj} ] = 0 , e_i q^{hj} = q^{aij} q^{hj} e_i , f_i q^{hj} = q^{−aij} q^{hj} f_i , (3.4.48) DriJim e_if_j − f_je_i = δ_{ij} q^{dihi} − q^{−dihi} q^{di} − q^{−di} , (3.4.49) DriJim1

and Serre relations 1−a_{ij}∑

k=0 (−1)^k [ 1 − a_{ij} k ] q^di (e_i)^ke_j(e_i)^{1−aij −k} = 0 , (e_i → f_i) , (3.4.50) DriJim2

where [ n k ] q = [n]_q!

[k]_q![n − k]_q!

, [k]_q = q^k − q^{−k} q − q^{−1} , [k]_q! := [1]_q[2]_q · · · [k]_q , [0]_q! := 1 ,

(3.4.51) binom a_{ij} = 2δ_{ij} − δ_{ji+1} − δ_{ij+1} is Cartan matrix for sl(N), d_i are smallest positive integers (from the set 1,2,3) such that d_ia_{ij} is symmetric matrix (for sl(N) case d_i = 1).

The relations (3.4.48) - (3.4.50) are used for the Drinfeld - Jimbo [22], [63] formulation of the quantum universal enveloping algebra U_q(g) for any semisimple Lie algebra g. Using this formulation of the quasitriangular Hopf algebra U_q(g), one can explicitly construct the corresponding universal R matrix (the definition via cannonical element is given in (2.5.9)). In the case of algebra U_q(sl_N ), the explicit multiplicative formula for the universal R matrix has been found in [69]. This result was generalized in [70] for the case of U_q(g), where g is any semisimple Lie algebra. For the case of quantum Lie superalgebras the universal R matrix has been found in [99]. Finite dimensional representations for the quantum simple Lie algebras U_q(g) (3.4.48) - (3.4.50) has been constructed in [64].

Remark 1. The complexification of the linear quantum groups can be introduced as follows. We first consider the case of the group GL_q(N) and assume that q is a real number. We must define an involution ∗-operation, or simply ∗-involution, (which is the antihomomorphism) on the algebra F un(GL_q(N)) or, in other words, we must define the conjugated algebra F un( ~GL_q(N)) with generators^9

T̃ = (T^†)^{−1} , (T^† := (T^∗)^t ⇔ (T^†)^i_j := (T^j_i )^∗) , (3.4.52) Tdag

and defining relations identical to (3.2.1):

R_{12} T̃_1 T̃_2 = T̃_2 T̃_1 R_{12} ⇒ R̂_{12} T̃_1 T̃_2 = T̃_1 T̃_2 R̂_{12} . (3.4.53) 3.3.24

We now introduce the extended algebra with generators {T^i_j , T̃^k_l } that is the cross (smash) product of the algebras (3.2.1) and (3.4.53) with subsidiary cross commutation relations (see, for example, Refs. [16] and [17])

R̂ T_1 T̃_2 = T̃_1 T_2 R̂ . (3.4.54) 3.3.25

It is natural to relate this extended algebra to F un(GL_q(N, C)).

The case of SL_q(N, C) can be obtained from GL_q(N, C) by imposing two subsidiary conditions on the central elements:

det_q(T ) = 1, det_q(T̃ ) = 1 . (3.4.55) 3.3.26

The real form U_q(N) is separated from GL_q(N, C) if we require

T = T̃ = (T^†)^{−1} (3.4.56) 3.3.27

and if in addition to this we impose the conditions (3.4.55), then the group SU_q(N) is distinguished.

The ∗-involution on the algebra U_q(sl(N)) (3.4.48) – (3.4.50) for real q is defined if we note that the algebra with generators T, ~T (3.4.1), (3.4.53), (3.4.54) coinsides to the L^±-algebra (3.2.20), (3.2.21) after an identification: L^− = T^{−1}, L^+ = ~T^{−1}. Then, according to (3.4.52) we require (L^+)^† = (L^−)^{−1}. In terms of the Shevalley generators it means that

h^∗_i = h_i , e^∗_i = −q q^{−hi} f_i , f^∗_i = −q^{−1} e_i q^{−hi} . (3.4.57) starU

9We recall that (T^{−1})^t ≠ (T^t)^{−1} in the case of the quantum matrices (see (3.2.6)).

One can directly check that the relations (3.4.48) – (3.4.50) respect the antihomomorphism (3.4.57).

In the case |q| = 1, the definition of ∗-involutions on the linear quantum groups is a nontrivial problem that can be solved [71] only after extension of the algebra of functions on the quantum groups to the algebra of functions on their cotangent bundles, i.e., to the algebra which is a Heisenberg double of F un(GL_q(N)) and U_q(gl(N)) with cross-multiplication rules (3.2.47) - (3.2.49).

3.5 Hecke type R matrices and related quantum matrix algebras

The GL_q(N) matrices (3.4.8), (3.4.9) satisfy Hecke condition (3.4.10). We call the R matrices which obey Hecke condition as Hecke type R matrices. In this subsection we present some general facts about Hecke type R matrices and related quantum algebras.

The antisymmetrizers A_{1→m} (3.4.30) can be explicitly constructed in terms of the Hecke type R matrices by using the following inductive procedure [62] (the same procedure is used for the construction of antisymmetrizers in a Hecke algebra [60]; see also Sec. 4 below): A_{1→k} = A_{2→k} (R̂_1(qk−1) [k]_q ) A_{2→k} = A_{1→k−1} (R̂_{k−1}(qk−1) [k]_q ) A_{1→k−1} = (3.5.1) antirr

= 1 [k]_q! A_{1→k−1} R̂_{k−1} ( q^{k−1} ) . . . R̂_2 ( q^2 ) R̂_1 (q) , (k = 2, 3, . . . N) ,

where A_{1→1} = 1, R̂(x) = (x^{−1}R̂ − xR̂^{−1})/λ – Baxterized R-matrix (see below Subsect. 3.7), R̂ is a Hecke type R-matrix, [k]_q = (q^k − q^{−k})/λ and as usual

R̂_k = I^{⊗(k−1)} ⊗ R̂ ⊗ I^{⊗(N−k)} ∈ Mat(N)^{⊗(N+1)} . (3.5.2) 3.3.23

Definition 12. We say that the Hecke type R-matrix is of the height N, if A_{1→M} = 0 ∀M > N and rank(A_{1→N} ) = 1. Note that A_{1→N+1} = 0 and the operator A_{1→N} is the highest q- antisymmetrizer in the sequence of the antisymmetrizers (3.5.1) for the GL_q(N) type R-matrix (3.4.8), (3.4.9). Moreover we have rank(A_{1→N} ) = 1 in this case. It can easily be understood from the considering of the fermionic quantum hyperplane (3.4.21). Since the operators A_{1→k} (3.5.1) satisfy (cf. (3.4.25))

R̂_j A_{1→k} = A_{1→k} R̂_j = −q^{−1} A_{1→k} (j = 1, . . . , k − 1) , (3.5.3) raar

they are symmetry operators for k-th order monomials x^{i1} . . . x^{ik} in the q-fermionic algebra (3.4.21). In view of the explicit relations (3.4.21) one can conclude that there is only one independent monomial of the order N and all monomials x^{i1} . . . x^{ik} = 0 for k > N. This statement is equivalent to the conditions rank(A_{1→N} ) = 1 and A_{1→N+1} = 0.

In view of the definition (3.5.1), the condition A_{1→N+1} = 0 leads to (for arbitrary Hecke R̂-matrix):

A_{1→N} R̂^{±1}_N A_{1→N} = q^{±N} [N]_q A_{1→N} I_{N+1} , A_{2→N+1} R̂^{±1}_1 A_{2→N+1} = q^{±N} [N]_q A_{2→N+1} I_1 .

(3.5.4) 3.3.21ab In the case of skew-invertible (3.1.10) Hecke R̂-matrices eqs. (3.5.4) give

A_{1→N} P_{N N+1} A_{1→N} = q^N [N]_q A_{1→N} Q_{N+1} , A_{2→N+1} P_{1 2} A_{2→N+1} = q^N [N]_q D_1 A_{2→N+1} , (3.5.5) gov1 and for completely invertible R̂-matrices we have in addition Q = q^{2N} Q, D = q^{2N} D. Applying T r_{N+1} and T r_1 to the first and second eqs. of (3.5.5), respectively, we deduce (cf. (3.4.14))

T r(Q) = T r(D) = q^{−N} [N]_q ⇒ T r(Q) = T r(D) = q^N [N]_q , (3.5.6) trDtrQ

while applying T r_{(1...N)} and T r_{(2...N+1)} to the same eqs. we obtain T r_{(1...N−1)}A_{1→N} = rank(A_{1→N} ) T r(Q) Q_N , T r_{(2...N)}A_{1→N} = rank(A_{1→N} ) T r(D) D_1 .

On the other hand applying quantum traces T r_{D(N−k+1...N)} and T r_{Q(1...k)} to the antisymmetrizers A_{1...N} one can deduce (0 ≤ k ≤ N) [ N k ] q T r_{D(k+1...N)} (A_{1...N} ) = q^{(k−N) N} A_{1...k} (A_{1...k}|_{k=0} := 1) , (3.5.7) detD3 [ N k ] q T r_{Q(1...k)} (A_{1...N} ) = q^{−k N} A_{k+1...N} (A_{k+1...N} |_{k=N} := 1) , (3.5.8) detQ3

where q-binomial coefficients are defined in (3.4.51) and we have used eqs. (3.5.1) and identities

T r_{D(k+1)}R̂_k(x) = T r_{Q(k−1)}R̂_{k−1}(x) = x^{−1} − x (1 − λT r(D)) λ I_k = x^{−1} − xq^{−2 N} λ I_k , (3.5.9) trqRx which follow from (3.1.14), (3.5.6). In view of eqs. (3.1.28) matrices D and Q realize one dimensional representations of RT T algebra (3.2.1): ρ_D(T^i_j ) = D^i_j, ρ_Q(T^i_j ) = Q^i_j . Thus, we have A_{1...N} D_1D_2 . . . D_N = det_q(D) A_{1...N} , A_{1...N} Q_1Q_2 . . . Q_N = det_q(Q) A_{1...N} . (3.5.10) detD and taking k = 0 in (3.5.7) and k = N in (3.5.8) we obtain

det_q(D) = q^{−N 2} , det_q(Q) = q^{−N 2} . (3.5.11) detD1

For the Hecke type R-matrix one can construct (in addition to the q- antisymmetrizer A_{1→k} (3.5.1)) the q-symmetrizer S_{1→k}: S_{1→k} = S_{2→k} (R̂_1(q1−k) [k]_q ) S_{2→k} = S_{1→k−1} (R̂_{k−1}(q1−k) [k]_q ) S_{1→k−1} , (3.5.12) symrr

(see also Sec 4 below). Using identities (3.5.1), (3.5.12) and (3.5.9) one can calculate q-ranks for the projectors A_{1→k} and S_{1→k}: T r_{D(1...k)}A_{1→k} = (q^{k−1}T r(D) − [k − 1]_q) [k]_q T r_{D(1...k−1)}A_{1→k−1} = . . . =

= 1 [k]_q! k∏ m=1 ( q^{m−1}T r(D) − [m − 1]_q ) , (3.5.13) trA and analogously T r_{D(1...k)}S_{1→k} = 1 [k]_q! k∏ m=1 ( q^{1−m}T r(D) + [m − 1]_q ) , (3.5.14) trS

Substituting (3.5.6) in (3.5.13), (3.5.14) we deduce for the Hecke type R matrix (of the height N) the following ”q-dimensions”: T r_{D(1...k)}A_{1→k} = q^{−kN} [ N k ] q (k ≤ N) , T r_{D(1...k)}A_{1→k} = 0 (k > N) ,

T r_{D(1...k)}S_{1→k} = q^{−kN} [ N + k − 1 k ] q . The general formula for q-dimensions of any Young projectors, (constructed from the Hecke type R-matrices, see Subsect. 4.2 below) is known and can be found in [117], [120].

Sometimes it is convenient to use Eqs. (3.4.32) in more general form which is valid for any Hecke R-matrix (see e.g. [127]):

A_{2→N+1} R̂^{±1}_1 · R̂^{±1}_2 · · · R̂^{±1}_N = (−1)^{N−1} q^{±1} [N]_q A_{2→N+1} A_{1→N} . (3.5.15) haha (we demonstrate a connection of (3.4.32) with (3.5.15) below). The mirror counterpart of the relations (3.5.15) are also valid

R̂^{±1}_N · · · R̂^{±1}_2 · R̂^{±1}_1 A_{2→N+1} = (−1)^{N−1} q^{±1} [N]_q A_{1→N} A_{2→N+1} . (3.5.16) hahad Eqs. (3.5.15) and (3.5.16) can be readily deduced from equation A_{2→N+1} R̂^{±1}_1 . . . R̂^{±1}_N = R̂^{±1}_1 . . . R̂^{±1}_N A_{1→N} , (3.5.17) hahac which follows from the representation of the antisymmetrizers in terms of R-matrices (3.5.1) and braid relations (3.1.6), (3.1.8). Acting on (3.5.17) by A_{1→N} from the left and using eq. (3.5.3) and representation (3.5.4) we deduce (3.5.16). Eq. (3.5.15) can be proved in the same way. Multiplying identities (3.5.15) and (3.5.16) we deduce A_{1→N} A_{2→N} A_{1→N} = [N]^{−2}_q A_{1→N} , A_{2→N} A_{1→N} A_{2→N} = [N]^{−2}_q A_{2→N} , (3.5.18) hahaf and eqs. which are equivalent to A_{1→N+1} = 0:

A_{1→N} (R̂_N . . . R̂_2R̂^2_1R̂_2 . . . R̂_N − q^2) = 0 , A_{2→N+1}(R̂_1R̂_2 . . . R̂^2_N . . . R̂_2R̂_1 − q^2) = 0 .

The identity (3.5.15) which is valid for any Hecke R-matrix can be transformed into eq. (3.4.32). Indeed, for the case when rank(A_{1→N} ) = 1 and, thus, A_{1→N} is given by (3.4.29), one can act on (3.5.15) by E_{⟨2...N+1} from the left and as a result the counterpart of (3.4.32) is obtained

E_{⟨23...N+1} R̂^{±1}_1 · R̂^{±1}_2 · · · R̂^{±1}_N = q^{±1} N^{1⟩}_{⟨N+1} E_{⟨12...N} . (3.5.19) haha’

Here we have introduced the matrix:

N^{1⟩}_{⟨N+1} := (−1)^{N−1} [N]_q E_{⟨2...N+1} E^{1...N⟩} , (3.5.20) matN

which, for the case of GL_q(N) R-matrix (3.4.8), is equal to the unit matrix N^i_j = δ^i_j (cf. (3.4.32)). Analogously acting by E^{2...N+1⟩} on (3.5.16) from the right we deduce

R̂^{±1}_1 · R̂^{±1}_2 · · · R̂^{±1}_N E^{23...N+1⟩} = q^{±1} E^{12...N⟩} (N^{−1})^{N+1⟩}_{⟨1} , (3.5.21) haha’’

where matrix (N^{−1})^{N+1⟩}_{⟨1} := (−1)^{N−1} [N]_q E_{⟨1...N} E^{2...N+1⟩} , (3.5.22) matN1 is inverse to the matrix (3.5.20) in view of (3.5.18).

In the case when matrices N^i_j are not proportional to the unit matrix the chain of relations (3.4.31) gives [127]: E_{⟨1...N} det_q(T ) T_{N+1} = E_{⟨1...N} T_1 . . . T_N T_{N+1} = = E_{⟨1...N} R̂^{−1}_N . . . R̂^{−1}_1 T_1 . . . T_N T_{N+1} R̂_1 . . . R̂_N = = q^{−1}(N^{−1})^{N+1⟩}_{⟨1} T_1 E_{⟨2...N+1} T_2 . . . T_{N+1} R̂_1 . . . R̂_N = = q^{−1}(N^{−1})^{N+1⟩}_{⟨1} T_1 det_q(T ) E_{⟨2...N+1} R̂_1 . . . R̂_N = (N^{−1} T N)_{N+1} det_q(T )E_{⟨1...N} , (3.5.23) nonc where an explicit form of N^{−1} can be extracted from (3.5.18). It means that for RT T algebras defined by general Hecke type R-matrix the element det_q(T ) is not necessary central.

The structure (3.2.49) of the double for the RT T and reflection equation algebras (defined by the Hecke type R-matrix of the height N) helps to introduce the notion of the quantum determinants Det_q(L), Det_q(L) for the corresponding reflection equation algebras (3.2.30), (3.2.31). It can be done by using the definition (3.4.27), (3.4.28) of the quantum determinant det_q(.) for F un(GL_q(N)). This definition is valid for any RT T algebra with the Hecke type R-matrix of the height N. In view of the automorphism (3.2.50), the quantum matrix LT satisfies the same RT T relation (3.2.1) and, thus, one can consider the same quantum determinant det_q(.) for the quantum matrix L T as for the matrix T . This determinant is divisible from the right by det_q(T ) and the quotient depends only on the matrix L. This quotient is called the quantum determinant for the reflection equation algebra (3.2.30): Det_q(L) := det_q(L T ) 1 det_q(T ) = E_{⟨1...N} (L_1T_1 L_2T_2 . . . L_N T_N )E^{1...N⟩} 1 det_q(T ) =

= E_{⟨1...N} (L~_1 L~_2 . . . L ~_N )T_1 . . . T_N E^{1...N⟩} 1 det_q(T ) = E_{⟨1...N} (L~_1 L~_2 . . . L ~_N )E^{1...N⟩} = (3.5.24) Ldet

= E_{⟨1...N} (L ~_N . . . L~_2 L~_1)E^{1...N⟩} = T r_{1...N} ( A_{1...N} L~_1 L~_2 . . . L ~_N ) , where L_{~k+1} = R̂_kL~_kR̂_k (L~_1 = L_1) are commutative operators for all k. For the second type algebra (3.2.31) the definition is analogous: Det_q(L) = det^{−1}_q (T )det_q(T L).

Below we consider only the case of the left reflection equation algebra (3.2.30), since the case of the algebra (3.2.31) is investigated analogously.

An interesting property of the determinant Det_q(L) is of its multiplicativity Det_q(L^n) = det_q(L^n T ) 1 det_q(T ) = (3.5.25) Ldet1 = det_q(L^n T ) 1 det_q(L T ) det_q(L T ) 1 det_q(T ) = Det_q(L^{n−1}) Det_q(L) = (Det_q(L))^n . In view of the discrete map (3.2.51) for n = 1 one can define (in the same way as in (3.5.24)) a quantum determinant Det_q(L; x) [41]: Det_q(L; x) := det_q((L + x) T ) 1 det_q(T ) = T r_{1...N} ( A_{1...N} (L~_1 + x) . . . (L ~_N + x) ) , (3.5.26) Ldet2 where x ∈ C is a parameter, and, thus, introduce the characteristic polynomial for the quantum matrix L. Here we prefer to use the notation Det_q(L; x) instead of Det_q(L + x), since the dependence on (L + x) fails in the last expression of (3.5.26). Taking into account (3.4.27), the determinant (3.5.26) can be also written in the form

E^{1...N⟩} Det_q(L; x) = (L_1 + x)T_1 (L_2 + x)T_2 . . . (L_N + x)T_N E^{1...N⟩} 1 det_q(T ) = = ( (L~_1 + x) (L~_2 + x) . . . (L ~_N + x) ) E^{1...N⟩} . (3.5.27) Ldet55 The expansion of (3.5.26) over the parameter x gives Det_q(L; x) = N∑ k=0 x^k σ_{N−k}(L) . (3.5.28) Ldet3

Here σ_0(L) = 1, σ_N (L) = Det_q(L),

σ_m(L) = T r_{1...N} A_{1...N} N∑ k1<k2<...<km kr=1 L ~_{k1} L ~_{k2} . . . L~_{km} = α^m_N T r_{1...N} ( A_{1...N} L~_1 L~_2 · · · L~_m ) , (3.5.29) Ldets and α^m_N = q^{m(m+1)} N∑ k1<k2<...<km kr =1 q^{−2(k1+k2+...km)} = q^{m(m−N)} [ N m ] q , (3.5.30) Ldeta

where q-binomial coefficients [ N m ] q have been introduced in (3.4.50). The sums in (3.5.30) are readily calculated by means of their generating function α(t) = N∑ m=0 t^{N−m}q^{−m(m+1)}α^m_N = N∏ m=1 (t + q^{−2m}) .

We note that using (3.5.7), (3.5.10), (3.5.11) the elements σ_m(L) can be also written in the form

σ_m(L) = α^m_N det_q(D) T r_{D(1...N)} ( A_{1...N} L~_1 · · · L~_m ) = q^{m2} T r_{D(1...m)} ( A_{1...m}L~_1 · · · L~_m ) . (3.5.31) sigm Then we have

L~_1L~_2 · · · L~_m = [L_1(R̂_1L_1)(R̂_2R̂_1L_1) . . . (R̂_{m−1} . . . R̂_1L_1)]R̂_{(1→m−1)} . . . R̂_{(1→2)}R̂_1 = = L_1L_2 · · · L_m(R̂_1 . . . R̂_{(m−1←1)})(R̂_{(1→m−1)} . . . R̂_1) = L_1L_2 · · · L_m y_2 y_3 . . . y_m , (3.5.32) Ldeti and analogously

L~_1L~_2 · · · L~_m = L~_m · · · L~_2L~_1 = y_2 y_3 . . . y_m L_m . . . L_2L_1 , (3.5.33) Ldeti0

where y_2 = R̂^2_1, y_{k+1} = R̂_ky_kR̂_k and elements L_{k+1} = R̂_kL_kR̂^{−1}_k , L_{k+1} = R̂^{−1}_k L_kR̂_k have been introduced in (3.2.36). According to the identities (3.5.32), (3.5.33) and taking into account (3.2.37) one can write (3.5.31) in the form σ_m(L) = q^m T r_{D(1...m)} ( A_{1→m}L_1L_2 · · · L_m ) = q^m T r_{D(1...m)} ( A_{1→m}L_m · · · L_2L_1) . (3.5.34) sigm1 The elements σ_m(L) (3.5.29), (3.5.31), (3.5.34) are central elements for the reflection equation algebra (3.2.30). Indeed, these elements are obtained from the general center elements (3.2.40) by substitution X = A_{1...m}.

Now we calculate the commutation relations of the elements σ_m(L) with generators T^i_j of the RT T algebra defined by the Hecke type R-matrix. Note that in the case of the Heisenberg double of F un(SL_q(N)) and U_q(sl(N)) we need to renormalize the R-matrix: R̂ → q^{−1/N}R̂ according to (3.4.34). This leads to the following generalization of the cross-multiplication rules (3.2.49) (we consider only the right HD) T_1L_2 = α R̂_{12}L_1R̂_{12}T_1 , (3.5.35) tangb1

where for the case of the HD of SL_q(N)-type we have to put α = q^{−2/N} (but generally the constant α ≠ 0 is not fixed) and R̂ is a Hecke R-matrix (3.4.10) of the height N. Note that the automorphism (3.2.51) is correct only for the choice α = 1 in (3.5.35). For example, the quantum matrices (L + x)T start to obey the modified RT T relations

R̂_1 (L_1 + x)T_1 (α^{−1}L_2 + x)T_2 = (L_1 + x)T_1 (α^{−1}L_2 + x)T_2 R̂_1 . (3.5.36) mrtt

However, for the general choice of α in (3.5.35), the definition of the characteristic polynomial (3.5.28) is not changed, since instead of (3.5.27) we have

(L_1 + x)T_1 (α^{−1}L_2 + x)T_2 . . . (α^{1−N} L_N + x)T_N E^{1...N⟩} det^{−1}_q (T ) = = ( (L~_1 + x) (L~_2 + x) . . . (L ~_N + x) ) E^{1...N⟩} = E^{1...N⟩} Det_q(L; x) . (3.5.37) Ldet5

(according to (3.5.36) we modify the first line in (3.5.27) but it does not affect on the final expression for Det_q(L; x)). Using (3.5.37), (3.5.36), (3.5.21) and (3.5.23) we obtain

(L_1 + x)T_1 Det_q(L; αx) E^{2...N+1⟩} = = (L_1 + x)T_1 (α^{−1}L_2 + x)T_2 . . . (α^{−N} L_{N+1} + x)T_{N+1} E^{2...N+1⟩ αN}_{detq (T )} = = R̂_1 . . . R̂_N (L_1 + x)T_1 . . . (α^{−N} L_{N+1} + x)T_{N+1} R̂^{−1}_N . . . R̂^{−1}_1 E^{2...N+1⟩ αN}_{detq (T )} = = E^{2...N+1⟩} Det_q(L; x) det_q(T ) [N(L + α^N x)T N^{−1}]_1 det^{−1}_q (T ) = = α^N E^{2...N+1⟩} Det_q(L; x) (q^2 L_1 + x) T_1 , (3.5.38) Ldet51 where we have taken into account the commutation relations of det_q(T ) and L^i_j deduced by the standard method E_{⟨1...N} det_q(T ) L_{N+1} = E_{⟨1...N} T_1 . . . T_N L_{N+1} = = α^N E_{⟨1...N} R̂_N . . . R̂_1L_1R̂_1 . . . R̂_N T_1 . . . T_N = q^2 α^N (N^{−1} L N)_{N+1} det_q(T )E_{⟨1...N} , (3.5.39) dqTL (eqs. (3.5.35) and (3.5.19) were applied). Thus, we have the following relations (see (3.5.38))

(L_1 + x)T_1 Det_q(L; αx) = α^N Det_q(L; x) (q^2 L_1 + x) T_1 . (3.5.40) dqTL1 The expansion of (3.5.40) over x gives the recurrent equation for desired commutation relations of σ_k(L) with T^i_j (k ≥ 0):

α^{−k} LT σ_k + α^{−1−k} T σ_{k+1} = q^2 σ_k LT + σ_{k+1}T , T σ_0 = σ_0 T . It is not hard to check that the solution of this equation is

α^{−k} T σ_k = σ_kT − (q^2 − 1) k∑ m=1 (−1)^mσ_{k−m}L^m T . (3.5.41) dqTL2

Using the fact that the matrix T is invertible we write this matrix equation in the form α^{−k} T σ_k T^{−1} = σ_k − (q^2 − 1) k∑ m=1 (−1)^mσ_{k−m}L^m . (3.5.42) dqTL3 For the left hand side of (3.5.42) we deduce α^{−k} q^{−k} T_1σ_k T^{−1}_1 = T r_{D(2...k+1)} ( A_{2...k+1} L_2 . . . L_{k+1} ) = = T r_{D(2...k+1)} ( A_{2...k+1} R̂_1 . . . R̂_k L_1 . . . L_k R̂_k . . . R̂_1 A_{2...k+1} ) = = T r_{D(2...k+1)} ( R̂_{(1→k)} A_{1...k} L_1 . . . L_k A_{1...k} R̂_{(k←1)} ) = = T r_{D(2...k+1)} ( R̂_1 . . . R̂_k A_{1...k} L_1 . . . L_k A_{1...k}(R̂^{−1}_k + λ) . . . (R̂^{−1}_1 + λ) ) = = T r_{D(2...k)} ( R̂_{(1→k−1)} [ T r_{D(k)}(A_{1...k}L_1 . . . L_k A_{1...k}) ] R̂_{(k−1←1)} ) + +λ q^{2(1−k)} T r_{D(2...k)} ( A_{1...k}L_1 . . . L_k ) = . . . = = σ_k + λ(1 + q^{−2} + . . . q^{2(1−k)})T r_{D(2...k)} ( A_{1...k}L_1 . . . L_k ) =

= σ_k + q(1 − q^{−2k})T r_{D(2...k)} ( A_{1...k}L_1 . . . L_k ) . (3.5.43) left

Comparing (3.5.42) and (3.5.43) we obtain the identities for quantum matrices L (the so-called Cayley-Hamilton-Newton identities) [k]_q T r_{D(2...k)}(A_{1→k}L_1 . . . L_k) = − k∑ m=1 (−1)^mσ_{k−m}L^m_1 . (3.5.44) chn

It follows from (3.5.44) that the two basic sets (3.2.28), (3.5.34) of central elements for RE algebra (defined by Hecke type R-matrix) are related by the q-analogue of the Newton relations: [k]_q q^k σ_k + k∑ m=1 (−1)^mσ_{k−m} C_m = 0 , (3.5.45) Ldet7

where C_m = T r_D(L^m), m = 1, . . . , N, and we imply σ_0 = 1. For k = N the relation (3.5.44) provides the characteristic identity for the quantum matrix L (q-analogue of the Cayley-Hamilton theorem): N∑ k=0 (−L)^k σ_{N−k}(L) = 0 . (3.5.46) Ldet4

This identity can be formally obtained by the substitution of x = −L in the characteristic polynomial (3.5.28). Thus, in view of (3.5.45) and (3.5.46), the elements σ_m(L) can be interpreted as noncommutative analogs of elementary symmetric functions for eigenvalues of the quantum matrix L.

The Cayley-Hamilton-Newton identities (3.5.44) have been invented in [72]. For the reflection equation algebra in the case N = 2 the identity (3.5.46) has been considered in [81] (see eq. (21)) and in [144]. For general N it was proved in [73], [74]. Newton’s relations (3.5.45) have been obtained in [74].

3.6 Many-parameter deformations of linear groups

In this subsection, we consider a many-parameter deformation of the linear group GL(N) (Refs. [28, 57], and [75]–[79]). A many-parameter quantum hyperplane is defined by the relations x^ix^j = r_{ij} x^jx^i , i < j , (3.6.1) 3.4.1

which can be written in the R -matrix form (3.4.6) if we introduce an additional parameter q. Thus, we have N(N − 1)/2 + 1 deformation parameters: r_{ij}, i < j and q. The corresponding R matrix has the form (see e.g. [28])

R_{12} = q ∑ i e_{i,i} ⊗ e_{i,i} + ∑ i≠j (e_{i,i} ⊗ e_{j,j})a_{ji} + (q − q^{−1}) ∑ i>j e_{i,j} ⊗ e_{j,i} , (3.6.2) rmult

where a_{ij} = 1/a_{ji} = r_{ij}/q (for i > j) and in the components the R matrix (3.6.2) is represented as

R^{i1,i2}_{j1,j2} = δ^{i1}_{j1} δ^{i2}_{j2} ( qδ^{i1i2} + Θ_{i2i1} q r_{i1i2} + Θ_{i1i2} r_{i2i1} q ) + (q − q^{−1})δ^{i1}_{j2} δ^{i2}_{j1} Θ_{i1i2} , (3.6.3) 3.4.2 where Θ_{ij} is defined in (3.4.9). The R matrix (3.6.2) is obtained by twisting of the R matrix (3.4.8) (see Sec. 2.5)

R_{12} → F_{21}R_{12}F^{−1}_{12} ⇔ R̂_{12} → F_{12}R̂_{12}F^{−1}_{12} , F_{12} = ∑ i,j (e_{i,i} ⊗ e_{j,j}) f_{ij} , (3.6.4) twistgl

where a_{ij} = f_{ij} /f_{ji} and F̂ = P F satisfies the conditions for twisting matrices (3.2.53). Thus, with the help of the appropriate twisting of the R matrix (3.6.3) the multi-parameter case is reduced to the one-parameter case (see also Refs. [28] and [79]).

By the construction, via twisting procedure, the R matrix (3.6.3) satisfies the Hecke condition (3.4.10), which is the same as in the one-parameter case, and the Yang-Baxter equation (3.1.6). Now we try to find the most general Yang-Baxter solution R_{12} of the form (3.4.7). We only require that the R matrix has the lowertriangular block form: b_{ij} = 0 for i ≥ j (as it has been recently shown in [37] this condition is not restrictive). In these calculations, it is convenient to use the diagrammatic technique,

R̂ = R̂^{i1,i2}_{j1,j2} = δ^i1_{j2} δ^i2_{j1} ( a^0_{i1} δ^{i1i2} + Θ_{i2i1} a^−_{i1i2} + Θ_{i1i2} a^+_{i1i2} ) + b_{i1i2} δ^{i1}_{j1} δ^{i2}_{j2} Θ_{i2i1} = (3.6.5) 3.4.3

i_1

j_1 a^0_{i1}

j_2 i_2 + i_1

j_1 a^−_{i1i2}

j_2 i_2 + i_1

j_1 a^+_{i1i2}

j_2 i_2

+ b^{i1 i2} i_1

j_1 j_2 i_2

It turns out that not all solutions of the Yang-Baxter equation (3.1.6) that can be represented in the form (3.6.5) are exhausted by the many-parameter R matrices (3.6.3). Indeed, if we substitute the matrix (3.6.5) in the Yang-Baxter equation (3.1.6), we obtain the following general conditions on the coefficients a^0_i , a^±_{ij} , b_{ij} :

b_{ij} = b , a^+_{ij}a^−_{ji} = c , (a^0_i )^2 − ba^0_i − c = 0 (∀i, j) . (3.6.6) 3.4.4

We normalize (3.6.5) in such a way that c = 1 and choose for convenience, instead of the parameter b, a different parameter q, setting b = q − q^{−1}. Then a^0_i can take the two values ±q^{±1}. For such a normalization, the solution of the Yang-Baxter equation of the form (3.6.5) automatically satisfies the Hecke relation (3.4.10). If we set a^0_i = q (or a^0_i = −q^{−1}) for all i, then we arrive at the many-parametric case GL_{q,rij} (N) (3.6.3) (up to exchange q → −q^{−1} in the case a^0_i = −q^{−1}). If, however, we set a^0_i = q (1 ≤ i ≤ M) , a^0_i = −q^{−1} (M + 1 ≤ i ≤ N) , (3.6.7) 3.4.5

then the R matrix (3.6.5) does not reduce to (3.6.3) and will correspond to a manyparameter deformation of the supergroup GL(M|N − M) (we consider this case below in Sec. 3.7).

By virtue of the fulfillment of the Hecke identity (3.4.10) for the many-parameter case, we can introduce the same projectors P^− and P^+ as in the one-parameter case (3.4.18), the first of them defining the bosonic quantum hyperplane (3.6.1)

[the relations (3.4.6) with R matrix (3.6.3)], and the second defining the fermionic quantum hyperplane

P^+x_1x_2 = 0 ⇔ (x^i)^2 = 0 , q^2x^ix^j = −r_{ij} x^j x^i (i > j) . (3.6.8) 3.4.6

Regarding (3.6.1) and (3.6.8) as comodules for the many-parameter quantum group GL_{q,rij} (N), we find that the generators T^i_j of the algebra F un(GL_{q,rij} (N)) satisfy the same RT T relations (3.2.1) but with R matrix (3.6.3). Note, however, that the quantum determinant det_q(T ) (3.4.26) is not central in the many-parameter case [77]. This is due to the fact that in general for the many-parameter R matrix we have N_± ≠ const · I in the equations (3.5.15), (3.5.23). Therefore, reduction to the SL case by means of the condition det_q(T ) = 1 is possible only under certain restrictions on the parameters q, r_{ij}. A detailed discussion of these facts can be found in Refs. [77] and [79].

The algebra (3.2.20), (3.2.21) (with the many-parameter R matrix (3.8.3)) which is dual to the algebra F un(GL_{q,rij} (N)) can also be considered. It appears that this algebra is isomorphic to the one-parameter deformation of gl(N) (3.4.43) – (3.4.47). One can find the detailed discussion of the dual algebras for the special case of F un(GL_{q,p}(2)) in papers [81], [82].

3.7 The quantum supergroups GL_q(N|M) and SL_q(N|M)

We choose the Hecke type R matrix (3.6.5) in the form (cf. Refs. [90], [91]) R̂ = ∑ i (−1)^{[i]} q^{1−2[i]} e_{ii} ⊗ e_{ii} + ∑ i≠j (−1)^{[i][j]} e_{ij} ⊗ e_{ji} + λ ∑ j>i e_{ii} ⊗ e_{jj} , (3.7.1) 3.6.1aa

(here i, j = 1, . . . , N + M) or in the component presentation

R̂^{i1,i2}_{j1,j2} = δ^i1_{j2} δ^i2_{j1} (−1)[i1][i2] q^δi_1i_2^{(1−2[i}1^{])} + δ^i1_{j1} δ^i2_{j2} λ Θ_{i2i1} , (3.7.2) 3.6.1

i.e., we have set

a^0_i = (−)^{[i]}q^{1−2[i]} , a^+_{ij} = (a^−_{ij} )^{−1} = (−1)^{[i][j]} , b = q − q^{−1} = λ .

Here [i] = 0, 1 and, therefore, a^0_i can take the two values ±q^{±1}. Thus, as we assumed in Sec. 3.6, the R matrix (3.7.2) must correspond to some supergroup. Indeed, in the limit q → 1, we find that R̂ tends to the supertransposition operator:

R̂^i1^i2_{j1j2} → (−)^{[i}1^{][i}2^]δ^i1_{j2} δ^i2_{j1} ≡ P_{12} . (3.7.3) stran

Suppose that the R matrix acts in the space of the direct product of two supervectors x^{j1} ⊗ y^{j2} and [i] = 0, 1 denotes the parity of the components x^i of the supervector. For definiteness, we will assume that

[i] = 0 (1 ≤ i ≤ N) , [i] = 1 (N + 1 ≤ i ≤ N + M) . (3.7.4) pari

As was noted in Sec. 3.6, the R matrix (3.7.2) satisfies the Yang-Baxter equation (3.1.6) and the Hecke relation (3.1.46). In place of the matrix R̂, we introduce the new R matrix

R_{12} = P_{12}R̂ ⇒ R̂ = P_{12}R_{12} = (−)^{(1)(2)}P_{12}R_{12} =

= ∑ i q^{1−2[i]} e_{ii} ⊗ e_{ii} + ∑ i≠j e_{ii} ⊗ e_{jj} + λ ∑ i>j (−1)^{[i][j]} e_{ij} ⊗ e_{ji} .

with the quasiclassical behavior (3.3.1). Here we have used the matrix ( (−)^{(1)(2)} )_{i1i2} j_1j_2 := (−1)

[i_1][i_2] δi1

j_1 δ i_2 j_2 . (3.7.5) matnot

Then from the Yang-Baxter equation (3.1.6) there follows the graded form of the Yang-Baxter equation [93] for the new R matrix:

R_{12}(−)^{(2)(3)}R_{13}(−)^{(2)(3)}R_{23} = R_{23}(−)^{(2)(3)}R_{13}(−)^{(2)(3)}R_{12} . (3.7.6) 3.6.2 where we have taken into account the fact that R_{12} is an even R matrix, i.e., R^{i1i2}_{j1j2} ≠ 0 if [i_1] + [j_1] + [i_2] + [j_2] = 0 (mod(2)) ⇒ (−1)^{[i3]([i1]+[i2])} R^{i1i2}_{j1j2} δ^{i3}_{j3} = R^{i1i2}_{j1j2} δ^{i3}_{j3} (−1)^{[j3]([j1]+[j2])} ⇔ (−)^{(3)((1)+(2))} R_{12} I_3 = R_{12} I_3 (−)^{(3)((1)+(2))} .

In the last relation we have set ( (−)^{(3)((1)+(2))} )_{i1i2i3} j_1j_2j_3 = (−1)

[i_3]([i_1]+[i_2]) δi1 j_1 δ i_2 j_2 δ i_3 j_3 .

Finally, the skew-inverse matrix Ψ_{12} for the GL_q(N|M) R-matrix (3.7.1), (3.7.2) has the form Ψ̂^i1^i2_{j1j2} = (−1)^{[i1][i2]} q^δi_1i_2^{(2[i}1^{]−1)} δ^i1_{j2} δ^i2_{j1} −

−(−1)^{[i1]+[i2]} λ q^{(−1)[i1] (2i1−2N−1)} q^{(−1)[i2] (1+2N−2i2 ))} Θ_{i2i1} δ^{i1}_{j1} δ^{i2}_{j2} ,

(3.7.7) skglnm

which follows from the general formula (3.4.11) (for the case [i_1] = [i_2] = 0 we reproduce matrix (3.4.12)). The corresponding matrices of quantum supertraces are

D_1 ≡ T r_2 ( Ψ̂_{12} ) ⇒ D^i_j = (−1)^{[i]} q^{2M+(−1)[i] (2i−2N−1)} δ^i_j ,

Q_2 ≡ T r_1 ( Ψ̂_{12} ) ⇒ Q^i_j = (−1)^{[i]} q^{−2N+(−1)[i] (2N+1−2i)}δ^i_j , T r(D) = T r(Q) = (1 − q^{2(M−N)})/λ = q^{(M−N)} [N − M]_q . (3.7.8) dqsup

Note that the quantum supertrace T r_D which is constructed by means of the matrix D (3.7.8) coincides up to the factor q^{(3M−N)/2} with the quantum trace presented in [81]. For q → 1 quantum supertraces T r_D, T r_Q tend to usual supertraces.

The quantum multidimensional superplanes for the R matrices (3.7.2) have the form (see, for example, Refs. [92] and [81])

(R̂ − q)x_1x_2 = 0 ⇔ x^ix^j = (−)^{[i][j]}qx^j x^i (i < j) , (x^i)^2 = 0 if [i] = 1 ,

(R̂ + q^{−1})x_1x_2 = 0 ⇔ qx^ix^j = −(−)^{[i][j]}x^j x^i (i < j) , (x^i)^2 = 0 if [i] = 0 . (3.7.9) 3.6.3

The second hyperplane can be interpreted as the exterior algebra of differentials dx^i of the coordinates x^i for the first hyperplane.

We consider the left coaction (3.4.3) of the quantum supergroup on the quantum superspaces (3.7.9) where ⊗ is understood as a graded tensor product (T^{i1}_{j1} ⊗ x^{j1} ) (T^{i2}_{j2} ⊗ x^{j2} ) = (−1)^{[j1]([i2]+[j2])} (T^{i1}_{j1} T^{i2}_{j2} ) ⊗ (x^{j1} x^{j2} ) .

In [93] the right coactions have been considered which lead to another signs in the formulas, but this difference is not important.

From the condition of covariance of the supermodules (3.7.9), we deduce the graded form of the RT T equations:

R̂^i1^i2_{k1k2} T^k1_{j1} (−1)^{[j}1^{][k}2^] T^k2_{j2} (−1)^{[j}1^{][j}2^] = T^i1_{k1} (−1)^{[k}1^{][i}2^] T^i2_{k2} (−1)^{[k}1^{][k}2^] R̂^k1^k2_{j1j2} , represented in the matrix notations (3.7.5) as R̂T_1(−)(1)(2)T_2(−)(1)(2) = T_1(−)(1)(2)T_2(−)(1)(2)R̂ ⇔ R_{12}T_1(−)^{(1)(2)}T_2(−)^{(1)(2)} = (−)^{(1)(2)}T_2(−)^{(1)(2)}T_1R_{12} .

(3.7.10) 3.6.4

These relations are the defining relations for the generators T^i_j of the graded algebra F un(GL_q(N|M)). Using (3.3.1) the semiclassical analog of (3.7.10) can readily be deduced { T_1 , (−)^{(1)(2)}T_2(−)^{(1)(2)} } = [T_1(−)^{(1)(2)}T_2(−)^{(1)(2)}, r_{12}] , or in the component form (−1)^{[j1]([i2]+[j2])} { T^{i1}_{j1} , T^{i2}_{j2} } = = T^{i1}_{k1} (−1)^{[k1][i2]} T^{i2}_{k2} (−1)^{[k1][k2]} r^{k1k2}_{j1j2} − r^{i1i2}_{k1k2} T^{k1}_{j1} (−1)^{[j1][k2]} T^{k2}_{j2} (−1)^{[j1][j2]} , where {., .} denotes the Poisson super-brackets {T^{i1}_{j1} , T^{i2}_{j2} } = −(−1)^{([i1]+[j1])([i2]+[j2])} {T^{i2}_{j2} , T^{i1}_{j1} } .

The matrix ||T^i_j || can be represented in the block form

T^i_j = A B C D (3.7.11) 3.6.5

where the elements of the N × N matrix A and of the M × M matrix D form the algebras F un(GL_q(N)) and F un(GL_q(M)), respectively. It follows from this that the noncommutative matrices D and A − BD^{−1}C are invertible, and therefore so is the matrix ||T^i_j ||, as follows from the Gauss decomposition A B C D = 1 BD^{−1} 0 1 A − BD^{−1}C 0 0 D 1 0 D^{−1}C 1

(3.7.12) 3.6.6

Thus, the algebra F un(GL_q(N|M)) with defining relations (3.7.10) is a Hopf algebra with usual structure mappings (3.2.2):

Δ(T^i_k) = T^i_j ⊗ T^j_k , ϵ(T^i_j ) = δ^i_j , S(T^i_j ) = (T^{−1})^i_j ,

where in the definition of Δ the tensor product is understood as a graded tensor product.

We now compare the relations (3.7.10) with the graded Yang-Baxter equation (3.7.6). From this comparison we readily see that the finite-dimensional matrix representations for the generators T^i_j of the quantum algebra F un(GL_q(N|M)) [the superanalogs of the representations (3.2.17)] can be chosen in the form

T_1 = (−)^{(1)(3)}R_{13}(−)^{(1)(3)} ≡ R^{(+)} , T_1 = (R^{−1})_{31} ≡ R^{(−)} . (3.7.13) 3.6.7

From this we obtain in an obvious manner definitions of the quantum superalgebras which are dual to the algebras F un(GL_q(N|M)) [cf. Eqs. (3.2.18)]:

< L^+_2 , T_1 >= (−)^{(1)(2)}R_{12}(−)^{(1)(2)} = R_{12} , < L^−_2 , T_1 >= R^{−1}_{21} , (3.7.14) 3.6.8

were operator-valued matrices L^± satisfy

R̂_{12} L^±_2 (−)(1)(2) L^±_1 (−)(1)(2) = L^±_2 (−)(1)(2) L^±_1 (−)(1)(2) R̂_{12} ,

R̂_{12} L^+_2 (−)(1)(2) L^−_1 (−)(1)(2) = L^−_2 (−)(1)(2) L^+_1 (−)(1)(2) R̂_{12} .

(3.7.15) frtsup

Using the identity R̂_{12}(−)^{(1)(2)} = (−)^{(1)(2)}R̂_{12} for the R-matrix (3.7.1) one can deduce from (3.7.15) the standard reflection equation (3.2.30) for the matrix L = S(L^−)L^+.

Recall that, since the R-matrix (3.7.1) for GL_q(N|M) is the Hecke type R-matrix, one can define the quantum superdeterminant [94], [95] for GL_q(N|M) by means of the standard formula (3.4.28). Then, the algebra F un(SL_q(N|M)) is distinguished by the relation sdet_q(T ) = 1.

The quantum supergroup GL_q(N|M) was studied in detail from somewhat different positions in Ref. [95]. The simplest example of a quantum supergroup, GL_q(1|1), has been investigated in many studies (see, for example, Refs. [81] and [96]). The R matrices (3.6.5) can be used to construct the supersymmetric Baxterized solutions of the Yang-Baxter equation (3.8.5) obtained for the first time in Ref. [97]. The Yangian limits of these solutions (the corresponding RTT algebra defines the Yangian of the Lie superalgebra gl(n|m) [94]) have been used to formulate integrable supersymmetric spin chains [98]. The universal R matrices for the linear quantum supergroups (and more generally for quantum deformations of finite dimensional contragredient Lie (super)algebras) were constructed in Ref. [99].

3.8 GL_q(N)- and GL_q(N|M)- invariant Baxterized R matrices

By Baxterization, we mean the construction of an R matrix that depends not only on a deformation parameter q but also on an additional complex spectral parameter x. If we wish to find a solution R̂(x) of the Yang-Baxter equation (with spectral parameter x) satisfying the condition of quantum invariance

T_1T_2R̂(x)(T_1T_2)^{−1} = R̂(x) , ( T^i_j ∈ F un(GL_q(N)) ) , then we must seek it in the form

R̂(x) = b(x)(1 + a(x)R̂) , (3.8.1) 3.5.1

[here a(x) and b(x) are certain functions of x], since by virtue of the Hecke condition (3.4.10) there exist only two basis matrices 1 and R that are invariants in the sense of the relations (3.2.1). The Yang-Baxter equation with dependence on the spectral parameter is chosen in the form

R̂_{12}(x) R̂_{23}(xy) R̂_{12}(y) = R̂_{23}(y) R̂_{12}(xy) R̂_{23}(x) . (3.8.2) 3.5.2

Only the function a(x) is fixed by this equation. Indeed, we substitute here (3.8.1) and take into account (3.1.6) and the Hecke condition (3.1.46); we then obtain the equation a(x) + a(y) + λa(x)a(y) = a(xy), (3.8.3) 3.5.3 which is readily solved by the change of variables a(x) = (1/λ)(ã(x) − 1). After this, we obtain for a the general solution

a(x) = (1/λ)(x^ξ − 1), (3.8.4) 3.5.4

where for simplicity the arbitrary parameter ξ can be set equal to −2. For convenience, we choose the normalizing function b(x) = x. Then the Baxterized R matrix satisfying the Yang-Baxter equation (3.8.2) will have the form R̂(x) = b(x) ( 1 + (1/λ)(x^{−2} − 1)R̂ ) = 1 λ (x^{−1}R̂ − xR̂^{−1}) . (3.8.5) 3.5.5

For such a normalization we obtain

R̂(1) = 1 , P^± = 1 [2]_q

R̂(q^{∓1}) , (3.8.6) normgl

and the unitarity condition holds^{10}

R̂(x) R̂(x^{−1}) = ( 1 − (x − x^{−1})^2 λ^2 ) , (3.8.7) conuni

which can be readily deduced from the spectral decomposition

R̂(x) = (x^{−1}q − xq^{−1}) λ P^+ + (xq − (xq)^{−1}) λ P^− ,

where projectors P^± have been defined in (3.4.18), (3.4.19). Note that we have obtained the Baxterized solution (3.8.5) of the Yang-Baxter equation (3.8.2) only using the braiding relations (3.1.4) and Hecke condition (3.4.10) for the constant matrix R̂. Thus, any constant Hecke solution of (3.1.4) (e.g. the multi-parametric solution (3.6.2)) can be used for the construction of the Baxterized R matrices (3.8.5).

10Strictly speaking we have to renormalize the R-matrix (3.8.5): R̂(x) → λ(x^{−1}q −xq^{−1})^{−1}R̂(x), to obtain the unitarity condition with the unit matrix in the right hand side of (3.8.7).

The cross-unitarity for the Hecke type R-matrix (3.8.5) can be written in the matrix form as T r_{D(2)} ( R̂_1(x)P_{01}R̂_1(z) ) = η(x, z) D_0 I_1 , T r_{Q(1)} ( R̂_1(x)P_{23}R̂_1(z) ) = η(x, z) Q_3 I_2 ,

(3.8.8) cross01

where the matrices D, Q have been defined in (3.1.12) and η(x, z) = (x − x^{−1})(z − z^{−1}) λ^2

, (x z)^2 = 1 1 − λT r(D) =: b^2 .

We stress that for the GL(N|M)-type R-matrix we have b^2 = q^{2(N−M)}. Let Ψ̂_{12} be a skew-inverse matrix (3.1.10) for the constant Hecke type R-matrix (3.4.10). Then, one can define the skew-inverse matrix Ψ̂(x) for the Baxterized Hecke type R-matrix (3.8.5):

Ψ̂_{12}(x) = λ x^{−1} − x ( Ψ̂_{12} + λ b^{−2} − x^{−2} D_1Q_2 ) , (3.8.9) skinh

such that T r_2 ( Ψ̂_{12}(x) R̂_{23}(x) ) = P_{13} = T r_2 ( R̂_{12}(x) Ψ̂_{23}(x) ) . (3.8.10) skinh1

It is a remarkable fact that the relations (3.2.20), (3.2.21) can be represented as follows:

R̂_{12}(x) L_2(xy) L_1(y) = L_2(y) L_1(xy) R̂_{12}(x), (3.8.11) 3.5.6

where the spectral parameters x and y are arbitrary, and

L(x) = x^{−1}L^+ − xL^−. (3.8.12) 3.5.7

Moreover, if we average the relation (3.8.11) with matrix T^i_j acting in the third space, we obtain the Yang-Baxter equation (3.8.2). Thus, in a certain sense (3.8.11) generalizes (3.8.2). One can consider eqs. (3.8.11) as defining relations for new infinite dimensional algebras (L^±)^i_j(x) = (L^±)^i_j + ∑ r>0(L^±_{(r)})^i_jx^{±2r} called quantum Yangians Y^±_q (gl_N ). These algebras are subalgebras in a quantum affine algebra U_q(ĝl_N ) (the R matrix definition of U_q(ĝl_N ) is given in [80], [61]). Formula (3.8.12) for the algebra (3.8.11) defines homomorphism U_q(ĝl_N ) → U_q(gl_N ) which is called evaluation homomorphism. We also recall that (3.8.2) is the condition of unique ordering of the monomials of third degree L_1(x)L_2(y)L_3(z) for the algebra (3.8.11) (”diamond” condition):

L(x)L(y)L(z) L(y)L(x)L(z)

L(x)L(z)L(y)

L(y)L(z)L(x)

L(z)L(x)L(y) L(z)L(y)L(x)

The quantum determinants (the analogs of (3.4.28)) can also be constructed [62] for the algebra (3.8.11) associated with the R matrix (3.8.5):

det_q(L(x)) E_{<12...N} = E_{<12...N} L_N (q^{N−1}x) · · · L_2(qx) L_1(x) ⇔ (3.8.13) hahaha0 det_q(L(x)) = T r_{1...N} ( A_{1→N} L_N (q^{N−1}x) · · · L_2(qx) L_1(x) ) = = T r_{1...N} ( L_N (x) L_{N−1}(qx) · · · L_1(q^{N−1}x) A_{1→N} ) , (3.8.14) hahaha det_q(L(x)) A_{1→N} = L_N (x) L_{N−1}(qx) · · · L_1(q^{N−1}x) A_{1→N} , (3.8.15) hahaha1 where the rank 1 antisymmetrizer A_{1→N} has been introduced in (3.5.1). Eq. (3.8.13) is self-consistent since its right hand side has the same symmetry as the left hand side (the action on both sides of this equation by the projectors (3.8.6) P^+_k ∼ R̂_k(q^{−1}) gives zero). The last form of the quantum determinant (3.8.14) is obtained with the help of (3.5.1) and (3.8.11).

Proposition 6. The q-determinant det_q(L(x)) is a generating function for central elements in the algebras (3.8.11) with the GL-type R matrices (3.8.5). Proof. We must prove that [L^i_j (xy), det_q(L(x))] = 0 ∀x, y. Indeed, L_{N+1}(xy) T r_{1...N} ( L_N (x) L_{N−1}(qx) · · · L_1(q^{N−1}x) A_{1→N} ) = (3.8.16) hahaha5 T r_{1...N} ( R̂^{−1}_N (y) . . . R̂^{−1}_1 (q1−N y) L_{N+1}(x) · · · L_2(qN−1x)L_1(xy)· ·R̂_1(q^{1−N} y) . . . R̂_N (y) A_{1→N} ) . (3.8.17) hahaha3

Using the Yang-Baxter eq. (3.8.2) and the representation of A_{1→N} in terms of the Baxterized elements (3.5.1) we deduce R̂_1(q^{1−N} y) . . . R̂_N (y) A_{1→N} = A_{2→N+1} R̂_1(y) . . . R̂_N (q^{1−N} y) By means of this relation and eq. (3.8.15) one can rewrite (3.8.17) in the form det_q(L(x)) T r_{1...N} ( R̂^{−1}_N (y) . . . R̂^{−1}_1 (q^{1−N} y) L_1(xy)A_{2→N+1}· ·R̂_1(y) . . . R̂_N (q^{1−N} y)A_{1→N} ) = = det_q(L(x)) ( N^{−1}(y) L(xy) N(y) ) N+1 = det_q(L(x)) L_{N+1}(xy) (3.8.18) hahaha4 where the matrices N(y), N(y)^{−1} are proportional to the unit matrix and defined by (N(y))^{1⟩}_{⟨N+1} = E_{⟨2...N+1} R̂_1(y) . . . R̂_N (q^{1−N} y) E^{1...N⟩} . (N(y)^{−1})^{N+1⟩}_{⟨1} = E_{⟨1...N} R̂^{−1}_N (y) . . . R̂^{−1}_1 (q^{1−N} y) E^{2...N+1⟩} .

Comparing (3.8.16) and (3.8.18) we obtain the statement of the Proposition. □ We now note that from the algebra (3.8.11), disregarding the particular representation (3.8.12) for the L(x) operator, we can obtain a realization for the Yangian Y (gl(N)) [83], [22] (see also review paper [84]). Indeed, in (3.8.2) and (3.8.11) we make the change of spectral parameters x = exp(− 1 2 λ(θ − θ^′)) , y = exp(− 1 2 λθ^′) . (3.8.19) 3.5.8

Then the relations (3.8.2) and (3.8.11) can be rewritten in the form R̂_{12}(θ − θ^′) R̂_{23}(θ) R̂_{12}(θ^′) = R̂_{23}(θ^′) R̂_{12}(θ) R̂_{23}(θ − θ^′) ⇒ (3.8.20) 3.5.9

R_{23}(θ − θ^′) R_{13}(θ) R_{12}(θ^′) = R_{12}(θ^′) R_{13}(θ) R_{23}(θ − θ^′) , (3.8.21) 3.5.9a R̂_{12}(θ − θ^′) L_2(θ) L_1(θ^′) = L_2(θ^′) L_1(θ) R̂_{12}(θ − θ^′), (3.8.22) 3.5.10

where we have made the redefinition L(θ) := L ( exp(−^λ_2 θ) ) , R̂(θ) := R̂ ( e^{− λ2 θ} ) = cosh (λθ/2) + 1 λ sinh (λθ/2) (R̂ + R̂^{−1}) . (3.8.23) 3.5.10a

Note that Eqs. (3.8.21) have a beautiful graphical representation in the form of the triangle equation [3]

3 θ θ′ θ−θ′ 2 1 = θ′ θ

θ−θ′ 2

1

3 (3.8.24) zzz

where the arrowed lines show trajectories of point particles and

R_{ij} (θ) = i j θ

is a single act of their scattering.

We now take the limit λ = q − q^{−1} → 0 in eq. (3.8.22). On the basis of (3.8.5), (3.8.23) we readily find that in this limit the matrix R̂(θ) is equal to the Yang matrix:

R̂(θ) = (1 + θ P_{12}) . (3.8.25) 3.5.11 For the operators L(θ), we shall assume the validity of the expansion

L(θ)^i_j = ∞∑ k=0 T^{(k)i}_j θ^{−k} , (3.8.26) 3.5.12

where T^{(0)i}_j = δ^i_j and T^{(k)i}_j (k > 0) are the generators of the Yangian Y (gl(N)) (Ref. [22]). The defining relations for the Yangian Y (gl(N)) are obtained from (3.8.22) by substituting (3.8.25) and (3.8.26). The comultiplication for Y (gl(N)) obviously has the form Δ(L(θ)^i_j ) = L(θ)^i_k ⊗ L(θ)^k_j . (3.8.27) 3.5.13 The Yangian Y (sl(N)) can be obtained from Y (gl(N)) after the imposition of a subsidiary condition on the generators T^{(k)i}_j :

det_q(L(θ)) = 1 , where the Yangian quantum determinant [85]

det_q(L(θ)) = T r_{1...N} (A_{1→N} L_N (θ − N + 1) · · · L_2(θ − 1) L_1(θ))

(here A_{1→N} is a classical antisymmetrizer) is obtained from (3.8.14) if we substitute q = e^h, x = exp(−^λ_2 θ) ∼ e^{−hθ} and take the limit h → 0 (or λ → 0).

Since the R̂ matrix (3.7.1), (3.7.2) (for the group GL_q(N|M)) satisfies the Hecke condition (3.4.10), the same Baxterized R matrix (3.8.5) is appropriate for the supersymmetric case. All statements of this subsection can be readily reformulated for the supersymmetric case. In particular, the Yangian R matrix for Y (gl(N|M)) is deduced from (3.8.23) and has the form (cf. (3.8.25)):

R̂(θ) = (1 + θ P_{12}) , (3.8.28) sgly

where P_{12} is a supertransposition operator introduced in (3.7.3). The defining relations (3.8.11) should be modified for the super Yangian Y (gl(N|M)) (cf. (3.7.10)):

R̂_{12}(θ − θ^′) (−)^{(1)(2)} L_2(θ) (−)^{(1)(2)} L_1(θ^′) = (−)^{(1)(2)} L_2(θ^′) (−)^{(1)(2)} L_1(θ) R̂_{12}(θ − θ^′), (3.8.29) sgly1 while the form of the comultiplication (3.8.27) (where ⊗ is the graded tensor product) is unchanged. Taking into account (3.8.26) and (3.8.28) we obtain the component form of the defining relations (3.8.29) for Y (gl(N|M))

[T^{(r)i}_j , T^{(s+1)k}_l } − [T^{(r+1)i}_j, T^{(s)k}_l } = (−1)^{[k][i]+[k][j]+[i][j]} ( T^{(s)k}_j T^{(r)i}_l − T^{(r)k}_j T^{(s)i}_l )

where r, s ≥ 0, T^{(0)i}_j = (−1)^{[i]} δ^i_j, the parities [i] = 0, 1 are given in (3.7.4) and [a, b} := a b − (−1)^{deg(a)deg(b)}b a is the supercommutator.

The relations (3.8.22), (3.8.29) play an important role in the quantum inverse scattering method [1]. Equations (3.8.21) are the conditions of factorization of the S matrices in certain exactly solvable two-dimensional models of quantum field theory (see Ref. [3]). The matrix representations for the operators (3.8.12) satisfying (3.8.11) lead to the formulation of lattice integrable systems (see, for example, Ref. [86]). These questions will be discussed in more detail in the final section of the review.

Another interesting presentations of quantum operator L(x), which is intertwined by (3.8.11), are given in [87], [88]. These L operators were applied to the formulation of 3-dimensional integrable models. Note that in [88] the nonstandard manyparameter R matrix (3.6.3) has been used.

The super Yangians Y (gl(N|M)) and their representations have been discussed in [94], [89].

3.9 The quantum groups SO_q(N) and Sp_q(2n) (B, C, and D series)

In Ref. [17], quantum groups with the defining relations (3.2.1), which are quantum deformations of the Lie groups SO(N), where N = 2n + 1 (B_n series) and Sp(N), SO(N), where N = 2n (C_n and D_n series), were studied. It was shown that the R matrices for the groups SO_q(N) and Sp_q(2n) (their explicit form [17] is given below in Sec. 3.10) satisfy not only the Yang - Baxter eq. (3.1.1), (3.1.4) but also the cubic characteristic equation (3.1.41):

(R̂ − q1)(R̂ + q^{−1}1)(R̂ − ν1) = 0 (3.9.1) 3.7.1

where ν = ϵq^{ϵ−N} is a ”singlet” eigenvalue of R̂, the case ϵ = +1 corresponds to the orthogonal groups SO_q(N) (B and D series), while the case ϵ = −1 corresponds to the symplectic groups Sp_q(2n) (C series). The projectors (3.1.43) corresponding to the characteristic equation (3.9.1) can be written as follows [17]

P^± =

(R̂ ± q^{∓1}1)(R̂ − ν1) (q + q^{−1})(q^{±1} ∓ ν) ≡ 1 q + q^{−1} ( ±R̂ + q^{∓1}1 + μ_±K ) , (3.9.2) 3.7.2

P^0 =

(R̂ − q1)(R̂ + q^{−1}1)

(ν − q)(q^{−1} + ν) ≡ μ^{−1}K . Here μ = (q − ν)(q^{−1} + ν) λν = λ + ν^{−1} − ν λ = (1 + ϵ[N − ϵ]_q) ,

μ_± = ± λ (1 ∓ q^{±1}ν^{−1}) = ∓ ν ± q^{∓1} μ . We also give the relations between the parameters ν, μ, μ_± that we introduced:

qμ_+ − q^{−1}μ_− = ν(μ_+ + μ_−) , μ_+ + μ_− = − q + q^{−1} μ , which are helpful in various calculations that use the projectors (3.9.2). For convenience, we have introduced in (3.9.2) the renormalized projector K^{i1i2}_{j1j2} , which projects R̂ onto the ”singlet” eigenvalue ν:

KR̂ = R̂K = νK , (K^2 = μK) . (3.9.3) 3.7.3

Then, the characteristic equation (3.9.1) is rewritten in a different form [cf. (3.1.46)]

R̂ − R̂^{−1} − λ + λK = 0 . (3.9.4) 3.7.4

In the semiclassical limit, this characteristic equation is reduced to the relation: 1 2 (r_{12} + r_{21}) = P_{12} − ϵK^{(0)}_{12} . (3.9.5) 3.7.6

Thus, as in the GL_q(N) case (3.3.8), the semiclassical limit (3.9.5) of the characteristic equation fixes the ad-invariant part of the classical r matrix. Here we have used an expansion of the matrix K = K^{(0)} + hK^{(1)} + O(h^2), where the first term is

(K^{(0)})^{i1i2}_{j1j2} = (C_0)^{i1i2} (C^{−1}_0 )_{j1j2} ⇒ K^{(0)}_{12} = C^{12⟩}_0 (C^{−1}_0 )_{⟨12} . (3.9.6) 3.7.6a

The matrices (C_0)^{ij}: (C_0)^2 = ϵ, (C_0)^t = ϵC_0 are the metric (symmetric) and symplectic (antisymmetric) matrices, respectively, for the groups SO(N) and Sp(2n). The semiclassical expansion for the projectors (3.9.2) and (3.9.40) has the form

P^±_{cl} =^1_2 ( (1 ± P ) ± hP r̃ − (1 ± ϵ)P^0_{cl} ) , P^0_{cl} =^ϵ_N ( K^{(0)} + hK^{(1)}

) (3.9.7) 3.7.7

where (P )^{i1i2}_{j1j2} = δ^{i1}_{j2} δ^{i2}_{j1} is the premutation matrix, and the classical r matrix r̃ (3.3.8) (which satisfies the modified classical Yang-Baxter equation) is given by the formula:

r̃ = r_{12} − P_{12} + ϵK^{(0)}_{12} = −r_{21} + P_{12} − ϵK^{(0)}_{12} .

The ranks of the quantum projectors (3.9.2) are equal (for q which is not the root of unity) to the ranks of the projectors (3.9.7), which are readily calculated in the classical limit h = 0. Accordingly, we have [17]: 1) for the groups SO_q(N)

rank(P^{(+)}) =

N(N + 1) 2 − 1, rank(P^{(−)}) = N(N − 1) 2 , rank(P^{(0)}) = 1 ; (3.9.8) 3.7.8

2) for the groups Sp_q(2n)

rank(P^{(+)}) =

N(N + 1) 2 , rank(P^{(−)}) = N(N − 1) 2 − 1, rank(P^{(0)}) = 1 . (3.9.9) 3.7.9

The number of generators for the algebras F un(SO_q(N)) and F un(Sp_q(2n)) coincides with the number of generators in the undeformed case, since for the quantum generators T^i_j (3.2.1) the following subsidiary conditions are imposed:

T CT^tC^{−1} = CT^tC^{−1}T = 1 ⇒ (3.9.10) 3.7.10

T_1T_2 C^{12⟩} = C^{12⟩} , C^{−1}_{⟨12} T_1T_2 = C^{−1}_{⟨12} . (3.9.11) 3.7.11 These relations directly generalize the classical conditions for the elements of the groups SO(N) and Sp(2n). The matrices C^{ij}, C^{−1}_{kl} , which are understood in (3.9.11) as objects in V ect(N) ⊗ V ect(N) (1 and 2 label the spaces) are the q analogs of the metric and symplectic matrices C_0 for SO(N) and Sp(N), respectively. The explicit form of these matrices, which is given in Ref. [17] (see also Sec. 3.10) is not important for us, but we stress that the following equation holds

C^{−1} = ϵC . (3.9.12) 3.7.12

Substituting the R matrix representations (3.2.17) for T^i_j in the relations (3.9.10), we obtain the following conditions on the R matrices:

R_{12} = C_1(R^{t1}_{12})^{−1}C^{−1}_1 = C_2(R^{−1}_{12} )^{t2} C^{−1}_2 , (3.9.13) 3.7.13

where, as usual, C_1 = C ⊗ I and C_2 = I ⊗ C. As consequences of (3.9.13) we have the equation R^{t1t2}_{12} = C^{−1}_1 C^{−1}_2 R_{12}C_1C_2 , (3.9.14) 3.7.14 and also subsidiary conditions on the generators of the dual algebra (3.2.20), (3.2.21): L^±_2 L^±_1 C^{12⟩} = C^{12⟩} , C^{−1}_{⟨12} L^±_2 L^±_1 = C^{−1}_{⟨12} . (3.9.15) 3.7.14a The semiclassical analogs of the conditions (3.9.13) and (3.9.14) have the form r_{12} = −(C_0)_1r^{t1}_{12}(C_0)^{−1}_1 = −(C_0)_2r^{t2}_{12}(C_0)^{−1}_2 = (C_0)_1(C_0)_2r^{t1t2}_{12} (C_0)^{−1}_1 (C_0)^{−1}_2 . It follows from Eqs. (3.9.10) and (3.9.12) that the antipode S(T ) = C T^t C^{−1} for the Hopf algebras F un(SO_q(N)) and F un(Sp_q(N)) satisfy the relation S^2(T ) = (CC^t)T (CC^t)^{−1} , (3.9.16) 3.7.15 which is analogous to (3.2.4). Thus, the matrix D that defines the quantum trace for the quantum groups of the SO and Sp series can be chosen in the form D = ϵν CC^t ⇔ D^i_j = ϵν C^{ik}C^{jk} . (3.9.17) 3.7.16 Here we choose the numerical factor ϵν in order to relate (3.9.17) with the general definitions of D-matrix (3.1.12), (3.1.14).

We now note that the matrix C^{12⟩} C^{−1}_{⟨12} ∈ Mat(N) ⊗ Mat(N) projects any vector X^{12⟩} onto the vector C^{12⟩}, i.e., the rank of the projector C^{12⟩}C^{−1}_{⟨12} is 1. In addition, from (3.9.11) we have eq. C^{12⟩}C^{−1}_{⟨12} T_1 T_2 = T_1 T_2 C^{12⟩}C^{−1}_{⟨12} , which means that the projector C^{12⟩}C^{−1}_{⟨12} should be a polynomial in R̂. Therefore C^{12⟩}C^{−1}_{⟨12} ∼ P^0_{12}, and, as it was established in Ref. [17], C^{12⟩}C^{−1}_{⟨12} ≡ K_{12} . (3.9.18) 3.7.17 Using this relation, RT T relations (3.2.1) and equations (3.9.4) one can deduce T_1 T_2 K_{12} = K_{12} T_1 T_2 = τ K_{12} , (3.9.19) 3.7.18 where the scalar element τ = μ^{−1}C^{−1}_{⟨12}T_1T_2C^{12⟩} has been introduced. Comparing of Eq. (3.9.19) with Eqs. (3.9.10) and (3.9.11) we conclude that τ = 1. Therefore, for the correct definition of the quantum groups SO_q(N) and Sp_q(N) we should require the centrality of the element τ in the RT T algebra.

We note that eqs. (3.9.3), (3.9.18) are equivalent to the relations R̂_{12} C^{12⟩} = ν C^{12⟩} , C^{−1}_{⟨12} R̂_{12} = ν C^{−1}_{⟨12} (3.9.20) 3.7.18a which give the possibility to rewrite conditions (3.9.15) for the generators of the reflection equation algebras (3.2.27):

L_1 R̂_{12} L_1 C^{12⟩} = ν C^{12⟩} , C^{−1}_{⟨12} L_1 R̂_{12} L_1 = ν C^{−1}_{⟨12} , L_2 R̂_{12} L_2 C^{12⟩} = ν C^{12⟩} , C^{−1}_{⟨12} L_2 R̂_{12} L_2 = ν C^{−1}_{⟨12} .

We now present some important relations for the matrices R̂ and K; many of them are given, in some form or other, in Ref. [17]. We note first that in accordance with (3.1.8)

K_{12} R̂_{23} R̂_{12} = R̂_{23} R̂_{12} K_{23} ⇔ R̂_{12} R̂_{23} K_{12} = K_{23} R̂_{12} R̂_{23}. (3.9.21) 3.7.19

Further, from Eqs. (3.9.13) and (3.9.18) [or substituting the matrix representations (3.2.17) in (3.9.19) for τ = 1], we obtain

R̂^{±1}_{12} R̂^{±1}_{23} K_{12} = P_{12} P_{23} K_{12} = K_{23} P_{12} P_{23} ,

K_{12} R̂^{±1}_{23} R̂^{±1}_{12} = K_{12} P_{23} P_{12} = P_{23} P_{12} K_{23} .

(3.9.22) 3.7.20

A consequence of these relations is the equations

R̂^{±1}_{23} K_{12} R̂^{±1}_{23} = R̂^{∓1}_{12} K_{23} R̂^{∓1}_{12} ⇔ R̂_{12} R̂_{23} K_{12} = K_{23} R̂^{−1}_{12} R̂^{−1}_{23} ,

R̂_{23} R̂_{12} K_{23} = K_{12} R̂^{−1}_{23} R̂^{−1}_{12} .

(3.9.23) 3.7.21

In particular, taking into account the characteristic equation (3.9.4), we obtain the identity (R̂_{12} − λ) K_{23} (R̂_{12} − λ) = (R̂_{23} − λ) K_{12} (R̂_{23} − λ) or R̂_{12} K_{23}R̂_{12} = R̂^{−1}_{23} K_{12} R̂^{−1}_{23} =

R̂_{23} K_{12} R̂_{23} + λ(R̂_{12} K_{23} − K_{12} R̂_{23} − R̂_{23} K_{12} + K_{23} R̂_{12}) + λ2(K_{12} − K_{23}) , (3.9.24) 3.7.22 which will be used in Sec. 3.11. Equation (3.9.18) leads to the identities

K_{12} K_{23} = K_{12} P_{23} P_{12} = P_{23} P_{12} K_{23} , K_{23} K_{12} = P_{12} P_{23} K_{12} = K_{23} P_{12} P_{23} , (3.9.25) 3.7.23 from which we immediately obtain

K_{12} K_{23} K_{12} = K_{12} , K_{23} K_{12} K_{23} = K_{23} . (3.9.26) 3.7.24

We now compare the relations (3.9.22) and (3.9.25). The result of this comparison is the equations R̂^{±1}_{23} R̂^{±1}_{12} K_{23} = K_{12} K_{23} = K_{12} R̂^{±1}_{23} R̂^{±1}_{12} ,

R̂^{±1}_{12} R̂^{±1}_{23} K_{12} = K_{23} K_{12} = K_{23} R̂^{±1}_{12} R̂^{±1}_{23} ,

(3.9.27) 3.7.25

We now apply to the first of the chain of equations in (3.9.27) the matrix K_{12} from the right (or K_{23} from the left) and take into account (3.9.3) and (3.9.26). We then obtain K_{23} R̂^{±1}_{12} K_{23} = ν^{∓1}K_{23} , K_{12} R̂^{±1}_{23} K_{12} = ν^{∓1}K_{12} . (3.9.28) 3.7.26 The braid relation (3.1.6) and eqs. (3.9.3), (3.9.4), (3.9.28) define the R- matrix representation of the Birman - Murakami - Wenzl algebra [124]. Eqs. (3.9.21), (3.9.23), (3.9.24), (3.9.26) and (3.9.27) directly follow from this definition. As we shall see in Sec. 3.11, the relations for the Birman - Murakami - Wenzl algebra will be sufficient for the construction of SO_q(N) and Sp_q(2n)-symmetric Baxterized R̂(x) matrices. The relations (3.9.21), (3.9.23), and (3.9.26)-(3.9.28) have a natural graphical representation in the form of relations for braids and links if we use the diagrammatic technique (only 3 of these operators are independent in view of (3.9.4))

R = R^{−1} =

I_1I_2 = K = (3.9.29) figa

We now give some important relations for the quantum trace (3.2.11) corresponding to the quantum groups SO_q(N) and Sp_q(N). Similar relations for the qtrace (3.2.13) can be derived in exactly the same way. From the definitions of the matrix K (3.9.18) and the matrix D (3.9.17), we obtain

T r_{q2}(K_{12}) = ν I_{(1)} . (3.9.30) 3.7.27

We use the relations (3.9.14) and the definition of the quantum trace (3.2.11) with matrix D (3.9.17); then, for an arbitrary quantum matrix E^i_j , we obtain the relations:

ν R̂^n_{12} E_1 K_{12} = T r_{q2}(K_{12} E_1 R̂^n_{12})K_{12} ,

ν K_{12} E_1 R̂^n_{12} = K_{12} T r_{q2}(R̂^n_{12} E_1 K_{12}) , ∀n ,

(3.9.31) 3.7.28

ν K_{12} E_1 K_{12} = T r_q(E)K_{12} . (3.9.32) 3.7.29 Calculating the T r_{q2} of (3.9.31), we deduce

T r_{q2}(R̂^n_{12} E_1 K_{12}) = T r_{q2}(K_{12} E_1 R̂^n_{12}) , ∀n . (3.9.33) 3.7.30

Further, from the first identity of (3.9.28), averaging it by means of T r_{q2}, we readily obtain for the algebras F un(SO_q(N)) and F un(Sp_q(N)) analogs of (3.2.15). These take the form T r_{q2}(R̂^{±1}_{12} ) ≡ ϵ ν T r_2(CC^tR̂^{±1}_{12} ) = ν^{1∓1}I_{(1)}. (3.9.34) 3.7.31 Using this relation and Eq. (3.9.4), we can calculate

T r_q(I) = T r(D) = ν(1 + ϵ [N − ϵ]_q) = ν μ . (3.9.35) 3.7.32

We now separate irreducible representations for the left adjoint comodules (3.2.9). For an arbitrary N × N quantum matrix E^i_j , we have

E_1 = ν^{−1}T r_{q2}(E_1 K_{12}) = E^{(0)}_1 + E^{(+)}_1 + E^{(−)}_1 , (3.9.36) 3.7.33

where E^{(i)}_1 = ν^{−1} T r_{q2}(P^i_{12} E_1 K_{12}) = ν^{−1} T r_{q2}(K_{12} E_1 P^i_{12}). It is obvious that the tensors E^{(i)}, (i = ±, 0) are invariant with respect to the adjoint coaction (3.2.9) and T r_{q2}(P^{(j)}E^{(i)}K) = 0 (if i ≠ j) by virtue of (3.9.31). Thus, (3.9.36) is the required decomposition of the adjoint comodule E into irreducible components. It is clear that the component E^{(0)} is proportional to the unit matrix, (E^{(0)})^i_j = e^{(1)} · δ^i_j (e^{(1)} is a constant), and, thus, applying T r_{q1} to (3.9.36), we obtain

T r_q(E) = e^{(1)}T r_q(I) = νμE^{(1)} , (3.9.37) 3.7.34

where we have used the property (3.4.15), which also holds for the case of the quantum groups SO_q(N) and Sp_q(2n). To conclude this subsection, we note that, as in the case of the linear quantum groups, we can define fermionic and bosonic quantum hyperplanes covariant with respect to the coactions of the groups SO_q(N) and Sp_q(2n). Taking into account the ranks of the projectors (3.9.8) and (3.9.9), we can formulate definitions of the hyperplanes for SO_q(N) (ϵ = 1) and for Sp_q(N) (ϵ = −1) in the form (P^− + (ϵ − 1)K)xx^′ = 0 (3.9.38) 3.7.35

for the bosonic hyperplane [number of relations N(N − 1)/2] and

(P^+ + (ϵ + 1)K)xx^′ = 0 (3.9.39) 3.7.36

for the fermionic hyperplane [number of relations N(N +1)/2]. For all these algebras, the elements Kxx^′ are central elements, and it is obvious that for Sp_q(N) bosons and SO_q(N) fermions we have Kxx^′ = 0. It is interesting that the projectors P^± (3.9.2) can be represented as

P^± = 1 q + q^{−1} ( ±R̂^′ + q^{∓1}1 ) − 1 2μ (1 ± ϵ)K , (3.9.40) 3.7.5

where the matrix R̂^′ = R̂ − 1 2 [μ_−(1 + ϵ) + μ_+(ϵ − 1)]K ,

satisfies the Hecke condition (3.1.46). However, using (3.9.21) – (3.9.28) one can directly check that R̂^′ does not obey the Yang-Baxter eq. (3.1.4).

Note that the conditions (3.9.10) and (3.9.11) can be understood as conditions of invariance of the quadratic forms x_{(1)}C^{−1}x_{(2)} and y_{(1)}Cy_{(2)} with respect to left and right transformations of the hyperplanes x_{(k)}, y_{(k)}:

x^i_{(k)} → T^i_j ⊗ x^j_{(k)} , y_{(k)i} → y_{(k)j} ⊗ T^j_i .

3.10 The many-parameter case of the SO_{q,aij} (N) and Sp_{q,aij} (2n) groups and the quantum supergroups Osp_q(N|2m)

In this subsection we show that it is possible to define many-parameter deformations of the groups SO(N) and Sp(2n) and also the quantum supergroups OSp_q(N|2m) if we consider for the R matrix the ansatz:

R̂ =^K∑ i,j=1 a_{ij} e_{ij} ⊗ e_{ji} + ∑ i<j b_{ij} e_{ii} ⊗ e_{jj} + ∑ i>j d^i_j e_i′_j ⊗ e_{ij}′ ⇒ (3.10.1) 3.8.01

R̂^{i1,i2}_{j1,j2} = δ^i1_{j2} δ^i2_{j1} a_{i1i2} + δ^i1_{j1} δ^i2_{j2} b_{i1 i2} Θ_{i2i1} + δ^i1^{i′}2 δ_{j1j′2} d^i2_{j1} Θ^i2_{j1} = (3.10.2) 3.8.1

= i_1

j_1 a_{i1i2}

j_2 i_2 + b_{i1i2} i_1

j_1 j_2 i_2 + i_1

j_1 d^{i2}_{j1} i_2

j_2

where Θ^i_j = Θ_{ij} , j^′ = K+1−j, K = N for the groups SO(N), K = 2n for the groups Sp(2n), and K = N + 2m for the groups Osp(N|2m). The expression (3.10.2) is a natural generalization of the expression (3.6.5) for the many-parameter R matrix corresponding to the linear quantum groups. Namely, the third term in (3.10.2) is constructed from the SO-invariant tensor δ^{i1i′2} δ_{j1j}′_2 , which takes into account the presence of the invariant metrics for the considered groups. The functions Θ are introduced in (3.10.2) in order to ensure that the matrix R_{12} = P_{12}R̂ has lower triangular block form. This is necessary for the correct definition of the operators L^{(±)} by means of the expressions (3.2.18). We demonstrate below that the ansatz (3.10.2) for the solution of the Yang-Baxter equation (3.1.4) automatically define the family of the Birman-Murakami-Wenzl R- matrices with fixed parameter ν which corresponds to the quantum groups SO_q(N), Sp_q(2n) and Osp_q(N|2m).

We substitute the ansatz (3.10.2) for R matrix in the Yang-Baxter equation (3.1.4). It is obvious that the first two terms in (3.10.2) make contributions to the Yang-Baxter equation that are analogous to the contributions of the general R matrix ansatz in the case of the linear quantum groups (see Sec. 3.6). It is therefore clear that for the parameters a_{ij} and b_{ij} we reproduce almost the same conditions (3.6.6), which in the convenient normalization c = 1, b = q − q^{−1} have the form

b_{ij} = b = λ (∀i, j), a_{ii} = a^0_i = ±q^{±1} (i ≠ i^′), a_{ij} a_{ji} = 1 (i ≠ j, i ≠ j^′) . (3.10.3) 3.8.2

Note that the conditions in (3.10.3) are somewhat weaker than in (3.6.6) (because of the restrictions i ≠ i^′, i ≠ j^′). This is due to the fact that the contributions to the Yang-Baxter equation proportional to a_{ii}′ begin to be canceled by the contributions from the third term in (3.10.2). The corresponding condition on a_{ii}′ fulfilling the Yang-Baxter equation can be expressed as follows:

a_{jj}′ = κ^{−1}_j (a^0_j − b) , a_j′_j = κ_j(a^0_j − b) (j ≠ j^′) ⇔

a^0_j a_{jj}′ = κ^{−1}_j , a^0_j a_j′_j = κ_j (j ≠ j^′) ,

(3.10.4) 3.8.3

where in addition for the constants a^0_j and κ_i we have

κ_j κ_j′ = 1 , a^0_j = a^0_j′ . (3.10.5) 3.8.3a

Taking into account Eqs. (3.10.3), the relations (3.10.4) are equivalent to the pair of possibilities (j ≠ j^′):

1.) a^0_j = q → a_j′_j κ^{−1}_j = q^{−1} = a_{jj}′ κ_j ,

2.) a^0_j = −q^{−1} → a_j′_j κ^{−1}_j = −q = a_{jj}′ κ_j .

(3.10.6) 3.8.4

We shall see below that if we restrict consideration to the first possibility for all j (or only the second possibility), then we obtain the R matrices for the quantum groups SO_q(N) and Sp_q(2n). If, however, we consider the mixed case, when both possibilities are satisfied (for different j), then we expect (by analogy with the linear quantum groups; see Sec. 3.6) that the corresponding R matrix will be associated with the supergroups Osp_q(N|2m). The case j = j^′ is obviously realized only for groups of the series B (SO_q(2n + 1)) and for the supergroups Osp_q(2n + 1|2m), and it follows from the Yang-Baxter equation (3.1.6) that

a_{jj}′ = 1 , κ_j = 1 , for j = j^′ =

K + 1 2 . (3.10.7) 3.8.5

For the groups SO_q(2n), Sp_q(2n) and Osp_q(2n|2m), the parameter a_{jj}′ (j = j^′) is simply absent. Further consideration of the contributions to the Yang-Baxter equation from the third term in (3.10.2) leads to the equations

a_{ij} a_i′_j = κ_j , a_{ji} a_{ji}′ = κ^{−1}_j (∀i ≠ i^′) , (3.10.8) 3.8.6

λ d^j_k κ_i + d^j_i d^i_k = 0 , (3.10.9) 3.8.7 (there is no summation over repeated indices). The general solution of Eq. (3.10.9) has the form d^i_j = −λ κ_i c_j c_i , (3.10.10) 3.8.8

where c_i are arbitrary parameters. The remaining terms in the Yang-Baxter equation that do not cancel under the conditions (3.10.3)-(3.10.10) give recursion relations for the coefficients c_i: c_j′ a_j′_j + λc_j Θ_j′_j − λc_j ∑ i>j κ_i c_i′ c_i = νc_j . (3.10.11) 3.8.9

These relations can be represented graphically in the form

j c_j′ a_j′_j

j^′ + λ c_j

j j^′ + j c_i′ d^i_j j^′ = ν c_j j j^′

Another equivalent forms of (3.10.11) are ∑ k>m d^i_k′ d^k_j = d^i_j ( ν − c_m′ c_m a_m′_m − λΘ_m′_m ) , (3.10.12) 3.8.9c ∑ k<m d^i_k′ d^k_j = d^i_j ( −ν^{−1} + c_m′ c_m a^{−1}_{m m}′ − λΘ_{mm}′ ) , (3.10.13) 3.8.9b

which are related to each other by the identity ∑ k d^i_k′ d^k_j = −λ μ d^i_j , (μ := (λ − ν + ν^{−1})/λ) , (3.10.14) 3.8.9aa using below. Now the R matrix (3.10.1) is represented in the form R̂ = a_{ij} e_{ij} ⊗ e_{ji} + λ Θ_{ji} e_{ii} ⊗ e_{jj} + Θ_{ij} d^i_j e_{i′j} ⊗ e_{ij′} , (3.10.15) Rgen3

where the summation over the indices i, j is assumed and parameters a_{ij} and d^i_j are fixed by the conditions (3.10.3) – (3.10.8), (3.10.10) and (3.10.11). This R matrix satisfies the Yang-Baxter equation (3.1.4) and additional relations (cf. (3.9.3), (3.9.4) and (3.9.28)) R̂^2 − λR̂ − 1 = −λν K , KR̂ = R̂K = νK , (3.10.16) char1

K_{12} R̂^{±1}_{23} K_{12} = ν^{∓1} K_{12} , K^2 = μ K , (3.10.17) Bmw where we have introduced the rank 1 matrix:

K := −λ^{−1} ∑ i,j d^i_j e_i′_j ⊗ e_{ij}′ = ∑ i,j κ_i c_j c_i e_i′_j ⊗ e_{ij}′ ⇔ (3.10.18) 3.8.10a

K^{i1i2}_{j1j2} = C^{i1i2} C_{j1j2} , C^{ij} = ϵδ^{ij′} κ_j c_j , C_{ij} = 1 ϵ δ_{ij}′ c_i . (3.10.19) 3.8.10

To prove relations (3.10.16), (3.10.17) we have used the definitions of a_{ij} (3.10.3) – (3.10.7), d^i_j (3.10.10) and take into account the identities (3.10.12) – (3.10.14) and

Θ_{ki}′ Θ_{kj} = Θ_{ki}′ Θ_{kj}(Θ_i′_j + Θ_{ji}′ + δ_i′_j) = Θ_i′_jΘ_{ki}′ + (Θ_{ji}′ + δ_i′_j)Θ_{kj} .

Thus, the R matrix (3.10.15) with constraints (3.10.3) – (3.10.8), (3.10.10) and (3.10.11) automatically leads to the R matrix representation of the Birman - Murakami - Wenzl algebra. In (3.10.19) we define the quantum metric (or symplectic) matrices C [cf. (3.9.18)]. The parameter ϵ (see Sec. 3.10) is introduced in (3.10.19) in order to match the definition of the matrices C to the study of Ref. [17], where ϵ = ±1.

Note that the conditions (3.10.3) - (3.10.8) can be solved as: a_{ij} = (a^0_i )^{(δij −δij′ )} f_{ij} f_{ji} , f_{ij} f_i′_j f_{ji}f_{ji}′ = κ_j (∀i ≠ i^′) ⇒ κ_j = f_j′_j f_{jj}′ , (3.10.20) Rgen

and, after substitution of (3.10.20) in (3.10.15), one can observe that the R matrix (3.10.15) is R̂ = ∑ i,j (a^0_i )^{(δij −δij′ )} f_{ij} f_{ji} e_{ij} ⊗ e_{ji} + λ ∑ i<j e_{ii} ⊗ e_{jj} − λ ∑ i>j f_i′_i f_{ii}′ c_j c_i e_i′_j ⊗ e_{ij}′ , (3.10.21) Rgen11

and produced by the twisting (3.6.4) from the matrix R̂ = ∑ i,j (a^0_i )^{(δij −δij′ )} e_{ij} ⊗ e_{ji} + λ ∑ i<j e_{ii} ⊗ e_{jj} − λ ∑ i>j c̃_j c̃_i e_i′_j ⊗ e_{ij}′ , (3.10.22) Rgen1

where c̃_i = f_{ii}′ c_i and the parameters a^0_j = a^0_j′ , c_j are determined in (3.10.6), (3.10.7) and (3.10.11). In this case the relations (3.2.53) lead to additional conditions on the twisting parameters f_{ij} :

f_{ij}f_i′_j = κ_j v_j , f_{ji}f_{ji}′ = v_j , ∀i , (3.10.23) ffff which are consistent with (3.10.8), (3.10.20). It is evident that for R matrix (3.10.22) the analogs of matrices (3.10.18), (3.10.19) are

K^{i1i2}_{j1j2} = ∑ i,j c̃_j c̃_i (e_i′_j )^{i1}_{j1} ⊗ (e_{ij}′ )^{i2}_{j2} = ~C^{i1i2} ~C_{j1j2} ⇒

~C^{ij} = ϵδ^{ij′} 1 c̃_j , ~C_{ij} = 1 ϵ δ_{ij}′c̃_i ⇒ ~C^{ij} ~C_{jk} = δ^i_k . (3.10.24) 3.8.10b

Now we show that the constant ν is fixed by the relations (3.10.11) uniquely. We consider the solution of Eqs. (3.10.11), which we write in the form

γ_j a_j′_j κ^{−1}_j + λ Θ_j′_j − λ K∑ i=j+1 γ_i = ν , (3.10.25) 3.8.11

where γ_j = c_j′ c_j κ_j = c̃_j′ c̃_j = 1 γ_j′ . (3.10.26) 3.8.12

Equation (3.10.25) is readily solved by the changing of variables

X_j = q^{2j} K∑ i=j+1 γ_i , (X_K = 0) ,

where the inverse transformation is γ_j = q^{−2j} (q^2X_{j−1} − X_j ) and we fix ν by taking into account the properties (3.10.26). 1. The case of groups SO_q(N) and Sp_q(N).

First, we consider the possibility 1 in (3.10.6). The possibility 2 gives, in view of a symmetry of equation (3.10.25), an analogous result except for the substitution q → −q^{−1}. The corresponding form of eq. (3.10.26) for j > j^′ is

q (X_{j−1} − X_j ) = q^{2j} ν ,

and we obtain the solution: X_j = νq^{2K−1} 1 − q^{−2(K−j)} 1 − q^{−2} ⇔ γ_j = νq^{2K−2j+1} , (j > j^′) . (3.10.27) 3.8.11c

For the case K = 2n + 1 the possibility j = j^′(= K + 1 − j = n + 1) is realized and Eq. (3.10.25) (in view of (3.10.7), (3.10.26), (3.10.27)) gives

γ_{n+1} = νq^{K−1} = 1 ⇒ ν = q^{1−K} . (3.10.28) sol1a

For the case K = 2n we take j =^K_2 , (j^′ =^K_2 + 1 > j) in Eq. (3.10.25) and obtain γ K_2 = νq^{K+1} − λq. On the other hand, eq. (3.10.27) gives γ K_{2 +1} = νq^{K−1}. Thus, in view of the condition γ K_2 = γ^{−1}_{K2 +1} (3.10.26), we deduce the equation 1+λq^K ν = ν^2q^{2K} with two roots:

ν_1 = q^{1−K} , ν_2 = −q^{−1−K} . (3.10.29) sol1b

We summarize the results (3.10.27) – (3.10.29), for the solution of (3.10.25), in the form γ_j ≡ c̃_j′ c̃_j = νq^{2(N−j)+1} (j > j^′) , γ_j = 1 (j = j^′) , ν = ϵq^{ϵ−N} , (3.10.30) 3.8.13

(parameters c̃_i have been introduced in (3.10.22)) and relate the cases (ϵ = +1) and (ϵ = −1) to the groups SO_q(N) and Sp_q(N), respectively.

In order to determine from the conditions (3.10.30) the parameters c̃_j and, thus, to fix the matrices ~C (3.10.24), we require fulfillment of the relation ~C^{ij} = ϵ ~C_{ij} (cf. (3.9.12)). Substitution of (3.10.24) gives the equation c̃_jc̃_j′ = ϵ, which together with (3.10.30) enables us to choose c̃_j in the form [17]

c̃_j = ϵ q^{j− 12 (N+ϵ+1)} (j > j^′) ⇒ c̃_j = ϵ_j q^{−ρj} , (3.10.31) 3.8.15

where

ϵ_i = +1 ∀i (for SO_q(N)) , ϵ_i = +1 (1 ≤ i ≤ n), ϵ_i = −1 (n + 1 ≤ i ≤ 2n) (for Sp_q(2n)),

(3.10.32) eeee and (ρ_1, . . . , ρ_N ) =

(n −^1_2 , n −^3_2 , . . . ,^1_2 , 0, −^1_2 , . . . , −n +^1_2 ) B : (SO_q(2n + 1)), (n, n − 1, . . . , 1, −1, . . . , 1 − n, −n) C : (Sp_q(2n)), (n − 1, n − 2, . . . , 1, 0, 0, −1, . . . , 1 − n) D : (SO_q(2n)). (3.10.33) rrrr Thus, the final expression for the R matrix (3.10.21) corresponding to the manyparameter deformation of the groups SO(N) and Sp(2n) (Ref. [78], [79]) is:

R̂_{12} = ∑ i,j q^{(δij −δij′ )} f_{ij} f_{ji} e_{ij} ⊗ e_{ji} + λ ∑ i<j e_{ii} ⊗ e_{jj} − λ ∑ i>j f_i′_i f_{jj}′ q^{ρi−ρj} ϵ_i ϵ_j e_i′_j ⊗ e_{ij}′ , where the parameters are defined in (3.10.23), (3.10.32), (3.10.33). The matrix R = P R̂ is represented in the component form as

R^{i1,i2}_{j1,j2} = δ^{i1}_{j1} δ^{i2}_{j2} [ (q δ^{i1i2} |_{i1≠i}′_2 + q^{−1} κ_{i1} δ^{i1i′2} |_{i1≠i2} + a_{i2i1} |_{i1≠i2≠i}′_1 + δ^{i1i′1} δ^{i2i′2} ] + (3.10.34) 3.8.16 +λ δ^{i1}_{j2} δ^{i2}_{j1} Θ_{i1i2} − λ κ_{i1} δ^{i1i′2} δ_{j1j}′_2 Θ^{i1}_{j1} ϵ_{i1} ϵ_{j1} q^{ρi1 −ρj1} ,

where a_{ij} = 1/a_{ji} =^{fij}_{fji} ∀j ≠ i ≠ j^′ , a_{jj}′ κ_j = a_j′_j κ^{−1}_j = q^{−1} ∀j ≠ j^′ , a_{ij} a_i′_j = κ_j , a_{ji} a_{ji}′ = κ^{−1}_j , κ_i = (κ_i′ )^{−1} =^{fi′i}_{fii′} . (3.10.35) cond

Now we clarify the role of the parameters κ_i. We show that for κ_i ≠ ±1 the element τ introduced in (3.9.19) is not central [78]. Indeed, we take the identity K_{12}K_{23}K_{12} = K_{12} (which is readily deduced from the explicit representation (3.10.18)) and multiply it by T_1T_2T_3 from the right. For the right-hand side we have

K_{12}T_1T_2T_3 = τ K_{12} T_3 , (3.10.36) cen1 while for the left-hand side we obtain

K_{12}K_{23}K_{12}T_1T_2T_3 = K_{12}T_1K_{23}T_2T_3 K_{12} = K_{12}T_1K_{23} K_{12}τ = X_3T_3X^{−1}_3 K_{12}τ , (3.10.37) cen2 where X^i_j = C_{jk}C^{ki} = δ^i_j κ_i, (X^{−1})^i_j = C_{kj}C^{ik} = δ^i_j κ_i′ and we have used the identity T_1K_{23} K_{12} = K_{23} K_{12}X_3T_3X^{−1}_3 which is obtained from the definition (3.10.19). Comparing (3.10.36) and (3.10.37) we obtain τ T^i_j = κ_iT^i_j κ_j′ τ. Thus, only for κ_i = ±1 the element τ is central and one can relate the R matrices (3.10.34) with quantum deformations of the groups SO(N) and Sp(2n).

The conditions (3.10.35), show that for κ_i = ±1 the independent parameters are q and a_{ij} for i < j ≤ j^′ (the numbers of these parameters are n(n − 1)/2 + 1 and n(n + 1)/2 + 1, respectively, for the groups of the series C, D, N = 2n and B, N = 2n + 1). Note that the last term in the square brackets in the expression (3.10.34) is present only for the groups of the series B. If we set a_{ij} = 1 (j^′ ≠ i ≠ j), κ_i = 1 then the R matrices (3.10.34) are identical to the one-parameter matrices R = P R̂ deduced from (3.10.22) and given in Ref. [17]

R_{12} = ∑ i,j q^{(δij −δij′ )} e_{ii} ⊗ e_{jj} + λ ∑ i>j e_{ij} ⊗ e_{ji} − λ ∑ i>j q^{ρi−ρj} ϵ_i ϵ_j e_{ij} ⊗ e_i′_j′ . (3.10.38) frtosp

2. The case of supergroups Osp_q(N|2m).

For the groups Osp(N|2m) (K = N + 2m), we choose a grading in accordance with the rules

[j] = 0 for m + 1 ≤ j ≤ m + N [j] = 1 for 1 ≤ j ≤ m , m + N + 1 ≤ j ≤ N + 2m .

(3.10.39) supar

Thus, for [j] = 0 [j ≠ j^′] and [j] = 1 the possibilities 1 and 2 (3.10.6) are realized, respectively a^0_j = (−1)^{[j]} q^{1−2[j]} = (−1)^{[j]} q^{(−1)[j]} , [j] = (j^′) . (3.10.40) ospp In this case eq. (3.10.25) is represented as the system of equations γ_j q + λ K∑ i=j+1 γ_i = −ν , (N + m + 1 ≤ j ≤ N + 2m) , (3.10.41) osp1

γ_j q − λ + λ K∑ i=j+1 γ_i = −ν , (1 ≤ j ≤ m) , (3.10.42) osp2

γ_j q^{(δj′j −1)} + λ Θ_j′_j − λ K∑ i=j+1 γ_i = ν , (m + 1 ≤ j ≤ m + N) . (3.10.43) osp3

In (3.10.43), for the case j = j^′, we take into account (3.10.7). The solution of (3.10.41) is (cf. (3.10.27)):

γ_j = −ν q^{2(j−K)−1} , (N + m + 1 ≤ j ≤ N + 2m) , (3.10.44) osp4

and we have λ ∑ i>m+N γi = ν(q −2m − 1). Using this fact eq. (3.10.43) is written in the form: γ_jq^{(δj′ j −1)} + λ Θ_j′_j − λ m+N∑ i=j+1 γ_i = νq^{−2m} , (3.10.45) osp5 and its solution is:

γ_j = ν q^{2(N−j)+1} , (j^′ < j ≤ N + m) . (3.10.46) osp6

In addition, for N = 2n + 1 and j = j^′ = m + n + 1, we have

γ_{m+n+1} = νq^{N−2m−1} = 1 , ν = q^{2m−N+1} , (3.10.47) osp7

and for N = 2n we obtain condition: γ_{m+} N_2 = νq^{N−2m+1} − λq = γ^{−1}_{m+ N2 +1} which is equivalent to the quadratic equation on ν:

(νq^{N−2m} − q)(νq^{N−2m} + q^{−1}) = 0 . (3.10.48) osp8

Accordingly, we summarize the results (3.10.44), (3.10.46) – (3.10.48) as γ_j ≡ c̃_j′ c̃_j = (−1)^{[j]}νq^{(−1)[j](2N−2j+1)−[j]4m} (j > j^′) , ν = ϵq^{ϵ+2m−N} , (3.10.49) 3.8.14

where ϵ = ±1 and the case ϵ = +1 corresponds Osp_q(N|2m) while the case ϵ = −1 we relate to a quantum group denoted as Osp^′_q(2m|2n). It is obvious that for the groups Osp_q(2n + 1|2m) (as well as for SO_q(2n + 1)) we have γ_j = γ_j′ = 1 for j = j^′. Note that if in (3.10.49) we set m = 0 or N = 0, q → −q^{−1}, then we reproduce (3.10.30).

The analog of the relation (3.9.12) for the groups Osp_q(N|2m) is the equation ~C^{ij} = (−1)^{(i)} ϵ ~C_{ij} which is equivalent to (−1)^{(i)} c̃_i c̃_i′ = ϵ and taking into account (3.10.49) we obtain c_j = ϵ q^{(−1)[j](j−m−N− 12 )− ϵ2 + N2} (j > j^′) ⇒ c̃_j = ϵ_j q^{−ρj} , where [j] = 0, 1 is the grading (3.10.39). The parameters (ρ_1, . . . , ρ_K ), (ϵ_1, . . . , ϵ_K ) are fixed according to the following cases:

1.) The case ϵ = +1, ν = q^{1+2m−N} for Osp_q(N|2m) (N = 2n + 1):

ρ_i = ( N 2 − m, . . . , N 2 − 1 m ; N 2 − 1, . . . , 1 2 , 0, − 1 2 , . . . , 1 − N 2 2n+1

; 1 − N 2 , . . . , m − N 2 m )

ϵ_i = (−1, . . . , −1 m ; +1, . . . , +1

2n+1

; +1, . . . , +1 m ) (3.10.50) er1 2.) The case ϵ = +1, ν = q^{1+2m−N} for Osp_q(N|2m) (N = 2n): ρ_i = (n − m, . . . , n − 1 m ; n − 1, . . . , 1, 0, 0, −1, . . . , 1 − n 2n ; 1 − n, . . . , m − n m )

ϵ_i = (−1, . . . , −1 m ; +1, . . . , +1 2n ; +1, . . . , +1 m ) (3.10.51) er2

3.) The case ϵ = −1, ν = −q^{−1+2m−2n} for Osp^′_q(2m|2n): ρ_i = (n + 1 − m, . . . , n m ; n, . . . , 1, −1, . . . , −n 2n ; −n, . . . , m − 1 − n m )

ϵ_i = (−1, . . . , −1 m ; +1, . . . , +1 n , −1, . . . , −1 n ; −1, . . . , −1 m ) (3.10.52) er3

To conclude this subsection, we give the final expression for the R matrix (3.10.21) corresponding to the quantum supergroups Osp_q(N|2m) (ϵ = +1) and Osp^′_q(2m|2n) (ϵ = −1)

R̂_{12} = ∑ i,j (−1)^{(i)[j]} q^{(−)(i)(δij −δij′ )} e_{ij} ⊗ e_{ji} + λ ∑ i<j e_{ii} ⊗ e_{jj} − λ ∑ i>j q^{ρi−ρj} ϵ_i ϵ_j e_i′_j ⊗ e_{ij}′ , (3.10.53) Rosp where the parameters ϵ_i, ρ_j are defined in (3.10.50) - (3.10.52). To obtain (3.10.53) we have used the condition (3.10.40) and put f_{ij} /f_{ji} = (−1)^{(i)[j]} (∀i ≠ j ≠ i^′), f_i′_i = f_{ii}′ = 1 in (3.10.21). This choice of the parameters f_{ij} is such that R̂_{12} tends to the supertransposition matrix (−1)^{(1)(2)}P_{12} (for the notation see (3.7.5)) when q → 1. The multi-parameter R matrices (for the supergroup case) are restored directly from (3.10.53) by the same twisting (3.6.4) if we take into account conditions (3.10.23).

We note that the parameters ν for the cases Osp_q (3.10.51) and Osp^′_q (3.10.52) are related to each other by means of the transformation: q ↔ −q^{−1}, n ↔ m. However, this transformation does not relate the corresponding R matrices (3.10.53). Our conjecture is that for the cases Osp_q (3.10.51) and Osp^′_q (3.10.52) the R matrices (3.10.53) and corresponding quantum groups are inequivalent.

The R matrices constructed in this subsection for the quantum supergroups realize R matrix representations of the Birman - Murakami - Wenzl algebra since they are the special examples of the R matrix (3.10.15) which satisfy (3.10.16), (3.10.17). Some of these R matrices can be obtained on the basis of the results of Ref. [97], in which Baxterized trigonometric solutions (see Sec. 3.11) of the Yang-Baxter equation associated with the classical supergroups Osp(N|2m) were obtained. Rational solutions, some special cases, and other questions relating to the subject of the quantum supergroups Osp_q(N|2m) are also discussed in Refs. [98], [100] and [102].

3.11 SO_q(N)-, Sp_q(2n)- and Osp_q(N|2m)- invariant Baxterized R matrices

Arguing as in Sec. 3.8, we conclude that the SO_q(N)- and Sp_q(N) (as well as Osp_q(N|2m)) -invariant Baxterized matrices R̂(x) must be sought [by virtue of the fact that the characteristic equation (3.9.1) is cubic] in the form of a linear combination of the three basis matrices 1, R̂, R̂^2. Expressing R̂^2 in terms of K and R̂, we can represent R(x) in the form R̂(x) = c(x) ( 1 + a(x)R̂ + b(x)K ) , (3.11.1) 3.9.1 where a(x), b(x) and c(x) are certain functions that depend on the spectral parameter x. We determine the functions a(x), b(x) from the Yang-Baxter equation (3.8.2). After substitution of (3.11.1) in (3.8.2) and using (3.9.21) – (3.9.28) the following relations arise:

a_1 + a_3 + λa_1a_3 = a_2 ,

b_3 − b_2 − λνa_1a_3 + νa_1b_3 − λa_1b_2b_3 + b_1(1 + νa_3 − λa_3b_2+ +μb_3 + ν^{−1}a_2b_3 + b_2b_3) + λ^2a_1a_3b_2 = 0 ,

a_2b_1 + a_3b_1b_2 = a_1b_2 + λa_1a_3b_2 , a_2b_3 + a_1b_2b_3 = a_3b_2 + λa_1a_3b_2 .

(3.11.2) 3.9.5

where we have put

a_1 = a(x), a_2 = a(xy), a_3 = a(y), b_1 = b(x), b_2 = b(xy), b_3 = b(y) .

The four relations (3.11.2) are equivalent to the three functional equations

a(x) + a(y) + λa(x)a(y) = a(xy) , (3.11.3) 3.9.6 b(y) − b(xy) + a(x)[νb(y) − λνa(y) − λb(xy)b(y) + λ^2a(y)b(xy)]+ +b(x)[1 + νa(y) − λa(y)b(xy) + μb(y) + ν^{−1}a(xy)b(y) + b(xy)b(y)] = 0 , (3.11.4) 3.9.7 a(xy)b(y) + a(x)b(xy)b(y) = b(xy)(a(y) + λa(x)a(y)) , (3.11.5) 3.9.8 since the third and fourth relations in (3.11.2) give the same equation (3.11.5). As was to be expected, Eq. (3.11.3) is identical to Eq. (3.8.3) obtained in the GL_q(N) case, and its general solution is given in (3.8.4). By means of (3.11.3), we can transform the right-hand side of Eq. (3.11.5) in such a way that (3.11.5) reduces to the equation a(x) a(xy) = b(xy) − b(y) b(xy)(b(y) + 1) ≡ 1 − b(y)(1 + b(y))^{−1} b(xy)(1 + b(xy))^{−1} , (3.11.6) 3.9.9

We now note that Eq. (3.11.3) can be rewritten in the form a(x) a(xy) = 1 − a(y)(λa(y) + 1)^{−1} a(xy)(λa(xy) + 1)^{−1} (3.11.7) 3.9.10

and, comparing (3.11.6) and (3.11.7), we arrive at the result

a(y)(b(y) + 1) (λa(y) + 1)b(y) = const ≡ α + 1 λ , (3.11.8) 3.9.11

where α denotes an arbitrary parameter. The specific choice of the constant on the right-hand side of (3.11.8) is made for convenience in what follows. Substituting the solution (3.8.4) in (3.11.8), we obtain the following general expression for b(y): b(y) = y^ξ − 1 αy^ξ + 1

. (3.11.9) 3.9.12

It is a remarkable fact that Eq. (3.11.4) is satisfied identically on the functions (3.8.4) and (3.11.9) if the constant α satisfies the quadratic equation

α^2 − λ ν α − 1 ν^2

= 0 , (3.11.10) 3.9.13

the two solutions of which are readily found:

α_± = ± q^{±1} ν . (3.11.11) 3.9.14

where

ν = ϵq^{ϵ−N} , for groups SO_q(N) (ϵ = +1), Sp_q(N) (ϵ = −1); ν = ϵq^{ϵ+2m−N} , for supergroups Osp_q(N|2m) (ϵ = +1) and Osp^′_q(2m|N) (N = 2n, ϵ = −1). (3.11.12) nu

Thus, the solutions of the Yang-Baxter equation (3.8.2) can be represented in the form R̂(x) = c(x) ( 1 + 1 λ (x^ξ − 1)R̂ + x^ξ − 1 αx^ξ + 1 K ) . (3.11.13) 3.9.15

and we have the two possibilities α = α_± (3.11.11), which are inequivalent [both for all the cases SO_q(N), Sp_g(N) and Osp_q(N|2m)], since these solutions cannot be reduced to each other by any functional transformations of the spectral parameter. For convenience we choose c(x) = x and ξ = −2 in (3.11.13); then for the R matrices (3.11.13) we can propose four equivalent forms of expression:

R̂^±(x) := 1 λ ( x^{−1}R̂ − xR̂^{−1} ) + α_± + 1 α_±x^{−1} + x

K = (3.11.14) 3.9.15a

= (q^{±2}x^{−1} − x) (q^{±2} − 1)

(R̂x^{−1} ± q^{±1}x) (R̂x ± q^{±1}x^{−1}) = = x − x^{−1} λ(x + α_±x^{−1}) ( −xR̂^{−1} − α_±x^{−1}R̂ + λ(α_± + 1) x − x^{−1} ) = (3.11.15) 3.9.16 = (x^{−1}q − xq^{−1}) λ P^+ + (xq − (xq)^{−1}) λ P^− +

(q^{±2}x^{−1} − x)

(q^{±2} − 1)

(x^{−1} + x α_±) (x + x^{−1} α_±)

P^0 .

The last expression determines the spectral decomposition of R̂(x), from which, for example, we can readily obtain

R̂^+(±q) = ±(q + q^{−1}) P^− , R̂^−(±q^{−1}) = ±(q + q^{−1}) P^+ , (3.11.16) 3.9.17

R̂^±(1) = 1 , R̂^±(i) = ±i(q + q^{−1}) λ (1 − 2P^±) ,

R̂^±(x) R̂^±(x^{−1}) = ( 1 − (x − x^{−1})^2

λ^2 ) · 1 . (3.11.17) 3.9.17a

The relations (3.11.16) agree with the Yang-Baxter equation (3.8.2).

The cross-unitarity for the BMW type R-matrix (3.11.14) can be written in the matrix form as (cf. (3.8.8)) T r_{D(2)} ( R̂^±_1 (x)P_{01}R̂^±_1 (z) ) = η^±(x) η^±(z) D_0 I_1 , T r_{Q(1)} ( R̂^±_1 (x)P_{23}R̂^±_1 (z) ) = η^±(x) η^±(z) Q_3 I_2 ,

(3.11.18) cross02

where the matrices D, Q have been defined in (3.1.12) and

η^±(x) = 1 λ (x − x^{−1})

(α_±νx^2 + ν^{−1}) (x^2 + α_±)

, (x z)^2 = α^2_± .

The Baxterized R̂ matrices (3.11.13) and (3.11.15) must determine algebras with the defining relations (3.8.11). However, a realization of the operators L(x) in terms of the generators L^{(±)} of the quantum algebras U_q(so(N)) and U_q(sp(N)) [analogous to (3.8.12)] is, unfortunately, not known to me (see, however, [53]). Such a realization would be extremely helpful for many applications.

To conclude this subsection, we give the expressions for the rational R matrices of the Yangians Y (so(N)), Y (sp(N)) and Y (osp(N|2m)). We make the ansatz for the spectral parameter x = exp(−λθ/2) in (3.11.14) and rewrite the R matrix in the form (cf. (3.8.23)):

R̂(θ) := R̂ ( e^{− λ}2^θ ) = cosh(λθ/2) [1 − K] +^1_λ sinh(λθ/2) [R̂ + R̂^{−1}]+

+[cosh(λθ/2) + β_± sinh(λθ/2)]^{−1} K

(3.11.19) 3.9.15b

where β_± =^{α±−1}_{α±+1} . The Yangian R matrices can be obtained from (3.11.19) after the passage to the limit h → 0 (q = exp(h) → 1). Further, it is easy to see that the cases α = α_+, ϵ = 1 (SO_q(N)) and α = α_−, ϵ = −1 (Sp_q(2n)) reduce to GL(N)- symmetric Yang’s R matrix (3.8.25). The nontrivial SO(N)- and Sp(N)-symmetric Yangian R matrices for Y (so(N)) and Y (sp(N)) correspond to the choice

α = α_−, ϵ = 1 (SO_q(N)) ; α = α_+, ϵ = −1 (Sp_q(N)) , (3.11.20) 3.9.18

and have the form

R̂(θ) = (1 + θ P_{12}) + 2 θ (2ϵ − (N + 2θ))

K^{(0)}_{12} . (3.11.21) 3.9.19

The matrix K^{(0)}_{12} is defined in (3.9.6). Nontrivial rational R matrices for super Yangians Y (osp(N|2m)) and Y^′(osp(2m|2n)) can be obtained from (3.11.19) in the cases α = α_−, ϵ = 1 (Osp_q(N|2m)) ; α = α_+, ϵ = −1 , N = 2n (Osp^′_q(2m|2n)) . The form of these R matrices is

R̂(θ) = (1 + θ P_{12}) + 2 θ 2ϵ + 2m − (N + 2 θ)

K^{(0)}_{12} (3.11.22) 3.9.19s where P^{i1i2}_{j1j2} = (−1)^{[i1][i2]}δ^{i1}_{j2} δ^{i2}_{j1} is the supertransposition operator (the parity [j] is defined in (3.10.39)). The matrix (K^{(0)})^{i1i2}_{j1j2} = C^{i1i2} C_{j1j2} is a classical limit (q → 1) of the rank 1 matrix K in the supersymmetric case and the ortho-symplectic matrices C^{ij} = ϵ_j δ^{ij′} , C_{ij} = ϵ_iδ_{ij}′ are determined by their parameters ϵ_i (3.10.50) - (3.10.52). Then, the defining relations for the generators (3.8.26) of the Yangians Y (so(N)), Y (sp(N)) and Y (osp(N|2m)), Y^′(osp(2m|2n)) are identical to (3.8.22) and (3.8.29), respectively, while the comultiplication is given by (3.8.27).

The Yangian R matrix (3.11.21) for the SO(N) case was found in Ref. [3], and that for the Sp(2n) case in Ref. [101]. These R matrices were used in Ref. [86] to construct and investigate exactly solvable SO(N)- and Sp(2n)-symmetric magnets. Twisted Yangians for the SO(N) and Sp(2n) cases have been considered in [84]. The super Yangians of the type Y (osp(N|2m)) and corresponding spin chain models where discussed in [102]. Baxterized trigonometric R matrices (3.11.13) corresponding to the special parameter values (3.11.20) were first found by Bazhanov in 1984 and were published in Ref. [103]. The same R matrices were independently constructed in Ref. [104].

3.12 Quantum Knizhnik - Zamolodchikov equations

In Sections 3.7 and 3.10, using R matrix representations for the Hecke and Birman- Murakami-Wenzl algebras, we have found the trigonometric solutions R(x) of the Yang - Baxter equations (Baxterized R matrices). In this subsection we show that, for every trigonometric solution R(x), one can construct the set of difference equations which are called quantum Knizhnik - Zamolodchikov equations. These equations are important since their solutions are related (see e.g. [105], [106] and Refs. therein) to the correlators in spin chain models associated with the same trigonometric matrix R(x).

In this subsection we follow the presentation of the papers [107], [108]. Consider a tensor function Ψ^{1...N⟩}(z_1, . . . , z_N ) ∈ V^{⊗N} (z_i ∈ C, i = 1, . . . , N) which satisfies a system of difference equations

T_{(i)} Ψ^{1...N⟩}(z_1, . . . , z_N ) = A^{(i)}_{1...N} (z_1, . . . , z_N ) Ψ^{1...N⟩}(z_1, . . . , z_N ) , (3.12.1) qkz1

where operator T_{(i)} is defined as

T_{(i)} Ψ^{1...N⟩}(z_1, . . . , z_N ) := Ψ^{1...N⟩}(z_1, . . . , z_{i−1}, pz_i, z_{i+1}, . . . , z_N ) , (3.12.2) qkz2

A^{(i)}_{1...N} (z_1, . . . , z_N ) ∈ End(V^{⊗N} ) is called discrete connection and indices 1, . . . , N denote the numbers of the vector spaces V in V^{⊗N} . A consistence condition T_{(i)}T_{(j)} = T_{(j)}T_{(i)} of the system (3.12.1) requires additional constraints on the discrete connection A^{(j)}_{1...N} (z_1 . . . z_N ):

T_{(i)}A^{(j)}_{1...N} T^{−1}_{(i)} A^{(i)}_{1...N} = T_{(j)}A^{(i)}_{1...N} T^{−1}_{(j)} A^{(j)}_{1...N} . (3.12.3) qkz3

Discrete connections which satisfy (3.12.3) are called flat (or integrable).

Now we introduce the following discrete connection

A^{(j)}_{1...N} (z_1, . . . , z_N ) = T_{(j)}R_{j j−1} . . . R_{j 2} R_{j 1}T^{−1}_{(j)} D_j R^{−1}_{N j} R^{−1}_{N−1 j} . . . R^{−1}_{j+1 j} , (3.12.4) qkz4 where R_{i j} := R_{i j} (z_i/z_j ) is the R matrix which acts nontrivially only in the vector spaces V with numbers i, j and satisfies the Yang-Baxter eq. (3.8.2) in the form (R_{ij} (x) = P_{ij}R̂_{ij}(x)) R_{ij}(x) R_{ik}(xy) R_{jk}(y) = R_{jk}(y) R_{ik}(xy) R_{ij}(x) , (3.12.5) qkz5 and the unitarity condition R_{ij} (x)R_{ji}(x^{−1}) = 1 (cf. (3.8.7), (3.11.17)). The constant matrix D_i acts in i-th vector space V_i and obeys R_{ij}D_iD_j = D_iD_j R_{ij} . Eqs. (3.12.1) with discrete connection (3.12.4) is called quantum Knizhnik - Zamolodchikov (q- KZ) equations. It is convenient to rewrite the definition of the discrete connection (3.12.4) in the form

A^{(j)}_{1...N} (z_1, . . . , z_N ) = = T_{(j)} ^̂R_{j−1} . . . , ^̂R_1T^{−1}_{(1)} D_1 P_{1,2}P_{2,3} . . . P_{N−1,N} ^̂R^{−1}_{N−1} ^̂R^{−1}_{N−2} . . . ^̂R^{−1}_j ,

(3.12.6) qkz44

where P_{j,k} = P_{j,k}·P_{zj ,zk} , P_{zj ,zk} is an operator which permutes the spectral parameters z_j and z_k: P_{zj ,zk} · f(z_1, . . . , z_k, . . . , z_j , . . . , z_N ) = f(z_1, . . . , z_j , . . . , z_k, . . . , z_N ) · P_{zj ,zk} , and ^̂R_j = P_{j,j+1}R_{j,j+1}(z_j /z_{j+1}) realize generators of a braid group (see eqs. (4.1.1) in Sect. 4).

Our statement is (see [107], [108]) that discrete connection (3.12.4) is the flat discrete connection (i.e. satisfies (3.12.3)) and therefore the system of equations (3.12.1) is consistent. Indeed, we have from (3.12.3) for j > i

T_{(i)}T_{(j)}R_{j j−1} . . . R_{j 1}T^{−1}_{(j)} D_j R^{−1}_{Nj} . . . R^{−1}_{j+1 j} R_{i i−1} . . . R_{i 1}T^{−1}_{(i)} D_iR^{−1}_{Ni} . . . R^{−1}_{i+1 i} = = T_{(i)}R_{i i−1} . . . R_{i 1}T^{−1}_{(i)} D_iT_{(j)}R^{−1}_{Ni} . . . R^{−1}_{i+1 i}R_{j j−1} . . . R_{j 1}T^{−1}_{(j)} D_jR^{−1}_{Nj} . . . R^{−1}_{j+1 j} .

In the left hand side we obtain for j > i T_{(i)}T_{(j)}R_{j j−1} . . . R_{j 1}R_{i i−1} . . . R_{i 1}T^{−1}_{(i)} T^{−1}_{(j)} D_iD_j R^{−1}_{N j} . . . R^{−1}_{j+1 j}R^{−1}_{Ni} . . . R^{−1}_{i+1 i} . (3.12.7) qkz6 Then we use here identities for transfer-matrices R_{j j−1} . . . R_{j 1}(R_{i i−1} . . . R_{i 1}) = (R_{i i−1} . . . R_{i 1})R_{j j−1} . . . R_{j i+1}R_{j i−1} . . . R_{j 1}R_{ji} (R^{−1}_{Nj} . . . R^{−1}_{j+1 j})R^{−1}_{N i} . . . R^{−1}_{i+1 i} = R^{−1}_{ji} R^{−1}_{Ni} . . . R^{−1}_{j+1 i}R^{−1}_{j−1 i} . . . R^{−1}_{i+1 i}(R^{−1}_{Nj} . . . R^{−1}_{j+1 j} ) and obvious relations [T^{−1}_{(i)} T^{−1}_{(j)} , R_{i j} ] = 0 = [D_iD_j , R_{i j} ]. As a result we obtain for l.h.s. (3.12.7)

T_{(i)}T_{(j)}(R_{i i−1} . . . R_{i 1})R_{j j−1} . . . R_{j i+1}R_{j i−1} . . . R_{j 1}T^{−1}_{(i)} T^{−1}_{(j)} D_iD_j · ·R^{−1}_{Ni} . . . R^{−1}_{j+1 i}R^{−1}_{j−1 i} . . . R^{−1}_{i+1 i}(R^{−1}_{Nj} . . . R^{−1}_{j+1 j} ) (3.12.8) qkz7

In the r.h.s. we use [R_{i j} D_k] = 0 = [R_{i j} T_k] for i, j ≠ k and the identity R^{−1}_{Ni} . . . R^{−1}_{i+1 i}R_{j j−1} . . . R_{j 1} =

= R_{j j−1} . . . R_{j i+1}R_{j i−1} . . . R_{j 1}R^{−1}_{Ni} . . . R^{−1}_{j+1 i}R^{−1}_{j−1 i} . . . R^{−1}_{i+1 i} which gives for the r.h.s. just the same answer (3.12.8) as for the l.h.s.

At the end of this subsection we present the definition of the q-KZ equations due to F.A. Smirnov [109] Ψ^{1...N⟩}(z_1, . . . , z_{i+1}, z_i, . . . z_N ) = R̂_{i i+1}(z_i/z_{i+1})Ψ^{1...N⟩}(z_1, . . . , z_i, z_{i+1}, . . . , z_N ) Ψ^{1...N⟩}(p z_1, z_2, . . . , z_N ) = D_1 Ψ^{2...N,1⟩}(z_2, z_3, . . . , z_N , z_1) . (3.12.9) qkz8 One can show explicitly that (3.12.9) lead to the eqs. (3.12.1), (3.12.2), (3.12.4). The self-consistence of eqs. (3.12.9) can be checked directly. It also follows from the self-consistence of the extended Zamolodchikov algebra with generators {A_i(z_i), Q} (i = 1, . . . , N): R̂_{1 2}(z_1/z_2) A^{1⟩}(z_1) A^{2⟩}(z_2) = A^{1⟩}(z_2) A^{2⟩}(z_1) , D_1A^{1⟩}(z_1) Q = Q A^{1⟩}(p z_1) ,

and remark that eqs. (3.12.9) can be formally produced from the representation

Ψ^{1...N⟩}(z_1, . . . , z_N ) = Tr ( QA^{1⟩}(z_1) A^{2⟩}(z_2) . . . A^{N⟩}(z_N ) ) . The semiclassical limit of the q-KZ equations (if we take the the trigonometric R-matrices (3.8.5) and (3.11.14) and consider their Yangian limits) gives the usual Knizhnik - Zamolodchikov equations.

3.13 Elliptic solutions of the Yang-Baxter equation

In this subsection, we consider Z_N ⊗ Z_N -symmetric solutions of the Yang-Baxter equation (3.8.21) (Ref. [110]). The elements R^{i1i2}_{j1j2} (θ) of the corresponding R matrix will be expressed in terms of elliptic functions of the spectral parameter θ.

We construct this solution explicitly, following the method of Ref. [110]. We consider two matrices g and h such that g^N = h^N = 1:

g = 1 0 0 . . . 0 0 ω 0 . . . 0 . . . . 0 0 0 . . . ω^{N−1} , h = 0 1 0 . . . 0 0 0 1 . . . 0 . . 1 0 0 . . . 0

, (3.13.1) 3.10.1

where ω = exp(2πi/N) and h g = ω g h. The matrices g and h are Z_N -graded generators of the algebra Mat(N), the graded basis for which can be chosen in the form I_{⃗α} = I_{α1α2} = g^{α1} h^{α2} , α_{1,2} = 0, 1, . . . , N − 1 . (3.13.2) 3.10.2

On the other hand, the matrices (3.13.2) realize a projective representation of the group Z_N ⊗ Z_N : I_{⃗α}I_{⃗β} = ω^{α2β1} I_{⃗α+⃗β} . Any matrix R_{12}(θ) = R^{i1i2}_{j1j2} (θ) can now be written in the form R_{12}(θ) = W_{⃗α,⃗β}(θ) I_{⃗α} ⊗ I_{⃗β} , (the sum over α_i, β_j is assumed). We consider the Z_N ⊗ Z_N -invariant subset of such matrices:

R_{12}(θ) = W_{⃗α}(θ)I_{⃗α} ⊗ I^{−1}_{⃗α} , (3.13.3) 3.10.3 where I^{−1}_{⃗α} = h^{−α2} g^{−α1} = ω^{α1α2} I_{−⃗α}. The invariance of the matrices (3.13.3) is expressed by the relations

R_{12}(θ) = (I_{⃗γ} ⊗ I_{⃗γ} ) R_{12}(θ) (I_{⃗γ} ⊗ I_{⃗γ} )^{−1} ∀⃗γ , (3.13.4) 3.10.4

which obviously follow from the identity I_{⃗γ} I_{⃗α} I^{−1}_{⃗γ} = ω^{<α,γ>}I_{⃗α} , < α, γ >= α_1γ_2 − α_2γ_1 . It was noted in Ref. [110] that the relations

R_{12}(θ + 1) = g^{−1}_1 R_{12}(θ) g_1 = g_2 R_{12}(θ) g^{−1}_2 , R_{12}(θ + τ) = exp(−iπτ)exp(−2πiθ)h^{−1}_1 R_{12}(θ) h_1 = exp(−iπτ)exp(−2πiθ)h_2 R_{12}(θ) h^{−1}_2 , (3.13.5) 3.10.5

R_{12}(0) = I_{⃗α} ⊗ I^{−1}_{⃗α} ≡ P_{12} , (3.13.6) 3.10.5a where τ is some complex parameter (period), are consistent with the Yang-Baxter equation (3.8.21) and can be regarded as subsidiary conditions to these equations (the last identity in (3.13.6) follows from (I_{⃗α}⊗I^{−1}_{⃗α} ) I_{⃗β} ⊗I_{⃗γ} = I_{⃗γ} ⊗I_{⃗β} (I_{⃗α} ⊗I^{−1}_{⃗α} )). Moreover, for the Z_N ⊗ Z_N -invariant R matrix (3.13.3) the conditions (3.13.5), (3.13.6) determine the solution of the Yang-Baxter equation uniquely. Indeed, substitution of (3.13.3) in (3.13.5), (3.13.6) leads to the equations

W_{⃗α}(θ + 1) = ω^{α2} W_{⃗α}(θ) , W_{⃗α}(θ + τ) = exp(−iπτ) exp(−2πiθ) ω^{−α1} W_{⃗α}(θ) , W_{⃗α}(0) = 1 , (3.13.7) 3.10.6

the solution of which can be found by means of an expansion in a Fourier series and has the form W_{⃗α}(θ) = Θ_{⃗α}(θ + η)

Θ_{⃗α}(η)

, (W_{⃗α+⃗ν} (u) = W_{⃗α+⃗ν} ′ (u) = W_{⃗α}(u)) , (3.13.8) 3.10.7

where ⃗ν = (N, 0), ⃗ν^′ = (0, N),

Θ_{⃗α}(u) = ∞∑ m=−∞ exp [ iπτ(m + α_2 N )^2 + 2πi(m + α_2 N )(u + α_1 N ) ] , (3.13.9) 3.10.8

and we recall that α_{1,2} ∈ Z_N . The parameter η in (3.13.8) is arbitrary. For N = 2, the solution (3.13.8) is identical to the solution obtained by Baxter [2], [111] in connection with the investigation of the so-called eight-vertex lattice model.

Direct substitution of (3.13.3) in the Yang-Baxter equation (3.8.21) shows that the functions W_{⃗α}(θ) must satisfy the relations ∑ ⃗γ W_{⃗γ} (θ − θ^′) W_{⃗α−⃗γ} (θ) W_{⃗β+⃗γ} (θ^′) ( ω^{<γ,β>} − ω^{<α−γ,β>} ) = 0 . (3.13.10) 3.10.9

As it was proved in [112], these relations hold when the functions (3.13.8) and (3.13.9) are substituted. We will see later that the identities (3.13.10) are intimately related to a version of the Yang-Baxter equations appeared in Interaction Round Face models (see Sect. 5.3).

4 GROUP ALGEBRA OF BRAID GROUP AND ITS QUOTIENTS

4.1 Group Algebra of Braid Group

A braid group B_{M+1} is generated by elements σ_i (i = 1, . . . M) subject to the relations:

σ_i σ_{i+1} σ_i = σ_{i+1} σ_i σ_{i+1} , [σ_i, σ_j] = 0 for |i − j| > 1 . (4.1.1) braidg By definition the elements σ_i are supposed to be invertible and represented graphically as

σ_i = • • . . . • • . . . • 1 2 i i + 1 M + 1

• • . . . • • . . . • (4.1.2) figas

Definition 13. An extension of the braid group B_M by one invertible generator σ_M subject to relations σ_M σ_{M−1}σ_M = σ_{M−1}σ_M σ_{M−1} , σ_1σ_M σ_1 = σ_M σ_1σ_M ,

[σ_M , σ_k] = 0 (k = 2, . . . , M − 2) ,

(4.1.3) refl3

is called a periodic braid group B_M .

Definition 14. An extension of the braid group B_{M+1} by one invertible generator y_1 which satisfies the relations y_1σ_1y_1σ_1 = σ_1y_1σ_1y_1 , [σ_i, y_1] = 0 ∀i > 1 , is called affine braid group B̂_{M+1}.

The elements {y_i} (i = 1, . . . M + 1) defined by:

y_1 , y_2 = σ_1y_1σ_1 , y_3 = σ_2σ_1y_1σ_1 σ_2 , . . . , y_{i+1} = σ_iy_iσ_i , (4.1.4) combr generate an Abelian subgroup in B̂_{M+1}. For y_1 = 1 elements (4.1.4) generate an Abelian subgroup in the braid group B_{M+1}. Note that y_ny_{n+1} = y_{n+1}y_n is equivalent to the reflection equation for y_n:

y_n σ_n y_n σ_n = σ_n y_n σ_n y_n . (4.1.5) refla

Proposition 7. The product of m elements of B̂_{M+1}: y^{(m)}_{k+1} := y_{k+1}y_{k+2} . . . y_{k+m} (k + m < M + 1) satisfies the following relations

y^{(m)}_{k+1} = U_{(k,m)} y^{(m)}_1 U_{(m,k)} , (4.1.6) afh1 where (cf. (3.2.39))

U_{(k,m)} = σ_{(k→m+k−1)} . . . σ_{(2→m+1)} σ_{(1→m)} ≡ σ_{(k←1)}σ_{(k+1←2)}σ_{(k+m−1←m)} , (4.1.7) afh2 and (k ≤ n) σ_{(k→n)} = σ_kσ_{k+1} . . . σ_n , σ_{(n←k)} = σ_n . . . σ_{k+1}σ_k .

Proof. First of all we show that y^{(m)}_{k+1} = σ_{(k→k+m−1)} y^{(m)}_k σ_{(k+m−1←k)} . (4.1.8) afh3 This identity is proved by induction. For m = 1 we obviously have y_{k+1} = σ_ky_kσ_k. Let (4.1.8) be correct for some m. Then, for y^{(m+1)}_{k+1} we have

y^{(m+1)} k+1 = y^{(m)}_{k+1} y_{k+m+1} = σ_{(k→k+m−1)} y^{(m)}_k σ_{(k+m−1←k)} σ_{k+m}y_{k+m}σ_{k+m} = = σ_{(k→k+m−1)} y^{(m)}_k σ_{k+m}y_{k+m}σ_{k+m} σ_{(k+m−1←k)} = = σ_{(k→k+m−1)}σ_{k+m} (y^{(m)}_k y_{k+m}) σ_{k+m}σ_{(k+m−1←k)} , which coincides with (4.1.8) for m → m + 1. Applying (4.1.8) several times we deduce (4.1.6). □ One can graphically represent elements U_{(k,m)} (4.1.7) (by means of the rules (4.1.2)) in the following form

U_{(k,m)} = • • . . . . . . • • . . . • • 1 k k+1 k+m M+1

• • . . . . . . • • . . . • • (4.1.9) figas1 From this representation it becomes clear that the following braid relations hold U_{(k,m)} (T_mU_{(k,n)}) U_{(m,n)} = (T_kU_{(m,n)}) U_{(k,n)} (T_nU_{(k,m)}) , (4.1.10) brU where we have introduced jump operators T_m: σ_i → σ_{i+m}. One can check relations (4.1.10) by direct calculations.

Consider elements Σ_{m→n} (n = m, m+1, . . . , M +1) of the group algebra of B_{M+1} which are defined inductively: Σ_{m→n} = f_{m→n} Σ_{m→n−1} = f_{m→n} f_{m→n−1} · · · f_{m→m+1} f_{m→m} , (4.1.11) anti where m → n denotes the set of indices (m, m + 1, . . . , n), Σ_{m→m} = 1, f_{k→k} = 1 and f_{k→n} = 1 + σ_{n−1} + σ_{n−2} σ_{n−1} + . . . + σ_k σ_{k+1} · · · σ_{n−1} , (4.1.12) fbf for (k < n). The important properties of the elements f_{k→n} (4.1.12) of the group algebra of B_{M+1} are:

f_{1→n}f_{1→n−1} . . . f_{1→m+1} = E^{(m,n−m)}_{1→n} Σ_{m+1→n} , (0 ≤ m < n) (4.1.13) ffxa where E^{(n,0)}_{1→n} = E^{(0,n)}_{1→n} = 1, E^{(m−1,1)}_{1→m} = f_{1→m}. The identities (4.1.13) are equivalent to the right factorization formula Σ_{1→n} = E^{(m,n−m)} 1→n Σ_{1→m} Σ_{m+1→n} , (4.1.14) rfactor and all elements E^{(m,n−m)}_{1→n} are defined inductively using the recurrent relations E^{(m,n+1−m)} 1→n+1 = E (m,n−m) 1→n + E^{(m−1,n+1−m)} 1→n σ_n σ_{n−1} . . . σ_m . In particular, we have E^{(n−1,2)}_{1→n+1} = (f_{1→n} + E^{(n−2,2)}_{1→n} σ_n σ_{n−1}), (n ≥ 2) which gives

E^{(m−1,2)} 1→m+1 = f1→m + f1→m−1 (σm σm−1) + f1→m−2 (σm−1 σm−2) (σm σm−1) + . . . + f_{1→2} (σ_3 σ_2) · · · (σ_m σ_{m−1}) + (σ_2 σ_1) · · · (σ_m σ_{m−1}) .

(4.1.15) xm

The next relation is: E^{(n−2,3)}_{1→n+1} = E^{(n−2,2)}_{1→n} + E^{(n−3,3)}_{1→n} σ_n σ_{n−1} σ_{n−2} for (n ≥ 3), etc.

Note that E^{(m,n−m)}

1→n are sums over the braid group elements which can be considered as quantum analogs of (m, n − m) shuffles of two piles with m and n − m elements if we read words from right to left (the shuffles are obtained by projection σ_i → s_i, where s_i are generators of symmetric group S_{M+1}). As it follows from (4.1.13) the elements f_{1→m} = E^{(m−1,1)}_{1→m} are the sums of (m − 1, 1) shuffles. One can use the operators Σ_{1→n} (4.1.11) for the definition of the associative products (analogous to the wedge products proposed by S.Woronowicz in the theory of differential forms on quantum groups [39]). In view of (4.1.14) these products are related to the quantum shuffle products (about quantum shuffles and corresponding products see [113], [39]). The associativity of these products is provided by the identities: E^{(n−m,m)} 1→n E^{(k,m−k)} 1→m = E^{(k,n−k)}_{1→n} E^{(m−k,n−m)} k+1→n (k < m < n) , (4.1.16) fi

which are the consistence conditions for the definition of a 3-pile shuffles (k, m − k, n − m): Σ_{1→n} = E^{(k,m−k,n−m)} 1→n Σ_{1→k} Σ_{k+1→m} Σ_{m+1→n} , Going further one can introduce m-pile shuffles E^{(n1,n2,...,nm)}_{1→n} of the pack of n cards (n = n_1 + n_2 + . . . + n_m). Then, we observe that the “symmetrizer” Σ_{1→n} (4.1.11) is nothing else but the n-pile shuffle E^{(1,1,...,1)}_{1→n} .

We note that there is a mirror set of relations for the elements Σ_{1→n} (4.1.11) in the group algebra of the braid group. In particular, we have

Σ_{k→n} = Σ_{k→n−1} f_{k→n} = f_{k→k} f_{k→k+1} · · · f_{k→n−1} f_{k→n} , (4.1.17) danti

where f_{k→k} = 1 and

f_{k→n} = 1 + σ_{n−1} + σ_{n−1} σ_{n−2} + . . . + σ_{n−1} . . . σ_{k+1} σ_k , (4.1.18) dfbf

for (k < n). In addition we have a left factorization formula (cf. (4.1.14))

Σ_{1→n} = Σ_{1→m} Σ_{m+1→n} ∃^{(m,n−m)}_{1→n} , (4.1.19) lfactor

where the elements ∃^{(m,n−m)}_{1→n} are defined by recurrence relations ∃^{(m,n−m+1)} 1→n+1 = ∃ (m,n−m) 1→n + σ_m . . . σ_n∃^{(m−1,n−m+1)} 1→n (∃^{(n,0)}_{1→n} = ∃^{(0,n)}_{1→n} = 1, ∃^{(n−1,1)}_{1→n} = f_{1→n}) and ∃^{(m,n−m)}_{1→n} is a sum over (m, n − m) quantum shuffles (if we read words from left to right). The mirror analogs of the factorization identities (4.1.16) are also hold ∃^{(k,m−k)} 1→m ∃^{(m,n−m)} 1→n = ∃^{(m−k,n−m)} k+1→n ∃ (k,n−k) 1→n .

4.2 A-Type Hecke algebras

A-Type Hecke algebra H_{M+1}(q) (see e.g. [114] and Refs. therein) is a quotient of the braid group algebra (4.1.1) in which the additional relation

σ^2_i − 1 = λ σ_i , (i = 1, . . . , M) , (4.2.1) ahecke

is satisfied. Here λ = (q − q^{−1}) and q ∈ C\{0, ±1} is a deformation parameter. Note that the algebras H_{M+1}(q) and H_{M+1}(−q^{−1}) are isomorphic to each other: H_{M+1}(q) ≃ H_{M+1}(−q^{−1}). The group algebra of B_{M+1} (4.1.1) has an infinite dimension while its quotient H_{M+1} is finite dimensional. It can be shown (see e.g. [117]) that H_{M+1} is spanned linearly by (M + 1)! elements which appear in the expansion of Σ_{1→M+1} (4.1.11) (or in the expansion of (4.1.17)).

A-Type Hecke algebra is a special case of a general Hecke algebra which is generated by a set of elements {σ_i} satisfying conditions (4.2.1) and σ_i σ_j σ_i . . . m_{ij} factors

= σ_j σ_i σ_j . . .

m_{ij} factors

, (4.2.2) ahecke1

where m_{ij} = m_{ji} are integers such that: m_{ii} = 1, m_{ij} ≥ 2 for i ≠ j. The set of data given by the matrix ||m_{ij} || is conveniently represented as the Coxeter-Dynkin graph with M nodes associated with generators σ_i and the nodes i and j are not connected if m_{ij} = 2 and connected by m_{ij} − 2 lines if m_{ij} ≥ 3. Thus, the Coxeter-Dynkin graph for the braid group relations (4.1.1) is the A-type graph:

σ_1 σ_2 σ_3

. . . . . . . . . . . σ_M That is why the Hecke algebra with defining relations (4.1.1) and (4.2.1) is called A-type Hecke algebra.

An essential information about a finite dimensional semisimple algebra A is contained in the structure of its regular bimodule, which decomposes into direct sums: A = ⨁_s α=1 A · e_α, A = ⨁_s α=1 e_α · A of left and right submodules (ideals), respectively (left- and right- Peirce decompositions). Here the elements e_α ∈ A (α = 1, . . . , s) are mutually orthogonal idempotents: e_α · e_β = δ_{αβ} e_α, resolving the identity operator: 1 = ∑_s α=1 e_α. The number s depends on the choice of the set of idempotens in A. There are two important decompositions of the identity operator and correspondingly two sets of the idempotents in A:

(1) Primitive idempotents. An idempotent e_α is primitive if it cannot be further resolved into a sum of nontrivial mutually orthogonal idempotents. (2) Primitive central idempotents. An idempotent e^′_α is primitive central if it is primitive in the class of central idempotents.

The regular bimodule decomposes into direct sums of irreducible sub-bimodules (two-sided ideals) A = ⨁_s′ α=1 A · e^′_α = ⨁_s′ α=1 e^′_α · A with respect to the central idempotents e^′_α.

Now we construct idempotents in H_{M+1} which correspond to the symmetrizers and antisymmetrizers. For this purpose we consider two substitutions σ_i → qσ_i, σ_i → −q^{−1}σ_i for the braid group algebra element Σ_{1→n} (4.1.11). As a result, for the algebra H_{M+1} we obtain two sequences of operators S_{1→n} and A_{1→n} (n = 1, . . . M +1)

S_{1→n} := a^− Σ_{1→n}(q σ_i) , A_{1→n} := a^+ Σ_{1→n}(−q^{−1} σ_i) (4.2.3) santis a^∓ = q^{∓ n(n−1)}2 [n]_q!

, [n]_q! := [1]_q [2]_q · · · [n]_q , [n]_q = (q^n − q^{−n}) (q − q^{−1}) , σ_i S_{1→n} = S_{1→n} σ_i = q S_{1→n} (i = 1, . . . n − 1) ,

σ_i A_{1→n} = A_{1→n} σ_i = −^1_q A_{1→n} (i = 1, . . . n − 1) ,

(4.2.4) santis1

which are symmetrizers and antisymmetrizers, respectively (see [60]). The normalization factors a^∓ have been introduced in (4.2.3) in order to obtain the idempotent conditions S^2_{1→n} = S_{1→n} and A^2_{1→n} = A_{1→n}. Here we additionally suppose that [n]_q ≠ 0, ∀n = 1, . . . , M + 1. The first two idempotents are

S_{12} = 1 [2]_q

(q^{−1} + σ_1) , A_{12} = 1 [2]_q

(q − σ_1) . (4.2.5) 3.3.111

Note that eqs. (4.2.4) immediately follow from the factorization relations (4.1.14), (4.1.19), the form of the first idempotents (4.2.5) and Hecke condition (4.2.1). The projectors S_{1→n} and A_{1→n} (4.2.3) correspond to the Young tableaux which have only one row or one column P ( 1 . . . n ) = S_{1→n} , P 1 . . n = A_{1→n} .

It follows directly from (4.2.4) that the idempotents S_{1→M+1} and A_{1→M+1} are central in the algebra H_{M+1}.

Consider now the elements y_i (i = 1, . . . , M) (4.1.4) which form a maximal commutative subalgebra Y_{M+1} in H_{M+1}. The elements y_i are called Jucys - Murphy elements and can be easily rewritten in the form (by using Hecke condition (4.2.1) and braid relations (4.1.1))

y_i = σ_{i−1} . . . σ_2 σ^2_1 σ_2 . . . σ_{i−1} =

= λσ_{i−1} . . . σ_2 σ_1 σ_2 . . . σ_{i−1} + σ_{i−1} . . . σ_3 σ^2 σ_3 . . . σ_{i−1} = . . . = = λ ∑_{i−2} k=1 σ_{i−1} . . . σ_{k+1} σ_k σ_{k+1} . . . σ_{i−1} + λσ_{i−1} + 1 = = λ ∑_{i−2} k=1 σ_k . . . σ_{i−2} σ_{i−1} σ_{i−2} . . . σ_k + λσ_{i−1} + 1 .

(4.2.6) jucmu

It is interesting that the idempotents which correspond to the symmetrizers and antisymmetrizers (the Young tableaux is only one row or column) can be constructed in the different way using elements y_n.

Proposition 8. The idempotents S_{1→n} and A_{1→n} (n = 2, . . . M + 1) (4.2.3) are expressed in term of the Jucys-Murphy elements as

S_{1→n} =

(y_2 − q^{−2}) (q^2 − q^{−2})

(y_3 − q^{−2}) (q^4 − q^{−2}) · · · (y_n − q^{−2}) (q^{2(n−1)} − q^{−2})

, (4.2.7) sant01

A_{1→n} =

(y_2 − q^2) (q^{−2} − q^2)

(y_3 − q^2) (q^{−4} − q^2) · · · (y_n − q^2) (q^{2(1−n)} − q^2)

. (4.2.8) sant02

Proof. We note that the first two projectors (4.2.5) are

S_{12} =

(y_2 − q^{−2}) (q^2 − q^{−2})

, A_{12} =

(y_2 − q^2) (q^{−2} − q^2) , and therefore eqs. (4.2.7) and (4.2.8) are satisfied for n = 2. We prove eq. (4.2.7) by induction (the proof of (4.2.8) is analogous). Let eq. (4.2.7) be correct for some n = k. We need to prove this equation for n = k + 1 or we have to show that

S_{1→k+1} = S_{1→k} ·

(y_{k+1} − q^{−2}) (q^{2k} − q^{−2})

. (4.2.9) sant03

Indeed, we substitute here the last expression for Jucys-Murphy elements y_{k+1} (4.2.6) and take into account (4.2.4). As a result we obtain for (4.2.9)

S_{1→k+1} =^1_{(q2k−q−2)} S_{1→k} ( λ(q^{k−1}σ_k . . . σ_1 + q^{k−2}σ_k . . . σ_2 + . . . + σ_k) + 1 − q^{−2} ) = =^{qk}_{[k+1]q} S_{1→k} ( q^kσ_k . . . σ_1 + q^{k−1}σ_k . . . σ_2 + . . . + q σ_k + 1 ) , (4.2.10) sant04 which coincides with the definition of symmetrizers (4.1.17), (4.2.3). This ends the proof of the Proposition. □ Since the idempotents S_{1→M+1} and A_{1→M+1} are central in the algebra H_{M+1} and represented as the polynomials ∼ (y_2 − t)(y_3 − t) · · · (y_{M+1} − t), (for t = q^{∓2}; see (4.2.7), (4.2.8)) one can conclude that all symmetric functions in y_i (i = 2, . . . , M +1) generate the central subalgebra Z_{M+1} in the Hecke algebra H_{M+1}. To prove this fact one should only check the relations: [σ_k, y_n + y_{n+1}] = 0 = [σ_k, y_ny_{n+1}] for all k < n + 1.

New identities for the elements y_i follow from the representations (4.2.7) and (4.2.8) (if we use eqs. (4.2.4)):

(y_i −q^{2(i−1)}) S_{1→n} = 0 ⇒ (y_i −q^{2(i−1)})(y_2 −q^{−2})(y_3 −q^{−2}) · · · (y_n −q^{−2}) = 0 , (4.2.11) ident1

(y_i − q^{2(1−i)}) A_{1→n} = 0 ⇒ (y_i − q^{2(1−i)})(y_2 − q^2)(y_3 − q^2) · · · (y_n − q^2) = 0 , (4.2.12) ident2 (i = 2, . . . , n). Two new types of idempotents (which are primitive orthogonal idempotents for the subalgebra H_n ∈ M_{M+1}) are obtained from these identities: P ( 1 . . . n-1 n ) = (y_n − q^{2(n−1)}) (q^{−2} − q^{2(n−1)}) n−1∏ k=1 (y_k − q^{−2}) (q^{2(k−1)} − q^{−2})

= (4.2.13) proj1

= S_{1→n−1} − S_{1→n} =

[n − 1]_q [n]_q S_{1→n−1} σ_{n−1}(q) S_{1→n−1} ,

P 1 n . . n-1 = (y_n − q^{2(1−n)}) (q^2 − q^{2(1−n)}) n−1∏ k=1 (y_k − q^2) (q^{2(1−k)} − q^2)

= (4.2.14) proj2

= A_{1→n−1} − A_{1→n} =

[n − 1]_q [n]_q A_{1→n−1} σ_{n−1}(q^{−1}) A_{1→n−1} , where σ_n(x) := λ^{−1} (x^{−1}σ_n − xσ^{−1}_n ) ,

are Baxterized elements (the R-matrix representations of these elements are given in (3.8.5)) for the algebra H_{M+1}. The idempotents (4.2.13), (4.2.14) are not central in H_{M+1} but they are the elements of the commutative subalgebra Y_{M+1}.

Below we describe the construction (see also [120] and references therein) of all primitive orthogonal idempotents e_α ∈ H_{M+1} which are elements of Y_{M+1} (i.e. functions of the elements y_i) and they are common eigenidempotents of y_i: y_ie_α = e_αy_i = a^{(α)}_i e_α (i = 1, . . . , M + 1). We denote by Spec(y_1, . . . , y_{M+1}) the set {Λ(e_α)} (∀α) of strings of M + 1 eigenvalues Λ(e_α) := (a^{(α)}_1 , . . . , a^{(α)}_{M+1}). These eigenidempotents define left (and right) submodules H_{M+1} e_α (e_α H_{M+1}) in the regular bimodule of H_{M+1}.

Lemma 1. The eigenidempotents e and e^′ with eigenvalues a_i = a^′_i (∀i = 1, . . . , M) and a_{M+1} ≠ a^′_{M+1} define different left (right) submodules in the regular bimodule of H_{M+1}.

Proof. We proof this Lemma only for the left submodules H_{M+1} e, H_{M+1} e^′. The case of right submodules can be considered analogously. Consider central element Z = y_1y_2 · · · y_{M+1} (symmetric function of y_i). There are no elements X ∈ H_{M+1} such that H_{M+1}e^′ = X H_{M+1}e, since the left action of Z on elements X H_{M+1} e and H_{M+1} e^′ produces different eigenvalues. □ Now we introduce the important intertwining elements [41] (presented in another form in [125]) U_{n+1} = σ_ny_n − y_nσ_n = (4.2.15) impint

= (y_{n+1} − y_n)σ_n − λy_{n+1} = σ_n(y_n − y_{n+1}) + λy_{n+1} (1 ≤ n ≤ M) , (4.2.16) impint1

subject to relations^{11}

U_{n+1}y_n = y_{n+1}U_{n+1} , U_{n+1}y_{n+1} = y_nU_{n+1} ,

[U_{n+1}, y_k] = 0 (k ≠ n, n + 1) ,

(4.2.17) importt

U_n U_{n+1} U_n = U_{n+1} U_n U_{n+1} , (4.2.18) importtt

U^2_{n+1} = (qy_n − q^{−1} y_{n+1}) (q y_{n+1} − q^{−1} y_n) , (4.2.19) import

(first two relations in (4.2.17) hold for any set of elements {y_k} which satisfy [σ_n, y_n+ y_{n+1}] = 0 = [σ_n, y_ny_{n+1}]).

Lemma 2. The eigenidempotents e and e^′ with eigenvalues: a_i = a^′_i (∀i = 1, . . . , M − 1) , a_M = a^′_{M+1} , a_{M+1} = a^′_M , a_M ≠ q^{±2}a_{M+1} ,

(4.2.20) eigen

belong to the same irreducible sub-bimodule in the regular bimodule of H_{M+1}.

11The definition (4.2.15) of intertwining elements is not unique. One can multiply U_{n+1} by a function f(y_n, y_{n+1}): U_{n+1} → U_{n+1}f(y_n, y_{n+1}). Then, all eqs. (4.2.17) – (4.2.19) are valid if f satisfies f(y_n, y_{n+1})f(y_{n+1}, y_n) = 1.

Proof. Since the algebra Y_{M+1} generated by {y_1, . . . , y_{M+1}} is maximal commutative subalgebra in H_{M+1} we have e^′ = e^{′′} if Λ(e^′) = Λ(e^{′′}). Then, using intertwining element U_{M+1} (4.2.15) we construct the eigenidempotent e^{′′} = 1 (q^2a_M − a_{M+1})(a_{M+1} − q^{−2}a_M )

U_{M+1}eU_{M+1} ,

which is well defined in view of the last condition in (4.2.20). The element U_{M+1}eU_{M+1} is not equal to zero, since U^2_{M+1}eU^2_{M+1} = (q^2a_M − a_{M+1})^2(a_{M+1} − q^{−2}a_M )^2e ≠ 0. This inequality follows from the last condition in (4.2.20). For the element e^{′′} ∼ U_{M+1}eU_{M+1} we have Λ(e^{′′}) = Λ(e^′) in view of (4.2.17). Thus, e^{′′} = e^′ ⇒ e^′ ∼ U_{M+1}eU_{M+1} and the eigenidempotents e and e^′ belong to the same irreducible subbimodule in the regular bimodule of H_{M+1}. □

Now we associate Young tableaux (related to the primitive orthogonal idempotents) with paths in Young-Ogievetsky graph. By definition Young-Ogievetsky graph is Young graph with vertices which are Young diagrams, edges which indicate inclusions (or branching) of diagrams and indices on the edges corresponding to the eigenvalues of the Jucys-Murphy elements of the same level (O.Ogievetsky was the first who propose to put the eigenvalues of the Jucys-Murphy elements on the edges). Usually the indices on the edges of the graphs of Young type correspond to the multiplicity functions of the branching. In our case the multiplicities are equal to 1 in view of Lemma 1 and maximality of the commutative subalgebra Y_{M+1}. For example, the Young-Ogievetsky graph for H_4 is:

q^{−2} q^4 q−4 q^{−4}

q^{−6} q^6 q^4

1

= y_1

= y_2

= y_3

= y_4

q^2 q^{−2} q^2 q^{−2} q^2

1 ∅

Fig. 5. Young-Ogievetsky graph for H_4.

The paths (associated to Young tableaux) start from the top vertex ∅ and finish at the vertex labeled by the Young diagram of the same shape as the tableaux. The dimension of the corresponding representation is equal to the number of standard tableaux of this shape or, as we see, the number of paths which lead to this Young diagram from ∅. For example: the path {∅^1→ •^{q2}→ • •^{q−2}→ • ••^1→ • •• • } corresponds

to the tableau 1 2 3 4 , i.e. the shape of the tableau (Young diagram) is given by the shape of the last vertex of the path, while the content of the tableau shows in which sequence the points • appear in the vertices along the path. The edge indices of the path are the eigenvalues of the Jucys-Murphy elements y_1 = 1, y_2 = q^2, y_3 = q^{−2}, y_4 = 1 obtained by their action on the idempotent P ( 1 2 3 4 ) . Then, the explicit formula for this idempotent can be constructed by induction. Namely, we take the explicit form of the previous idempotent P ( 1 2 3 ) (related to the previous vertex

of the path) and multiply it by the factors (y_4 − q^4) and (y_4 − q^{−4}) to forbid the moving from the vertex • •• along the edges with labels q^4 and q^{−4} and direct the

path along the edge with the index 1 to the vertex • •• • . As a result, after an obvious renormalization, we obtain P ( 1 2 3 4 ) = P ( 1 2 3 ) (y_4 − q^4)(y_4 − q^{−4}) (1 − q^4)(1 − q^{−4})

. (4.2.21) import3

In the same way one can deduce the chain of identities P ( 1 2 3 ) = P ( 1 2 ) (y_3 − q^4) (q^{−2} − q^4) = P ( 1 ) (y_2 − q^{−2})(y_3 − q^4) (q^2 − q^{−2})(q^{−2} − q^4)

, (4.2.22) import2

where we fix P ( 1 ) = 1 by definition. Using (4.2.22), the final formula for (4.2.21) can be found P ( 1 2 3 4 ) = (y_2 − q^{−2})(y_3 − q^4) (q^2 − q^{−2})(q^{−2} − q^4)

(y_4 − q^4)(y_4 − q^{−4}) (1 − q^4)(1 − q^{−4})

. (4.2.23) import4

We note that the described procedure leads automatically to the idempotents which are orthogonal to each other.

This example has demonstrated that all information about primitive orthogonal idempotents for the A-type Hecke algebra is encoded in the Young-Ogievetsky graph given in Fig. 5. Thus, we need to justify this graph and its edge indices. First of all we show that the spectrum of the Jucys-Murphy operators y_j (possible edge indices of the graph) for H_{M+1} is such that

Spec(y_j) ⊂ {q^{2Zj} } ∀j = 1, 2, . . . , M + 1 , (4.2.24) spec

where Z_j denotes the set of integer numbers {1 − j, . . . , −2, −1, 0, 1, 2, . . . , j − 1}. For this purpose we use the important intertwining elements (4.2.15), (4.2.16) and prove (4.2.24) by induction. From Hecke condition (4.2.1) we have

(y_2 − q^2)(y_2 − q^{−2}) = 0 . (4.2.25) spec3

Thus, Spec(y_2) satisfies (4.2.24). Assume that the spectrum of y_{j−1} satisfies (4.2.24) for some j ≥ 3. Consider a characteristic equation for y_{j−1} (cf. (4.2.25)):

f(y_{j−1}) := ∏ α (y_{j−1} − a^{(α)}_{j−1}) = 0 (a^{(α)}_{j−1} ∈ Spec(y_{j−1})) .

Using operators U_j and their properties (4.2.17), (4.2.19) we deduce

0 = U_j f(y_{j−1})U_j = f(y_j)U^2_j = f(y_j)(q^2y_{j−1} − y_j)(y_j − q^{−2}y_{j−1}) . (4.2.26) spec1

which means that

Spec(y_j) ⊂ ( Spec(y_{j−1}) ∪ q^{±2} · Spec(y_{j−1}) ) , (4.2.27) spec11

and it proves (4.2.24).

Consider a subalgebra Ĥ^{(i)}_2 in H_{M+1} with generators y_i, y_{i+1} and σ_i (for fixed i ≤ M). We investigate representations of Ĥ^{(i)}_2 such that the elements y_i, y_{i+1} are diagonalizable. Let e be a common eigenidempotent of y_i, y_{i+1}: y_ie = a_ie, y_{i+1}e = a_{i+1}e. Then, the left action of Ĥ^{(i)}_2 closes on elements v_1 = e, v_2 = σ_ie and is given by matrices:

σ_i = ( 0 1 1 λ ) , y_i = ( a_i −λa_{i+1} 0 a_{i+1} ) , y_{i+1} = ( a_{i+1} λa_{i+1} 0 a_i ) , (4.2.28) abmw1a

where we have used the convention yv_i = v_j y_{ji} ⇒ x y v_i = v_k x_{kj} y_{ji} to produce matrix representations.

The matrices y_i, y_{i+1} (4.2.28) can be simultaneously diagonalized by the transformation y → V^{−1}yV where V = ( 1^{λ ai+1} a_i−a_{i+1} 0 1 ) , V^{−1} = ( 1 −^{λ ai+1}_{ai−ai+1} 0 1 ) . As a result we obtain the following matrix representation

σ_i = −^{λ ai+1} a_i−a_{i+1} 1 − λ^2 a_ia_{i+1} (a_i−a_{i+1})^2 1^{λ ai}_{ai−ai+1} , y_i = ( a_i 0 0 a_{i+1} ) , y_{i+1} = ( a_{i+1} 0 0 a_i ) , (4.2.29) ah1 where a_i ≠ a_{i+1} otherwise y_i, y_{i+1} are not diagonalizable. When a_{i+1} = q^{±2}a_i, the 2- dimensional representation (4.2.29) is reduced into the 1-dimensional representation with σ_i = ±q^{±1}, respectively. We summarize the above results as: Proposition 9. (q-Vershik-Okounkov [126], [120]). Let

Λ = (a_1, . . . , a_i, a_{i+1}, . . . , a_n) ∈ Spec(y_1, . . . , y_{M+1}) ,

be a possible spectrum of the commutative set (y_1, . . . , y_{M+1}), which corresponds to a primitive eigenidempotent e_Λ ∈ H_{M+1}. Then, a_i = q^{2mi} , where m_i ∈ Z_i (4.2.24) and (1) a_i ≠ a_{i+1} for all i < M + 1;

(2) if a_{i+1} = q^{±2}a_i, then σ_i · e_Λ = ±q^{±1}e_Λ; (3) if a_i ≠ q^{±2}a_{i+1}, then

Λ^′ = (a_1, . . . , a_{i+1}, a_i, . . . , a_{M+1}) ∈ Spec(y_1, . . . , y_{M+1}) ,

and the left action of the elements σ_i, y_i, y_{i+1} in the linear span of v_Λ = e_Λ and

v_Λ′ = σ_i e_Λ + λa_{i+1} a_i − a_{i+1} e_Λ , is given by (4.2.29).

From this Proposition we conclude that the only admissible subgraphs in the Young-Ogievetsky graph (subgraphs which show all possible two-edges paths with fixed initial and final vertices) are

⋆

⋆ ⋆ (σi = ±q^{±1}) y_{i+1} = aq^{±2} y_i = a

Fig. 6 b a b

a (b ≠ q^{±2}a) ⋆ ⋆ ⋆

⋆ Fig. 7

where stars in the vertices denote Young diagrams. These subgraphs are related to the 1-dimensional and 2-dimensional (it corresponds to the number of paths from the top vertex to the bottom one) representations of the subalgebra generated by {y_i, y_{i+1}, σ_i}. In view of the braid relations σ_iσ_{i±1}σ_i = σ_{i±1}σ_iσ_{i±1} and possible values of σ’s presented in Fig. 6 for 1-dimensional (1D) representation subgraphs, we

conclude that the chains: ⋆

a→ ⋆^{q±2a}→ ⋆^a→ ⋆ of the 1D representation subgraphs

in the Young-Ogievetsky graph in Fig. 5 are forbidden. While admissible chains

of 1D representation subgraphs are: ⋆

a→ ⋆^{q±2a}→ ⋆^{q±4a}→ ⋆. These statements and

the form of only admissible subgraphs in Figs. 6,7 justify (for the A-type Hecke algebra) the Young-Ogievetsky graph presented in Fig. 5. Indeed, we know the top of the Young-Ogievetsky graph which consists of 3 edges with indices 1, q^2, q^{−2} (see Fig. 5). Then, one can explicitly construct “step by step” moving down the whole Young-Ogievetsky graph (with all indices on edges) by using (4.2.27), the form of only admissible subgraphs in Figs. 6,7 and rules for the chains of 1-dim. representations. We stress here two important properties of the Young-Ogievetsky graph:

1.) to each vertex of the graph the number of incoming edges E_{in} less than the number of outgoing edges E_{out} on 1: E_{out} = E_{in} + 1;

2.) to each vertex the products of indices a_{in} for incoming and a_{out} for outgoing edges are equal to each other: ∏_{Ein} α=1 a_{in}(α) = ∏_{Eout} β=1 a_{out}(β). Since the Young-Ogievetsky graph is explicitly known, we can deduce the expressions (in terms of the elements y_k) of all orthogonal primitive idempotents for the Hecke algebra (in the same way as it has been done in (4.2.21) - (4.2.23)). Note that explicit expressions for such primitive orthogonal idempotents are known and have been presented in [115], [116], [120].

Using intertwining elements (4.2.15) one can immediately construct off-diagonal matrix units^{12} in a double sided Peirce decomposition of the Hecke algebra H_{M+1} = ⨁ α,β e_αH_{M+1}e_β. Let P (X_{⃗a}) be orthogonal primitive idempotent which corresponds to the path X_{⃗a} on Young-Ogievetsky graph labeled by the eigenvalues

⃗a = (1, a_2, . . . , a_{M+1}) ∈ Spec(y_1, . . . , y_{M+1}) ,

y_i P (X_{⃗a}) = P (X_{⃗a}) y_i = a_i P (X_{⃗a}) (∀i = 1, . . . , M + 1) .

12Recall that the orthogonal primitive idempotents are diagonal matrix units.

In the case a_j ≠ q^{±2}a_{j+1} (see the proof of Lemma 2) we introduce the element P (X_{sj ·⃗a}) ∈ H_{M+1} P (X_{sj ·⃗a}) := 1 (q^2a_j − a_{j+1})(a_{j+1} − q^{−2}a_j )

U_{j+1} P (X_{⃗a}) U_{j+1} (∀j = 1, . . . , M) (4.2.30) sX such that P (X_{sj ·⃗a})^2 = P (X_{sj ·⃗a}) , ⃗y P (X_{sj ·⃗a}) = P (X_{sj ·⃗a}) ⃗y = (s_j · ⃗a)P (X_{sj ·⃗a}) , P (X_{sj ·⃗a}) = (q^2y_j − y_{j+1})(y_{j+1} − q^{−2}y_j) (q^2a_j − a_{j+1})(a_{j+1} − q^{−2}a_j ) (s_j ·P )(X_{⃗a}) , P (X_{sj ·⃗a}) P (X_{⃗a}) = P (X_{⃗a}) P (X_{sj ·⃗a}) = 0 , (4.2.31) PsP where s_j · ⃗a = (a_1, . . . , a_{j+1}, a_j , . . . a_{M+1}) ∈ Spec(y_1, . . . , y_{M+1}) is the vector with permuted coordinates a_j and a_{j+1}; (s_j · P )(X_{⃗a}) denotes the function P (X_{⃗a}) with permuted variables y_i and y_{i+1}. The identity (4.2.31) follows from the fact P := P (X_{⃗a}) P (X_{⃗a} ′ ) = 0 for all ⃗a ≠ ⃗a^′ (∃j: a_j ≠ a^′_j) in view of the equations [P (X_{⃗a}), P (X_{⃗a} ′ )] = 0 and y_jP = a_jP = a^′_j P .

According to (4.2.19) and (4.2.30) we obtain U_{j+1} P (X_{⃗a}) = P (X_{sj ·⃗a}) U_{j+1} =: P (X_{sj ·⃗a}|X_{⃗a}) (j = 1, . . . , M) , P (X_{⃗a}) U_{j+1} = U_{j+1} P (X_{sj ·⃗a}) =: P (X_{⃗a}|X_{sj ·⃗a}) (j = 1, . . . , M) , (4.2.32) offdg

In the case a_j ≠ q^{±2}a_{j+1}, in view of Lemma 2, we have s_j · ⃗a ∈ Spec(y_1, . . . , y_{M+1}) (the path X_{sj ·⃗a} exists in Young-Ogievetsky graph and corresponds to the standard Young tableau). Then, taking into account (4.2.16), we deduce

(σ_j +^{λaj+1} (a_j −a_{j+1}) ) P (X⃗a) = P (Xs^j ·⃗a) (σj − λa_j (a_j −a_{j+1}) ) = P (X_{sj ·⃗a}|X_{⃗a}) (a_j −a_{j+1}) , P (X_{⃗a}) (σ_j +^{λaj+1}_{(aj −aj+1)} ) = (σ_j −^{λaj}_{(aj −aj+1)} ) P (X_{sj ·⃗a}) =^{P (X⃗a|Xsj ·⃗a)}_{(aj+1−aj )} . (4.2.33) offdg1

The elements P (X_{sj ·⃗a}|X_{⃗a}) play the role of the off-diagonal matrix elements in the Peirce decomposition [116]. In the case a_j = q^{±2}a_{j+1} we have

U_{j+1} P (X_{⃗a}) = 0 = P (X_{⃗a}) U_{j+1} ,

and formulas of the type (4.2.33) define the 1-dimensional representation for generator σ_j which corresponds to the Fig. 6.

Another convenient recurrent relations for Hecke symmetrizers and antisymmetrizers (4.2.3), (4.2.7), (4.2.8) are (see e.g. [62], [60], [127]): S_{1→n} = S_{1→n−1} σ_{n−1}(q^{1−n}) [n]_q S_{1→n−1} , S_{1→n} = S_{2→n} σ_1(q^{1−n}) [n]_q S_{2→n} , (4.2.34) santis2

A_{1→n} = A_{1→n−1} σ_{n−1}(q^{n−1}) [n]_q A_{1→n−1} , A_{1→n} = A_{2→n} σ_1(q^{n−1}) [n]_q A_{2→n} , (4.2.35) santis22 where σ_n(x) are Baxterized elements

σ_n(x) := λ^{−1} (x^{−1}σ_n − xσ^{−1}_n ) , (4.2.36) baxtH

for the algebra H_{M+1}. We have already used these elements in definitions of the idempotents (4.2.13) and (4.2.14). The elements σ_n(x) obey the Yang-Baxter equation (the proof of this statement is the same as the analogous proof in (3.8.1) – (3.8.4)):

σ_n(x) σ_{n−1}(xy) σ_n(y) = σ_{n−1}(y) σ_n(xy) σ_{n−1}(x) . (4.2.37) ybeH These elements are also normalized by the conditions σ_n(±1) = ±1 and satisfy

σ_i(x) = x − x^{−1} y − y^{−1} σ_i(y) + yx^{−1} − xy^{−1} y − y^{−1} (∀x, y ≠ ±1) , σ_i(x) σ_i(y) = σ_i(xy) + (x − x^{−1})(y − y^{−1})λ^{−2} , (4.2.38) hunit1 and the special case of (4.2.38) is the “unitarity condition”

σ_i(x) σ_i(x^{−1}) = ( 1 − (x − x^{−1})^2 λ^2 ) . (4.2.39) hunit

Eqs. (4.2.38), (4.2.39) follow from the Hecke relation (4.2.1). The equivalence of both representations given in (4.2.34) and (4.2.35) is demonstrated by means of Yang-Baxter eq. (4.2.37) (or by means of the obvious automorphism σ_k → σ_{M−k} of the Hecke algebra H_M ). The equivalence of (4.2.34), (4.2.35) and (4.2.3) can be easily demonstrated if one rewrites first representations of (4.2.34), (4.2.35) in the form S_{1→n} =^1_{[n]q!} σ_1(q^{−1}) σ_2(q^{−2}) . . . σ_{n−1}(q^{1−n}) S_{1→n−1} ,

A_{1→n} =^1_{[n]q!} σ_1(q) σ_2(q^2) . . . σ_{n−1}(q^{n−1}) A_{1→n−1} ,

(4.2.40) santis3

and, then, use (4.2.4) to compare (4.2.40) with (4.2.3) and (4.1.11). According to (4.2.34), (4.2.35) the first two projectors are (cf. (3.4.19), (4.2.5)): P ( 1 2 ) = S_{12} = 1 [2]_q σ_1(q^{−1}) , P ( 1 2 ) = A_{12} = 1 [2]_q σ_1(q) ,

and their orthogonality readily follows from (4.2.39). One can also express another types of the orthogonal idempotents (not only symmetrizers and antisymmetrizers) in terms of the Baxterized elements: P ( 1 2 3 ) = 1 [3]_q!

σ_1(q^{−1})σ_2(q)σ_1(q^{−1}) , P ( 1 3 2 ) = 1 [3]_q!

σ_1(q)σ_2(q^{−1})σ_1(q) ,

P ( 1 2 3 4 ) ∼ σ_1(q^{−1})σ_2(q^{−2})σ_1(q^{−1})σ_3(q)σ_2(q^{−2})σ_1(q^{−1}) , P ( 1 3 4 2 ) ∼ σ_1(q)σ_2(q^{−1})σ_3(q^{−2})σ_2(q^{−1})σ_1(q) ,

P ( 1 2 4 3 ) ∼ σ_1(q^{−1})σ_2(q)σ_1(q^{−1})σ_3(q)σ_2(q^{−2})σ_1(q^{−1})σ_3(q^{−3}) , P ( 1 2 3 4 ) ∼ σ_1(q^{−1})σ_2(q)σ_1(q^{−1})σ_3(q^3)σ_2(q)σ_1(q^{−1})σ_3(q^{−1}) .

Consider the quotients of the Hecke algebra H_{M+1} with respect to the additional relations A_{1→n} = 0 (n ≤ M + 1), which are equivalent (see (4.2.35)) to the identities A_{1→n−1} σ_{n−1} A_{1→n−1} = q^{n−1} [n − 1]_q

A_{1→n−1} . (4.2.41) asaa

This is the way how the generalized Temperley-Lieb-Martin algebras [118] are defined. As it has been mentioned in [62] the quotient of H_{M+1} with respect to A_{1→3} = 0 is isomorphic to the Temperley-Lieb algebra.

At the end of this subsection we stress that one can define the infinite dimensional Hecke algebra (4.2.1), (4.2.2) which corresponds to the affine A-type Coxeter graph

σ_1 σ_2 σ_3

. . . . . . . . . . . . . σ_{M−1} σ_M

We call this algebra a periodic A-type Hecke algebra^{13} and denote it as AH_{M+1}. For the algebra AH_{M+1} one can construct the set of (M − 1) commuting elements

I_k = M∑ i=1 σ_iσ_{i+1} . . . σ_{i+k} (k = 0, . . . , M − 2) , (4.2.42) integr

where we have identified σ_{M+i} = σ_i.

Another infinit dimensional Hecke algebra is affine Hecke algebra Ĥ_{M+1}. We recall that an affine Hecke algebra Ĥ_{M+1} is defined (see e.g. [119], Chapter 12.3) in terms of the generators σ_i (i = 1, . . . , M) of H_{M+1} and additional generators y_k (k = 1, . . . , M + 1) subject relations (cf. (4.1.4), (4.1.5)):

y_{k+1} = σ_k y_k σ_k , y_k y_j = y_j y_k , y_j σ_i = σ_i y_j (j ≠ i, i + 1) , (4.2.43) afheck

(the generators {y_k} form a commutative subalgebra in Ĥ_{M+1}). Symmetric functions of the elements y_k generate the center of the algebra Ĥ_{M+1}. The interesting property of the algebra Ĥ_{M+1} is the existence of important intertwining elements [41] (cf. elements ϕ_i in [125], Prop. 3.1): U_{i+1} = (σ_iy_i − y_iσ_i)f(y_i, y_{i+1}) (1 ≤ i ≤ M), where function f satisfies: f(y_i, y_{i+1})f(y_{i+1}, y_i) = 1. The elements U_i obey the same relations (4.2.17)–(4.2.19) as in the case of the usual A-type Hecke algebra H_{M+1}.

With the help of the algebra Ĥ_{M+1} one can construct (M + 1)-dimensional representation for its subalgebra H_{M+1}. Indeed, let a vector v be a 1-dimensional representation for the subalgebra H_{M+1}: σ_i v = q v (∀i = 1, . . . M). Consider an induced M + 1-dimensional space with the basis {v_1, v_2, . . . v_{M+1}} where v_k := y_kv.

13As we will see below, in Sec. 5.1, this algebra appears in a formulation of integrable models of periodic spin chains.

Then, according to (4.2.43) and Hecke condition (4.2.1) we obtain M +1-dimensional representation for generators σ_i:

σ_i v_k = q v_k (k ≠ i, i + 1) , σ_i v_i = q^{−1} v_{i+1} , σ_i v_{i+1} = λ v_{i+1} + q v_i ,

which is called Burau representation of H_{M+1}.

The affine Hecke algebra Ĥ_{M+1} is intimately related to a reflection equation

σ_n(x z^{−1}) K_n(x) σ_n(x z) K_n(z) = K_n(z) σ_n(x z) K_n(x) σ_n(x z^{−1}) , (4.2.44) reflH

(here x, z are spectral parameters) which appears, e.g., in the theory of integrable spin chains with boundaries (see below Sec. 5.2). The Baxterized elements σ_n(x) are defined in (4.2.36). Taking the reflection operator K_n(x) in the form

K_n(x) = y_n − ξ x^2 y_n − ξ x^{−2} , (4.2.45) reflH’’

where ξ is a constant, we find [122] that this K_n(x) is a solution of (4.2.44) if y_n are the affine generators of Ĥ_{M+1}. In particular one can easily reduce (4.2.45) to the solution K_n(x) = y_n + β_0/ξ + ξ + β_1x^2 x^2 − x^{−2}

(4.2.46) reflH’

of the reflection equation (4.2.44) if in addition we require that y_n satisfies a quadratic characteristic equation y^2_n + β_1y_n + β_0 = 0 (∀β_0, β_1 ∈ C\0). The solution (4.2.45) is obviously regular: K_n(1) = 1, and obeys a ”unitary condition”:

K_n(x)K_n(x^{−1}) = 1 .

We stress that the simplest solution (4.2.46) of the reflection equation (4.2.44) has been obtained in [123].

If one finds a solution of eq. (4.2.44) for n = m, then, a solution for n = m + 1 can be constructed by means of the formula:

K_{m+1}(x) = (λx)^2 σ_m(x)K_m(x)σ_m(x) .

In particular one can take K_{n−1}(x) = 1 and, using (4.2.37) and (4.2.38), directly check that (cf. (4.2.46)) K_n(x) x^2

= λ^2 σ^2_{n−1}(x) = λ^2 ( σ_{n−1}(x^2) +

(x − x^{−1})^2

λ^2 ) = σ^2_{n−1} +

2 − (2 + λ^2) x^2 x^2 − x^{−2} , solves eq. (4.2.44).

Remark. Interrelations of periodic AH_M and affine Ĥ_M Hecke algebras has been discussed in [116]. Here we present more explicit construction [121] of these interrelations which is valid even for the braid group case (when the Hecke condition (4.2.1) is relaxed).

Let {σ_1, . . . , σ_{M−1}} be generators of braid group B_M . We extend the group B_M by the element X such that

X σ_k X^{−1} = σ_{k−1} (∀k = 2, . . . , M − 1) , (4.2.47) refl1

X σ_1 X^{−1} = X^{−1} σ_{M−1} X =: σ_M . (4.2.48) refl1a

It is not hard to check that the new element σ_M satisfies eqs. (4.1.3) and, therefore, the elements {σ_1, . . . , σ_M } (where σ_M has been defined in (4.2.48)) generate the periodic braid group B_M .

Note that X (4.2.47), (4.2.48) can be realized as the inner element of B_M . Indeed, the operator X which solves equations (4.2.47), (4.2.48) can be taken in the form X = σ_{M−1←1} ∈ B_M , where the notation σ_{M−1←m} := σ_{M−1} . . . σ_{m+1} σ_m has been used. Then, we define the additional generator σ_M (4.2.48) as:

σ_M := X σ_1 X^{−1} = σ_{M−1←1} σ_1 σ^{−1}_{M−1←1} = σ_{M−1←1} σ^{−1}_{M−1←2} (4.2.49) sigM

and its graphical representation is:

σ_M = • • . . . • • . . . • 1 2 i M−1 M

• • . . . • • . . . • (4.2.50) figasp

It is evident that σ_M satisfies (4.1.3) in view of its graphical representation (4.2.50). According to eqs. (4.1.1) and (4.1.3) the elements {σ_1, . . . , σ_M } of the group B_M (where σ_M has been defined in (4.2.49)) generate the periodic braid group B_M and, therefore, eq. (4.2.49) defines the homomorphism: B_M → B_M .

Consider the affine braid group B̂_M generated by the elements {σ_1, . . . , σ_{M−1}, y_1}. The generator y_1 satisfies reflection equation and locality conditions

σ_1 y_1 σ_1 y_1 = y_1 σ_1 y_1 σ_1 , [y_1, σ_k] = 0 (k = 2, . . . , M − 1) .

Then, the operator X = σ_{M−1←1} y_1 ∈ B̂_M ,

solves eqs. (4.2.47), (4.2.48) and one can introduce new generator σ_M ∈ B̂_M according to (4.2.48):

σ_M = σ_{M−1←1} y_1 σ_1 y^{−1}_1 σ^{−1}_{M−1←1} , (4.2.51) refl4

which satisfies (4.1.3). Thus, eq. (4.2.51) defines the homomorphism B_M → B̂_M .

All this consideration is readily carry over to the Hecke algebra case. Indeed, the definition (4.2.48) of the additional generator σ_M (needed to close the set of the generators σ_k to the periodic chain) looks like the similarity transformation of σ_1. Thus, the characteristic Hecke identity (4.2.1) for the elements σ_1 and σ_M coincides.

4.3 Birman-Murakami-Wenzl algebra

The Birman-Murakami-Wenzl algebra WB_{M+1}(q, ν) is generated by the elements σ_i (4.1.1) and κ_i (i = 1, . . . , M) which satisfy the following relations [124]

κ_i σ_i = σ_i κ_i = ν κ_i , (4.3.1) bmw1

κ_i σ^{±1}_{i−1} κ_i = ν^{∓1} κ_i , (4.3.2) bmw2 σ_i − σ^{−1}_i = λ (1 − κ_i) , (4.3.3) bmw3

where ν ∈ C\{0, ±q^{±1}} is an additional parameter of the algebra and λ = q − q^{−1}. The following relations can be derived from (4.1.1), (4.3.1) - (4.3.3)

κ_i κ_i = μ κ_i , (4.3.4) bmw4 ( μ = (λ + ν^{−1} − ν)/λ = −(ν + q^{−1})(ν − q) (λν)^{−1} ) , (4.3.5) bmw4a κ_i σ_{i±1} σ_i = σ_{i±1} σ_i κ_{i±1} , (4.3.6) bmw5 κ_i σ_{i±1} σ_i = κ_i κ_{i±1} , (4.3.7) bmw6 κ_i σ^{−1}_{i±1} σ^{−1}_i = κ_i κ_{i±1} , (4.3.8) bmw7 σ_{i±1} κ_i σ_{i±1} = σ^{−1}_i κ_{i±1} σ^{−1}_i , (4.3.9) bmw8a κ_i κ_{i±1} κ_i = κ_i , (4.3.10) bmw8 κ_{i±1} κ_i (σ_{i±1} − λ) = κ_{i±1} (σ_i − λ) , (4.3.11) bmw8b (σ_i − λ) κ_{i−1} (σ_i − λ) = (σ_{i−1} − λ) κ_i (σ_{i−1} − λ) . (4.3.12) bmw9

Eq. (4.3.4) is deduced by the action of the element κ_i on (4.3.3) and using (4.3.1). Relations (4.3.6) follow from (4.1.1) and (4.3.3). Relations (4.3.7) and (4.3.8) with lower signs are obtained by multiplying (4.3.2) with σ^{∓1}_{i−1}σ^{∓1}_i from the right and using (4.3.1) and (4.3.6). Eq. (4.3.9) follows from (4.3.7), (4.3.8). Combining the pair of relations (4.3.2) in the form: κ_i (σ_{i+1} − σ^{−1}_{i+1}) κ_i = (ν^{−1} − ν) κ_i and using (4.3.3) and (4.3.4) we derive (4.3.10). Eq. (4.3.11) is proved as following

κ_{i±1} κ_i (σ_{i±1} − λ) = κ_{i±1} κ_i (σ^{−1}_{i±1} − λκ_{i±1}) = κ_{i±1} (σ_i − λ) ,

where we have used (4.3.3), (4.3.7) and (4.3.10). Eq. (4.3.12) is deduced by means of eq. (4.3.11), its mirror counterpart and eq. (4.3.10). The pairs of eqs. in (4.3.6) - (4.3.10) (with upper and lower signs) are related to each other by the similarity transformations σ_{i+1} = V_iσ_{i−1}V^{−1}_i , σ_i = V_iσ_iV^{−1}_i

where V_i = σ_{i−1}σ_iσ_{i+1}σ_iσ_{i−1}σ_i (the braid relations (4.1.1) should be used). We also present the relations

κ_{i±1} κ_i (σ^{−1}_{i±1} + λ) = κ_{i±1} (σ^{−1}_i + λ) , (4.3.13) bmw8bb (σ^{−1}_i + λ) κ_{i−1} (σ^{−1}_i + λ) = (σ^{−1}_{i−1} + λ) κ_i (σ^{−1}_{i−1} + λ) , (4.3.14) bmw9bb

which are related to (4.3.11), (4.3.12) via the obvious isomorphism (σ_i, q, ν) ↔ (σ^{−1}, q^{−1}, ν^{−1}) of the algebras WB_{M+1} (4.1.1), (4.3.1) – (4.3.3).

In fact the pair of relations (4.3.2) (in the definition of the Birman-Murakami- Wenzl algebra) are not independent for the case ν ≠ λ [78]. Indeed, using κ_i σ_{i−1} κ_i = ν^{−1} κ_i and (4.1.1) one can deduce σ_{i−1}σ_iκ_{i−1}κ_i = νκ_iσ_{i−1}κ_i = κ_i, which is written in the form σ^{−1}_{i−1}κ_i = σ_iκ_{i−1}κ_i. Acting to this relation by λκ_i from the left, we deduce λκ_iσ^{−1}_{i−1}κ_i = λνκ_iκ_{i−1}κ_i = νκ_i(σ^{−1}_{i−1} − σ_{i−1} + λ)κ_i = νκ_iσ^{−1}_{i−1}κ_i + ν(λμ − ν^{−1})κ_i , which is equivalent to (λ − ν)(κ_iσ^{−1}_{i−1}κ_i − νκ_i) = 0 and, thus, to the above statement.

One can construct the analogs of the symmetrizers and antisymmetrizers for the algebra WB_{M+1} using the inductive relations similar to that we have considered in the Hecke case (4.2.40):

S_{1→n} = f^{(−)}_{1→n} S_{1→n−1} = S_{1→n−1} f^{(−)}_{1→n} , (4.3.15) bmws

A_{1→n} = f^{(+)}_{1→n} A_{1→n−1} = A_{1→n−1} f^{(+)}_{1→n} , (4.3.16) bmwa where 1-shuffles are

f^{(±)}_{1→n} = 1 [n]_q!

σ^{(±)}_1 (q^{±1}) · · · σ^{(±)}_{n−2}(q^{±(n−2)}) σ^{(±)}_{n−1}(q^{±(n−1)}) ,

f^{(±)}_{1→n} = 1 [n]_q!

σ^{(±)}_{n−1}(q^{±(n−1)}) σ^{(±)}_{n−2}(q^{±(n−2)}) · · · σ^{(±)}_1 (q^{±1}) ,

and σ^{(±)}_i (x) are Baxterized elements (cf. (3.11.15)) for the algebra WB_{M+1}:

σ^{(±)}(x) = 1 λ (x^{−1} σ_i − x σ^{−1}_i ) +

(ν ± q^{±1}) (νx ± q^{±1}x^{−1}) κ_i = (4.3.17) bmwbax

= x ( 1 + 1 λ (x^{−2} − 1) σ_i + ν(x^{−2} − 1) (ν ± q^{±1}x^{−2}) κ_i ) = = x ( 1 + 1 λ (x^{−2} − 1) σ_i ) ( 1 + λ(x^{−2} − 1) (λ − ν(1 − x^{−2}))(1 ± q^{±1}ν^{−1}x^{−2}) κ_i ) . These elements are normalized by the conditions σ^{(±)}(±1) = ±1 and satisfy the Yang-Baxter equations

σ^{(±)}_n (x) σ^{(±)}_{n−1}(xy) σ^{(±)}_n (y) = σ^{(±)}_{n−1}(y) σ^{(±)}_n (xy) σ^{(±)}_{n−1}(x) . (4.3.18) ybebmw

and the “unitarity conditions”

σ^{(±)}_i (x) σ^{(±)}_i (x^{−1}) = ( 1 − λ^{−2} (x − x^{−1})^2 ) . (4.3.19) bmwunit

Note that the elements σ^{(+)}_i (x) and σ^{(−)}_i (x) (4.3.17) are related to each other by the transformation q ↔ −q^{−1}, which corresponds to the isomorphism of algebras WB_{M+1}(q, ν) ≃ WB_{M+1}(−q^{−1}, ν). To my knowledge the both inequivalent sets (±) of the Baxterized elements (4.3.17) have been firstly presented in [128] (see also the original version of this review paper: A. P. Isaev, “Quantum Groups and Yang- Baxter Equations,” Sov. J. Part. Nucl. 26 (1995) 501.). The only one set has been found in [129].

It follows from eqs. (4.3.1) - (4.3.3) that the algebra WB_{M+1} (ν ≠ λ) is a quotient of the braid group algebra (4.1.1) if the additional relations on σ_i are imposed

(σ_i − q)(σ_i + q^{−1})(σ_i − ν) = 0 , (4.3.20) bmwchar

(σ^{−1}_i + λ − σ_i) ( σ^{±1}_{i+1} (σ^{−1}_i + λ − σ_i) − λν^{∓1} ) = 0 .

This quotient is finite dimensional and the dimension of WB_{M+1} is (2M + 1)!! = 1 · 3 · · · (2M + 1) (this dimension evidently follows from the graphical representation (3.9.29) of the WB_{M+1} elements). The whole set of basis elements for the algebra WB_{M+1} appear in the expansion of the symmetrizer S_{M+1} (4.3.15) (or antisymmetrizer A_{M+1} (4.3.16)). Note that the quotient of the Birman-Murakami-Wenzl algebra WB_{M+1} (4.3.1) - (4.3.3) by an ideal generated by κ_i is isomorphic to the Hecke algebra H_{M+1}.

The first symmetrizer and antisymmetrizer for the algebra WB_{M+1} are (cf. eqs. (3.9.2), (3.11.16))

S_{1→2} =^1_{[2]q} σ^{(−)}_1 (q^{−1}) =^{(σ21 −q−2)(σ21 −ν2)}

(q^2−q^{−2})(q^2−ν^2) =

=^1_{[2]q} (q^{−1} + σ_1 +^λ_{1−qν−1} κ_1) =^1_{q2−q−2} (σ^2_1 − q^{−2})(1 − μ^{−1} κ_1) ,

(4.3.21) first1

A_{1→2} =^1_{[2]q} σ^{(+)}_1 (q) =^{(σ21 −q2)(σ21 −ν2)}

(q^{−2}−q^2)(q^{−2}−ν^2) =

=^1_{[2]q} (q − σ_1 −^λ_{1+q−1ν−1} κ_1) =^1_{q−2−q2} (σ^2_1 − q^2)(1 − μ^{−1} κ_1) .

(4.3.22) first2

They are obviously orthogonal to each other and to the element κ_1 in view of the characteristic equation (4.3.20). The following eqs. also hold

σ^{(−)}_1 (q) S_{1→2} = 0 = κ_1 S_{1→2} , σ^{(+)}_1 (q^{−1}) A_{1→2} = 0 = κ_1 A_{1→2} , in view of the unitarity condition (4.3.19). In fact, these eqs. are special cases of the more general relations (for i = 1, . . . , n − 1)

σ^{(−)}_i (q) S_{1→n} = S_{1→n} σ^{(−)}_i (q) = 0 ,

σ^{(+)}_i (q^{−1}) A_{1→n} = A_{1→n} σ^{(+)}_i (q^{−1}) = 0 , which equivalent to the conditions (i = 1, . . . n − 1):

(σ_i − q) S_{1→n} = 0 = S_{1→n} (σ_i − q) , κ_i S_{1→n} = 0 = S_{1→n} κ_i ,

(σ_i + q^{−1}) A_{1→n} = 0 = A_{1→n} (σ_i + q^{−1}) , κ_i A_{1→n} = 0 = A_{1→n} κ_i ,

(4.3.23) anul

and demonstrate that S_{1→M+1}, A_{1→M+1} are central idempotents. Eqs. (4.3.23) can be readily proved by means of the analogs of the factorization relations (4.1.14), (4.1.19) or by the induction with using of (4.3.15), (4.3.16) and the Yang-Baxter equations (4.3.18).

We note that the idempotents (4.3.15), (4.3.16) can be easily written in the form [131] (cf. (4.2.34), (4.2.35)):

S_{1→n} = S_{1→n−1}^{σ(−)n−1(q−(n−1))}_{[n]q} S_{1→n−1} , (4.3.24) pyat1

A_{1→n} = A_{1→n−1}^{σ(+)n−1(qn−1)}_{[n]q} A_{1→n−1} . (4.3.25) pyat2 This inductive definition of the idempotents (4.3.15), (4.3.16) has also been presented in [132] (see Lemma 7.6).

Using the representations (4.3.24), (4.3.25) we prove the analog of Proposition 8 about symmetrizers and antisymmetrizers for the case of the Birman-Murakami- Wenzl algebra.

Proposition 10. The idempotents S_{1→n} and A_{1→n} (n = 2, . . . M + 1) (4.3.24), (4.3.25) for the Birman-Murakami-Wenzl algebra are expressed in term of the Jucys- Murphy elements y_k (k = 2, . . . , M): y_1 = 1, y_{k+1} = σ_ky_kσ_k, [y_k, y_m] = 0 as

S_{1→n} = n∏ i=2 ( (y_i − q^{−2}) (q^{2(i−1)} − q^{−2})

(y_i − ν^2q^{−2(i−2)}) (q^{2(i−1)} − ν^2q^{−2(i−2)}) ) , (4.3.26) bmws2

A_{1→n} = n∏ i=2 ( (y_i − q^2) (q^{−2(i−1)} − q^2)

(y_i − ν^2q^{2(i−2)}) (q^{−2(i−1)} − ν^2q^{2(i−2)}) ) . (4.3.27) bmwa2

Proof. We deduce the identity (4.3.25) from (4.3.27). The representation (4.3.26) for the symmetrizers (4.3.24) can be justified analogously. The equations (4.3.22) demonstrate that (4.3.27) coincides with (4.3.25) for n = 2. Then, we use the induction. Let (4.3.27) coincides with the idempotent (4.3.25) for some fixed n ≥ 2 and, thus, it is the element which satisfies (4.3.23). We prove that the formulas (4.3.25) and (4.3.27) are equivalent for A_{1→n+1}. In view of the induction conjecture and obvious properties [A_{1→n}, y_{n+1}] = 0 (since A_{1→n} is a function of y_i) we obtain from (4.3.27):

A_{1→n+1} = A_{1→n}

(y_{n+1} − q^2) (q^{−2n} − q^2)

(y_{n+1} − ν^2q^{2(n−1)}) (q^{−2n} − ν^2q^{2(n−1)})

A_{1→n} . (4.3.28) bmwa22

We need the identities

σ_n . . . σ_2σ^2_1 σ_2 . . . σ_n κ_n = ν^2 σ^{−1}_{n−1} . . . σ^{−1}_2 σ^{−2}_1 σ^{−1}_2 . . . σ^{−1}_{n−1} κ_n ⇒

y_n σ_n y_n κ_n = ν κ_n ⇒ y_{n+1} y_n κ_n = ν^2 κ_n , (4.3.29) bmwa33 which follow from eq. σ_kκ_{k+1} = σ^{−1}_{k+1}κ_kκ_{k+1}. We also deduce the analogs of the identities (4.2.6) for the Birman-Murakami-Wenzl algebra case:

y_{n+1} = σ_n . . . σ_2σ^2_1 σ_2 . . . σ_n = 1 + λ( ∑_{n−1} i=1 σ_i . . . σ_{n−1}σ_nσ_{n−1} . . . σ_i + σ_n)− −λν ( ∑_{n−1} i=1 σ^{−1}_i . . . σ^{−1}_{n−1}κ_nσ^{−1}_{n−1} . . . σ^{−1}_i + κ_n) .

(4.3.30) bmwa5

Using eqs. (4.3.29), (4.3.30) and A_{1→n}y_n = q^{2(1−n)}A_{1→n} (see eqs. (4.3.23) for A_{1→n}) we obtain

A_{1→n} y_{n+1} A_{1→n} = A_{1→n} ( 1 + q (1 − q^{−2n}) σ_n + ν q (1 − q^{2n})κ_n ) A_{1→n} , (4.3.31) bmwa35

A_{1→n} y^2_{n+1} A_{1→n} = A_{1→n}y_{n+1} ( 1 + q (1 − q^{−2n}) σ_n + ν q (1 − q^{2n})κ_n ) A_{1→n} =

= A_{1→n}[(1 + λq(1 − q^{−2n})) + q(1 − q^{−2n})(q^2 + q^{−2n})σ_n−

+^ν_q (1 − q^{2n})(q^2 − q^{−2(n−1)} + q^{−2n} + ν(λ + νq^{2(n−1)})κ_n)]A_{1→n} .

(4.3.32) bmwa36

Then, we substitute (4.3.31) and (4.3.32) into (4.3.28) and finally deduce

A_{1→n+1} = q^{−1}λ (1 − q^{−2(n+1)}) A_{1→n} ( 1 + (q^{−2n} − 1)σ_n λ + ν(q^{−2n} − 1)κ_n (q^{−2n+1} + ν) ) A_{1→n} , (4.3.33) bmwa22’ which coincides with (4.3.25). □ One can prove directly the identities (4.3.23) for elements (4.3.26), (4.3.27). We again use the induction. Let (4.3.23) valid for (4.3.27) for some fixed n ≥ 2 (it is obviously correct for n = 2). Then, we have to prove the identities (4.3.23) only for n → n + 1 and i = n. One can deduce

A_{1→n} (y_{n+1} − ν^2q^{2(n−1)})κ_n = A_{1→n} (y_{n+1} − ν^2 y^{−1}_n )κ_n = 0 , (4.3.34) bmwa3

where we have applied identities (4.3.29) and A_{1→n}y_n = A_{1→n}q^{−2(n−1)}. Using eq. (4.3.34) and the relation [A_{1→n}, y_{n+1}] = 0 we prove that A_{1→n+1}κ_n = 0 for (4.3.28). Now consider the following chain of relations

A_{1→n} (y_{n+1} − q^2)(σ_n + q^{−1}) = A_{1→n} (σ_ny_nσ_n − q^2)(σ_n + q^{−1}) =

= A_{1→n} (q σ_ny_nσ_n + σ_ny_n − λνσ_ny_nκ_n − q^2σ_n − q) =

= A_{1→n} (−λν) κ_n ( ∑_{n−1} i=1 (−1)^{n−i} q^{i+1−n}σ^{−1}_{n−1} . . . σ^{−1}_i + q+ + ∑_{n−2} i=1 (−1)^{n−i} q^{i−n}κ_{n−1}σ^{−1}_{n−2} . . . σ^{−1}_i + q κ_{n−1} + νq^{2(1−n)}) ,

(4.3.35) bmwa4

where we have used eqs. (4.3.23), (4.3.29) and (4.3.30). Multiplying eq. (4.3.35) by the factor (y_{n+1} − ν^2q^{2(n−1)}) from the left and taking into account (4.3.34) we obtain A_{1→n+1}(σ_n + q^{−1}) = 0.

Remark 1. The idempotents S_{1→n} and A_{1→n} for the Birman-Murakami-Wenzl algebra have been also constructed in another form in [130]. The authors of [130] (as well as the authors of [132]) have not used the Baxterized or Jucys-Murphy elements and, thus, their expressions for S_{1→n} and A_{1→n} look rather cumbersome. The idea of using the Baxterized elements (4.3.17) to construct the primitive idempotents S_{1→n} and A_{1→n} has been firstly proposed by P.N.Pyatov [131]. After the substitution of (4.3.17) to (4.3.15), (4.3.16) and direct calculations one can derive the formulas for S_{1→n} and A_{1→n} presented in [130].

Remark 2. Let the projectors A_{1→n+1} (or S_{1→n+1}) be zero for some n and A_{1→n} ≠ 0 ≠ S_{1→n}. It leads to some constraints on the parameter ν. Indeed, from conditions κ_{n+1}A_{1→n+1}κ_{n+1} = 0 and κ_{n+1}S_{1→n+1}κ_{n+1} = 0 we obtain κ_{n+1}σ^{(+)}_n (q^n)κ_{n+1} = 0 and κ_{n+1}σ^{(−)}_n (q^{−n})κ_{n+1} = 0, respectively, which equivalent to the equations

(ν + q^{−(2n+1)})(ν − q^{−(n−1)})(ν + q^{−(n−1)}) = 0 ,

(ν − q^{(2n+1)})(ν − q^{(n−1)})(ν + q^{(n−1)}) = 0 .

Thus, all antisymmetrizers A_{1→k} could be zero for k > n only if ν takes one of the values ν = −q^{−(2n+1)}, ±q^{1−n}, and, respectively, all symmetrizers S_{1→k} could be zero for k > n only if ν = q^{(2n+1)}, ±q^{n−1}.

Remark 3. The homomorphisms of the periodic WB_M algebra to the algebra WB_M and to the affine algebra ŴB_M are defined by the same eqs. (4.2.49) and (4.2.51) as in the case of the group algebra of the braid group. Indeed, the characteristic identity for σ_M is the same as for σ_1 while relations

κ_1σ^{±1}_M κ_1 = ν^{∓1}κ_1 , κ_{M−1}σ^{±1}_M κ_{M−1} = ν^{∓1}κ_{M−1} ,

can be checked directly.

Remark 4. The representation theory for the Birman-Murakami-Wenzl algebra (the Young-Ogievetsky graph, the analog of Proposition 9, the explicit formulas for all primitive idempotents in terms of the Jucys-Murphy elements, intertwiner operators U_k (4.2.17) – (4.2.19), etc.) similar to that presented for the Hecke algebra case in Subsection 4.2 has been developed in [133].

5 APPLICATIONS AND CONCLUSIONS

In the previous sections of the review, we have presented the fundamentals of the theory of quantum groups. We have also considered how it is possible to obtain trigonometric and rational (Yangian) solutions of the Yang-Baxter equation on the basis of the theory of quantum Lie groups. Unfortunately, in the previous sections it was not possible for us to discuss in detail the numerous applications of the theory of quantum groups and the Yang-Baxter equation in both theoretical physics and mathematical physics. In this final section, we shall merely give a brief list of such applications that, in the author’s opinion, have definite interest.

Before we do this, we recall that in the physics of condensed matter exactly solvable two-dimensional models are used to describe various layered structures, contact surfaces in electronics, surfaces of superconducting liquids like He II, etc. Two-dimensional integrable field theories are used to describe dynamical effects in one-dimensional spatial systems (such as light tubes, nerve fibers, etc.). In addition, such field theories (and also integrable systems on one-dimensional chains) can also arise on reductions of multidimensional field theories (see, for example, Ref. [134]). Quite recently it has been argued that the one-loop dilatation operator (anomalous dimension operator) of N = 4 Super Yang-Mills theory may be identified, in some restricted cases, with the hamiltonians of various integrable quantum (super) spin chains [135]. Similar spin chain models (related to the noncompact Lie groups) had been previously appeared in the QCD context [136].

5.1 Quantum periodic spin chains

We have already mentioned that the quantum inverse scattering method [1] (an introduction to this method that can be readily understood by a wide circle of readers can be found in Refs. [137], [138]) is designed as a constructive procedure for solving quantum two-dimensional integrable systems. In addition, the quantum inverse scattering method makes it possible to construct quantum integrable systems on one-dimensional chains (see, for example, Refs. [86], [98], and [139]). Here we discuss the case of the periodic chains. The generalization to the case of the open chains will be mentioned in the next subsection 5.2. The initial point is the relation (3.8.22) for the L operators, which can be written in the form^{14}

R_{12}(θ − θ^′) L_{K2}(θ) L_{K1}(θ^′) = L_{K1}(θ^′) L_{K2}(θ) R_{12}(θ − θ^′) . (5.1.1) 4.1

14Usually this equation is written in the form in which the matrix R_{12}(θ) is substituted by R_{21}(θ); this is not important, since R_{21}(θ) satisfies, up to the change of the spectral parameters, the same Yang-Baxter equation (3.8.21) as R_{12}(θ).

Here L_{Ki}(θ) are N × N matrices in the auxiliary vector space V_i, with matrix coefficients that are the operators in the space of states of the K-th site of a chain consisting of M sites:

L_{Ki}(θ) = I^{^⊗(K−1)} ^⊗L_i(θ) ^⊗I^{^⊗(M−K)} → [L_{Ki}, L_K′_i′ ] = 0 (K ≠ K^′) . (5.1.2) 4.2

In (5.1.2), the symbol ^⊗ denotes the direct product of the operator spaces.

To construct an integrable system, we introduce the monodromy matrix

T_i(θ) = D^{(1)}_i L_{1i}(θ) D^{(2)}_i L_{2i} . . . D^{(M)}_i L_{Mi}(θ) . (5.1.3) 4.4

If the matrices D^{(K)} (1 ≤ K ≤ M) satisfy the relations

R_{ij} (θ) D^{(K)}_j D^{(K)}_i = D^{(K)}_j D^{(K)}_i R_{ij} (θ) , (5.1.4) 4.5a

[D^{(K)}_i , D^{(J)}_j ] = [D^{(J)}_i , L_{Kj}] = 0 ,

then it follows from (5.1.1) that

R_{ij} (θ − θ^′) T_j (θ) T_i(θ^′) = T_i(θ^′) T_j(θ)R_{ij} (θ − θ^′) . (5.1.5) 4.5

The trace of the monodromy matrix (5.1.3) over the auxiliary space i forms the transfer matrix t(θ) = T r_{(i)} (T_i(θ)) (5.1.6) tranm1

which gives a commuting family of operators: [t(θ), t(θ^′)] = 0. The commutativity of the transfer matrices follows directly from eq. (5.1.5) if we multiply it by the matrix (R_{ij} (θ − θ^′))^{−1} from the right and take the trace T r_{(i,j)} (. . .). Using the family of commuting operators t(θ) a certain local operator H can be constructed, which is interpreted as the Hamiltonian of the system. Locality of the Hamiltonian is a natural physical requirement and means that H describes the interaction of only nearest-neighbor sites of the chain. The remaining operators in the commuting set t(θ) give an infinite set of integrals of the motion, indicating the integrability of the constructed system. In many well-known cases, the commuting set is associated with the coefficients in the expansions of t(θ) over spectral parameter θ. For example, one can consider logarithmic derivatives of the transfer matrix:

I_n = d^n dθ^n ln ( t(θ) t(0)^{−1} ) |_{θ=0} . (5.1.7) hami1

and identify the local Hamiltonian to the first logarithmic derivative of the transfer matrix H ≡ I_1 = d dθ ln ( t(θ) t(0)^{−1} ) |_{θ=0} , (5.1.8) hami

where the matrix t(0)^{−1} is introduced in order to obtain the local charges I_n [140].

Now we consider explicit examples of integrable periodic spin chains. It is clear that from the Yang-Baxter equation (3.8.21) there always follow representations for the L operators (5.1.1) in the form of R matrices:

ρ_{Vk} (L_{Ki}(θ)) = R_{ki}(θ) , ρ_{Vk} (L_{Ki}(θ)) = (R_{ik}(θ))^{−1} . (5.1.9) 4.3

In this case, the representations of L_{Ki}(θ) act nontrivially in the space V_k ⊗ V_i. We choose for L operators the first representation in (5.1.9) and obtain for T_i(θ) (5.1.3):

T_i(θ) = D^{(1)}_i R_{1i}(θ) D^{(2)}_i R_{2i}(θ) . . . D^{(M)}_i R_{Mi}(θ) =

= R̂^′_{i1}(θ) R̂^′_{12}(θ) R̂^′_{23}(θ) . . . R̂^′_{M−1M} (θ)P_{M−1 M} . . . P_{23}P_{12}P_{1i} ,

where P_{ij} are permutation matrices and R̂^′_{ij} (θ) = D^{(j)}_i R̂_{ij} (θ). Taking the trace T r_{(i)} we deduce t(θ) = T r_{(i)} ( R̂^′_{i1}(θ) R̂^′_{12}(θ) R̂^′_{23}(θ) . . . R̂^′_{M−1M} (θ)P_{Mi} ) P_{M−1M} . . . P_{23}P_{12} . (5.1.10) tranm

We consider rather general case of R matrices which can be normalized such that R̂_{ij} (θ) = I + θ h_{ij} + θ2 . . ., (see, e.g., (3.8.23), (3.8.25), (3.11.19), (3.11.21)). These R-matrices are called regular [93]. For the regular R-matrices, using (5.1.10) we obtain

t(θ) t(0)^{−1} = I + θ (_M ∑ k=1 h^′_{k k+1} ) + θ^2 . . . , h^′_{k k+1} := D^{(k+1)}_k h_{k k+1} ( D^{(k+1)}_k )_{−1} , where D^{(M+1)}_M := D^{(1)}_M , h_{M M+1} := h_{M 1} and the local Hamiltonian (5.1.8) is H = M∑ k=1 h^′_{k k+1} . (5.1.11) hami2

If we choose the R-matrix in (5.1.10) in the form of the trigonometric solution (3.11.19), then we obtain

h_{j j+1} = 1 2 ( R̂_{j j+1} + R̂^{−1}_{j j+1} − λ β_± K_{j j+1} ) , (5.1.12) hami3

where β_± =^{α±−1}_{α±+1} , α_± = ±q^{±1} ν^{−1} and the parameter ν is fixed for different quantum (super)groups in (3.11.12). We note that the Hamiltonians (5.1.11) with the densities (5.1.12) (and D^{(k)} = 1) are the R matrix representations of the operators:

H_± = 1 2 M∑ j=1 ( σ_j + σ^{−1}_j + λ ν ∓ q^{±1} ν ± q^{±1} κ_j ) , where σ_i, κ_i (i = 1, . . . , M) obey (4.1.1), (4.3.1) – (4.3.3) with periodic identifications: σ_{M+i} = σ_i, κ_{M+i} = κ_i. It is natural to call the algebra with such generators as a periodic Birman-Murakami-Wenzl algebra. The case κ_i = 0 corresponds to the periodic system with the Hamiltonian: H = (∑_M j=1 σ_j −^{λM}_2 ) , where σ_i are generators of the periodic A-type Hecke algebra AH_{M+1} (see Sec. 4.2). In the R matrix representation: σ_i → R̂_i, σ_M → R̂_{M 1}, where R̂ is GL_q(2) matrix (3.4.8), this Hamiltonian describes the periodic XXZ Heisenberg model.

For the Yangian R matrices (3.11.21) we obtain SO(N) (ϵ = +1) and Sp(N) (N = 2n, ϵ = −1) invariant spin chain models with local Hamiltonian densities (see, e.g. [86]): h_{l l+1} = ( P_{l l+1} +^2_{2ϵ−N} K^{(0)}_{l l+1} ) (for closed chains we imply O_{M M+1} = O_{M 1}), where as usual P_{l l+1} are the transposition matrices and the matrices K^{(0)}_{l l+1} have been defined in (3.9.6). The Osp(N|2m) invariant spin chain model corresponds to the densities h_{l,l+1} = ( P_{l l+1} +^2_{2+2m−N} K^{(0)}_{l l+1} ) which are deduced from (3.11.22). These Yangian models are generalizations of the XXX Heisenberg models of magnets. We recall that XXX model can be obtained if we take the special limit q → 1 in the XXZ model or choose the gl(2) Yangian R matrix (3.8.25) as the representation of L operators in (5.1.9).

Using in (5.1.9), (5.1.10) the elliptic solution (3.13.3), (3.13.8) of the Yang-Baxter equation, we recover, for N = 2, the XYZ spin chain model [111] while for N > 2 we obtain its integrable generalizations.

At the end of this subsection we stress that using the transfer matrix (5.1.6) one can construct an integrable 2-dimensional statistical model on the (M × L) lattice with periodic boundary conditions. Namely, one should consider the partition function

Z = T r_{(1...M)}( t(θ_0) · · · t(θ_0) L ) = T r_{(1...M)} (_L ∏ i=1 T r_{(i)}(D^{(1)}_i L_{1i}(θ_0) . . . D^{(M)}_i L_{Mi}(θ_0)) ) ,

where the combination D^{(K)}_i L_{Ki}(θ_0) (for a special value of the spectral parameter θ = θ_0) defines a weight of the statistical system in the site (K, i) and T r_{(1...M)} are the traces over the operator spaces.

5.2 Factorizable scattering: S-matrix and boundary K matrix

The Yang-Baxter equation (3.8.20):

S_{23}(θ − θ^′) S_{13}(θ) S_{12}(θ^′) = S_{12}(θ^′) S_{13}(θ) S_{23}(θ − θ^′) (5.2.1) 4.6

together with the subsidiary relations of unitarity and crossing symmetry

S_{12}(θ) S_{21}(−θ) = I_{12} , S_{12}(θ) = (S_{21}(iπ − θ))^{t1} , (5.2.2) 4.7

uniquely determine factorizable S matrices (with a minimal set of poles) describing the scattering of particle-like excitations in (1+1)-dimensional integrable relativistic models [3]. Eqs. (5.2.2) guarantee that the S matrix S_{12}(θ) is invertible and skewinvertible (see (3.1.9)). The matrix S^{i1i2}_{j1j2} (θ) is interpreted as the S matrix for the scattering of two neutral particles with isotopic spins i_1 and i_2 to two particles with spins j_1 and j_2, and the spectral parameter θ is none other than the difference of the rapidities of these particles. For charged particles the crossing symmetry relation (5.2.2) should be written in the form S_{12}(θ) = (S_{21}(iπ − θ))^{t1} , where S-matrix S_{21} = S^{i2ī1}_{k2k̄1} describes particle-antiparticle scattering. The many-particle S matrices decompose into products of two-particle matrices (factorization). In this sense, the Yang-Baxter equation (5.2.1) is the condition of uniqueness of the determination of the many-particle S matrices.

The reflection equation [141] – [146] which depends on the spectral parameters,

S_{12}(θ − θ^′) K_1(θ) S_{21}(θ + θ^′) K_2(θ^′) = K_2(θ^′) S_{12}(θ + θ^′) K_1(θ) S_{21}(θ − θ^′) , (5.2.3) 4.8 determines, together with the unitarity condition

K^i_j (θ) K^j_m(−θ) = δ^i_m , (5.2.4) unitK

and relations (5.2.1) and (5.2.2), a factorizable scattering of particles (solitons) on a half-line (see, e.g., [141], [142], [147], [148]). In this case, the operator matrix K^i_j(θ) describes reflection of a particle with rapidity θ at a boundary point of the half-line. Graphically, the relation (5.2.3) can be represented in the form

K_1

1

θ′ θ

θ - θ′ θ + θ′ K_2

2

= K_1

1

θ′ θ

θ - θ′ θ + θ′ K_2

2

We recall [142] that factorizable scattering on a half-line can be described by a Zamolodchikov algebra with generators {A^i(θ)} and boundary operator B which satisfy the defining relations

A^i(θ) A^j(θ^′) = S^{ij}_{kl}(θ − θ^′) A^l(θ^′) A^k(θ) , A^i(θ) B = K^i_j(θ) A^j(−θ) B ⇒

A_1(θ) A_2(θ^′) = S_{12}(θ − θ^′) A_2(θ^′) A_1(θ) , A_1(θ) B = K_1(θ) A_1(−θ) B .

(5.2.5) zamal

The consistency conditions for this algebra give rise to the Yang-Baxter equation (5.2.1), to the unitarity conditions (5.2.2), (5.2.4) and the reflection equation (5.2.3) for matrices S and K.

The reflection equation (5.2.3) can be used [143] – [146], [149] for the construction of the quantum group invariant integrable spin systems (see e.g. [5]) on the chains with nonperiodic boundary conditions. Indeed, if T (θ) satisfies (5.1.5) for R_{ij} (θ) ≡ S_{ji}(θ) and K(θ) satisfies (5.2.3), then T (θ) = T (θ) K(θ) [T (−θ)]^{−1} is also a solution of (5.2.3). It follows from the transformation A(θ) → [T (θ)]^{−1} A(θ) , B → B , of the algebra (5.2.5) (it is covariance transformation of the first relation in (5.2.5)). The matrix T (θ) is called Sklyanin monodromy matrix. It relates to the partition function of an integrable lattice model with nontrivial boundary conditions which defined by the reflection matrix K(θ). The set of commuting integrals (including the Hamiltonian of the model) is given by the transfer matrix t(θ) which is constructed as a special trace t(θ) = T r ( T (θ) K(θ) ) = T r ( T (θ) K(θ) [T (−θ)]^{−1} K(θ) ) , (5.2.6) transre

where K(θ) is any solution of a conjugated reflection equation [143] – [146], [149]:

S^t_{12}(θ − θ^′) K^t_2(θ^′) Ψ^t_{12}(θ + θ^′) K^t_1(θ) = K^t_1(θ) Ψ^t_{21}(θ + θ^′) K^t_2(θ^′) S^t_{21}(θ − θ^′) , (5.2.7) conjre

such that [K^i_j (θ), K^m_n (θ^′)] = 0 = [K^i_j (θ), T^m_n (θ^′)]. In (5.2.7) the matrix Ψ_{12} is the skew-inverse matrix for S_{12} (see (3.1.9)):

Ψ^{t1}_{12}(θ) S^{t1}_{12}(θ) = I_{12} = S^{t1}_{12}(θ) Ψ^{t1}_{12}(θ) , (5.2.8) psis and we have used the following notation S^t_{12} := S^{t1t2}_{12} . Let the matrix S_{12}(θ) satisfies the cross-unitarity condition [142] (cf. (3.8.8), (3.11.18)) S^{t1}_{12}(θ) ( D^{−1}_1 S_{21}(b − θ)D_1 )_{t1} = η(θ)I_{12} , (5.2.9) cross04 where η(θ) is a scalar function, b is a constant and D is a constant matrix which obeys [D_1D_2, S_{12}(θ)] = 0. Comparing eqs. (5.2.8) and (5.2.9) one can identify Ψ_{12}(θ) = 1 η(θ) D^{−1}_1 S_{21}(b − θ)D_1 , and rewrite the conjugated reflection equation (5.2.7) in the form S^t_{12}(θ − θ^′) ~K^t_2(θ^′) S^t_{21}(b − θ − θ^′) ~K^t_1(θ) = ~K^t_1(θ) S^t_{12}(b − θ − θ^′) ~K^t_2(θ^′) S^t_{21}(θ − θ^′) , (5.2.10) conjre1 where ~K(θ) = D^{−1}K(θ). Eq. (5.2.10) follows from the considering a left Zamolodchikov algebra with left boundary operator ~B and left generators ~A^i (cf. (5.2.5)) ~B ~A_1(θ) = ~B ~K_1(θ) ~A_1(b − θ) , ~A_1(θ) ~A_2(θ^′) = S_{21}(θ − θ^′) ~A_2(θ^′) ~A_1(θ) .

To obtain (5.2.10) one should reorder the monomial ~B ~A_1(θ) ~A_2(θ^′).

The proof of the identity [t(θ), t(θ^′)] = 0 for the transfer matrix t(θ) (5.2.6) is the following [143]. We need only to prove this identity for the case T (θ) = 1. Then, we have (θ^± = θ ± θ^′) t(θ^′) t(θ) = T r_{12} ( K_2(θ^′) K^t_1(θ) K_2(θ^′) K^t_1(θ) ) = = T r_{12} ( K_2(θ^′) K^t_1(θ) S^{t1}_{12}(θ^+) Ψ^{t1}_{12}(θ^+) K_2(θ^′) K^t_1(θ) ) = = T r_{12} (( K_2(θ^′) S_{12}(θ^+) K_1(θ) )_{t1} ( K^t_2(θ^′) Ψ^t_{12}(θ^+) K^t_1(θ) )_{t2} ) = using eq. (5.2.3) we deduce

= T r_{12} ( K_1(θ) S_{21}(θ^+) K_2(θ^′) S^{−1}_{21} (θ^−) ( K^t_2(θ^′) Ψ^t_{12}(θ^+) K^t_1(θ) )_t S_{12}(θ^−) ) = and applying here the conjugated reflection equation (5.2.7) and transpositions we finally obtain

= T r_{12} (( K_1(θ) S_{21}(θ^+) K_2(θ^′) )_{t2} ( K^t_1(θ) Ψ^t_{21}(θ^+) K^t_2(θ^′) )_{t1} ) = = T r_{12} ( K_1(θ) K^t_2(θ^′) S^{t2}_{21}(θ^+) Ψ^{t2}_{21}(θ^+) K_1(θ) K^t_2(θ^′) ) = t(θ) t(θ^′) . Now we take in (5.2.3) the limit θ, θ^′ → ±∞ in such a way that θ − θ^′ → ±∞, and at the same time we set K(θ)|_{θ→∞} = L , S_{12}(θ)|_{θ→∞} = R_{12} .

K(θ)|_{θ→−∞} = L^{−1} , S_{12}(θ)|_{θ→−∞} = (R_{21})^{−1} .

Then (5.2.3) goes over into (3.2.30), and this is the reason why all algebras with defining relations of the type (3.2.30) are called the reflection equation algebras [144] – [146].

Note that every solution of the Yang-Baxter equation (5.2.1) with the conditions (5.2.2) determines an equivalence class of quantum integrable systems with the given factorizable S matrix. Thus, every classification of solutions of the Yang- Baxter equation is, to some extent, a classification of the integrable systems with the properties indicated above.

The 3D analog of the Yang-Baxter (triangle) equation (3.8.24), (5.2.1) is called tetrahedron equation [4], [155] and defines a consistence condition for the 3D factorizable scattering of strings. A 3-dimensional model of such factorizable scattering has firstly been proposed by A.Zamolodchikov in [4]. Then, this 3D model has been generalized in [150]. A 3-dimensional version of the 2D reflection equation (5.2.3) (the tetrahedron reflection equation) has been constructed in [151].

From the mathematical point of view the higher dimensional generalizations of the Yang-Baxter equation are related to Manin-Schechtman higher braid groups [152] and n-categories [153].

5.3 Yang-Baxter equations in calculations of multiloop Feynman diagrams

We mention the application of the Yang-Baxter equation in multiloop calculations in quantum field theory. There is a form of the Yang-Baxter equation (see Refs. [2], [154], and [155]) that can also be represented in the form of the triangle equation (3.8.24), but the indices x, x_i, y_i are ascribed, not to the ”lines,” but to the ”faces”:

y_1 x_3 y_2

x_2 θ y_3 θ′ x x_1 = x θ′ x_3 y_3

x_2 x_1 θ

y_1 y_2

(5.3.0)

where θ, θ^′ are angles (spectral parameters), a summation is over the index x and

R^{xy}_{uz} (θ) = y z x u θ

The analytical form of (5.3.0) is ∑ x R^{x1 x}_{y2 x3} (θ − θ^′) R^{x x2}_{x3 y1} (θ) R^{x1y3}_{x x2} (θ^′) = ∑ x R^{y2 x}_{x3 y1} (θ^′) R^{x1 y3}_{y2 x} (θ) R^{y3 x2}_{x y1} (θ − θ^′) . (5.3.1) facem

We have already considered a solution of this equation in Sec. 3.13. Indeed, one can show that eq. (3.13.10) is equivalent to eq. (5.3.1) if we put (for the notation see Sec. 3.13):

R^{x1 x}_{x2 x3} (θ) = ω^{12 <x−x2 , x1+x3>+<x2,x>} W_{x+x2−x1−x3} (θ) , (5.3.2) facem1 where the indices x, x_i are 2D vectors, e.g. x = (α_1, α_2) and α_{1,2} ∈ Z_N . Thus, (5.3.2), (3.13.8) and (3.13.9) solve the face type Yang-Baxter equation (5.3.1).

There is a transformation from the vertex type Yang-Baxter equation (3.8.21) to the face type (5.3.1) using intertwining vectors ψ^{x1x2}_i (see e.g. [146] and Refs. therein), where i is a vertex index, while x_1, x_2 are face indices. The vectors ψ^{x1x2}_i satisfy intertwining relations

ψ^{x2x1}_{⟨2} (θ − θ^′) ψ^{x3x2}_{⟨1} (θ) R_{12}(θ^′) = ∑ x R^{x1 x}_{x2x3} (θ^′) ψ^{xx1}_{⟨1} (θ) ψ^{x3x}_{⟨2} (θ − θ^′) (5.3.3) inttw

which are represented graphically in the form (here the angles are the same as in (5.3.0))

x_3 x_2 x_1

2

1 = x x_2 2

1

x_3 x_1 , ψ^{x1x2}_i (θ) := i θ x_1 x_2 .

Then, the face type Yang-Baxter equation (5.3.1) is obtained from the vertex equation (3.8.21) if we act on it by (ψ^{y2x1}_{⟨3} ψ^{x3y2}_{⟨2} ψ^{y1x3}_{⟨1} ) from the left.

The relations (5.3.0), (5.3.1), like (3.8.24), give the conditions of integrability of two-dimensional lattice statistical systems (interaction round face models) with weights determined by the R matrices R^{xy}_{uz} (θ). In this case the transfer matrix has the form t^{y1y2...yM} x_1x_2...x_M (θ) = R y_1y_2 x_1x_2 (θ) R y_2y_3 x_2x_3 (θ) R y_3y_4 x_3x_4 (θ) . . . R y_M y_1 x_M x_1 (θ) ,

and its graphical representation is

y_1 y_2 y_3

x_1 x_2 x_3 . . . . . . x_M y_M θ θ θ θ θ ,

while a partition function for a periodic system on (M × K) lattice is given by the standard formula: Z = T r_{1...M} (t(θ))^K .

We now note that the Yang-Baxter equation (5.3.0), (5.3.1) has a solution in the form R^{xy}_{uz} (θ) = G^y_u(θ) Ḡ^x_z (π − θ), where the matrices G^y_u, Ḡ^x_z = Ḡ^z_x satisfy the star triangle relation (see, for example, Refs. [2] and [154])

f(θ, θ^′)Ḡ^{x1}_{x3} (π−θ+θ^′) G^{x2}_{x3} (θ) Ḡ^{x1}_{x2} (π−θ^′) = ∑ x G^x_3 (θ^′) Ḡ^{x1}_x (π−θ) G^{x2}_x (θ−θ^′) , (5.3.4) 4.9

and f(., .) is an arbitrary function such that f(θ, θ^′) = f(θ, θ − θ^′). The relations (5.3.4) for f = 1 can be represented graphically in the form

x_{3 π-θ′} π- θ+θ′

x_2 θ

x_1 = x x_{3 θ}′

x_2 θ-θ′ π-θ x_1

The Feynman diagrams which will be considered here are graphs with vertices connected by lines labeled by numbers (indices). With each vertex we associate the point in the D-dimensional space R^D while the lines of the graph (with index α) are associated with the massless Feynman propagator α x x^′ =^{Γ(α)}_{(x−x′)2α} (which is a function of two points x, x^′ in D dimensional space-time): G_D(x − x^′|α) = Γ(α) (x − x^′)^{2α} = Γ(α) ( ∑ μ(x − x^′)_μ(x − x^′)^μ)^α

, (5.3.5) 4.10

where Γ(α) is the Euler gamma-function, D = 4 − 2ϵ is the dimension of spacetime, (x)_μ (μ = 1, 2, . . . , D) are its coordinates, α = D/2 − 1 + ϵ^′, and ϵ and ϵ^′ are, respectively, the parameters of the dimensional and analytic regularizations. The boldface vertices • denote that the corresponding points x are integrated over R^D: 1 π^{D/2} ∫ d^Dx. These diagrams are called the Feynman diagrams in the configuration space.

The propagator (5.3.5) satisfies the relation 1 π^{D/2} ∫ d^Dx ∏_3 i=1 G_D(x − x_i|α_i) ∑_{αi=D} = G_D(x_1 − x_2|α^′_3) G_D(x_2 − x_3|α^′_1) G_D(x_3 − x_1|α^′_2) ,

(5.3.6) 4.11

which is represented as the star-triangle identity for Feynman diagrams: x_2

x_1 x_3 α^′_3

α^′_2 α^′_1 = • α_3 α_1 α_2 x x_2

x_1 x_3

where α_1 + α_2 + α_3 = D and α^′_i := D/2 − α_i. Eq. (5.3.6) can be readily obtained if we put (x_3)^μ = 0 ∀μ and in the right-hand side of (5.3.6) make a simultaneous inversion transformation of the variables of integration, (x)_μ → (x)_μ/x^2, and of the coordinates (x_{1,2})^μ. The relations (5.3.4) and (5.3.6) are equivalent if we set G^x′ (θ) = Ḡ^x′ (θ) = G_D(x − x^′| D 2 (1 − θ π )) , f(θ, θ^′) = 1 , ∑ x = ∫ d^Dx π^{D/2} . (5.3.7) 4.12

Thus, the analytically and dimensionally regularized massless propagator (5.3.5) satisfies the infinite-dimensional star-triangle relation (5.3.4) and accordingly, on the basis of (5.3.5) and (5.3.7), we can construct solutions of the Yang-Baxter equation (5.3.0), (5.3.1). This remark was made in Ref. [154], in which calculations were made of vacuum diagrams with an infinite number of vertices corresponding to a planar square lattice (ϕ^4 theory, D = 4), a planar triangular lattice (ϕ^6 theory, D = 3), and a honeycomb lattice (ϕ^3 theory, D = 6). The star-triangle relation (5.3.6) (known also as the uniqueness relation) was used in addition for analytic calculation of the diagrams that contribute to the 5-loop β- function of the ϕ^4_{D=4} theory

[156] and of massless ladder diagrams [157], [158]. By means of identity (5.3.6) the symmetry groups of dimensionally and analytically regularized massless diagrams have been investigated [158], [159], [160]^{15}. We emphasize that an extremely interesting problem is that of massive deformation of the propagator function (5.3.5) and the corresponding deformation of the star-triangle relation (5.3.6).

There is an elegant operator interpretation [158] of the star-triangle identity (5.3.6). Indeed, consider a D-dimensional Heisenberg algebra with generators q̂_μ = q̂^†_μ and p̂_μ = p̂^†_μ (μ = 1, . . . , D) subject to defining relations

[q̂_μ, p̂_ν ] = i δ_{μν} , (μ, ν = 1, 2, . . . , D) , (5.3.8) gr0

where q̂_μ and p̂_μ are operators of coordinate and momentum, respectively. Consider a representation of the algebra (5.3.8) in the linear vector space of complex functions ψ(x_μ) on R^D:

q̂_μ ψ(x) = x_μ ψ(x) , p̂_μ ψ(x) = −i ∂_μ ψ(x) .

It will be convenient to realize the action of elements Â of Heisenberg algebra as the action of integral operators: Â ψ(x) = ∫ d^Dy ⟨x|Â|y⟩ ψ(y). The integral kernels ⟨x|Â|y⟩ can be considered as the matrix elements of Â on the states |x⟩ := |{x_μ}⟩ and ⟨x| = |x⟩^† such that ⟨y|x⟩ = δ^D(y − x) , q̂_μ|x⟩ = x_μ |x⟩ , ∫ d^Dx |x⟩ ⟨x| = ^1 . (5.3.9) gr1

We extend the Heisenberg algebra by the elements q̂^{2α} := (q̂^μq̂_μ)^α and pseudodifferential operators p̂^{−2β} := (p̂^μp̂_μ)^{−β} (∀α, β ∈ C). The corresponding integral kernels are: ⟨x|q̂^{2α}|y⟩ = x^{2α} δ^D(x − y) , ⟨x| 1 p̂^{2β} |y⟩ = a(β) 1 (x − y)^{2β′} , (5.3.10) gr4

where a(β) =^{Γ(β′)}

π^{D/2} 2^{2β} Γ(β) , β ′ = D/2 − β and β^′ ≠ 0, −1, −2, . . .. For the extended Heisenberg algebra one can prove [158] that the set of operators:

H_α := p̂^{2α} q̂^{2α} (∀α ∈ C) is commutative. The commutativity condition [H_α, H_{−β}] = 0 is represented in the form

p̂^{2α}q̂^{2γ}p̂^{2β} = q̂^{2β}p̂^{2γ}q̂^{2α} , (γ = α + β) . (5.3.11) uniq

Then, it is not hard to see that this identity, written for integral kernels by means of (5.3.10), is equivalent to the star-triangle relation (5.3.6). One should act on (5.3.11) by vectors ⟨x_1 − x_3| and |x_2 − x_3⟩ from the left and right, respectively, and insert, in the l.h.s. of (5.3.11), the unit ^1 (5.3.9):

⟨x_1 − x_3|p̂^{2α} (∫ d^Dx |x⟩ ⟨x| ) q̂^{2γ}p̂^{2β} |x_2 − x_3⟩ = ⟨x_1 − x_3|q̂^{2β}p̂^{2γ}q̂^{2α}|x_2 − x_3⟩ ⇒ ∫ d^Dx ⟨x_1 −x_3|p̂^{2α}|x⟩ x^{2γ} ⟨x|p̂^{2β}|x_2 −x_3⟩ = (x_1 −x_3)^{2β}⟨x_1 −x_3|p̂^{2γ} |x_2 −x_3⟩(x_2 −x_3)^{2α} .

Applying here the second eq. in (5.3.10) we obtain (5.3.6) for α = −α^′_1, β = −α^′_2 and γ = −α_3.

15Here the symmetry of diagrams means the symmetry of corresponding perturbative integrals.

An important (from the point of view of the physical applications) problem in the analytical evaluations of massless multi-loop Feynman integrals is the representation of the D-dimensional integral (one of the way to define this divergent integral is given in [159], [158]):

T r(q̂^{2α1}p̂^{2β1}q̂^{2α2}p̂^{2β2} . . . q̂^{2αn}p̂^{2βn} ) := ∫ d^Dx ⟨x|q̂^{2α1}p̂^{2β1} . . . q̂^{2αn}p̂^{2βn} |x⟩ , as a complex function of the indices α_i, β_i and parameter D = 4−2ϵ (the dimension of the space-time). The well known conjecture is that the coefficients in the expansion of this integral over ϵ (around physical value D = 4 of the space-time dimension) are expressed only in terms of the multiple zeta values and polylogarithms.

One can deduce another star-triangle relation [161] (x_i ∈ R^D)

( 2ᾱ_1ᾱ_3 α_2 )_{D/2} W (x_3 − x_1|α_1) W (x_1 − x_2|α_2) W (x_2 − x_3|α_3) =

= ∫ d^Dx π^{D/2} W (x_1 − x|ᾱ_3) W (x_3 − x|ᾱ_2) W (x_2 − x|ᾱ_1) , (5.3.12) gr16

where W (x|α) = exp (−x^2/(2α)) and the map

ᾱ_i = α_1α_2α_3 (α_1 + α_2 + α_3) 1 α_i , α_i = ᾱ_1ᾱ_3 + ᾱ_2ᾱ_3 + ᾱ_1ᾱ_2 ᾱ_i , (5.3.13) map

is the well known star-triangle transformation for resistances in electric networks. The identity (5.3.12) is related to the local Yang-Baxter equation [162] and is also rewritten in the operator form [161]

W (q̂ | α_1) W (p̂ | α^{−1}_2 ) W (q̂ | α_3) = W (p̂ | ᾱ^{−1}_3 ) W (q̂ | ᾱ_2) W (p̂ | ᾱ^{−1}_1 ) . (5.3.14) gr17

To obtain (5.3.12) from (5.3.14) we have used the representations ⟨x|e^{1α q̂2} |y⟩ = e^{1α (x)2} δ^D(x − y) , ⟨x|e^{− 12 αp̂2} |y⟩ = (2πα)^{−D/2} e^{− 12α (x−y)2} . It is tempting to apply identities (5.3.12) – (5.3.14) for the investigations of symmetries and analytical calculations of massive perturabative multi-loop integrals written in the α- representation. Besides, we hope that the local star-triangle relations (5.3.12), (5.3.14) will help in the construction of the massive deformation of the star-triangle relation (5.3.6).

• Note that we have not considered at all the numerous applications of quantum Lie groups and algebras with deformation parameters q satisfying the conditions q^N = 1, i.e., when the parameters q are equal to the roots of unity. These applications (see, for example, Ref. [163]) appear mostly in the context of the topological and 2D conformal field theories and are associated with the specific theory of representations of such quantum groups that, generally speaking, can no longer be regarded as the deformation of the classical Lie groups and algebras.

Books

1. E. Sweedler, Hopf Algebras, Benjamin (1969). 2. E. Abe, Hopf Algebras, Cambridge University Press (1977). 3. R.J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, New York (1982).

4. L.D. Faddeev and L. Takhtajan, Hamiltonian methods in the theory of solitons, Springer (1987).

5. P. Martin, Potts Models and Related Problems in Statistical Mechanics, World Scientific, Singapore (1991).

6. Yu.I. Manin, Topics in noncommutative geometry, M.B. Porter Lecture Series, Princeton University Press, New Jersey (1991).

7. G. Lusztig, Introduction to quantum groups, Progress in Math. Birkhauser Boston (1993).

8. V.E. Korepin, A.G. Izergin, and N.M. Bogoliubov, Quantum Inverse Scattering Method, Correlation Functions and Algebraic Bethe Ansatz, Cambridge Univ. Press (1993).

9. A. Connes, Noncommutative geometry, Academic Press (1994). 10. V. Chari and A. Pressley, A guide to quantum groups, Cambridge Univ.

Press (1994).

11. C. Kassel, Quantum groups, Springer-Verlag GTM 155 (1994). 12. Sh. Majid, Foundations of quantum group theory, Cambridge Univ. Press (1995).

13. C. Gomez, M. Ruiz-Altaba and G. Sierra, Quantum Groups in Two- Dimensional Physics, Cambridge University Press (1996).

14. C. Kassel, M. Rosso and V. Turaev, Quantum groups and knot invariants, Panoramas et Synthèses 5, Société Mathématique de France (1997).

15. A. Klimyk and K. Schmüdgen, Quantum groups and their representations, Springer (1997).

16. P. Etingof and O. Schiffmann, Lectures on Quantum Groups, Intern. Press (1998).

References

[1] E.K. Sklyanin, L.A. Takhtajan, and L.D. Faddeev, The Quantum Inverse Problem Method. 1, Theor. Math. Phys. 40 (1980) 688 [Teor. Mat. Fiz. 40 (1979) 194]; L.A. Takhtajan and L.D. Faddeev, Usp. Mat. Nauk 34, 13 (1979); L.D. Faddeev, ”Quantum completely integrable field-theory models,” in Problems of Quantum Field Theory (Proceedings of the Fifth International Symposium on Nonlocal and Nonlinear Field Theories, Alushta, 1979) [in Russian] (Dubna, 1979, p. 249).

[2] R.J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, New York, 1982).

[3] A.B. Zamolodchikov and Al.B. Zamolodchikov, Factorized S-Matrices In Two Dimensions As The Exact Solutions Of Certain Relativistic Quantum Field Models, Ann. Phys. (N. Y.) 120 (1979) 253; Relativistic Factorized S Matrix In Two-Dimensions Having O(N) Isotopic Symmetry, Nucl. Phys. B 133 (1978) 525.

[4] A.B. Zamolodchikov, Sov. Phys. JETP 52, 325 (1980) [Zh. Eksp. Teor. Fiz. 79, 641 (1980)]; Tetrahedron Equations And The Relativistic S Matrix Of Straight Strings In (2+1)-Dimensions, Commun. Math. Phys. 79 (1981) 489.

[5] V. Pasquier and H. Saleur, Common Structures Between Finite Systems And Conformal Field Theories Through Quantum Groups, Nucl. Phys. B 330 (1990) 523.

[6] M. Karowski and A. Zapletal, Quantum Group Invariant Integrable N State Vertex Models With Periodic Boundary Conditions, Nucl. Phys. B 419 (1994) 567.

[7] P.P. Kulish, Quantum Groups and Quantum Algebras as Symmetries of Dynamical Systems, Preprint YITP/K-959 (1991).

[8] A. Connes, Geometrie Non Commutative (Intereditions, Paris, 1990).

[9] A. Connes and J. Lott, Particle Models And Noncommutative Geometry (Expanded Version), Nucl. Phys. Proc. Suppl. 18B (1991) 29;

X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, The standard model on non-commutative space-time, Eur. Phys. J. C 23 (2002) 363, hep-ph/0111115.

[10] M. Kontsevich, Deformation quantization of Poisson manifolds, I, Lett. Math. Phys.

66 (2003) 157, q-alg/9709040.

[11] A. Connes, M.R. Douglas and A. Schwarz, JHEP 9802 (1998) 003, hep-th/9711162;

N. Seiberg and E. Witten, JHEP 9909 (1999) 032, hep-th/9908142.

[12] A.P. Isaev and Z.Popowicz, q-Trace for the quantum groups and q deformed Yang- Mills theory, Phys. Lett. B 281 (1992) 271.

[13] A.M. Gavrilik, Quantum algebras in phenomenological description of particle properties, Nucl. Phys. Proc. Suppl. 102 (2001) 298, hep-ph/0103325; Quantum groups and Cabibbo mixing, hep-ph/0401086.

[14] H. Steinacker, Field theoretic models on covariant quantum spaces, hep-th/0408125.

[15] P. Podles and S.L. Woronowicz, Quantum Deformation Of Lorentz Group, Commun.

Math. Phys. 130 (1990) 381; U. Carow-Watamura, M. Schlieker, M. Scholl, and S. Watamura, Tensor Representation Of The Quantum Group SL_q(2, C) And Quantum Minkowski Space, Z. Phys. C 48 (1990) 159; Quantum Lorentz Group, Int. J. Mod. Phys. A 6 (1991) 3081; O. Ogievetsky, W.B. Schmidke, J. Wess, and B. Zumino, q-Deformed Poincare algebra, Comm. Math. Phys. 150 (1992) 495; P.P. Kulish, Algebra i Analiz 6, No. 2, 195 (1994); Sh. Majid, J. Math. Phys. 34, 2045 (1993); J. Lukierski, A. Nowicki, H. Ruegg, and V.N. Tolstoy, Q deformation of Poincare algebra, Phys. Lett. B 264 (1991) 331; J. Lukierski, A. Nowicki and H. Ruegg, New quantum Poincare algebra and κ deformed field theory, Phys. Lett. B 293 (1992) 344; B.L. Cerchiai and J. Wess, q-deformed Minkowski space based on a q-Lorentz algebra, Eur. Phys. J. C5 (1998) 553, math.qa/9801104.

[16] W. Schmidke, J. Wess, and B. Zumino, A q-Deformed Lorentz Algebra, Z. Phys. C 52 (1991) 471; J.A. De Azcarraga, P.P. Kulish, and F. Rodenas, Reflection equations and q Minkowski space algebras, Lett. Math. Phys. 32 (1994) 173, hep-th/9309036.

[17] L.D. Faddeev, N.Yu. Reshetikhin, and L.A. Takhtajan, Quantization Of Lie Groups And Lie Algebras, Lengingrad Math. J. 1 (1990) 193 [Alg. Anal. 1 (1989) 178].

[18] E.K. Sklyanin, Some Algebraic Structures Connected With The Yang-Baxter Equation, Funct. Anal. Appl. 16 (1982) 263 [Funkt. Anal. Pril. 16 No.4 (1982) 27].

[19] E.K. Sklyanin, Some Algebraic Structures Connected With The Yang-Baxter Equation. Representations Of Quantum Algebras, Funct. Anal. Appl. 17 (1983) 273 [Funkt. Anal. Pril. 17 No.4 (1983) 34];

A.V. Odesskii, Elliptic algebras, Russian Math. Surveys 75 (2002) 1127, math.QA/0303021.

[20] E. Sweedler, Hopf Algebras (Benjamin, 1969).

[21] E.Abe, Hopf Algebras (Cambridge University Press, 1977).

[22] V.G. Drinfeld, Quantum Groups, in Proceedings of the Intern. Congress of Mathematics, Vol. 1 (Berkeley, 1986), p. 798.

[23] V.G. Drinfeld, Almost cocommutative Hopf algebras, Algebra i Analiz 1, No. 2, 30 (1989).

[24] Sh. Majid, Quasitriangular Hopf Algebras And Yang-Baxter Equations, Int. J. Mod.

Phys. A 5 (1990) 1.

[25] A.A. Vladimirov, On The Hopf Algebras Generated By The Yang-Baxter R Matrices, Z. Phys. C 58 (1993) 659.

[26] J.-P. Serre, Linear Representations of Finite Groups, Graduate Texts in Math. 42, Springer-Verlag (1977).

[27] R.M. Kashaev, Heisenberg Double and Pentagon Relation, Algebra i Analiz, 8 No.4 (1996) 63, q-alg/9503005; S. Baaj, G. Skandalis, Ann. scient. Éc. Norm. Sup., 4 série, 26 (1993) 425.

[28] N. Reshetikhin, Multiparameter quantum groups and twisted quasitriangular Hopf algebras, Lett. Math. Phys. 20 (1990) 331.

[29] N.Yu. Reshetikhin , V.G. Turaev, Ribbon Graphs and their Invariants Derived from Quantum Groups, Comm.Math.Phys. 127 (1990) 1-26.

[30] V.G. Drinfeld, Quasi-Hopf Algebras, Algebra i Analiz 1, No. 6, 114 (1989); On quasitriangular Quasi-Hopf algebras and a group related to Gal(Q/Q), Algebra i Analiz 2, No. 4, 149 (1990).

[31] M. Enock and J.-M. Schwartz, Kac Algebras and Duality of Locally Compact Groups, Springer-Verlag (1992).

[32] L. Pontrjagin, Topological Groups, Princeton University Press (1946). [33] P. Etingof, T. Schedler and O. Schiffmann, Explicit quantization for dynamical rmatrices for finite dimensional semisimple Lie algebras, J. Amer. Math. Soc., 13 (2000) 595, math.QA/9912009.

[34] A.P. Isaev and O.V. Ogievetsky, On quantization of r-matrices for Belavin-Drinfeld triples, math.QA/0010190.

[35] P.P. Kulish, V.D. Lyakhovsky and A.I. Mudrov, Extended jordanian twists for Lie algebras J. Math. Phys. 40 (1999) 4569, math.QA/9806014.

[36] N.Yu. Reshetikhin, Quasitriangular Hopf algebras and link invariants, Algebra i Analiz 1, No. 2, 169 (1989).

[37] O. Ogievetsky, Uses of Quantum Spaces, Lectures presented at the School ”Quantum Symmetries in Theoretical Physics and Mathematics”, Bariloche (2000), Contemporary Mathematics, 294 (2002) 161-231.

[38] A. A. Vladimirov, A Method For Obtaining Quantum Doubles From The Yang- Baxter R Matrices, Mod. Phys. Lett. A 8 (1993) 1315, hep-th/9302042.

[39] S.L. Woronowicz, Differential Calculus On Compact Matrix Pseudogroups (Quantum Groups) Comm. Math. Phys. 122 (1989) 125.

[40] P. Aschieri and L. Castellani, An Introduction to noncommutative differential geometry on quantum groups, Int. J. Mod. Phys. A 8 (1993) 1667 hep-th/9207084.

[41] A.P. Isaev, R-matrix approach to differential calculus on quantum groups, Phys. Part.

Nucl. 28 (3) (1997) 267.

[42] A.P. Isaev and P.N. Pyatov, Covariant Differential Complexes On Quantum Linear Groups, J. Phys. A 28 (1995) 2227, hep-th/9311112; Gl_q(N) Covariant Quantum Algebras And Covariant Differential Calculus, Phys. Lett. A 179 (1993) 81, hepth/9211093.

[43] L.D. Faddeev and P.N. Pyatov, The Differential Calculus On Quantum Linear Groups, Am. Math. Soc. Transl. 175 (1996) 35, hep-th/9402070.

[44] A.P. Isaev and O.V. Ogievetsky, BRST operator for quantum Lie algebras and differential calculus on quantum groups, Teor. Mat. Phys., 129 No. 2 (2001) 298, math.QA/0106206; BRST And Anti-BRST Operators For Quantum Linear Algebra U_q(gl(N)), Nucl. Phys. Proc. Suppl. 102 (2001) 306.

[45] A.P. Isaev, Interrelations Between Quantum Groups And Reflection Equation (Braided) Algebras, Lett. Math. Phys. 34 (1995) 333, hep-th/9403154.

[46] P. Schupp, P. Watts, B. Zumino, Bicovariant quantum algebras and quantum Lie algebras, Comm. Math. Phys. 157 (1993) 305-329, hep-th/9210150.

[47] J.M. Maillet, Lax Equations And Quantum Groups, Phys. Lett. B245 (1990) 480. [48] N.Yu. Reshetikhin, M.A. Semenov-Tian-Shansky, Quantum R-matrices and factorization problems, Geometry and Physics, 5 (1988) 533-550.

[49] A. Isaev, O. Ogievetsky, P. Pyatov and P. Saponov, Characteristic Polynomials for Quantum Matrices, Lecture Notes in Physics; Vol. 524, Springer (1999), p. 322.

[50] A. Isaev, O. Ogievetsky and P. Pyatov, On quantum matrix algebras satisfying the Cayley-Hamilton-Newton identities, J. Phys. A: Math. Gen., 32 (1999) L115-L121;

math.QA/9809170.

[51] A.Yu. Alekseev and L.D. Faddeev, (T^∗G)(T ): A Toy Model For Conformal Field Theory, Commun. Math. Phys. 141 (1991) 413.

[52] L. Freidel and J. Maillet, Quadratic algebras and integrable systems, Phys. Lett. B 262 (1991) 278; A.P. Isaev, O.V. Ogievetsky and P.N. Pyatov, Cayley-Hamilton- Newton identities and quasitriangular Hopf algebras, in Proc. of the Intern. Seminar ”Supersymmetries and Quantum Symmetries”, SQS’99, Dubna (2000), math.QA/9912197; L. Hlavaty and A. Kundu, Int. J. Mod. Phys. A 11 (1996) 2143, hep-th/9406215.

[53] A.I. Molev, E. Ragoucy and P. Sorba, Coideal subalgebras in quantum affine algebras, Rev. Math. Phys. 15, No.8 (2003) 789, math.QA/0208140.

[54] A.M. Gavrilik and A.U. Klimyk, q-Deformed orthogonal and pseudo-orthogonal algebras and their representations, Lett. Math. Phys. 21 (1991) 215, math.qa/0203201.

[55] M. Noumi, Macdonald’s symmetric polynomials as zonal spherical functions on quantum homogeneous spaces, Adv. Math. 123 (1996) 16, math.QA/9503224.

[56] Yu.I. Manin, Quantum groups and noncommutative geometry, Preprint CRM-1561, Montreal University (1989).

[57] Yu.I. Manin, Multiparametric Quantum Deformation Of The General Linear Supergroup, Commun. Math. Phys. 123 (1989) 163.

[58] A.P. Isaev, Twisted Yang-Baxter Equations For Linear Quantum (Super)Groups, J.Phys. A 29 (1996) 6903, q-alg/9511006.

[59] P. Etingof and A. Varchenko, Solutions of the quantum dynamical Yang-Baxter equation and dynamical quantum groups, Commun. Math. Phys. 196 (1998) 591, q-alg/9708015.

[60] D.I. Gurevich, Algebraic aspects of the quantum Yang-Baxter equation, Algebra i Analiz 2 (1990) 119-148 (English translation: Leningrad Math. J. 2 (1991) 801-828).

[61] J. Ding and I. Frenkel, Isomorphism of Two Realizations of Quantum Affine Algebra U_q(ĝl(n)), Comm. Math. Phys. 156 (1993) 277.

[62] M. Jimbo, A q-analogue of U_q(gl(N + 1)), Hecke algebra and the Yang-Baxter equation, Lett. Math. Phys. 11 (1986) 247.

[63] M. Jimbo, A Q-Difference Analog Of U(G) And The Yang-Baxter Equation, Lett.

Math. Phys. 10 (1985) 63.

[64] M. Rosso, Finite Dimensional Representations Of The Quantum Analog Of The Enveloping Algebra Of A Complex Simple Lie Algebra, Commun. Math. Phys. 117 (1988) 581.

[65] Ya. Soibelman, The algebra of functions on compact quantum group and its representations, Algebra i Analiz, 2 No.1 (1990) 190 (Engl. Transl. Leningrad Math. J., 2 No.1 (1991)).

[66] J. Donin, P.P. Kulish and A.I. Mudrov, On universal solution to reflection equation, Lett. Math. Phys. 63 (2003) 179, math.QA/0210242.

[67] P.P. Kulish, Algebra i Analiz, 6, No.2 (1994) 195 (Engl. Transl. St. Petersburg Math.

J., 6, No.2 (1995) 365); P.A. Saponov, Weyl approach to representation theory of reflection equation algebra, J. Phys., A37, (2004) 5021; math.QA/0307024; A.I. Mudrov, Characters of U_q(gl(n))-reflection equation algebra, Lett. Math. Phys., 60 (2002) 283, math.QA/0204296.

[68] M.A. Semenov-Tian-Shansky, Poisson Lie Groups, Quantum Duality Principle, and the Quantum Double, Contemp. Mathematics, v. 175 (1994) 219.

[69] M. Rosso, An analogue of PBW theorem and the universal R matrix for U_hsl(N + 1), Comm. Math. Phys. 124 (1989) 307.

[70] A. N. Kirillov and N. Reshetikhin, Q Weyl Group And A Multiplicative Formula For Universal R Matrices, Commun. Math. Phys. 134 (1990) 421.

[71] A.Yu. Alekseev and L.D. Faddeev, An involution and dynamics for the q deformed quantum top, Zap. Nauchn. Semin. LOMI 200, 3 (1992); hep-th/9406196.

[72] A.P. Isaev, O.V. Ogievetsky and P.N. Pyatov, Generalized Cayley-Hamilton-Newton identities, Czech. J. Phys. 48 (1998) 1369-1374; math.QA/9809047.

[73] M. Nazarov and V. Tarasov, Yangians and Gelfand - Zetlin basis, Publications RIMS 30 (1994) 459; hep-th/9302102.

[74] P.N. Pyatov and P.A. Saponov, Characteristic Relations for Quantum Matrices, J.Phys. A; Math. Gen. 28 (1995) 4415, q-alg/9502012;

D.I. Gurevich, P.N. Pyatov and P.A. Saponov, Hecke Symmetries and Characteristic Relations on Reflection Equation Algebras, Lett. Math. Phys., 41 (1997) 255, q-alg/9605048.

[75] D. D. Demidov, Yu. I. Manin, E. E. Mukhin, and D. V. Zhdanovich, Nonstandard Quantum Deformations Of Gl(N) And Constant Solutions Of The Yang-Baxter Equation, Prog. Theor. Phys. Suppl. 102, 203 (1990).

[76] A. Sudbery, Consistent Multiparameter Quantization Of Gl(N), J. Phys. A 23 (1990) L697; D.B. Fairlie and C.K. Zachos, Multiparameter Associative Generalizations Of Canonical Commutation Relations And Quantized Planes, Phys. Lett. B 256 (1991) 43. [77] A. Schirrmacher, The Multiparametric Deformation Of Gl(N) And The Covariant Differential Calculus On The Quantum Vector Space, Z. Phys. C 50 (1991) 321.

[78] A.P. Isaev, O.V. Ogievetsky and P.N. Pyatov, On R- matrix representations of Birman - Murakami - Wenzl algebras, Trudy MIAN 246 (2004) 147-153 (Memorial volume A.N.Tyurin).

[79] A. Schirrmacher, Multiparameter R matrices and its quantum groups, J. Phys. A 24 (1991) L1249.

[80] N.Yu. Reshetikhin and M.A. Semenov-Tian-Shansky, Central extensions of quantum current groups, Lett. Math. Phys., 19 (1990) 133.

[81] A.P. Isaev and R.P. Malik, Deformed Traces and Covariant Quantum Algebras for Quantum Groups GL_{qp}(2) and GL_{qp}(1|1), Phys. Lett. B 280 (1992) 219, hepth/0309186.

[82] V.K. Dobrev, Duality for the matrix quantum group GL_{p,q}(2, C), J. Math. Phys. 33 (1992) 3419.

[83] V.G. Drinfeld, Hopf algebras and the quantum Yang-Baxter equation, Sov. Math.

Dokl. 32 (1985) 254.

[84] A.I. Molev, Yangians and their applications, in “Handbook of Algebra”, Vol. 3, (M.

Hazewinkel, ed.), Elsevier (2003), math.QA/0211288;

A. Molev, M. Nazarov and G. Olshanski, Yangians and classical Lie algebras, Russian Math. Surveys 51, No. 2 (1996) 205.

[85] P.P. Kulish and E.K. Sklyanin, Quantum spectral transform method. Recent developments, in “Integrable Quantum Field Theories”, Lect. Notes in Phys. 151 (1982) 61.

[86] N.Yu. Reshetikhin, Integrable Models Of Quantum One-Dimensional Magnets With O(N) And Sp(2k) Symmetry, Theor. Math. Phys. 63 (1985) 555 [Teor. Mat. Fiz. 63 (1985) 347].

[87] R.M. Kashaev and N.Yu. Reshetikhin, Affine Toda field theory as a three-dimensional integrable system, Commun. Math. Phys. 188 (1997) 251 [arXiv:hep-th/9507065].

[88] A.P. Isaev and S.M. Sergeev, Quantum Lax Operators And Discrete 2+1-Dimensional Integrable Models, Lett. Math. Phys. 64 (2003) 57.

[89] R.B. Zhang, The gl(M|N) super Yangian and its finite dimensional representations, Lett. Math. Phys. 37 (1996) 419, q-alg/9507029.

[90] M. Chaichian and P.P. Kulish, Quantum Lie Superalgebras And Q Oscillators, Phys.

Lett. B 234 (1990) 72; E.V. Damaskinsky, P.P. Kulish, and M.A. Sokolov, Gauss Decomposition for Quantum Groups and Supergroups, Zap. Nauch. Semin. POMI 211 (1995) 11-45, q-alg/9505001.

[91] Y. Leblanc and J. C. Wallet, R matrix and q covariant oscillators for U_q(sl(n|m)), Phys. Lett. B 304 (1993) 89.

[92] M. Chaichian, P. Kulish, and J. Lukierski, Supercovariant systems of q oscillators and q supersymmetric Hamiltonians, Phys. Lett. B 262, 43 (1991).

[93] P.P. Kulish and E.K. Sklyanin, On The Solution Of The Yang-Baxter Equation, J.

Sov. Math. 19 (1982) 1596 [Zap. Nauchn. Semin. LOMI 95 (1980) 129]. [94] M.L. Nazarov, Quantum Berezinian and the classical Capelli identity, Lett. Math.

Phys. 21 (1991) 123.

[95] V. Lyubashenko and A. Sudbery, Quantum supergroups of GL(n|m) type: differential forms, Koszul complexes and Berezinians, Duke Math. J. 90, No.1 (1997) 1, hepth/9311095.

[96] J. Schwenk, W.B. Schmidke, and S.P. Vokos, Properties of 2 × 2 Quantum Matrices in Z(2) Graded Spaces, Z. Phys. C 46 (1990) 643; W.B. Schmidke, S.P. Vokos, and B. Zumino, Differential Geometry Of The Quantum Supergroup Gl_q(1|1), Z. Phys. C 48 (1990) 249; P.P. Kulish, Zap. Nauchn. Semin. LOMI 180, 89 (1990); L. Dabrowski and L.Y. Wang, Two Parameter Quantum Deformation Of GL(1|1), Phys. Lett. B 266 (1991) 51.

[97] V. Bazhanov and A. Shadrikov, Quantum Triangle Equations And Lie Superalgebras, Teor. Mat. Fiz. 73 (1987) 402.

[98] P.P. Kulish, Integrable graded magnets, J. Sov. Math. 35 (1986) 2648 [Zap. Nauchn.

Semin. 145 (1985) 140].

[99] S.M. Khoroshkin and V.N. Tolstoy, Universal R-matrix for quantized (super)algebras, Commun. Math. Phys. 141 (1991) 599.

[100] P.P. Kulish and N.Yu. Reshetikhin, Universal R Matrix Of The Quantum Superalgebra Osp(2 | 1), Lett. Math. Phys. 18 (1989) 143.

[101] B. Berg, M. Karowski, V. Kurak and P. Weisz, Factorized U(N) Symmetric S Matrices In Two-Dimensions, Nucl. Phys. B 134 (1978) 125.

[102] D. Arnaudon, J. Avan, N. Crampe, L. Frappat, E. Ragoucy, R-matrix presentation for (super)-Yangians Y(g), J. Math. Phys. 44 (2003) 302, math.QA/0111325; D. Arnaudon, a. o., Bethe Ansatz equations and exact S matrices for the osp(M|2n) open super spin chain, Preprint (2003), math-ph/0310042.

[103] V.V. Bazhanov, Integrable Quantum Systems And Classical Lie Algebras, Commun.

Math. Phys. 113 (1987) 471; Trigonometric Solution Of Triangle Equations And Classical Lie Algebras, Phys. Lett. B 159 (1985) 321.

[104] M. Jimbo, Quantum R Matrix For The Generalized Toda System, Commun. Math.

Phys. 102 (1986) 537.

[105] M. Jimbo and T. Miwa, q-KZ equation with |q|=1 and correlation functions of the XXZ model in the gapless regime, J. Phys. A 29 (1996) 2923, hep-th/9601135.

[106] H.E. Boos, V.E. Korepin, F.A. Smirnov, Connecting lattice and relativistic models via conformal field theory, Preprint (2003) math-ph/0311020.

[107] I.B. Frenkel and N.Yu. Reshetikhin, Quantum affine algebras and holonomic difference equations, Commun. Math. Phys. 146 (1992) 1.

[108] V.Tarasov and A. Varchenko, Geometry of q-Hypergeometric Functions as a bridge between Yangians and Quantum Affine Algebras, Inventiones Math. 128 (1997) 501, q-alg/9604011.

[109] F.A. Smirnov, Dynamical symmetries of massive integrable models, 1. Form-factor bootstrap equations as a special case of deformed Knizhnik- Zamolodchikov equations, Int. J. Mod. Phys. A 7 (1992) S813.

[110] A.A. Belavin, Dynamical Symmetry Of Integrable Quantum Systems, Nucl. Phys.

B 180[FS2] (1981) 189.

[111] R.J. Baxter, One-Dimensional Anisotropic Heisenberg Chain, Annals Phys. 70 (1972) 323; Partition Function Of The Eight-Vertex Lattice Model, Annals Phys. 70 (1972) 193 [Annals Phys. 281 (2000) 187].

[112] I.V. Cherednik, On The Properties Of Factorized S Matrices In Elliptic Functions, Sov. J. Nucl. Phys. 36 (1982) 320 [Yad. Fiz. 36, 549 (1982)]; C.A. Tracy, Physica (Utrecht) D 16, 203 (1985); A. Bovier, Factorized S Matrices And Generalized Baxter Models, J. Math. Phys. 24 (1983) 631; G. Felder and V. Pasquier, A Simple construction of elliptic R matrices, Lett. Math. Phys. 32 (1994) 167.

[113] M. Rosso, Quantum groups and quantum shuffles, Invent. Math. 133 (1998) 133.

[114] V.F.R. Jones, Hecke algebra representations of braid groups and link polynomials, Annals of Mathematics 126 (1987) 335.

[115] G.E. Murphy, On the representation theory of the symmetric groups and associated Hecke algebras, J. Algebra 152 (1992) 287.

[116] O.V.Ogievetsky and P.N.Pyatov, Lecture on Hecke algebras, preprint MPIM (Bonn), MPI 2001-40, (http://www.mpim-bonn.mpg.de/html/preprints/preprints.html).

[117] H. Wenzl, Hecke algebras of type A_n and subfactors, Invent. Math. 92 (1988) 349.

[118] P. Martin, Potts Models and Related Problems in Statistical Mechanics, World Scientific, Singapore, 1991.

[119] V. Chari and A. Pressley, A guide to quantum groups, Cambrige Univ. Press (1994). [120] A.P. Isaev and O.V. Ogievetsky, On representations of Hecke algebras, Czechoslovak Journal of Phys., Vol. 55, No. 11 (2005) [121] D. Levy, Algebraic Structure of Translation-Invariant Spin-1/2 XXZ and q-Potts Quantum Chains, Phys. Rev. Lett. 67 No. 15 (1991) 1971 - 1974.

[122] A.P. Isaev and O.V. Ogievetsky, On Baxterized Solutions of Reflection Equation and Integrable Chain Models, math-ph/0510078.

[123] D. Levy and P. Martin, Hecke algebra solutions to the reflection equation, Jour.

of Phys. A27 (1994) L521; P. Martin, D. Woodcock and D. Levy, A diagrammatic approach to Hecke algebras of the reflection equation, Jour. of Phys. A33 (2000) 1265; A. Doikou and P. Martin, Hecke algebraic approach to the reflection equation for spin chains, Jour. of Phys. A36 (2003) 2203.

[124] H. Wenzl, Quantum Groups and Subfactors of Type B, C and D, Comm. Math.

Phys. 133 (1990) 383-432.

[125] I.V. Cherednik, A new interpretation of Gelfand - Tzetlin bases, Duke Math. Journal, Vol. 54, No. 2 (1987) 563.

[126] A. Okounkov and A. Vershik, A new approach to representation theory of symmetric groups, Selecta Mathematica, New Ser. Vol. 2, No. 4 (1996) 581-605.

[127] L.K. Hadjiivanov, A.P. Isaev, O.V. Ogievetsky, P.N. Pyatov and I.T. Todorov, Hecke algebraic properties of dynamical R-matrices: Application to related quantum matrix algebras, J. Math. Phys. 40 (1999) 427, q-alg/9712026.

[128] Y. Cheng, M. L. Ge and K. Xue, Yang-Baxterization of braid group representations, Comm. Math. Phys. 136, no. 1 (1991), 195208.

[129] V.F.R. Jones, On a Certain Value of the Kauffman Polynomial, Comm.Math.Phys.

125 (1989) 459; J. Murakami, Solvable Lattice Models and algebras of Face Operators, Adv. Studies in Pure Math. 19 (1989) 399.

[130] I. Heckenberger and A. Schüler, Symmetrizer and Antisymmetrizer of the Birman- Wenzl-Murakami algebras, Lett.Mat.Phys. 50 (1999) 45, math.QA/0002170.

[131] P.N. Pyatov, private communication (2001).

[132] I. Tuba and H. Wenzl, On braided tensor categories of type BCD, Preprint (2003), math.QA/0301142.

[133] A.P. Isaev and O.V. Ogievetsky, in preparation.

[134] V.A. Rubakov, Adler-Bell-Jackiw Anomaly And Fermion Number Breaking In The Presence Of A Magnetic Monopole, Nucl. Phys. B 203 (1982) 311.

[135] J.A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 0303 (2003) 013, hep-th/0212208;

N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439, hep-th/0307042.

[136] L.N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lattice models, JETP Lett. 59 (1994) 596 [Pisma Zh. Eksp. Teor. Fiz. 59 (1994) 571], hep-th/9311037; High-energy asymptotics of multicolor QCD and two-dimensional conformal field theories, Phys. Lett. B 309 (1993) 394;

L.D. Faddeev and G.P. Korchemsky, High-energy QCD as a completely integrable model, Phys. Lett. B 342 (1995) 311, hep-th/9404173;

A.V. Belitsky, A.S. Gorsky and G.P. Korchemsky, Gauge / string duality for QCD conformal operators, Nucl. Phys. B 667 (2003) 3, hep-th/0304028.

[137] L.D. Faddeev, How Algebraic Bethe Ansatz works for integrable model, Les-Houches lectures, hep-th/9605187.

[138] A.A. Vladimirov, Introduction to Quantum Integrable Systems. The R-Matrix Method [in Russian] (Lectures for Young Scientists, Vol. 32), R17-85-742, JINR, Dubna (1985).

[139] P.P. Kulish and N.Yu. Reshetikhin, Diagonalization Of Gl(N) Invariant Transfer Matrices And Quantum N Wave System (Lee Model), J. Phys. A 16 (1983) L591.

[140] M. Lüsher, Dynamical charges in the quantized renormalized massive Thirring model, Nucl. Phys. B 117 (1976) 475.

[141] I.V. Cherednik, Factorizing Particles On A Half Line And Root Systems, Theor.

Math. Phys. 61 (1984) 977 [Teor. Mat. Fiz. 61 (1984) 35].

[142] S. Ghoshal and A.B. Zamolodchikov, Boundary S Matrix And Boundary State In Two-Dimensional Integrable Quantum Field Theory, Int. J. Mod. Phys. A9 (1994) 3841, hep-th/9306002.

[143] E.K. Sklyanin, Boundary Conditions For Integrable Quantum Systems,” J. Phys. A 21 (1988) 2375.

[144] P.P. Kulish and E.K. Sklyanin, Algebraic structures related to the reflection equations, J. Phys. A 25 (1992) 5963;

[145] P.P. Kulish and R. Sasaki, Covariance Properties Of Reflection Equation Algebras, Prog. Theor. Phys. 89 (1993) 741;

[146] P.P. Kulish, Yang-Baxter equation and reflection equations in integrable models, in Proc. Schladming School, Lect. Notes in Phys. Vol. 469 (1996) 125-144, hepth/9507070.

[147] N. J. MacKay and B. J. Short, Boundary scattering, symmetric spaces and the principal chiral model on the half-line, Commun. Math. Phys. 233 (2003) 313, hepth/0104212.

[148] A. Liguori, M. Mintchev and L. Zhao, Boundary Exchange Algebras and Scattering on the Half Line, Commun. Math. Phys. 194 (1998) 569, hep-th/9607085.

[149] L. Mezincescu, R.I. Nepomechie and V. Rittenberg, Bethe Ansatz Solution Of The Fateev-Zamolodchikov Quantum Spin Chain With Boundary Terms, Phys. Lett. A147 (1990) 70; L. Mezincescu, R.I. Nepomechie, Integrable Open Spin Chains With Nonsymmetric R Matrices, J. Phys. A24 (1991) L17; Int. J. Mod. Phys. A7 (1992) 5657.

[150] V.V. Bazhanov and R.J. Baxter, New solvable lattice models in three-dimensions, J.

Statist. Phys. 69 (1992) 453; Star triangle relation for a three-dimensional model, J. Statist. Phys. 71 (1993) 839, hep-th/9212050; S.M. Sergeev, J. Phys. A: Math. Gen. 34 (2001) 10493.

[151] A.P. Isaev and P.P. Kulish, Tetrahedron Reflection Equation, Mod. Phys. Lett. A12 (1997) 427, hep-th/9702013.

[152] Yu.I. Manin and V.V. Schechtman, Arrangements of hyperplanes, higher braid groups and higher Bruhat orders, Adv. Stud. Pure Math. 17 (1990) 289; M. Kapranov and V. Voevodsky, Braided monoidal 2-categories and Manin-Schechtman higher braid groups, J. Pure and Appl. Alg. 92 (1994) 241; R.J. Lawrence, Algebras and triangle relations. J. Pure Appl. Algebra, 100, No. 1-3 (1995) 43.

[153] M. Kapranov and V. Voevodsky, Free n-categories generated by a cube, oriented matroids, and higher Bruhat orders, Func. Anal. Appl. 25 (1990) 50; J.C. Baez, An Introduction to n-Categories, q-alg/9705009.

[154] A.B. Zamolodchikov, Fishnet Diagrams As A Completely Integrable System, Phys.

Lett. B 97 (1980) 63.

[155] V.V. Bazhanov and Yu.G. Stroganov, On Commutativity Conditions For Transfer Matrices On Multidimensional Lattice, Teor. Mat. Fiz. 52 (1982) 105.

[156] D.I. Kazakov, The Method Of Uniqueness, A New Powerful Technique For Multiloop Calculations, Phys. Lett. B 133 (1983) 406;

[157] V.V. Belokurov and N.I. Ussyukina, Calculation Of Ladder Diagrams In Arbitrary Order, J. Phys. A 16 (1983) 2811; D.J. Broadhurst, Summation of an infinite series of ladder diagrams, Phys. Lett. B 307 (1993) 132; N.I. Ussyukina and A.I. Davydychev, Exact results for three- and four-point ladder diagrams with an arbitrary number of rungs, Phys. Lett. B 305 (1993) 136.

[158] A.P. Isaev, Multi-loop Feynman integrals and conformal quantum mechanics, Nucl.

Phys. B 662 (2003) 461, hep-th/0303056.

[159] S.G. Gorishnii, and A.P. Isaev, On An Approach To The Calculation Of Multiloop Massless Feynman Integrals, Theor. Math. Phys. 62 (1985) 232 [Teor. Mat. Fiz. 62 (1985) 345].

[160] D. T. Barfoot and D. J. Broadhurst, Z(2) × S(6) Symmetry Of The Two Loop Diagram, Z. Phys. C 41 (1988) 81.

[161] R. M. Kashaev, On discrete three-dimensional equations associated with the local Yang-Baxter relation, Lett. Math. Phys. 38 (1996) 389.

[162] J. M. Maillet and F. Nijhoff, Integrability For Multidimensional Lattice Models, Phys. Lett. B 224 (1989) 389.

[163] E. Witten, Nucl. Phys. B 330, 285 (1990); L. Alvarez-Gaume, C. Gomez, and G. Sierra, Nucl. Phys. B 330, 347 (1990); V.V. Bazhanov, R.M. Kashaev, V.V. Mangazeev, and Yu.G. Stroganov, Commun. Math. Phys. 138, 393 (1991); E. Date, M. Jimbo, K. Miki, and T. Miwa, Commun. Math. Phys. 138, 393 (1991); P. Furlan, A. Ganchev, and V. P. Petkova, Nucl. Phys. B 343 (1990) 205; A.T. Filippov, A.P. Isaev and A.B. Kurdikov, Mod. Phys. Lett. A 7 (1992) 2129, hep-th/9204089; P. Furlan, a.o., J. Phys. A 36 (2003) 5497, hep-th/0003210.