Ďőŕőńŋěŋĺě ł čńăćăň 1 ĺ 2.

Ğďěáì ňë ŕàĺćěďěň àïď ŕőńěğŋëå äőàňãń, ĺńńîáâàĺàãîéĺå ŋăè ŕőďåőď ł âěőàĺĺ áâàãŋë ć ěćłńĺďőćőň ŕàőáâàăŋáâćě ćàěňěŋĺ. Ŕàěęďě ćáěčő őŕàěďěńĺň ďćãňěàŋãî ňěâàĺłã g^{αβ} çěàěğ ćăľńąăľŋë e^α_i (α, β, i = 1, 2)

(g^{−1})_{αβ} ≡ g^{αβ} = ∑ i e^α_i e^β_i , det(g^{−1}) = det^{−1}(g) = (det e)^2 . (2.7.1)

Řăááňőâàĺň âěŕěàì âěőàĺî ąőğőŋŋőľ áâàãŋë (ćő ćŋěèŋěň čàăćĺâăæĺőŋŋőň h^{μν} (x) ĺ ăŋâĺáĺňňěâàĺçŋőň B^{μν} (x) ŕőńïå) á ďěľáâćĺěň S = ∫ M d^2ξ {√ g g^{αβ} ∂_αx_μ(ξ) ∂_β x_ν (ξ) h^{μν}(x(ξ)) + ϵ^{αβ} ∂_αx_μ(ξ) ∂_βx_ν (ξ) B^{μν}(x(ξ)) } . (2.7.2)

Ğďěáì μ, ν, λ = 0, . . . , D − 1 – ŕàőáâàăŋáâćěŋŋő ćàěňěŋŋőľ ĺŋďěłáë (ňë ąãďěň ĺŋőčďă őŕãáłăâì ĺå ć äőàňãńăå) ĺ g = det(g). Şàăćŋěŋĺï ďćĺęěŋĺï, ćëâěłăîéĺě ĺğ (2.7.2), ć áńãçăě ćëŕőńŋěŋĺï čàăŋĺçŋëå ãáńőćĺľ (łőâőàëě ć áćőî őçěàěďì ğăďăîâ ãàăćŋěŋĺï ďćĺęěŋĺï ďńï łőŋæőć őâłàëâőľ áâàãŋë) 0 = ∫ ∂M dξ^γ ϵ_{γα} {√ g g^{αβ} ∂_β x_ν h^{μν} + ϵ^{αβ} ∂_β x_ν B^{μν} } δx_μ , ĺňěîâ ćĺď_1 2 g_{αβ} (∂_γ x_μ ∂^γ x_ν ) h^{μν} (x) − ∂_α x_μ ∂_β x_ν h^{μν} (x) = 0 ⇒ 1 2 ( g_{αβ} g^{γδ} − δ^γ_α δ^δ_β − δ^γ_β δ^δ_α ) ∂_α x_μ ∂_β x_ν h^{μν} (x) = 0

(2.7.3) 2 ∂_α (√ g g^{αβ} ∂_β x_ν ) h^{μν} + √ g ∂^β x_λ ∂_β x_ν Γ^{μ,λν} + ϵ^{αβ} ∂_αx_λ ∂_β x_ν H^{μνλ} = 0 . (2.7.4)

Ğďěáì ∂^αx_λ = g^{αβ} ∂_β x_λ ĺ Γ^{μ,λν} (x) = ∂^λ h^{μν} + ∂^ν h^{μλ} − ∂^μ h^{λν} , H^{μνλ}(x) = ∂^λ B^{μν} + ∂^ν B^{λμ} + ∂^μ B^{νλ} .

Ďńï ŕőńãçěŋĺï ãàăćŋěŋĺï (2.7.3) ňë ćőáŕőńìğőćăńĺáì àăćěŋáâćőň δ det(g) δ g_{αβ} = det(g) g^{αβ} , (2.7.5)

łőâőàőě áŕàăćěďńĺćő ďńï ńîąőčő çĺáńă ĺğňěàěŋĺľ. İâã äőàňãńã ňőęŋő ďőłăğăâì áńěďãîéĺň őąàăğőň. Ďěâěàňĺŋăŋâ det(g) ć n ňěàŋőň ŕàőáâàăŋáâćě őŕàěďěńïěâáï ć ćĺďě ϵ^{α1 ...αn} g_{α1β1} . . . g_{αnβn} = det(g) ϵ_{β1...βn} . Š.ő. ňë ĺňěěň det(g) = 1 n! ϵ^{α1...αn} g_{α1β1} . . . g_{αnβn} ϵ^{β1...βn} , čďě ňë ćőáŕőńìğőćăńĺáì àăćěŋáâćőň ϵ^{α1...αn} ϵ_{α1...αn} = n!, łőâőàőě ďőłăğëćăěâáï ŕő ĺŋďãłæĺĺ. Ďăńěě áńěďãěâ (2.7.5) δ det(g) δ g_{αβ} = 1 (n − 1)! ϵ^{αα2 ...αn} g_{α2β2} . . . g_{αnβn} ϵ^{ββ2...βn} = g^{αβ}det(g) , čďě ďńï ďőłăğăâěńìáâćă ŕőáńěďŋěčő àăćěŋáâćă ŋěőąåőďĺňő ãçěáâì, çâő ( ϵ^{αα2...αn} g_{α2β2} . . . g_{αnβn} ϵ^{ββ2...βn} ) g_{αγ} = det(g) ϵ_{γβ2...βn} ϵ^{ββ1...βn} = (n − 1)! δ^β_γ det(g) . Ććěďěň łőňŕńěłáŋëě łőňąĺŋăæĺĺ ćăľńąăľŋőć e^α_± = e^α_1 ± i e^α_2 , âőčďă ňěâàĺłă ŕàěďáâăćńïěâáï ć ćĺďě g^{αβ} = 1 2 ( e^α_+ e^β_− + e^α_− e^β_+ ) , √ det(g) = 2 i e^2_+ e^1_− − e^2_− e^1_+ . Őâňěâĺň ğďěáì, çâő çĺáńő ŋěğăćĺáĺňëå łőňŕőŋěŋâ ã ňěâàĺłĺ g^{αβ} àăćŋő âàěň, ă ã ćăľńąăľŋă e^α_± àăćŋő çěâëàěň. Ďńï âőčő, çâőąë áàăćŋïâì çĺáńő ŋěğăćĺáĺňëå łőňŕőŋěŋâ, ňë ďőńęŋë àăááňăâàĺćăâì łńăááë íłćĺćăńěŋâŋőáâĺ ćăľńąăľŋőć ŕő őâŋőèěŋĺî ł ďěľáâćĺî čàãŕŕë U(1) e^α_± → exp(±iϕ(ξ)) e^α_± . (2.7.6) Ććěďěň âăłęě łőňŕńěłáŋëě ŕàőĺğćőďŋëě

∂_+ = e^α_+∂_α = e^1_+ (∂_1 + f ∂_2) ,

∂_− = e^α_−∂_α = e^1_− ( ∂_1 + f ∂_2 ) , (2.7.7)

čďě ňë ĺáŕőńìğőćăńĺ ŕàőěłâĺćŋëě łőőàďĺŋăâë f = e^2_+ e^1_+ , f = e^2_− e^1_−

, (2.7.8)

łőâőàëě ïćńïîâáï ĺŋćăàĺăŋâăňĺ őâŋőáĺâěńìŋő ŕàěőąàăğőćăŋĺľ (2.7.6). Ğăňěâĺň, çâő ćëąőà őąőğŋăçěŋĺľ ďńï łőňŕńěłáŋëå ŕàőĺğćőďŋëå (2.7.7) áőőâćěâáâćãěâ ”ćëąőàã” łőŕńěłáŋëå łőőàďĺŋăâ z_± =^1_2 (ξ^1 ∓ i ξ^2). İâő ňőęŋő ãćĺďěâì, ŕőńőęĺć e^α_i = δ^α_i , ŕàĺ íâőň

∂_± = ∂ ∂z_± , ξ^α ∂_α = z^+ ∂_+ + z^− ∂_− , ξ^1 = z_+ + z_− , ξ_2 = i (z_+ − z_−) .

Ć âěàňĺŋăå äãŋłæĺľ f ĺ f ňěâàĺłă ĺňěěâ ćĺď √ det(g) g^{αβ} = 2 i f − f ( 1^1_2 (f + f) 1 2 (f + f) f f ) . (2.7.9)

Őçěćĺďŋő, çâő det^{−1/2}(g) g_{αβ} = 2 i f − f ( f f^{−1}_2 (f + f) −1 2 (f + f) 1 ) , ĺ áőőâćěâáâćěŋŋő äőàňă ňěâàĺłĺ ňőęěâ ąëâì ŕàěďáâăćńěŋă łăł

d^2 s = g_{αβ} dξ^α dξ^β = √ det(g) 2i f − f ( dξ^2 − f dξ^1 ) ( dξ^2 − f dξ^1 ) =

= i √ det(g) |i − f|^2 2(f − f) |dz_− + μ dz_+|^2 , μ = f + i f − i . čďě μ ïćńïěâáï (1, −1) - äőàňőľ ŕàĺ łőŋäőàňŋëå ŕàěőąàăğőćăŋĺïå z_+ → h(z_+) (â.ě. μdz_+/dz_− ĺŋćăàĺăŋâŋő) ĺ ŋăğëćăěâáï łőíääĺæĺěŋâőň Ąěńìâàăňĺ.

Ć ŋőćëå őąőğŋăçěŋĺïå ãàăćŋěŋĺě (2.7.4) (ć áńãçăě Γ^{λ,μν} = 0, H^{μνλ} = 0) ňőęŋő ŕěàěŕĺáăâì áńěďãîéĺň őąàăğőň ∂_α ( 1 det(e) ( e^α_− ∂_+ + e^α_+ ∂_− ) x_μ(ξ) ) = 0 . (2.7.10)

Ğăňěâĺň, çâő áńãçăľ H^{μνλ} = 0 (łőčďă ňăâàĺæă B^{μν} ŋěćëàőęďěŋă) áőőâćěâáâćãěâ áĺňŕńěłâĺçěáłőľ čěőňěâàĺĺ á áĺňŕńěłâĺçěáłőľ äőàňőľ Ω = B^{μν} dx_μ ∧ dx_ν . Řăááňőâàĺň äãŋłæĺĺ Z_±, łőâőàëě ïćńïîâáï àěèěŋĺïňĺ ãàăćŋěŋĺľ Ąěńìâàăňĺ e^α_+∂_α Z_− = ∂_+ Z_− = 0 , e^α_−∂_α Z_+ = ∂_− Z_+ = 0 . (2.7.11) Ďńï íâĺå äãŋłæĺľ ňë ĺňěěň âőęďěáâćő 1 det(e) e^α_∓ ∂_± Z_± = ±2 i E^{αβ} ∂_β Z_± , (E^{12} = 1) , łőâőàőě íłćĺćăńěŋâŋő ãàăćŋěŋĺïň (√ det(g) g^{αβ} ∓ i E^{αβ} ) ∂_β Z_± = 0 .

Ćőğŋĺłèĺě ğďěáì ŕàőěłâőàă ňőčãâ ąëâì ğăŕĺáăŋë ć ćĺďě (íâő áńěďãěâ ĺğ (2.7.9)) √ det(g) g^{αβ} ± i E^{αβ} = √ det(g) e^α_∓ e^β_± . Šăłĺň őąàăğőň őąéěě àěèěŋĺě ãàăćŋěŋĺï (2.7.4), (2.7.10) ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě x_μ(ξ) = x^{(+)}_μ (Z_+) + x^{(−)}_μ (Z_−) , čďě x^{(±)}(.) - ŕàőĺğćőńìŋëě äãŋłæĺĺ ŋă àĺňăŋőćőľ ŕőćěàåŋőáâĺ âőŕőńőčĺçěáłĺ íłćĺćăńěŋâŋőľ ňĺàőćőľ ŕőćěàåŋőáâĺ áâàãŋë (ąőńěě âőçŋő x^{(±)}(.) ïćńïîâáï ăąěńěćëňĺ ĺŋâěčàăńăňĺ 3-ěčő àőďă [64]).

Łăŋőŋĺçěáłĺľ ĺňŕãńìá ĺňěěâ ćĺď

p^μ = 1 2 δL δ∂_1x_μ = √ g g^{1β} ∂_β x_ν h^{μν} + ∂_2x_ν B^{μν} . (2.7.12)

Ŕàïňëň ćëçĺáńěŋĺěň ŕàőćěàïěâáï, çâő ãàăćŋěŋĺï (2.7.3) ŕàěďáâăćńïîâáï ć ćĺďě T_{±±} = (P^μ ± i x^′_μ′ h^{μμ′} ) h_{μλ} (P^λ ± i x^′_λ′ h^{λλ′} ) = 0 , čďě x^′_μ = ∂_2x_μ ĺ P^μ = p^μ − x^′_ν B^{μν} . Ďńï áłőąłĺ Ŕãăááőŋă {x_μ(ξ), p^ν (ξ^′)} = {x_μ(ξ), P^ν (ξ^′)} = δ^ν_μ δ(ξ − ξ^′) , ŕőńãçăěň {P^μ(ξ), P^ν (ξ^′)} = x^′_ρ H^{ρνμ} δ(ξ − ξ^′) . Ğăňěâĺň âěŕěàì, çâő őąéěłőőàďĺŋăâŋëě ŕàěőąàăğőćăŋĺï ďńï ćăľńąăľŋőć ňőęŋő ğăŕĺáăâì ć ćĺďě e^α ∂_α −→ exp(ϕ^β ∂_β ) e^α ∂_α exp(−ϕ^β ∂_β ) (2.7.13) čďě ϕ^β(ξ) ĺŋäĺŋĺâěğĺňăńìŋëě ŕăàăňěâàë ŕàěőąàăğőćăŋĺï łőőàďĺŋăâ (ğăďăîéĺě ćěłâőàŋëě ŕőńï ŋă ďćãňěàŋőľ ŕőćěàåŋőáâĺ) ξ^β → X^β(ξ) = exp(ϕ^α ∂_α) · ξ^β = ξ^β + ϕ^β(ξ) + . . . .

dξ^β → dX^β(ξ) = dξ^β + dξ^α ∂_α(ϕ^β) + . . . , ∂_α → ∂_α − ∂_α(ϕ^β) ∂_β + . . . . Ĺğ äőàňãńë (2.7.13) ňë ćëćőďĺň ŕàăćĺńő ŕàěőąàăğőćăŋĺï ćěłâőàă δe^α = ϕ^β ∂_β (e^α) − e^β ∂_β (ϕ^α) ≡ L_ϕ(e^α) . (2.7.14) Ğăňěâĺň, çâő ĺğ ŕàěőąàăğőćăŋĺï ďĺääěàěŋæĺăńìŋőľ 1-äőàňë dξ^α ω_α → d ( exp(ϕ^β ∂_β ) · ξ^α ) {exp(ϕ^β ∂_β) ω_α exp(−ϕ^β ∂_β )} , ňë ŕőńãçăěň ŕàăćĺńő δω_α = ϕ^β ∂_β(ω_α) + ω_β ∂_α(ϕ^β) ≡ L_ϕ(ω_α) , (2.7.15) çâő ěáâěáâćěŋŋő ďăěâ δ(ω_α e^α) = ϕ^β ∂_β (ω_α e^α). Ŋă áăňőň ďěńě ŕàăćëě çăáâĺ ãàăćŋěŋĺľ (2.7.14) ĺ (2.7.15) áőćŕăďăîâ á ŕàőĺğćőďŋëňĺ Ńĺ ćěłâőàŋőčő ŕőńï e^α ĺ ďĺääěàěŋæĺăńìŋőľ äőàňë ω_α ćďőńì ćěłâőàŋőčő ŕőńï {ϕ^α}. §áŋő, çâő őąéăï äőàňãńă ďńï ŕàőĺğćőďŋőľ Ńĺ ćďőńì ŕőńï ϕ^α ďńï ŕàőĺğćőńìŋőčő (p, q)-âěŋğőàă ćĺďă T^{α1...αp}_{β1...βq} ňőęěâ ąëâì ŕőńãçěŋă ĺğ ŕàěőąàăğőćăŋĺï T (ξ)^{α1...αp}_{β1...βq} → T (X)^{γ1...γp}_{ρ1...ρq} p∏ i=1 ∂ξ^{αi} ∂X^{γi} q∏ j=1 ∂X^{ρj} ∂ξ^{βj} . Ć çăáâŋőáâĺ ďńï ňěâàĺłĺ g_{αβ} ĺňěěň L_ϕ(g_{αβ}) = ϕ^γ ∂_γ g_{αβ} + g_{γβ} ∂_αϕ^γ + g_{αγ} ∂_β ϕ^γ , ĺ ŕőńě ϕ^α ŋăğëćăěâáï ćěłâőàŋëň ŕőńěň Łĺńńĺŋčă, ěáńĺ L_ϕ(g_{αβ}) = 0.

Ĺáŕőńìğãï ŕàěőąàăğőćăŋĺě (2.7.14), ňë ňőęěň ŋăľâĺ ŕàěőąàăğőćăŋĺě łőňŕńěłáŋëå äãŋłæĺľ f, f. Ďěľáâćĺâěńìŋő ďńï f (2.7.8) ňë ĺňěěň δf = ϕ^β∂_β(f) − (∂_1 + f∂_2)ϕ^2 + f (∂_1 + f∂_2)ϕ^1 = = (ϕ^2 − f ϕ^1) ∂_2 (f) − f ∂_2 (ϕ^2 − f ϕ^1) − ∂_1 (ϕ^2 − f ϕ^1) ⇒

(2.7.16)

⇒ [ (ϕ^2 − f ϕ^1) ∂_2, ∂_1 + f ∂_2 ] = δ(∂_1 + f ∂_2) . (2.7.17) Őâáîďă ćëâěłăěâ čńőąăńìŋőě ŕàěőąàăğőćăŋĺě ďńï f (∂_1 + f ∂_2) → exp(ϵ ∂_2) (∂_1 + f ∂_2) exp(−ϵ ∂_2) , ϵ ≡ ϕ^2 − f ϕ^1 , (2.7.18) ĺ ăŋăńőčĺçŋő ďńï f ňë ĺňěěň (çâő ňőęŋő ŕőńãçĺâì łőňŕńěłáŋëň áőŕàïęěŋĺěň) (∂_1 + f ∂_2) → exp(ϵ ∂_2) (∂_1 + f ∂_2) exp(−ϵ ∂_2) , ϵ ≡ ϕ^2 − f ϕ^1 . (2.7.19) Ğďěáì ϵ(ξ) ĺ ϵ(ξ) ïćńïîâáï ŋőćëňĺ ŕăàăňěâàăňĺ łőőàďĺŋăâŋëå ŕàěőąàăğőćăŋĺľ ćňěáâő ϕ^α. Śőčńăáŋő (2.7.18), (2.7.19) ĺ ĺğ ãàăćŋěŋĺľ Ąěńìâàăňĺ (2.7.11) áńěďãěâ, çâő äãŋłæĺĺ Z_±(ξ) ŕàěőąàăğãîâáï ŕő ŕàăćĺńăň Z_− → exp(ϵ ∂_2) Z_− , Z_+ → exp(ϵ ∂_2) Z_+ . (2.7.20)

Ĺğ (2.7.16) ňőęŋő ŕőńãçĺâì, çâő

δ(^1_f ) = ( ϕ^1 −^1_f ϕ^2 ) ∂_1 (^1_f ) −^1_f ∂_1 ( ϕ^1 −^1_f ϕ^2 ) − ∂_2 (ϕ^1 −^1_f ϕ^2) ⇒

⇒ (∂_2 +^1_f ∂_1) → exp(ν ∂_1) (∂_2 +^1_f ∂_1) exp(−ν ∂_1) , ν ≡ ϕ^1 −^1_f ϕ^2 ,

(2.7.21)

Řăááňőâàĺň őąêěłâ

ω_± = dξ^1 e^2_± e^1_±

∂_2 + dξ^2 e^1_± e^2_±

∂_1 = −d + dξ^1 (∂_1 + f_± ∂_2) + dξ^2 (∂_2 + 1 f_± ∂_1) ,

čďě f_+ = f, f_− = f, ĺ ĺğãçĺň ěčő ŕőćěďěŋĺě ŕàĺ őąéěłőőàďĺŋăâŋëå ŕàěőąàăğőćăŋĺïå.

Ąãďěň âěŕěàì áçĺâăâì, çâő ξ^1 ïćńïěâáï ŕăàăňěâàőň íćőńîæĺĺ, ă ξ^2 – ŕăàăňěâàőň ŋă ğăňłŋãâőľ áâàãŋě. İâő ğŋăçĺâ, çâő ńĺŋĺĺ ãàőćŋï ξ^1 = const őąàăğãîâ ŋăąőà ğăňłŋãâëå łőŋâãàőć. Ŋăŕőňŋĺň, çâő ŋă ŋăçăńìŋőľ ξ^1 = 0 ĺ łőŋěçŋőľ ξ^1 = T ńĺŋĺïå ŕăàăňěâàë ŕàěőąàăğőćăŋĺľ ϵ, ϵ ŋě ŕàőĺğćőńìŋë, ă ãďőćńěâćőàïîâ áőőâŋőèěŋĺïň

ϵ(0, ξ^2) = ϵ(0, ξ^2) , ϵ(T, ξ^2) = ϵ(T, ξ^2) , (2.7.22)

łőâőàëě íłćĺćăńěŋâŋë âőňã, çâő äãŋłæĺĺ ϵ(ξ) ŕàĺ ξ^1 = 0, T ïćńïîâáï ćěéěáâćěŋŋëňĺ. Š.ł. f = (g^{12} + i det(e))/g^{11}, âő ãáńőćĺě ćěéěáâćěŋŋőáâĺ ϵ ĺňěěâ ćĺď det(e) ϕ^1/g^{11} = 0, őâłãďă ňë ğăłńîçăěň, çâő ŋă ńĺŋĺïå ξ^1 = 0, T ŋěőąåőďĺňő ŕőńőęĺâì ϕ^1 = 0 ĺ áőőâćěâáâćěŋŋő ćáï ğăňěŋă łőőàďĺŋăâ áćőďĺâáï ńĺèì ł ŕěàěŕăàăňěâàĺğăæĺĺ čàăŋĺçŋëå łőŋâãàőć.

——————————-

Ŕàőáâàăŋáâćő Šěľåňîńńěàă ĺ čĺŕěàíńńĺŕâĺçěáłĺě łàĺćëě

Řăááňőâàĺň ŕőćěàåŋőáâì á g > 1- àãçłăňĺ (g- ŕěâěńì ć ďĺăčàăňňě)

. . . . . .

g - 2

çěàâőçłăňĺ őąőğŋăçěŋë ŋěőąåőďĺňëě àăğàěğë ŕőćěàåŋőáâĺ ŋă 2(g − 1)- ŕăŋâăńőŋ (= çĺáńã ćěàèĺŋ ć ďĺăčàăňňě). Ůĺáńő âăłĺå àăğàěğőć őçěćĺďŋő àăćŋő 3(g − 1) (= łőňŕńěłáŋőľ àăğňěàŋőáâĺ ŕàőáâàăŋáâćă Šěľåňîńńěàă). Ěáńĺ ã ŕőćěàåŋőáâĺ ĺňěîâáï n- ďëàőł, âő áőőâćěâáâćãîéăï ďĺăčàăňňă ĺňěěâ n- ćŋěèŋĺå łőŋæőć

. . . . . . . . S

Ůĺáńő ćěàèĺŋ ã âăłőľ ďĺăčàăňňë àăćŋő 2(g −1)+S, ă çĺáńő àăğàěğőć ŋă ŕăŋâăńőŋë àăćŋő 3(g − 1) + S.

Ććěďěň âěŕěàì łőőàďĺŋăâë ŋă ŕàőáâàăŋáâćě Šěľåňîńńěàă, łőâőàëě ŋăğëćăîâáï łőőàďĺŋăâăňĺ Ťěŋåěńï-Ŋĺńìáěŋă. Řăğàěğăěň ďăŋŋãî ŕőćěàåŋőáâì á S ďëàłăňĺ ŋă ŕăŋâë ŕő 3(g − 1) + S čěőďěğĺçěáłĺň C_i. Ŕãáâì ďńĺŋë íâĺå čěőďěğĺçěáłĺå àăćŋë l_i (i = 1, . . . , 3(g − 1) + S), ă ďńĺŋë ďëàőł àăćŋë l_α (α = 1, . . . , S). Ĺğćěáâŋő, çâő ŕàőáâàăŋáâćő Šěľåňîńńěàă ďńï ŕăŋâőć ïćńïěâáï ćěéěáâćěŋŋëň âàěåňěàŋëň ŕàőáâàăŋáâćőň ĺ ć łăçěáâćě ŕăàăňěâàőć ŋă ŋěň ňőęŋő ćëąàăâì ďńĺŋë čàăŋĺæ (áň. [2*] Ş.Ăąĺłőä ”Ćěéěáâćěŋŋő ăŋăńĺâĺçěáłăï âěőàĺï ŕàőáâàăŋáâćă Šěľåňîńńěàă”). Ŕãáâì ĺáåőďŋăï ŕőćěàåŋőáâì ďőŕãáłăěâ ŕăàăňěâàĺğăæĺî âăłãî, çâő ŋěłőâőàëě ĺğ łőőàďĺŋăâŋëå ńĺŋĺľ, áłăęěň ńĺŋĺĺ ξ_1 = const, áőćŕăďăîâ á àăğàěğăňĺ ĺ ďëàłăňĺ. Ŕőáńě íâőčő áłńěĺćăěň ĺáåőďŋãî ŕőćěàåŋőáâì áŋőćă ŕő àăğàěğăň, ŋő áďćĺčăï ŕăàăňěâàĺğăæĺî ŕő ńĺŋĺïň ξ_2 = const ŋă ŋěłőâőàëě ãčńë θ_i. Ćěéěáâćěŋŋëě łőőàďĺŋăâë {l_i, θ_i, l_α} 6(g − 1) + 3 S - ňěàŋőčő ŕàőáâàăŋáâćă ŋăğëćăîâáï łőőàďĺŋăâăňĺ Ťěŋåěńï-Ŋĺńìáěŋă.

§áŋő, çâő ĺňěîâáï łńăááë čőňőâőŕŋëå ŕăàăňěâàĺğăæĺľ, łőâőàëě ŕőńãçăîâáï ďàãč ĺğ ďàãčă ŋěŕàěàëćŋőľ ďěäőàňăæĺěľ (ďĺääěőňőàäĺğňăňĺ). Ŋěčőňőâőŕŋëě ŕăàăňěâàĺğăæĺĺ ŕőńãçăîâáï àăğàěğăŋĺěň łăłőľ-ńĺąő àãçłĺ ŕő čěőďěğĺçěáłőľ ŋă ďćă àãłăćă, ğăâěň ŋěŕàěàëćŋőľ ďěäőàňăæĺěľ ŕăàăňěâàĺğăæĺĺ ŋă őďŋőň ĺğ àãłăćőć ŋă ãčőń 2π ĺ áłńěĺćăŋĺěň őáâăćèěčőáï àãłăćă á ŕěàćëň, áćěàŋãâëň ŋă 2π, àãłăćőň.

Řăááňőâàĺň čĺŕěàíńńĺŕâĺçěáłãî łàĺćãî (a_i ≠ a_j ěáńĺ i ≠ j)

y^2 = (z − a_1) (z − a_2) · · · (z − a_{2(g+1)}) , (3.0.23)

łőâőàăï áőőâćěâáâćãěâ ďćãňěàŋőľ ŕőćěàåŋőáâĺ àőďă g (áäěàă á g àãçłăňĺ). Ďěľáâćĺâěńìŋő àĺňăŋőćă ŕőćěàåŋőáâì (3.0.23) ŕàěďáâăćńïěâ áőąőľ ďćãńĺáâŋãî ŕőćěàåŋőáâì. Łăęďëľ ĺğ ńĺáâőć ĺňěěâ áćőî ąěáłőŋěçŋãî âőçłã z_± = ∞ ĺ àăğàěğăŋ ŕő g + 1 őâàěğłăň (a_1, a_2), (a_3, a_4) ĺ â.ď., â.ě. łăęďëľ ĺğ ńĺáâőć ïćńïěâáï áäěàőľ á g + 1 àăğàěğăňĺ. Š.ő. àĺňăŋőćă ŕőćěàåŋőáâì łàĺćőľ (3.0.23) ïćńïěâáï àěğãńìâăâőň áłńěľłĺ ďćãå áäěà ŕő g + 1 àăğàěğăň, çâő íłćĺćăńěŋâŋő ďćãňěàŋőľ ŕőćěàåŋőáâĺ àőďă g.

Ŋăèěľ æěńìî ïćńïěâáï ŕőáâàőěŋĺě čőńőňőàäŋëå łćăďàăâĺçŋëå ďĺääěàěŋæĺăńőć ω = f(z) (dz)^2 ŋă ŕőćěàåŋőáâĺ ćĺďă (3.0.23). Ąãďěň àăááãęďăâì ăŋăńőčĺçŋő âőňã łăł áâàőïâáï ŋă ŕőćěàåŋőáâĺ (3.0.23) čőńőňőàäŋëě 1-ďĺääěàěŋæĺăńë (áň. łŋĺčã [1*] Ś.Ŕ.Ŋőćĺłőć ĺ ďà. ”Šěőàĺï áőńĺâőŋőć ...”). Ğăňěâĺň, çâő ω ňőęěâ ĺňěâì őáőąěŋŋőáâĺ âőńìłő ć âőçłăå ćěâćńěŋĺï łàĺćőľ (3.0.23), ă âăłęě ć ďàãčĺå őáőąëå âőçłăå äãŋłæĺĺ f(z). Ř-ň ŕőćěďěŋĺě f(z) (dz)^2 ć âőçłăå ćěâćńěŋĺï. Ć íâĺå âőçłăå åőàőèěľ ńőłăńìŋőľ łőőàďĺŋăâőľ ïćńïěâáï łőőàďĺŋăâă y (ďěľáâćĺâěńìŋő ĺğ àăááňőâàěŋĺï ŕăàăąőńë y^2 = z áàăğã ęě áńěďãěâ, çâő ć âőçłě z = 0 åőàőèěľ łőőàďĺŋăâőľ ïćńïěâáï łőőàďĺŋăâă y; áň. âăłęě łŋĺčã [1*]). Ŕàőďĺääěàěŋæĺàãěň (3.0.23) ć őłàěáŋőáâĺ łăłőľ-ŋĺąãďì âőçłĺ ćěâćńěŋĺï a_i 2 y dy = c_1 dz + c_2 (z − a_i) dz + . . . ⇒ dy ∼ dz(y) y , (3.0.24) čďě c_i ŋěłőâőàëě łőŋáâăŋâë. Š.ő. ć őłàěáâŋőáâĺ âőçěł ćěâćńěŋĺï (y = 0) čőńőňőàäŋëľ 2-ďĺääěàěŋæĺăń ňőęěâ ĺňěâì ćĺď f(z)y^{−2}(dz)^2 , f(z)y^{−1}(dz)^2 , f(z)(dz)^2 , . . . , čďě f(z) ŋě ďőńęŋă ĺňěâì ŕőńîáőć ĺ, â.ő., ïćńïěâáï æěńőľ äãŋłæĺěľ f(z) = a+b z+c z^2 +. . .. Śńěďőćăâěńìŋő, őáâăěâáï ĺğãçĺâì ŕőćěďěŋĺě ąăğĺáŋëå 2-ďĺääěàěŋæĺăńőć ω_{k,m} = z^{k−1} (dz)^2 y^m , (k = 1, 2, . . . ; m = 2, 1, 0, . . .) , (3.0.25) âőńìłő ć őłàěáâŋőáâĺ ąěáłőŋěçŋőľ âőçłĺ z = ∞. Š.ł. íâă âőçłă ŋě ïćńïěâáï âőçłőľ ćěâćńěŋĺï (őŋă ąëńă ąë âăłőćőľ, ěáńĺ ąë ňë àăááňăâàĺćăńĺ čĺŕěàíńńĺŕâĺçěáłãî łàĺćãî (3.0.23) á ŋěçěâŋëň çĺáńőň ŋãńěľ a_1, . . . , a_{2g+1}), âő ć ěě őłàěáâŋőáâĺ ňë ňőęěň ćğïâì ńőłăńìŋãî łőőàďĺŋăâã E âăłãî, çâő z = 1/E (ğăňěâĺň, çâő ć áńãçăě ŋěçěâŋőčő çĺáńă ŋãńěľ ńőłăńìŋăï łőőàďĺŋăâă ć âőçłě ćěâćńěŋĺï z = ∞ ćëąĺàăěâáï á ŕőňőéìî ğăňěŋë z = 1/ √ E; áň. łŋĺčã [1*]). Ŕàĺ íâőň, łőčďă z → ∞, âő E → 0, ĺ áőőâćěâáâćãîéěě ŕőćěďěŋĺě ďĺääěàěŋæĺăńă (3.0.25) ğăďăěâáï äőàňãńőľ (y ∼ z^{g+1} ∼ E^{−(g+1)} ŕàĺ z → ∞, E → 0) ω_{k,m} → E^{1−k} E^{−4} E^{m(g+1)} (dE)^2 . (3.0.26) Őâáîďă áńěďãěâ, çâő m(g + 1) − 3 − k ≥ 0, â.ě. k ≤ m(g + 1) − 3 ĺ ĺğ ãáńőćĺï 1 ≤ k ňë ĺňěěň 4 ≤ m(g + 1). Š.ł. k ≥ 1 ĺ m ≤ 2 (áň. (3.0.25)), âő őłőŋçăâěńìŋő ňë ŕőńãçăěň áńěďãîéĺľ ŋăąőà ąăğĺáŋëå čőńőňőàäŋëå łćăďàăâĺçŋëå ďĺääěàěŋæĺăńőć g = 0 ďĺääěàěŋæĺăńőć ŋěâ , g = 1 m = 2 ⇒ k = 1 ⇒ ω = y^{−2} (dz)^2 , g ≥ 2 m = 2 ⇒ ω_{k,2} = z^{k−1} y^{−2} (dz)^2 , (k = 1, 2, . . . , 2(g + 1) − 3) , m = 1 ⇒ ω_{k,1} = z^{k−1} y^{−1} (dz)^2 , (k = 1, 2, . . . , (g + 1) − 3) ,

(3.0.27)

ĺ, áńěďőćăâěńìŋő, ňë ŕőńãçăěň łńăááĺçěáłĺľ àěğãńìâăâ, çâő çĺáńő ąăğĺáŋëå čőńőňőàäŋëå łćăďàăâĺçŋëå ďĺääěàěŋæĺăńőć ďńï g = 0 àăćŋő ŋãńî, ďńï g = 1 àăćŋő 1, ă ďńï g ≥ 2 àăćŋő [2(g + 1) − 3] + [(g + 1) − 3] = 3(g − 1) .

Ăŋăńőčĺçŋő ňőęŋő ŋăĺâĺ őąéãî äőàňãńã ďńï çĺáńă ąăğĺáŋëå čőńőňőàäŋëå n-ďĺääěàěŋæĺăńőć. Ćňěáâő äőàňãńë (3.0.25) ňë ĺňěěň ω^{(n)}_{k,m} = z^{k−1} (dz)^n y^m , (k ≥ 1 ; m ≤ n) . (3.0.28) Ŕőćěďěŋĺě íâĺå ďĺääěàěŋæĺăńőć ć âőçłě z = 1/E = ∞, E = 0 ĺňěěâ ćĺď ω_{k,m} → E^{1−k} E^{−2n} E^{m(g+1)} (dE)^n . (3.0.29) Śőőâćěâáâćěŋŋő ňë ĺňěěň 1 − k − 2n + m(g + 1) ≥ 0, â.ě. 1 ≤ k ≤ 1 − 2n + m(g + 1) ⇒ 2n g + 1

≤ m ≤ n . (3.0.30)

Š.ő. àăğňěàŋőáâì d ŕàőáâàăŋáâćă čőńőňőàäŋëå n-ďĺääěàěŋæĺăńőć (n > 0) àăćŋă (ďńï ďőáâăâőçŋő ąőńìèĺå g)

d = [1 − 2n + (g + 1)] + . . . + [1 − 2n + n(g + 1)] = n (1 − 2n) + n(n + 1) 2 (g + 1) = = n(n + 1) 2 g − 3 2 n (n − 1) . Łăł ğăąăćŋőě áńěďáâćĺě ãáńőćĺï d > 0 ňë ĺňěěň őčàăŋĺçěŋĺě ŋă àőď ŕőćěàåŋőáâĺ g > 3(n− 1)/(n + 1) (â.ě. ďńï g = 2 ďőŕãáâĺňë âőńìłő čőńőňőàäŋëě ďĺääěàěŋæĺăńë á n = 1, . . . , 4; ďńï g = 3, . . . ďőŕãáâĺňë ćáě ďĺääěàěŋæĺăńë).

Ğăňěâĺň, çâő ďńï n = 0 (čőńőňőàäŋëě äãŋłæĺĺ) ňë ŕőńãçăěň ĺğ (3.0.30) ěďĺŋáâćěŋŋőě łőŋáâăŋâŋőě àěèěŋĺě m = 0, k = 1, ă ďńï n = −1 ňë ĺňěěň àăğňěàŋőáâì čőńőňőàäŋëå ćěłâőàŋëå ŕőńěľ ???

g = 0, m = −2 ⇒ k = 1, m = −1 ⇒ k = 1, 2 ,

g = 1, m = −1 ⇒ k = 1 , ĺ ďńï g ≥ 2 àěèěŋĺľ ŋěâ.

Ěáńĺ ňë åőâĺň ĺğãçĺâì ňěàőňőàäŋëě ďĺääěàěŋæĺăńë (äãŋłæĺĺ f(z) ĺňěîâ ŕőńîáă) ĺ ŕőńãçĺâì âěőàěňã Řĺňăŋă-Řőåă ďńï čĺŕěàíńĺŕâĺçěáłĺå łàĺćëå, âő ŕőćěďěŋĺě ďĺääěàěŋæĺăńőć ćő ćáěå ŕőńîáăå f(z) ŋěőąåőďĺňő àăááňăâàĺćăâì âăłęě łăł ňë àăááňăâàĺćăńĺ ćëèě ŕőćěďěŋĺě ω ć âőçłě z = ∞.

Řăááňőâàĺň čàăä G á S- ćěàèĺŋăňĺ, R- àěąàăňĺ, T - čàăŋïňĺ (âàěãčőńìŋĺłăňĺ). Őçěćĺďŋő, çâő T/2 = R/3 ≡ k. İľńěàőćă åăàăłâěàĺáâĺłă ďăěâáï äőàňãńőľ S−R+T = 2(1−g), čďě g- àőď ďćãňěàŋőľ ŕőćěàåŋőáâĺ, âàĺăŋčãńïæĺï łőâőàőľ ďăěâáï čàăäőň G. Š.ő. ňë ĺňěěň 2 − 2g − S = −k ĺ çĺáńő àěąěà àăćŋő 3k = 6(g − 1) + 3S, çâő áőőâćěâáâćãěâ çĺáńã łőőàďĺŋăâ Ťěŋåěńï-Ŋĺńìáěŋă. Őąőğŋăçĺň ďńĺŋë àěąěà łăł l_α. Ćëçĺâăï ĺğ çĺáńă àěąěà çĺáńő ćěàèĺŋ S, â.ě. àăááňăâàĺćăï äăłâőà-ŕàőáâàăŋáâćő {l_α}/r_s, čďě çĺáńă r_s (s = 1, . . . , S) ăááőæĺĺàőćăŋë á ćěàèĺŋăňĺ, ňë ŕőńãçăěň ŕà-ćő Šěľåňîńńěàă á çěâŋőľ àăğňěàŋőáâìî 6(g − 1) + 2S, ŋă łőâőàőň ňőęŋő ććěáâĺ áĺňŕńěłâĺçěáłãî äőàňã Ćěľńï. Ŋă áăňőň ďěńě áâàãŋŋëľ ńěŋâőçŋëľ čàăä (ribbon graph) G^∗ ïćńïěâáï ďãăńìŋëň ł čàăäã G, łőâőàëľ őŕàěďěńïěâ âàĺăŋčãńïæĺî ďćãňěàŋőľ ŕőćěàåŋőáâĺ ĺ, őçěćĺďŋő, áőőâćěâáâćĺě ňěęďã ŋĺňĺ áńěďãîéěě: S^∗ = T (ćáě ŋőćëě ćěàèĺŋë ïćńïîâáï âàőľŋëňĺ), T^∗ = S, R^∗ = R, â.ě. çĺáńő àěąěà áőåàăŋïěâáï, ă çĺáńő ćěàèĺŋ ĺ čàăŋěľ ŕěàěåőďïâ ďàãč ć ďàãčă. Ěáńĺ ňë ŋăçŋěň ãćěńĺçĺćăâì èĺàĺŋã ńěŋâ ĺ áâïčĺćăâì ďëàłĺ (čàăŋĺ T^∗) ć âőçłĺ, âő čàăä G^∗ ŕàěćàăéăěâáï ć ğăňłŋãâãî ŕőćěàåŋőáâì àőďă g á S ďëàłăňĺ, àăğňěàŋőáâì ŕà-ćă Šěľåňîńńěàă łőâőàőľ àăćŋă 6(g −1)+2S. Š.ő. ďăŋŋăï ŕàőæěďãàă áâïčĺćăŋĺï T^∗ ć âőçłĺ ĺ áőőâćěâáâćãěâ äăłâőàã ŕő r_s. (áň. R.Dijkgraaf, ”Intersection Theory, Integrable Hierarchies and Topological Field Theory”, New Symmetry in Quantum Field Theory, Ed. J.Frolich et al., Plenum Press, N.Y., 1992).

Ŋěńĺŋěľŋëě sigma-ňőďěńĺ, łíńńěàőćë ŕàőáâàăŋáâćă ĺ áãŕěàáĺňňěâàĺï

ϕ^μ(x): ŕàőáâàăŋáâćő-ćàěňï R^D → M, čďě M âăčěâ-ňŋőčőőąàăğĺě á ňěâàĺłőľ g^{μν} (ϕ). Ďěľáâćĺě ĺňěěâ ćĺď S = ∫ dx ∂ϕ^μ ∂ϕ^ν g_{μν} (ϕ) + . . .

SUSY âàěąãěâ áŕěæĺăńìŋãî čěőňěâàĺî ďńï ňŋőčőőąàăğĺï M. 2D : N = 1 → Riemann Geometry 2D : N = 2 → Kaller Geometry 2D : N = 3(4) → hyper − Kaller Geometry 4D : N = 1 → Kaller Geometry 4D : N = 2 → hyper − Kaller Geometry 4D, N → 2D, 2N (dim. reduction) Ďńï âőčő, çâőąë őŕĺáăâì łíńńěàőćã čěőňěâàĺî ŋěőąåőďĺňő ććěáâĺ ŕăàăńěńìŋãî łőňŕńěłáŋãî áâàãłâãàã I^μ_ν (ϕ). Ďăŋŋëľ âěŋğőà ďőńęěŋ ãďőćńěâćőàïâì ãáńőćĺïň

1.) I^2 = I^μ_ν I^ν_λ = −1^μ_λ , 2.) g_{λρ} I^λ_ν I^ρ_μ = g_{νμ} , 3.) ∇_μ I^ν_μ = 0 . (4.0.31)

§áŋő, çâő âăłőľ âěŋğőà ňőęŋő ććěáâĺ âőńìłő ć çěâŋőňěàŋőň ŕàőáâàăŋáâćě D = 2n. Šàěâìě ãáńőćĺě íłćĺćăńěŋâŋő âőęďěáâćã d ω = 0, čďě 2-äőàňă ω = 1/2 ω_{μν} dϕ^μ dϕ^ν ĺ ω_{μν} = g_{μλ} I^λ_ν = −ω_{νμ}. Ťőàňă ω ŋăğëćăěâáï łíńńěàőćáłőľ. Ćëąěàěň ńőłăńìŋëě łőňŕńěłáŋëě łőőàďĺŋăâë ć łőâőàëå

I^μ_ν = ( i 1 0 0 −i 1 ) , ϕ^μ = (z^i, z^j ) ,

(μ = i, j). Šőčďă ćâőàőě ãáńőćĺě ĺğ (4.0.31) íłćĺćăńěŋâŋő g_{ij} = g¯_i¯_j = 0, ă âàěâìě ãáńőćĺě ďăěâ g_i¯_j = ∂_i∂¯_j K(z, z), čďě K - łíńńěàőć ŕőâěŋæĺăń.

Ĺâăł, 2D, N = 1 SUSY ŋě âàěąãěâ łőňŕńěłáŋőľ áâàãłâãàë, 2D, N = 2 SUSY âàěąãěâ őďŋã łőňŕńěłáŋãî áâàãłâãàã, 2D, N = 3(4) SUSY âàěąãěâ ďćě ăŋâĺłőňňãâĺàãîéĺě łőňŕńěłáŋëě áâàãłâãàë. I^2 = J^2 = −1 , I J = −J I .

Őďŋăłő ŕàĺ íâőň áàăğã ćőğŋĺłăěâ âàěâìï łőňŕńěłáŋăï áâàãłâãàă K = I · J, K^2 = −1, łőâőàăï ĺ ďăěâ íłćĺćăńěŋâŋőáâì 2D, N = 3 SUSY ĺ 2D, N = 4 SUSY. Őçěćĺďŋő, çâő E_a = (I, J, K) őąàăğãěâ łćăâěàŋĺőŋŋãî ăńčěąàã E_a E_b = ϵ_{abc} E_c − δ_{ab} ĺ áőőâćěâáâćěŋŋő ŕàőáâàăŋáâćő ĺňěěâ àăğňěàŋőáâì D = 4n. Łćăâěàŋĺőŋŋăï ăńčěąàă őąńăďăěâ âőńìłő őďŋĺň ŋěŕàĺćőďĺňëň łőňŕńěłáŋëň ŕàěďáâăćńěŋĺěň àăğňěàŋőáâĺ 2 ĺ áőőâćěâáâćěŋŋő ćěéěáâćěŋŋëň ŕàěďáâăćńěŋĺěň àăğňěàŋőáâĺ 4.

Ŋěáłőńìłő ğăňěçăŋĺľ ő čĺŕěà-łíńńěàőćőľ čěőňěâàĺĺ.

1.) Ňŋőčőőąàăğĺě M^{4n} ïćńïěâáï čĺŕěà-łíńńěàőćëň ěáńĺ őŋő őąńăďăěâ âàěňï ŕăàăńěńìŋëňĺ łőňŕńěłáŋëňĺ áâàãłâãàăňĺ, őąàăğãîéĺňĺ łćăâěàŋĺőŋŋãî ăńčěąàã. Ŋă áăňőň ďěńě íâő őğŋăçăěâ, çâő çĺáńő łőňŕńěłáŋëå áâàãłâãà ąěáłőŋěçŋő, â.ł. ňőęŋő ćëąàăâì E = ∑_3

a=1 c_a E_a, čďě E^2 = −1 ďăěâ ∑ c^2_a = 1, â.ě. c_a őŕàěďěńïîâ áäěàã S^2. Ďàãčĺňĺ áńőćăňĺ łőňŕńěłáŋëě áâàãłâãàë áőőâćěâáâćãîâ âőçłăň ŋă ďćãňěàŋőľ áäěàě. Š.ő. ňë ňőęěň àăááňăâàĺćăâì àăáèĺàěŋŋőě ŕàőáâàăŋáâćő M^{4n} × S^2

2.) Čàãŕŕă čőńőŋőňĺľ M^{4n} ŕàĺŋăďńěęĺâ čàãŕŕě Sp(n) = USp(2n) ∈ U(2n). Ŋăŕőňŋĺň, çâő U(m) ěáâì čàãŕŕă čőńőŋőňĺľ őąéěčő łíńńěàőćă ňŋőčőőąàăğĺï á łőňŕńěłáŋőľ àăğňěàŋőáâìî m. Čàãŕŕă čőńőŋőňĺľ őŕàěďěńïěâáï łăł čàãŕŕă ćàăéěŋĺľ łăáăâěńìŋőčő ćěłâőàă ŕàĺ ŕăàăńěńìŋőň ŕěàěŋőáě ŕő ńîąőňã ğăňłŋőâőňã łőŋâãàã ŋă ňŋőčőőąàăğĺĺ. Šăłőě ćàăéěŋĺě ć áńãçăě őąéěčő àĺňăŋőčő ňŋőčőőąàăğĺï ďăěâáï âěŋğőàőň łàĺćĺğŋë R^μ_{νλρ} ĺ ŕàĺŋăďńěęĺâ čàãŕŕě O(D). Ďńï çăáâŋëå áńãçăěć D = 2m łíńńěàőćă ňŋőčőőąàăğĺï ňë ĺňěěň U(m), Łăńăąĺ - §ő ňŋőčőőąàăğĺě D = 2m – SU(m) ĺ ďńï čĺŕěà-łíńńěàőćă ňŋ. D = 4n – Sp(n) = USp(2n) ∈ SU(2n).

İâĺ ďćă ãâćěàęďěŋĺï ďăîâ, çâő čĺŕěà-łíńńěàőćő ňŋőčőőąàăğĺě ïćńïěâáï àĺçĺ-ŕńőáłĺň, â.ě. ďăîâ ŕàĺňěà İľŋèâěľŋőćáłőčő ňŋőčőőąàăğĺï. Ğăňěâĺň, çâő N = 1, D = 4 čĺŕěà- Łíńńěàőćë ňŋőčőőąàăğĺï őŕàěďěńïîâ áăňő-ďãăńìŋëě čàăćĺâăæĺőŋŋëě ĺŋáâăŋâőŋë.

Łíńńěàőćë ňŋőčőőąàăğĺï:

1.) Łíńńěàőćă ňěâàĺłă áâàőĺâáï őçěŋì ńěčłő K(z, z) −→ g_i¯_j = ∂_i∂¯_j K(z, z) . 2.) Cőőâćěâáâćĺě ňěęńã Łíńńěàőćëňĺ ňŋőčőőąàăğĺïňĺ ĺ 4D, N = 1 off-shell σ-ňőďěńïňĺ ãáâăŋăćńĺćăěâáï ďěľáâćĺěň S = ∫ d^4x d^4 θ K(Φ, Φ) , D_α′ Φ = 0 .

Őąőąéěŋĺě ŋă čĺŕěà-Łíńńěàőć áńãçăľ:

čĺŕěà-Łíńńěàőćő ňŋőčőőąàăğĺě M^{4n} ×S^2 ğăďăěâáï ăŋăńĺâĺçěáłĺňĺ äãŋłæĺïňĺ K^{+a} ĺ K^{+4}, łőâőàëě őŕàěďěńïîâ ňěâàĺłã g_{μν} . Ďěľáâćĺě ĺ áćïğĺ ĺňěîâ ćĺď (Galperin, Ivanov, Ogievetsky, Sokachev, 1988) S = ∫ d^4x d^4θ^{−4} du {q^+_a D^{++} K^{a+}(q, u) + K^{+4}(q, u)} ,

u^+_i D^i_α q^+ = u^+_i D^i_α′ q^+ = 0 ,

łőőàďĺŋăâë q^+(x, θ^+, u^±) őŕàěďěńïîâ čăàňőŋĺçěáłőě áãŕěàŕàőáâàăŋáâćő R^{4|8}×S^2 = {(x^m, θ^α_i , θ^i_α′ )× (u^±_i )} ĺ θ^+_α = u^+_i θ^i_α.

Complex and simplectic manifolds

Let M be the phase space with 2n coordinates q_a. Consider a Hamiltonian system with the action S = ∫ D Ω − ∫ ∂D H + B , (5.0.32)

where D is a 2-dimensional disk, Ω = Ω̃^{ab}(q) dq_a ∧ dq_b is a closed 2-form d Ω = 0, H is a Hamiltonian 1-form and B are boundary terms. One can consider the first term in eq. (5.0.32) as 2- dimensional Wess-Zumino term. Let the 2-form Ω be exact: Ω = d P . Then the action for the system (5.0.32) can be written in the form S = ∫_T 0 dt [P^a(q) q̇_a − H(q)] + B , (5.0.33)

where t ∈ [0, T ] is an evolution parameter and H(q) is the Hamiltonian. The variational principle, δS = 0, gives the equations of motion and boundary conditions

q̇_a = Ω_{ab} ∂^b H , P^a(q) δq_a^{t=T}_{t=0} + δB = 0 .

Here Ω_{ab}(q) = {q_a, q_b} = −Ω_{ba}(q) , (5.0.34)

is inverse to the matrix Ω̃^{ab} = (∂^a P^b − ∂^b P^a) = −Ω̃^{ba} .

The matrix Ω_{ab} has 2n eigenvectors α_a and α_a (α = 1, . . . , n) Ω_{ab} α^b = iλ_α g_{ab} α^b , Ω_{ab} α^b = −iλ_α g_{ab} α^b , α^a g_{ab} β^b = (α, β) = 0 , α^a g_{ab} β^b = (α, β) = δ_{αβ} (α, α) ,

(5.0.35)

where λ_α ∈ R, g_{ab}(q) is a real symmetric nondegenerate matrix and α, β = 1, . . . , n. Complex vectors α, α generate complete system g_{ab} = ∑ α 1 (αα) (α_aα_b + α_bα_a) , Ω_{ab} = ∑ α iλ_α (αα) (α_aα_b − α_bα_a) , (5.0.36)

g^{ab} = ∑ α 1 (αα) (α^aα^b + α^bα^a) , Ω̃^{ab} = − ∑ α iλ^{−1}_α (αα) (α^aα^b − α^bα^a) , (5.0.37)

δ^a_b = ∑ α 1 (αα) (α^aα_b + α_bα^a) .

Note that Ω^{−1}_{ab} = Ω̃^{ab} = −Ω^{ab}(= −g^{ac}Ω_{cd}g^{db}) only for the case λ_α = 1. Note, that one can obtain this situation if change the metic g_{ab} −→ g_{ab} = ∑ α λ_α (αα) (α_aα_b + α_bα_a) , (5.0.38)

In this case one can define an almost complex structure J^a_b : J^c_a = Ω_{ab} g^{bc} = ∑ α i (αα) (α_a α^c − α_a α^c) , (5.0.39)

J^a_b J^b_c = −δ^a_c compatible with the metric (5.0.38) J^c_a g_{cd} J^d_b = g_{ab} ⇒ J^c_a g_{cb} = −g_{ac} J^c_b = Ω_{ab} , J^c_a Ω_{cd} J^d_b = Ω_{ab} . (5.0.40) It is convenient to introduce the projectors

(P^{(±)})^b_a = 1 2 ( δ^b_a ± i J^b_a ) , (P^{(+)})^b_a = ∑ α α_a α^b (αα) , (P^{(−)})^b_a = ∑ α α_a α^b (αα) , (5.0.41) 2 ( P^{(+)} ⊗ P^{(+)} + P^{(−)} ⊗ P^{(−)} ) = (1 ⊗ 1 − J ⊗ J) .

It is clear that the 2-form Ω_{ab} dq^a ∧ dq^b is of the type Ω^{(1,1)}. Indeed, in view of the relations (5.0.40) one can prove that

dq^a ∧ dq^d (P^{(±)})^b_a Ω_{bc} (P^{(±)})^c_d = 0 , dq^a ∧ dq^d (P^{(+)})^b_a Ω_{bc} (P^{(−)})^c_d = 1 2 dq^a ∧ Ω_{ab} dq^b ⇒ Ω = dq^a ∧ dq^d [(P^{(+)})^b_a Ω_{bc} (P^{(−)})^c_d + (P^{(−)})^b_a Ω_{bc} (P^{(+)})^c_d] , and also we have (see (5.0.40))

dq^a ⊗ dq^d (P^{(±)})^b_a g_{bc} (P^{(±)})^c_d = 0 , dq^a ⊗ dq^d (P^{(+)})^b_a g_{bc} (P^{(−)})^c_d = i 2 dq^a ⊗ g_{ab} dq^b ⇒ d s^2 = i dq^a ⊗ dq^d [(P^{(+)})^b_a g_{bc} (P^{(−)})^c_d + (P^{(−)})^b_a g_{bc} (P^{(+)})^c_d] , An almost complex structure is said to be complex structure if the Niejenhuis tensor N^c_{ab} = ∂_bJ^c_a − ∂_aJ^c_b + J^q_a J^p_b (∂_qJ^c_p − ∂_pJ^c_q ) = (J^q_a J^p_b − δ^q_a δ^p_b ) (∂_qJ^c_p − ∂_pJ^c_q ) = = ∂_bJ^c_a − ∂_aJ^c_b + (J^p_b ∂_pJ^q_a − J^p_a ∂_pJ^q_b ) J^c_q = −N^c_{ba}

(5.0.42)

vanishes. Indeed, one can find the identity

[∂_a ± iJ^c_a∂_c, ∂_b ± iJ^d_b ∂_d] = ( J^c_b ∂_cJ^d_a − J^c_a ∂_cJ^d_b ± i(∂_aJ^d_b − ∂_bJ^d_a ) ) ∂_d = (5.0.43) = { (J^c_b ∂_cJ^q_a − J^c_a ∂_cJ^q_b ) (δ^d_q ± i J^d_q ) ∓ iN^d_{ab} } ∂_d , and in the case N^d_{ab} = 0 we obtain the integrable structure. Note that the Niejenhuis tensor also satisfies

N^c_{ab} J^d_c = (∂_bJ^c_a − ∂_aJ^c_b ) J^d_c + J^q_a ∂_qJ^d_b − J^q_b ∂_qJ^d_a , J^d_a J^f_b N^c_{df} = −N^c_{ab} , (5.0.44) and in view of (5.0.41) and (5.0.43) we have ?????? 1 4 N^d_{ab} = i ∑ α,β α_a β_b (αα)(ββ) ( ∂_αβ^d − ∂_β α^d ) = i ∑ α,β α_a β_b − α_b β_a (αα)(ββ) ( ∂_αβ^d )

1 4 N^d_{ab} = 1 4 N^d_{ab} = −i ∑ α,β α_a β_b (αα)(ββ) ( ∂_αβ^d − ∂_βα^d ) = −i ∑ α,β α_a β_b − α_b β_a (αα)(ββ) ( ∂_αβ^d )

Note, that since the Niejenhuis tensor N^c_{ab} is a tensor then, one can change in (5.0.42) the derivatives ∂_a by covariant derivative ∇_a N^c_{ab} = ∇_bJ^c_a − ∇_aJ^c_b + J^q_a J^p_b (∇_qJ^c_p − ∇_pJ^c_q ) , (5.0.45) and for covariantly constant almost complex structure ∇_aJ^c_b = 0 we have N^c_{ab} = 0. Thus, covariantly constant almost complex structure is a complex structure.

Proposition. Let J^a_b be an integrable complex structure. Then, the set of 2-forms ρ^c = (∂_a J^c_b ) dq^a ∧ dq^b are of the Ω^{(1,1)} type and vice versa. Proof. Indeed, using (5.0.42) and (5.0.44) one can deduce

8 (P^{(±)})^p_a (∂_p J^c_q ) (P^{(±)})^q_b dq^a ∧ dq^b = ( −N^c_{ab} ± i N^d_{ab} J^c_d ) dq^a ∧ dq^b = −(P^{(∓)})^c_d N^d_{ab} dq^a ∧ dq^b . As it is needed. Let ζ = ζ_adq^a is a 1-form. Define J(ζ) = ζ_a J^a_b dq^b. Then, the consequence of the Proposition is d(J(d f)) ∈ Ω^{(1,1)} for f ∈ Ω^{(0,0)}.

In the case when J^a_b is the complex structure (N^a_{bc} = 0), one can define dω = ∂ω +∂ω, where ∂ = dq^a (P^{(+}))^b_a ∂_b , ∂ = dq^a (P^{(−}))^b_a ∂_b , d = ∂ + ∂ , and introduce the differential forms ω ∈ Ω^{(p,q)} such that ∂ : Ω^{(p,q)} → Ω^{(p+1,q)} , ∂ : Ω^{(p,q)} → Ω^{(p,q+1)} .

Since the symplectic 2-form Ω is closed we have ∂Ω = 0 = ∂Ω and from Ω ∈ Ω^{(1,1)} we deduce that locally Ω_{αβ} = ∂_α∂_βK ≡ −Ω_{βα}, where K is called Kähler prepotential. Thus, complex and symplectic manifolds should automatically be Kähler manifolds.

Introduce operators z, z:

z_α = ∑ a α^aq_a , z_α = ∑ a α^aq_a , q_a = ∑ α 1 (α, α) (α_a z_α + α_a z_α) , (5.0.46)

and in view of (7.0.56) and (7.0.54) we have {z_α, z_β} = . . . , {z_α, z_β } = . . . , {z_α, z_β} = −iλ_α δ_{αβ} (α, α) + . . . . (5.0.47) Proposition 1. Boundary conditions can be specified by the boundary terms B in the Action (5.0.33): B = 1 2 [ q^i Ω P_i q(0) − q^f Ω P_f q(T ) ] , (5.0.48)

where q^{f,i}_A are fixed supervectors in M and matrices P_{f,i} are constant projectors (P^2 = P ) in M of the rank n. These projectors should satisfy the conditions P^T Ω = Ω (1 − P ), where T denotes a transposition (P^T )_{ab} = P_{ba}. Substituting the boundary terms (5.0.48) into (5.0.33) is equivalent to fixing the initial and final states of the system by the conditions: (1−P_i) q(0) = q^i, (1 − P_f ) q(T ) = q^f .

References

1. T. Eguchi, P.B. Gilkey and A.J. Hanson, ”Gravitation, Gauge Theories and Differential Geometry”, Phys. Rep. 66 No. 6 (1980) 213 – 393.

Śĺňŕńěłâĺçěáłăï áâàãłâãàă ŋă ŕàőěłâĺćŋőň ŕàőáâàăŋáâćě CP^n

Őąőğŋăçĺň łőňŕńěłáŋëě łőőàďĺŋăâë ŋă C^{n+1} ğă z_k ∈ C (k = 0, 1, 2 . . . , n). Ďńï ŕàőáâàăŋáâćă CP^n ĺňěěň íłćĺćăńěŋâŋőáâì z_k → u z_k ∀u ∈ C. Ŋă C^{n+1} ćëąĺàăěâáï ŕàőáâěľèăï áĺňŕńěłâĺçěáłăï áâàãłâãàă (z_k, z_k ïćńïîâáï őáæĺńńïâőàăňĺ) {z_k, z_l} = δ_{kl} ⇒ Ω = ∑ k z_k ∧ z_k . (6.0.49)

Ć őłàěáâŋőáâĺ z_0 ≠ 0 ňőęŋő ćëąàăâì ńőłăńìŋëě łőőàďĺŋăâë Z_k = z_k/z_0 (ŋă äĺğĺçěáłőň ïğëłě íâő íłćĺćăńěŋâŋő ćëąőàã łăńĺąàőćłĺ z_0 = 1). Őďŋăłő ďńï æěńĺ ŕőáâàőěŋĺï áĺňŕńěłâĺçěáłőľ áâàãłâãàë ŋă CP^n ãďőąŋěě ćëąàăâì łőőàďĺŋăâë

Z_k = z_k( ∑ z_lz_l)^{−1/2} , ∑ k Z_k Z_k = 1 , (6.0.50)

âăłĺě, çâő Z_k → e^{i ϕ} Z_k ŕàĺ z_k → u z_k, čďě u = e^{i ϕ} ρ. Ďńï íâĺå łőőàďĺŋăâ ŕőńãçăěň áłőąłã Ŕãăááőŋă {Z_k, Z_l} = 2 ( δ_{kl} ∑ z_lz_l − z_k z_l ( ∑ z_lz_l)^2 ) . (6.0.51)

İâă áłőąłă Ŕãăááőŋă őŕàěďěńïěâ 2-äőàňã (z_k → w_k) Ω = ( ∑ k dw_k ∧ dw_k ∑ w_lw_l − ∑ k,l (w_kdw_k) ∧ (dw_lw_l) ( ∑ w_lw_l)^2 ) (6.0.52) łőâőàăï ŕő ŕőáâàőěŋĺî àăćŋă Ω = d(Z_k) ∧ d(Z_k) , ĺ âăłĺň őąàăğőň ïćńïěâáï ğăňłŋãâőľ. Ťőàňă (6.0.52) őŕàěďěńïěâ áĺňŕńěłâĺçěáłãî áâàãłâãàã ŕàőěłâĺćŋőčő ŕàőáâàăŋáâćă CP^n = {(z_0 : z_1 : . . . : z_n)} ć ăäĺŋŋőľ łăàâě w_k = z_k/z_0 (áň. Ć.Ĺ.Ăàŋőńìď ”Ňăâěňăâĺçěáłĺě ňěâőďë łńăááĺçěáłőľ ňěåăŋĺłĺ”).

Ďőŕőńŋěŋĺě ł čńăćăň 3 ĺ 4.

Let us consider Yang-Baxter equation R̂_1 R̂_2 R̂_1 = R̂_2 R̂_1 R̂_2 .

Solution of this equation R̂ is called closed if one can define Ψ- matrix in the form T r_2(R̂_{12} Ψ_{23}) = P_{13} = T r_2(Ψ_{12} R̂_{23}) , (7.0.53) and introduce two important invertible matrices D and D D_1 = T r_2(Ψ_{12}) , D_2 = T r_1(Ψ_{12}) . (7.0.54) We get immedeatly from (7.0.53) and (7.0.54) the identities T r^_{R2}(R̂_{12}) ≡ T r_2(D_2R̂_{12}) = I_1 , T r_1(D_1R̂_{12}) = I_2 , (7.0.55) We define also the Φ- matrix T r_2(R̂^{−1}_{12} Φ_{23}) = P_{13} = T r_2(Φ_{12} R̂^{−1}_{23} ) , (7.0.56) and introduce two matrices D^{(−)} and D^{(−)} D^{(−)}_1 = T r_2(Φ_{12}) , D^{(−)}_2 = T r_1(Φ_{12}) . (7.0.57) We get the identities T r_2(D^{(−)}_2 R̂^{−1}_{12} ) = I_1 , T r_1(D^{(−)}_1 R̂^{−1}_{12} ) = I_2 , (7.0.58)

Theorem 1

There are the following identities R̂^{−1}_1 D_2 = D_1 Ψ_{21} , D_2 R̂^{−1}_1 = Ψ_{21} D_1 , (7.0.59) T r^_{R3}R̂^{∓1}_2 X_2 R̂^{±1}_2 = I_2T r^_RX , (7.0.60) where X is a quantum matrix. We have also Φ_{12} = D^2_1 Ψ^{−1}_{12} D^{−2}_2 . (7.0.61)

Proof. Let us consider the Yang-Baxter equation R̂^{±1}_1 R̂_2R̂^{∓1}_1 = R̂^{∓1}_2 R̂_1R̂^{±1}_2 , (7.0.62) act on it by the matrix Ψ_{01} D_3 from the left and take the trace T r_{13}. As a result we obtain D_0 I_2 = T r_3D_3R̂^{∓1}_2 P_{02} R̂^{±1}_2 (7.0.63) which can be easilly rewritten as (7.0.59) and R̂_1 D_2 = D_1 Φ_{21} , D_2 R̂_1 = Φ_{21} D_1 . (7.0.64) Indeed, we have from (7.0.63) D_0 P_{02} = T r_3D_3R̂^{∓1}_{23} R̂^{±1}_{03} , P_{02} D_0 = T r_3D_3R̂^{∓1}_{03} R̂^{±1}_{23} .

Acting on these relations by T r_0(Ψ_{10}...) and T r_0(Φ_{10}...) we obtain (7.0.59) and (7.0.64). Comparing (7.0.59) and (7.0.64) we get (7.0.61). Multipling (7.0.63) by the quantum matrix X_0 and taking the trace T r_0 yield (7.0.60).

Corollary 1.1 There are relations between two sets of metrics D and D^{(−)}: D^{(−)} = D^{−1} , D^{(−)} = D^{−1} . (7.0.65) Proof. We prove the first relation, the second one can be proven analogously. Let us multiply (7.0.59) by D^{(−)}_1 from left and take T r_1 T r_1(D^{(−)}_1 D_1 Ψ_{21}) = T r_1(D^{(−)}_1 R̂^{−1}_1 D_2) = D_2 = T r_1Ψ_{21} Acting on the left and right sides of this identity by T r_2(R̂_{32}...) we get T r_1(D^{(−)}_1 D_1 P_{31}) = T r_1P_{31} =⇒ D^{(−)} D = I .

Corollary 1.2 T r^_{R2}R̂^{−1}_1 = D_1D_1 = D_1D_1 , (7.0.66) (compare with (7.0.55)).

Proof. Act on the relations (7.0.59) by T r_2. Corollary 1.3 R̂^{±1}_1 D_1 D_1 = D_2 D_2 R̂^{±1}_1 . (7.0.67) Proof. Using (7.0.60), (7.0.62) one can rewrite (7.0.66) in the form

D_1 D_1 = T r^_{R3}R̂^{±1}_2 R̂^{−1}_1 R̂^{∓1}_2 = T r^_{R3}R̂^{∓1}_1 R̂^{−1}_2 R̂^{±1}_1 = R̂^{∓1}_1 D_2 D_2 R̂^{±1}_1 . (7.0.68)

Corollary 1.4 T r_1D^{−1}_1 R̂^{−1}_1 = I_2 . (7.0.69) T r_2(D^{−1}_2 R̂^{−1}_1 ) = I_1 . (7.0.70) T r_1(D_1R̂^{−1}_1 ) = D_2 D_2 . (7.0.71) Proof. Multiply the first eq. (7.0.59) by D^{−1}_1 from the left and D^{−1}_2 from the right and take the trace T r_1. Using (7.0.66) and (7.0.67) gives (7.0.70). Using (7.0.69) and (7.0.67) gives (7.0.71).

Corollary 1.5 D_1D_2R̂_1D^{−1}_1 D^{−1}_2 = R̂_1 , D_1D_2Ψ_{12}D^{−1}_1 D^{−1}_2 = Ψ_{12} , (7.0.72) D_1D_2R̂_1D^{−1}_1 D^{−1}_2 = R̂_1 , D_1D_2Ψ_{12}D^{−1}_1 D^{−1}_2 = Ψ_{12} . (7.0.73) Eq. (7.0.72) follows from (7.0.59), while Eq. (7.0.73) follows from (7.0.59) and (7.0.67).

Corollary 1.6 The matrix Ψ_{12} satisfy the following ”twisted” Yang-Baxter equation Ψ_{21}Ψ_{32}D_1Ψ_{21}D^{−1}_2 = D_2Ψ_{32}D^{−1}_3 Ψ_{21}Ψ_{32} , (7.0.74) Proof. Substitute relations (followed from (7.0.59)) R^{−1}_1 = D_1 Ψ_{21} D^{−1}_2 = D^{−1}_2 Ψ_{21} D_1 , to (7.0.62).

Let us now consider the twisting of R-matrix. For this we have to consider two matrices R̂_{12} and R̂_{12} which satisfy the relations (7.0.62) and R̂_1 R̂_2 R_1 = R̂_2 R̂_1 R̂_2 , R̂_1 R̂_2 R̂_1 = R̂_2 R̂_1 R̂_2 , (7.0.75) R̂_1 R̂_2 R̂_1 = R̂_2 R̂_1 R̂_2 . (7.0.76) From these relations and (7.0.62) it is easy to show that R̂^nR̂R̂^{−n} also satisfy (7.0.76) for all n ∈ Z. Theorem 2

There are the following identities R̂^2_1 R̂_1 R̂^{−2}_1 = D_1D_2 R̂_1 D^{−1}_1 D^{−1}_2 , (7.0.77) R̂^2_1 R̂_1 R̂^{−2}_1 = D_1D_2 R̂_1 D^{−1}_1 D^{−1}_2 . (7.0.78) Proof. We consider the following chain of identities (X_{12} is an arbitrary matrix) T r^_{R12}(R̂_1R̂^2_1X_{12}) = T r^_{R1234}(R̂_1R̂_2R̂_1R̂_3R̂_2X_{12}) = T r^_{R1234}(R̂_2R̂_1R̂_3R̂_2X_{12}R̂_3) = = T r^_{R1234}(X_{12}R̂_3R̂_2R̂_1R̂_3R̂_2) = T r^_{R12}(X_{12}R̂^2_1R̂_1) .

which equivalent to (7.0.77). Here we have used the identities (7.0.55), (7.0.72) and (7.0.75).

Analogously, using also (7.0.70), we have T r_{12}((D_1D_2)^{−1}R̂_1R̂^{−2}_1 X_{12}) = T r_{1234}((D_1 · · · D_4)^{−1}R̂_1R̂^{−1}_2 R̂^{−1}_1 R̂^{−1}_3 R̂^{−1}_2 X_{12}) = = T r_{12}((D_1D_2)^{−1}X_{12}R̂^{−2}_1 R̂_1) , which prove (7.0.78).

Corollary 2.1 D_1D_2 R̂_1 D^{−1}_1 D^{−1}_2 = D_1D_2 R̂_1 D^{−1}_1 D^{−1}_2 , (7.0.79) R̂^4_1 R̂_1 R̂^{−4}_1 =?????R̂_1 , (7.0.80) Proof. Eq. (7.0.79) and R̂^4_1 R̂_1 R̂^{−4}_1 = (D D)_1(D D)_2 R̂_1 (D D)^{−1}_1 (D D)^{−1}_2 , (7.0.81) are consequences of (7.0.77) and (7.0.78). Taking into account (7.0.67) we rewrite (7.0.81) as (7.0.80).

Now let us consider BMW algebra R̂2_i − λR̂_i − 1 + λμK_i = (R̂_i − q) (R̂_i + q−1) + λμK_i = 0 ,

λ K_i = R̂^{−1}_i + λ − R̂_i , R̂_iK_i = K_iR̂_i = μK_i ,

K^2_i = (q − μ) (q^{−1} + μ)(λμ)^{−1}K_i ≡ ν K_i .

(7.0.82)

The only condition which we need to impose on the braid group (to restrict it to finite dimensional algebra BMW) is 0 = K_i (R̂_{i+1} R̂^2_i R̂_{i+1} − 1) = (R̂_{i+1} R̂^2_i R̂_{i+1} − 1) K_i .

By acting on this relation the combination R_iR_{i+1}R_i which convert i ↔ i + 1 we deduce 0 = K_{i+1} (R̂_i R̂^2_{i+1} R̂_i − 1) = (R̂_i R̂^2_{i+1} R̂_i − 1) K_{i+1} .

Then we have K_1 R̂^{±1}_2 K_1 = μ^{∓1} K_1 R̂^{±1}_2 R̂^{±1}_1 K_1 = μ^{∓1} K_1 K_2 K_1 = μ^{∓1}K_1 (7.0.83) K_2 R̂^{±1}_1 K_2 = μ^{∓1} K_2 K_1 K_2 = μ^{∓1}K_2 (7.0.84) Let us act on (7.0.83) by Ψ_{34} and Φ_{34} from the right, take the trace T r_3 and use (7.0.53), (7.0.54), (7.0.56) and (7.0.57). As a result we have two identities

K_{12} P_{23} K_{12} = μ^{−1} K_{12} D_3 , K_{12} P_{23} K_{12} = μ K_{12} D^{(−)}_3 = μ K_{12} D^{−1}_3 , (7.0.85) comparing of which lead to the relation (see (7.0.66) D D = μ^2 I = T r_2D_2R̂^{−1}_{12} . (7.0.86)

Let us act on (7.0.84) by Ψ_{01} and Φ_{01} from the left, take the trace T r_1 and use (7.0.53), (7.0.54), (7.0.56) and (7.0.57). As a result we have two other identities

K_{23} P_{12} K_{23} = μ^{−1} D_1 K_{23} , K_{23} P_{12} K_{23} = μ D^{(−)}_1 K_{23} = μ D^{−1}_1 K_{23} . (7.0.87) Now let us calculate T r_{12} from (7.0.85) and T r_{23} from (7.0.87) taking into account that T r_{12}K_{12} = ν rang(K):

T r_1K_{12} = μ^{−1} rang(K) D_2 = μ rang(K) D^{−1}_2 , T r_3K_{23} = μ^{−1} rang(K) D_2 = μ rang(K) D^{−1}_2 .

(7.0.88)

Further we act by T r_{23} on K_{23}R̂^{±1}_{12} K_{23} = μ^{∓1} K_{23} (7.0.84) and by T r_{12} on the same relation in (7.0.83). As a result we have (taking into account (7.0.88)) T r_{23}(K_{23}R̂^{±1}_{12} ) = μ^{−1} rang(K) T r_2(D_2R̂^{±1}_{12} ) = μ^{∓1} rang(K)I_1 T r_{12}(K_{12}R̂^{±1}_{23} ) = μ^{−1} rang(K) T r_2(D_2R̂^{±1}_{23} ) = μ^{∓1} rang(K)I_3

(7.0.89)

These relations give T r_2D_2R̂^{−1}_{12} = μ^2I_1 = DD and thus matrices D and D are invertible.

The identities (7.0.89) or identities (7.0.82), (7.0.86) lead to eq. T r_2D_2K_{12} ∼ I_1 since T r_2D_2K_{12} = λ^{−1}T r_2D_2(R̂^{−1}_{12} + λ − R̂_{12}) = λ^{−1}(μ^2 − 1) + T r(D)I_1 . (7.0.90) Thus, from eq. K_{12}K_{23}K_{12} = K_{12} we have ν T r_2(D_2 K_{12}) = T r(D) I_1 (7.0.91) System of equations (7.0.90) and (7.0.91) leads

T r_2D_2K_{12} =

(μ^2 − 1) λ(1 − ν) I_1 = μ I_1 , T r(D) = μ ν =

1 + λμ − μ^2 λ . (7.0.92) Now let us consider the identity T r_1(T r_2D_2K_{12}) = T r_2D_2(T r_1K_{12}) Using (7.0.88) and (7.0.92) we get rang(K) = 1 . (7.0.93) Let K_{12} = g_{12>} g_{<12}. Eqs. (7.0.85), (7.0.87) give D^{−1}_1 = μ^{−1} g_{<23} P_{13} g_{23>} , D_1 = μ g_{<23} P_{12} g_{23>} , (7.0.94) and as a result we have g_{<23} P_{13} g_{23>} g_{<23} P_{12} g_{23>} = I_1 .

Now we define X_3 = g_{<21} P_{23} g_{12>} , Y_3 = g_{<12} P_{23} g_{21>} .

Eqs. K_{12}K_{23}K_{12} = K_{12}, K_{23}K_{12}K_{23} = K_{23} lead to identity g_{<12} P_{13} g_{21>} g_{<21} P_{13} g_{12>} = I_3 ⇒ Y X = X Y = I . (7.0.95) Consider the chain of identities (here we use (7.0.94)) D_1 g_{12>} = μ g_{<43} P_{14} g_{43>} g_{12>} = μ g_{<43} g_{13>} g_{42>} = = μ g_{<43} P_{23} g_{12>} g_{43>} = μ^2 D^{−1}_2 g_{12>} .

Thus we have D_1 D_2 g_{12>} = μ^2 g_{12>} . (7.0.96) On other hand we have

X_1 g_{12>} = g_{<43} P_{14} g_{34>} g_{12>} = g_{<43} g_{31>} g_{42>} = g_{<43} P_{23} g_{21>} g_{43>} = μ D^{−1}_2 g_{21>} , and X_2 g_{12>} = g_{<43} P_{42} g_{34>} g_{12>} = g_{<43} g_{32>} g_{14>} = g_{<43} P_{13} g_{12>} g_{34>} = X^{−1}_1 g_{12>} .

Note that from last eq. in (7.0.92) (taking into account (7.0.94)) we obtain g_{<12} g_{12>} = ν .

Relations (7.0.83) and (7.0.84) can be rewritten as g_{<23} R̂^{±1}_{12} g_{23>} = μ^{∓1} I_1 , g_{<12} R̂^{±1}_{23} g_{12>} = μ^{∓1} I_3 , which equivalent to T r_2D_2R̂^{±1}_{12} ∼ I_1 while relations K_{12}R̂^{±1}_{23} R̂^{±1}_{12} = K_{12} K_{23} , give g_{<12} R̂^{±1}_{23} R̂^{±1}_{12} = g_{<12} g_{23>} g_{<23} , R̂^{±1}_{23} R̂^{±1}_{12} g_{23>} = g_{12>} g_{<12} g_{23>} .

Ŋěáłőńìłő ďőŕőńŋěŋĺľ ŕő ŕőćőďã ďĺääěàěŋæĺăńìŋőčő ĺáçĺáńěŋĺï.

8.8 Łńăááĺçěáłőě ďĺääěàěŋæĺăńìŋőě ĺáçĺáńěŋĺě ŋă čàãŕŕě Ńĺ

Ŕàěęďě ćáěčő àăááňőâàĺň łńăááĺçěáłãî âěőàĺî ďĺääěàěŋæĺăńìŋőčő ĺáçĺáńěŋĺï ŋă čàãŕŕě. Ŕãáâì ŋăň ğăďăŋă ŋěłőâőàăï čàãŕŕă Ńĺ G. Řăááňőâàĺň N-ňěàŋőě ŕàěďáâăćńěŋĺě íâőľ čàãŕŕë, łőâőàőě ğăďăěâáï ŋăąőàőň N^2 äãŋłæĺőŋăńőć T^α_β (α, β = 1, . . . N): ∀g_1, g_2 ∈ G → T^α_β (g_1g_2) = T^α_γ (g_1) T^γ_β (g_2) .

Ć łăçěáâćě łőőàďĺŋăâ íńěňěŋâă g čàãŕŕë G ňë ňőęěň ćëąàăâì ğŋăçěŋĺï T^α_β (g). Ć őąéěň áńãçăě íâĺ łőőàďĺŋăâë ïćńïîâáï ğăćĺáĺňëňĺ (ŋăŕàĺňěà, T^†T = I ďńï čàãŕŕë SU(n) ĺ T^tCT = C, čďě C áĺňňěâàĺçŋăï ĺńĺ łőáőáĺňňěâàĺçŋăï ňăâàĺæë ďńï čàãŕŕ SO ĺ Sp áőőâćěâáâćěŋŋő).

Ććěďěň ńěćőĺŋćăàĺăŋâŋëě äőàňë ω = T^{−1} dT = ω^i t_i , (8.8.1) čďě (t_i)^α_β àěăńĺğãîâ ňăâàĺçŋőě ŕàěďáâăćńěŋĺě ăńčěąàë Ńĺ čàãŕŕë G: [t_i, t_j ] = C^k_{ij} t_k .

Ĺğ őŕàěďěńěŋĺï ńěćőĺŋćăàĺăŋâŋőľ 1-äőàňë (8.8.1) ćëâěłăěâ ãàăćŋěŋĺě Ňăãàěàă-Łăàâăŋă dω = −ω ∧ ω ≡ −ω^2 , łőâőàőě ňőęŋő ŕěàěŕĺáăâì ć ćĺďě dω^k = − 1 2 C^k_{ij}ω^i ω^j . (8.8.2) Ńîąăï k-ďĺääěàěŋæĺăńìŋăï äőàňă ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě: Ω = ω^{i1} ω^{i2} . . . ω^{ik} f_{i1...ik} (T ) , (8.8.3) čďě f_{i1...ik} (T ) ŋěłőâőàăï äãŋłæĺï ŋă čàãŕŕě. Ŕőďěľáâćãěň âěŕěàì ďĺääěàěŋæĺăńőň d ŋă Ω d Ω = d (ω^{i1} ω^{i2} . . . ω^{ik} f_{i1...ik} (T )) = = ∑_k n=1 (−1)^{n−1} ω^{i1} . . . ω^{in−1} (−^1_2 C^{in}_{ij} ω^i ω^j) ω^{in+1} . . . ω^{ik} f_{i1...ik} (T )+ +(−1)^k ω^{i1} ω^{i2} . . . ω^{ik} (d f_{i1...ik} (T )) . (8.8.4)

Ğăňěâĺň âěŕěàì, çâő ňë ňőęěň ŕěàěŕĺáăâì d f_{i1...ik} ć ćĺďě

dT^α_β ( ∂ ∂T^α_β f_{i1...ik} (T )) = (T^{−1} dT )^γ_β ( ∂ ∂T^α_β f_{i1...ik} (T ))T^α_γ = ω^j (χ_j ▷ f_{i1...ik} (T )) . (8.8.5) Ğďěáì ňë ććěńĺ őŕěàăâőà ńěćőĺŋćăàĺăŋâŋőčő ćěłâőàŋőčő ŕőńï χ_j = T r(T t_j ∂ ∂T ) = ( T^α_γ (t_j )^γ_β ∂ ∂T^α_β ) , łőâőàëľ ďěľáâćãěâ ŋă łőőàďĺŋăâë čàãŕŕë áńěďãîéĺň őąàăğőň χ_j ▷ T^α_β = T^α_γ < χ_j , T^γ_β >= T^α_γ (t_j )^γ_β , [χ_i, χ_j ] = C^k_{ij} χ_k , â.ě. ńěćőĺŋćăàĺăŋâŋőě ćěłâőàŋőě ŕőńě ďěľáâćãěâ ŋă čàãŕŕã áŕàăćă ĺ őąàăğãěâ ăńčěąàã Ńĺ. Ś ãçěâőň (8.8.5) äőàňãńã (8.8.4) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě dΩ = [(−^1_2 C^k_{ij}ω^i ω^j ι_k), Ω] + [ω^j M_j, Ω] = = [(ω^j M_j −^1_2 C^k_{ij}ω^i ω^j ι_k), Ω] ,

(8.8.6) čďě ňë ććěńĺ ”ćŋãâàěŋŋîî ŕàőĺğćőďŋãî” ι_k ≡^∂_{∂ωk} ĺ ńěćőĺŋćăàĺăŋâŋëľ őŕěàăâőà M âăłőľ, çâő [M_j, f(T )] = χ_j ▷ f(T ) , [M_j , ω^k] = 0 . (8.8.7) Őáŋőćŋőľ ćőŕàőá łőâőàëľ ćőğŋĺłăěâ ğďěáì – íâő ïćŋőě őŕàěďěńěŋĺě őŕěàăâőàă M, ãďőćńěâćőàïîéěčő ãáńőćĺïň (8.8.7).

Ğăňěâĺň, çâő χ_j ▷ f(T ) = [(d ι_j + ι_j d), f(T )] . (8.8.8) Ŕőíâőňã ěáâěáâćěŋŋő ŕőŕëâăâìáï áćïğăâì M c (d ι_j + ι_j d). Ŕàőćěàłă ćâőàőľ äőàňãńë ĺğ (8.8.7) ďăěâ áőőâŋőèěŋĺě

(d ι_j + ι_j d) ω^k = ω^k (d ι_j + ι_j d) − 1 2 (C^k_{ji} − C^k_{ij}) ω^i , (8.8.9) łőâőàőě ňőęŋő ŕěàěŕĺáăâì ć ćĺďě [d ι_j + ι_j d + C^k_{ji}ω^iι_k) , ω^k] = 0 . (8.8.10) Śàăćŋĺćăï (8.8.8), (8.8.10) á (8.8.7) ĺ ãçĺâëćăï äőàňãńã [ι_j , f(T )] = 0, ňë ŕőńãçăěň, çâő M_j = d ι_j + ι_j d + C^k_{ji}ω^iι_k . (8.8.11) ĺ BRST ćëàăęěŋĺě ďńï ďĺääěàěŋæĺăńă (8.8.6) ĺňěěâ ćĺď

d = ω^j M_j − 1 2 C^k_{ij}ω^i ω^j ι_k = ω^j L_j + 1 2 C^k_{ij}ω^i ω^j ι_k , (8.8.12)

čďě ňë ććěńĺ őąőğŋăçěŋĺě ďńï ŕàőĺğćőďŋőľ Ńĺ L_j = d ι_j + ι_j d . (8.8.13) Ĺğ (8.8.8) ĺ (8.8.9) áńěďãěâ, çâő [L_j , T ] = T t_j , [L_j , ω^k] = −C^k_{ji} ω^i ĺ, âăłĺň őąàăğőň, ŕàőĺğćőďŋëě Ńĺ őąàăğãîâ ăńčěąàã Ńĺ [L_i , L_j] = C^k_{ij} L_k , Ăŋăńőčĺçŋő ĺňěěň [M_i , M_j] = C^k_{ij} M_k , [M_i , ι_j ] = 0 , čďě ŕőáńěďŋïï äőàňãńă íłćĺćăńěŋâŋă àăćěŋáâćã [L_i, ι_j ] = C^k_{ij} ι_k ĺ áőčńăáãěâáï áő ćâőàëň àăćěŋáâćőň ć (8.8.7) ĺ áőőâŋőèěŋĺěň [ω^i, ι_j ]_+ = δ^i_j . Š.ő. äőàňãńă (8.8.12) ďěľáâćĺâěńìŋő őŕàěďěńïěâ ĄŘŚŠ ğăàïď, ćőğŋĺłăîéĺľ ć âěőàĺïå ćëàőęďěŋŋëå čăňĺńìâőŋőćëå áĺáâěň.

8.9 Ďĺääěàěŋæĺăńìŋőě ĺáçĺáńěŋĺě ŋă łćăŋâőćőľ čàãŕŕě

Ńĺâěàăâãàă

[1] P.Schupp, preprint LMU-TPW 94-8 (1994), hep-th/9408170 [2] Ă.Ŕ.Ĺáăěć, İŮĂ§ âőň 28 (1997) 685.

[3] O.V.Radko, A.A.Vladimirov, ”On the algebraic structure of differential calculus on quantum groups”, J.Math.Phys. 38 (1997) 5434.

[4] P.Aschieri, L.Castellani, Int.J.Mod.Phys. A, 8 (1993) 1667).

[5] Woronowicz S.L., Differential calculus on compact matrix pseudogroups (quantum groups), Comm.Math.Phys.122 (1989) 125-170.

[6] Brzezinski T., Remarks on bicovariant differential calculi and exterior Hopf algebras, Lett.Math.Phys. 27 (1993)287-300.