ŚĹŚŠĚŇŻ ŁŐŘŊĚĽ ŔŘŐŚŠŻŢ ŁŐŊĚŮŊŐŇĚŘŊŻŢ ĂŃ- ČĚĄŘ ŃĹ Ĺ ĂŃČĚĄŘŻ Ś ĎĚŃĚŊĹĚŇ.

Ńěłæĺĺ Ă.Ŕ. Ĺáăěćă (Ńăą. âěőà. äĺğĺłĺ, ŐĹ§Ĺ, Ďãąŋă) Ŕàěďćăàĺâěńìŋăï ćěàáĺï ŋě ďńï àăáŕàőáâàăŋěŋĺï.

1 Cĺáâěňë łőàŋěľ ŕàőáâëå łőŋěçŋőňěàŋëå ăńčěąà Ńĺ 1.1 Łàĺâěàĺľ Łăàâăŋă? ĺ łàĺâěàĺľ ŕőńãŕàőáâőâë

Ăńčěąàă Ńĺ (ĂŃ) g – íâő ćěłâőàŋőě ŕàőáâàăŋáâćő á ąăğĺáőň {X_a} (a, b, d . . . = 1, . . . , dim g), ŋă łőâőàőň őŕàěďěńěŋă őŕěàăæĺï łőňňãâĺàőćăŋĺï: [X_a, X_b] = C^d_{ab} X_d, čďě C^d_{ab} = −C^d_{ba} – áâàãłâãàŋëě łőŋáâăŋâë ĂŃ, ãďőćńěâćőàïîéĺě âőęďěáâćã §łőąĺ C^f_{ab} C^g_{fd} + C^f_{bd} C^g_{fa} + C^f_{da} C^g_{fb} = 0 . 1.) ĂŃ ŋăğëćăěâáï ăąěńěćőľ, ěáńĺ

C^d_{ab} = 0 ∀ a, b, d . (1.1.1)

2.) Ŕőďăńčěąàă őŕàěďěńïěâáï ŋăąőàőň čěŋěàăâőàőć X_1, . . . X_p (p < dim g), ěáńĺ C^d_{ab} = 0 , (a, b ≤ p, d > p) . (1.1.2) 3.) Ĺŋćăàĺăŋâŋăï ŕőďăńčěąàă N á ŋăąőàőň čěŋěàăâőàőć X¯_1, . . . X_{p̄} őŕàěďěńïěâáï, ěáńĺ [N, X_a] ∈ N, ĺńĺ C^d_{āb} = 0 , (a ≤ p, d > p) , (1.1.3)

â.ě. ŋěŋãńěćëňĺ ňőčãâ ąëâì âőńìłő łőŋáâăŋâë C^{d̄}_{āb}. 4.) ĂŃ ŕàőáâă, ěáńĺ őŋă ŋě ĺňěěâ ĺŋćăàĺăŋâŋëå ŕőďăńčěąà. 5.) ĂŃ ŕőńãŕàőáâă, ěáńĺ őŋă ŋě ĺňěěâ ăąěńěćëå ĺŋćăàĺăŋâŋëå ŕőďăńčěąà.

Őŕàěďěńĺň ňěâàĺłã Łĺńńĺŋčă

g_{ab} ≡ C^d_{ac} C^c_{bd} = T r (ad(X_a) ad(X_b)) . (1.1.4)

Ğăňěâĺň, çâő őąêěłâ C_{abc} = C^d_{ab} g_{dc} ŕőńŋőáâìî ăŋâĺáĺňňěâàĺçěŋ ŕő ĺŋďěłáăň a, b, c. Ďěľáâćĺâěńìŋő: C_{abc} = C^d_{ab} T r (ad(X_d) ad(X_c)) = T r ([ad(X_a), ad(X_b)] ad(X_c)) =

= T r (ad(X_a) [ad(X_b), ad(X_c)]) = −C_{acb} . Łàĺâěàĺľ ŕőńãŕàőáâőâë čńăáĺâ, çâő ĂŃ ïćńïěâáï ŕőńãŕàőáâőľ ěáńĺ ňăâàĺæă g_{ab} ŋěćëàőęďěŋă. Ďěľáâćĺâěńìŋő, ŕãáâì ĂŃ áőďěàęĺâ ăąěńěćë ĺŋćăàĺăŋâŋëě ŕőďăńčěąàë, čěŋěàăâőàë łőâőàëå ŋãňěàãîâáï ĺŋďěłáăňĺ ā, b̄, . . .. Šőčďă g_ā¯_b = 0 ĺ

g_a¯_b = C^d_{ac} C^c¯_{bd} = C^d_{ac̄} C^{c̄}¯_{bd} = C^{d̄}_{ac̄} C^{c̄}¯_b¯_d = 0

čďě ćâőàőě ĺ âàěâìě àăćěŋáâćă áńěďãîâ ĺğ (1.1.3), ă ŕőáńěďŋěě – ĺğ (1.1.1). Š.ő. ŕàĺ ŋăńĺçĺĺ ĺŋćăàĺăŋâŋëå ăąěńěćëå ŕőďăńčěąà detg_{ab} = 0 ĺ ŋěőąåőďĺňőáâì łàĺâěàĺï Łăàâăŋă ďőłăğăŋă.

1.2 Ăńčěąàă Ńĺ sl(2) ĺ ěě ŕàěďáâăćńěŋĺï

Ŋăçŋěň á àăááňőâàěŋĺï ŕàőáâěľèěľ ăńčěąàë Ńĺ sl(2) ĺ ěě ŕàěďáâăćńěŋĺľ. Śâăŋďăàâŋëľ ąăğĺá íâőľ ăńčěąàë ćëąĺàăěâáï áńěďãîéĺň őąàăğőň

e_+ = ( 0 1 0 0 ) , e_− = ( 0 0 1 0 ) , H = ( 1 0 0 −1 ) . (1.2.5)

Šőčďă őŕàěďěńïîéĺě áőőâŋőèěŋĺï ĺňěîâ ćĺď

[H, e_±] = ±2 e_± , [e_+, e_−] = H . (1.2.6)

Ŕãáâì V ïćńïěâáï ŕàőĺğćőńìŋëň sl(2)-ňőďãńěň. Ŕàőáâàăŋáâćő V ňőęŋő àăğńőęĺâì ć ŕàïňãî áãňňã ŕőďŕàőáâàăŋáâć, ŋãňěàãěňëå áőąáâćěŋŋëňĺ ğŋăçěŋĺïňĺ λ čěŋěàăâőàă H: V = ⊕_λV_λ, čďě V_λ = {v ∈ V | H · v = λ v}. §áŋő, çâő ěáńĺ v ∈ V_λ âő e_+v ∈ V_{λ+2} ĺ e_−v ∈ V_{λ−2}. Őŕàěďěńěŋĺě 1. Ŕãáâì áãéěáâćãěâ âăłőě V_λ ≠ 0, çâő V_{λ+2} = 0, â.ě. e_+v = 0 ďńï ćáěå ŋěŋãńěćëå ćěłâőàőć v ∈ V_λ. Šăłĺě ćěłâőàă ŋăğëćăîâáï ňăłáĺňăńìŋëň ćěłâőàőň ĺńĺ ćăłããňőň ćěáă λ.

Ŕãáâì V ŋěŕàĺćőďĺňëľ sl(2)-ňőďãńì. Ćëąěàěň ňăłáĺňăńìŋëľ ćěłâőà v_0 ∈ V ĺ ŕőńőęĺň v_{−1} = 0, v_k = (1/k!) e^k_− v_0. Šőčďă ńěčłő ŕàőćěàĺâì áńěďãîéĺě äőàňãńë

(a) H v_k = (λ − 2k) v_k , (b) e_− v_k = (k + 1) v_{k+1} , (c) e_+ v_k = (λ − k + 1) v_{k−1} (k ≥ 0).

(1.2.7)

Ĺğ (1.2.7)(a) áńěďãěâ, çâő ćáě v_k ≠ 0 ïćńïîâáï ńĺŋěľŋő ŋěğăćĺáĺňëňĺ. Ŕãáâì V łőŋěçŋőňěàŋëľ ňőďãńì dim V < ∞ ĺ m ŋăĺňěŋìèěě æěńőě çĺáńő, ďńï łőâőàőčő v_m ≠ 0, v_{m+1} = 0 ĺ, áőőâćěâáâćěŋŋő, v_{m+k} = 0 ∀k ≥ 2. Š.ő. ć łăçěáâćě ąăğĺáă ć V ňőęŋő ćëąàăâì ćěłâőàă (v_0, v_1, . . . , v_m) ĺ V = V_m ⊕ V_{m−2} ⊕ . . . ⊕ V_{−m}. Ňăâàĺçŋőě ŕàěďáâăćńěŋĺě ăńčěąàë sl(2) ŋă V ğăďăěâáï äőàňãńăňĺ (1.2.7).

Řăááňőâàĺň äőàňãńã (1.2.7) ďńï k = m + 1: e_+ v_{m+1} = (λ − m) v_m. Š.ł. v_{m+1} = 0, v_m ≠ 0, âő ňë ğăłńîçăěň, çâő λ = m ≡ dim V − 1. Ś ďàãčőľ áâőàőŋë, ěáńĺ λ = m, âő e_+ v_{m+1} = 0 (ćěłâőà v_{m+1} ćëáâãŕăěâ łăł ŋőćëľ ćăłããň) ĺ ňë ąěğąőńěğŋěŋŋő ňőęěň ŕőńőęĺâì v_{m+1} = 0.

Őŕàěďěńěŋĺě 2. Ćěá ćăłããňă (ňăłáĺňăńìŋőčő ćěłâőàă) ďńï łőŋěçŋőňěàŋőčő ŋěŕàĺćőďĺňőčő ŕàěďáâăćńěŋĺï ïćńïěâáï ŋěőâàĺæăâěńìŋëň æěńëň çĺáńőň ĺ ŋăğëćăěâáï áâăàèĺň ćěáőň V .

1.3 Ąăğĺá Łăàâăŋă-Ćěľńï ďńï ŕàőáâëå ăńčěąà Ńĺ

Řăááňőâàĺň ăńčěąàã Ńĺ g á čěŋěàăâőàăňĺ {H_i, T_a} , (i = 1, . . . , r) , (a = 1, . . . dim g − r) , čďě {H_i} ([H_i, H_j] = 0) – čěŋěàăâőàë ŕőďăńčěąàë Łăàâăŋă H ć g (ňăłáĺňăńìŋăï łőňňãâĺàãîéăï ŕőďăńčěąàă, ďńï łőâőàőľ H^†_i ∈ H???), ă T_a őąàăğãîâ őàâőčőŋăńìŋőě ďőŕőńŋěŋĺě ł H: T r(ad(H_i) ad(T_a)) = 0. Š.ł. T r (ad(H_i) [ad(H_j), ad(T_a)]) = T r ([ad(H_i), ad(H_j)] ad(T_a)) = 0 , âő [H_j, T_a] ∈ H^⊥ ĺ, áńěďőćăâěńìŋő,

[H_j , T_a] = h_{j,ab} T_b . (1.3.8)

Őçěćĺďŋő, çâő ňăâàĺæë h_j àěăńĺğãîâ ňăâàĺçŋőě ŕàěďáâăćńěŋĺě ŕőďăńčěąàë Łăàâăŋă. Ćëąěàěň őąàăğãîéĺě T_a ĺ H_i íàňĺâőćëňĺ őŕěàăâőàăňĺ, ŕàĺ íâőň T r(ad(T_a) ad(T_b)) = X_{ab} ïćńïěâáï ćěéěáâćěŋŋőľ áĺňňěâàĺçŋőľ ŋěćëàőęďěŋŋőľ ňăâàĺæěľ ĺ h^∗_{j,ab} = −h_{j,ab} . (1.3.9) Łàőňě âőčő h_{j,ac} X_{cb} = T r ([ad(H_j), ad(T_a)] ad(T_b)) = T r (ad(H_j) [ad(T_a), ad(T_b)]) = −h_{j,bc} X_{ca} , â.ě. ňăâàĺæë h_{j,ab} j = 1, . . . , r ăŋâĺáĺňňěâàĺçŋë á âőçŋőáâìî ďő ŕàěőąàăğőćăŋĺï íłćĺćăńěŋâŋőáâĺ (h_j X)^T = −h_j X ⇒ h^T_j = −X^{−1} h_j X , (1.3.10)

ĺ ŋěćëàőęďěŋë (ĺŋăçě H ňőęŋő ąëńő ąë ďőŕőńŋĺâì). Š.ł. [H_i, H_j ] = 0, âő ćáě ňăâàĺæë h_{i,..} ďĺăčőŋăńĺğãîâáï őďŋőćàěňěŋŋő ďńï ćáěå i:

v^{(α)}_b h_{i,ba} = α_i v^{(α)}_a ⇔ v^{(α)} h_i = α_i v^{(α)} . (1.3.11)

Ďńï ňăâàĺæë h áő áćőľáâćăňĺ áĺňňěâàĺĺ (1.3.10) áŕàăćěďńĺćő ãâćěàęďěŋĺě, çâő ěáńĺ α ïćńïěâáï ěě áőąáâćěŋŋëň ğŋăçěŋĺěň, âő −α âőęě ïćńïěâáï ěě áőąáâćěŋŋëň ğŋăçěŋĺěň. Ďěľáâćĺâěńìŋő, àăááňőâàĺň åăàăłâěàĺáâĺçěáłőě âőęďěáâćő ∏ μ(h−α_μ) = 0 ĺ âàăŋáŕőŋĺàãěň ěčő. Šőčďă áőčńăáŋő (1.3.10) ňë ŕőńãçĺň ∏ μ(h + α_μ) = 0, çâő ĺ âàěąőćăńőáì ďőłăğăâì.

Ďăńěě, ďńï âăłĺå ňăâàĺæ áő áćőľáâćăňĺ (1.3.10), (1.3.9) ćáě áőąáâćěŋŋëě ğŋăçěŋĺï ïćńïîâáï ćěéěáâćěŋŋëňĺ. Ďěľáâćĺâěńìŋő, ŕãáâì v h = α v ĺ àăááňőâàĺň àăćěŋáâćă (v h X v^∗) = α (v X v^∗) ,

(v h X v^∗)^∗ = α^∗ (v X v^∗)^∗ = α^∗ (v X v^∗) , (v h X v^∗)^∗ = −(v^∗ h X v) = −(v (h X)^T v^∗) = (v h X v^∗) , (ć ŕőáńěďŋěľ áâàőçłě ňë ĺáŕőńìğőćăńĺ (1.3.9) ĺ (1.3.10)) őâłãďă ĺ áńěďãěâ ćěéěáâćěŋŋőáâì α^∗ = α.

Śćěàŋěň (1.3.8) á áőąáâćěŋŋëňĺ ćěłâőàăňĺ v^{(α)}_a , ć àěğãńìâăâě ŕőńãçăěň [H_j, E_α] = α_j E_α , E_α ≡ v^{(α)}_a T_a . (1.3.12) Ĺğ (1.3.9) áńěďãěâ h_i v^∗ = −α v^∗ , â.ě. v^{(−α)} = v^{(α)∗} ĺ áőőâćěâáâćěŋŋő E_{−α} = E^†_α. Ğăňěâĺň, çâő [H_i, E_α E_β] = (α + β)_i E_α E_β ĺ ěáńĺ ćëçĺáńĺâì áńěď őâ íâőčő àăćěŋáâćă, ňë ŕőńãçăěň T r(E_αE_β ) ≠ 0 âőńìłő ěáńĺ α + β = 0. Š.ł. [H_i, [E_α, E_β]] = (α + β)_i [E_α, E_β], âő [E_α, E_β ] = N_{(α,β)} E_{α+β} , (1.3.13) ěáńĺ α + β łőàěŋì, ĺ àăćŋő ŋãńî ěáńĺ ŋě łőàěŋì. Ěáńĺ ęě α + β = 0, âő [E_α, E_{−α}] = x^i H_i . (1.3.14) Ćëçĺáńĺň x^i ďńï ąăğĺáă Łăàâăŋă-Ćěľńï, łőčďă ňěâàĺłă Łĺńńĺŋčă ĺňěěâ ćĺď (â.ě. ňë áŕěæĺăńìŋëň őąàăğőň őâŋőàňĺàãěň čěŋěàăâőàë E_α): T r (ad(H_i)ad(H_j)) = g_{ij} , T r (ad(H_i)ad(E_α)) = 0 , T r (ad(E_α) ad(E_β)) = δ_{α,−β} . x^j g_{ji} = T r (ad(H_i) [ad(E_α), ad(E_{−α})]) = T r ([ad(H_i), ad(E_α)] ad(E_{−α})) = α_i . Ğăňěâĺň, çâő g_{ij} = T r(ad(H_i)ad(H_j)) = ∑ α C^α_{iα}C^α_{jα} = ∑ α α_iα_j (1.3.15)

Š.ő. ďńï ńîąőčő ćěłâőàă x ĺğ r-ňěàŋőčő łőàŋěćőčő ŕàőáâàăŋáâćă ňë ĺňěěň x^ig_{ij}x^j = ∑ α(xα)^2 ≥ 0 ĺ, áńěďőćăâěńìŋő, łőàŋěćőě ŕàőáâàăŋáâćő ĺňěěâ ěćłńĺďőćã ňěâàĺłã.

1.4 Śćőľáâćă łőàŋěľ

Ďőłăęěň âěŕěàì áńěďãîéãî âěőàěňã Šěőàěňă 1Ěáńĺ α ĺ β łőàŋĺ, âő 2(αβ)/α^2 – æěńëě çĺáńă ĺ β − 2^{(αβ)}_{α2} α âőęě łőàěŋì. Ďőłăğăâěńìáâćő. Ĺğ (1.3.12) ĺ (1.3.14) áńěďãěâ, çâő čěŋěàăâőàë

{H_α = 2(α^i H_i)/α^2, e_{±α} = √ 2/α^2 E_{±α}} őąàăğãîâ ăńčěąàã Ńĺ sl(2) (1.2.6). Łăł ąëńő ŕőłăğăŋő ć ŕãŋłâě 2, áőąáâćěŋŋëě ğŋăçěŋĺï őŕěàăâőàă H_α ďőńęŋë ąëâì æěńëňĺ çĺáńăňĺ ĺ â.ł.

[H_α, E_β ] = 2(αβ) α^2 E_β , âő 2(αβ)/α^2 – æěńëě çĺáńă ďńï ćáěå łőàŋěľ. Ŕãáâì łőàěŋì γ âăłőć, çâő [E_α, E_γ ] = 0 . (1.4.16)

Šőčďă àăááňőâàĺň ŋăąőà őŕěàăâőàőć (áà. á ŕőáâàőěŋĺěň łőŋěçŋőňěàŋëå ŕàěďáâăćńěŋĺľ ć ăńčěąàě sl(2) ć ŕãŋłâě 2) [E_{−α}, E_γ ] = E^′_{γ−α} , [E_{−α}, E^′_{γ−α}] = E^′_{γ−2 α} , . . . . . . . . . . . . . . . . . . . . , [E_{−α}, E^′_{γ−m α}] = E^′_{γ−(m+1) α} = 0 , (1.4.17)

čďě E^′_{γ−k α} = N_{−α, γ} · N_{−α, γ−α} · · · N_{−α, γ−(k−1)α} · E_{γ−k α} , (1.4.18) ěáâì ŕěàěŋőàňĺàőćăŋŋëľ čěŋěàăâőà E_{γ−k α} ĺ ňë őąőàćăńĺ ŕàőæěďãàã ŋă èăčě m ć áĺńã łőŋěçŋőňěàŋőáâĺ ŋăèěľ ĂŃ. Őçěćĺďŋő, çâő ďńï ćáěå j, 0 ≤ j ≤ m

[E_α, E^′_{γ−(j+1) α}] = μ_{j+1} E^′_{γ−j α} , (1.4.19) čďě μ_0 = 0 = μ_{m+1} . (1.4.20) Ŋăľďěň àěłãàěŋâŋőě áőőâŋőèěŋĺě ďńï łőíääĺæĺěŋâőć μ_j á ŕőňőéìî áńěďãîéěľ æěŕőçłĺ àăćěŋáâć

μ_{j+1} E^′_{γ−j α} = [E_α, E^′_{γ−(j+1) α}] = [E_α, [E_{−α}, E^′_{γ−j α}]] = = −[E^′_{γ−j α}, [E_α, E_{−α}]] − [E_{−α}, [E^′_{γ−j α}, E_α]] = = −[E^′_{γ−j α}, (α H)] + μ_j [E_{−α}, E^′_{γ−(j−1) α}] = = [(αγ) − j (αα) + μ_j] E^′_{γ−j α} , áńěďőćăâěńìŋő ňë ĺňěěň μ_{j+1} = μ_j + (αγ) − j (αα) . (1.4.21) Ĺáŕőńìğãï ďăŋŋëě (1.4.20), ňë ŕőńãçăěň ĺğ àěłãàěŋâŋőčő áőőâŋőèěŋĺï (1.4.21)

μ_j = j (αγ) −^{j(j−1)}_2 (αα) , 0 = (αγ) −^m_2 (αα) .

(1.4.22)

Ĺâăł ňë ďőłăğăńĺ, çâő ěáńĺ α ĺ γ łőàŋĺ, ĺ α + γ ŋě łőàěŋì, âő áãéěáâćãěâ áâàãŋă łőàŋěľ γ, γ − α, . . . , γ − 2 (αγ) (αα) α ≡ γ − m α , (1.4.23)

łőâőàăï ĺŋćăàĺăŋâŋă őâŋőáĺâěńìŋő őâàăęěŋĺľ ŕő őâŋőèěŋĺî ł čĺŕěàŕńőáłőáâĺ P_α, ŕěàŕěŋďĺłãńïàŋőľ ł ćěłâőàã α ĺ ŕàőåőďïéěľ çěàěğ ŋăçăńő łőőàďĺŋăâ łőàŋěćőčő ŕàőáâàăŋáâćă. Ďěľáâćĺâěńìŋő, ćáě łőàŋĺ íâőľ áâàãŋë ńěęăâ ćďőńì ŋăŕàăćńěŋĺï ćěłâőàă α, ă łőàěŋì σ_α(γ) = γ − 2 (αγ) (αα) α , (1.4.24)

ïćńïěâáï őâàăęěŋĺěň łőàŋï γ őâŋőáĺâěńìŋő čĺŕěàŕńőáłőáâĺ P_α (ńîąőľ łőàěŋì ňőęŋő ŕàěďáâăćĺâì ć ćĺďě áãňňë ćěłâőàă ∈ P_α ĺ ćěłâőàă ⊥ P_α; ŕàĺ ŕàěőąàăğőćăŋĺĺ σ_α ćěłâőàă, ńěęăéĺě ć ŕńőáłőáâĺ P_α, ŋě ďćĺčăîâáï, ă ćěłâőàă, ŋăŕàăćńěŋŋëě ćďőńì α, ňěŋïîâ ğŋăł). Ŕàěőąàăğőćăŋĺï (1.4.24) ŋăğëćăîâáï ćěľńěćáłĺňĺ őâàăęěŋĺïňĺ.

Ćőğćàăéăïáì ł äőàňãńĺàőćłě âěőàěňë, ğăňěâĺň, çâő ěáńĺ łőàěŋì β áőďěàęĺâáï ć áâàãŋě (1.4.23), âő ć ŋěľ áőďěàęĺâáï ĺ łőàěŋì β − 2^{(αβ)}_{(αα)} α. Š.ő. âěőàěňă ďőłăğăŋă.

Śńěďáâćĺě 1 Łăł áńěďáâćĺě ňë ŕőłăğăńĺ (áň. äőàňãńã (1.4.23), čďě m > 0), çâő ěáńĺ α ĺ γ łőàŋĺ ĺ γ + α ŋě łőàěŋì, âő (αγ) > 0, ă ěáńĺ γ − α ŋě łőàěŋì, âő (αγ) < 0.

Śńěďáâćĺě 2 Ĺğ äőàňãń (1.4.18), (1.4.19) ĺ (1.4.22) áńěďãěâ, çâő

N_{−α, β+α} N_{α, β} = μ_{j+1} = (j + 1) (m − j) 2 (αα) , (1.4.25)

čďě β ≡ γ − (j + 1) α.

Śńěďáâćĺě 2 ňőęŋő ďőŕőńŋĺâì áńěďãîéĺňĺ áćőľáâćăňĺ łőíääĺæĺěŋâőć N_{α,β}. 1.) Ĺğ ăŋâĺáĺňňěâàĺçŋőáâĺ łőňňãâăâőàă ňë ŕőńãçăěň N_{α,β} = −N_{β,α}. 2.) Ŕãáâì âàĺ łőàŋï őąàăğãîâ âàěãčőńìŋĺł α + β + γ = 0. Šőčďă ĺňěîâ ňěáâő áőőâŋőèěŋĺï

N_{γ,α} + N_{γ,β} = 0 , N_{β,α} + N_{β,γ} = 0 , N_{α,β} + N_{α,γ} = 0 . (1.4.26)

Ďěľáâćĺâěńìŋő, íâő áńěďãěâ ĺğ âőęďěáâć §łőąĺ

[E_α, [E_β, E_γ ]] + [E_β , [E_γ , E_α]] + [E_γ , [E_α, E_β ]] = = {N_{β,γ} α^i + N_{γ,α} β^i + N_{α,β} γ^i} H_i = 0 . Ćëàăğĺć őďĺŋ ĺğ łőàŋěľ çěàěğ ďćă ďàãčĺå ŕő äőàňãńě α + β + γ = 0 ňë ŕàĺåőďĺň ł (1.4.26). Ć çăáâŋőáâĺ ňë ćĺďĺň, çâő N_{−α,α+β} = −N_{−α,−β} ≡ N^∗_{α,β} ĺ (1.4.25) ňőęŋő ŕěàěŕĺáăâì łăł μ_{j+1} = |N_{α,β}|^2.

3.) Őąàăğãîéĺě E_α ćáěčďă ňőęŋő őâŋőàňĺàőćăâì âăł, çâő −N_{−α,−β} = N_{α,β}, â.ě. ćáě łőíääĺæĺěŋâë N ąãďãâ ćěéěáâćěŋŋëňĺ (áň. Č.Ćěľńì, Ĺğąàăŋŋëě âàãďë. Ňăâěňăâĺłă, âěőàěâĺçěáłăï äĺğĺłă. ”Šěőàĺï ŕàěďáâăćńěŋĺľ ŋěŕàěàëćŋëå ŕőńãŕàőáâëå čàãŕŕ ŕàĺ ŕőňőéĺ ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ”, áâà. 100-197).

Ćőáŕőńìğãěňáï âěőàěňőľ 1 ĺ àăááňőâàĺň 0 ≤ 2(αβ) α^2 2(αβ) β^2 = m n = 4cos^2θ ≤ 4 . Š.ő. ňë ĺňěěň áńěďãîéĺě ćőğňőęŋőáâĺ a.)α ‖/β ⇒ 0 ≤ m · n ≤ 3 2^{αβ}_{α2} = 0 ±1 ±1 ±1 2^{αβ}_{β2} = 0 ±1 ±2 ±3 (1.4.27)

ŕńîá ŕěàěáâăŋőćłă ćěàåŋěľ ĺ ŋĺęŋěľ áâàőçěł (ğăňěâĺň, çâő áńãçăľ (αβ) = 0 áőőâćěâáâćãěâ ŕőńãŕàőáâőľ ăńčěąàě Ńĺ),

b.)α ‖ β ⇒ m · n = 4 2^{αβ}_{α2} = ±2 ±1 ±4 2^{αβ}_{β2} = ±2 ±4 ±1 α = ±β α = ±2β β = ±2α (1.4.28)

Śńãçăľ α = ±β âàĺćĺăńěŋ, ă áńãçăĺ α = ±2β, β = ±2α ğăŕàěéěŋë, â.ł. [E_α, E_α] = 0.

Ńěňňă 1. Ŕãáâì α ĺ β ďćă àăğńĺçŋëå łőàŋï. Šőčďă, ěáńĺ (αβ) > 0, âő α−β âăłęě łőàěŋì, ă ěáńĺ (αβ) < 0, âő α + β âăłęě łőàěŋì.

Ďőłăğăâěńìáâćő. Řăááňőâàĺň áńãçăľ (αβ) < 0 (áńãçăľ (αβ) > 0 ąãďěâ áńěďőćăâì

ăćâőňăâĺçěáłĺ ŕàĺ ğăňěŋě α → −α). Ğăňěâĺň, çâő ĺğ (1.4.27) áńěďãěâ: ńĺąő 2^{(αβ)}_{α2} ńĺąő 2^{(αβ)}_{β2} àăćŋő −1. Ąěğ ŕőâěàĺ őąéŋőáâĺ ŕőńőęĺň 2^{(αβ)}_{α2} = −1. Šőčďă á ŕőňőéìî Ćěľńěćáłőčő őâàăęěŋĺï ŕőńãçăěň, çâő

σ_α(β) = β − 2 (αβ) α^2 α = β + α , ïćńïěâáï łőàŋěň.

1.5 Čàãŕŕă Ćěľńï ĺ ŕàőáâëě łőàŋĺ.

Řăááňőâàĺň ňŋőęěáâćő ćáěå łőàŋěľ ŕàőáâőľ ĂŃ g ĺ őąőğŋăçĺň ěčő łăł Φ(g). Řăááňőâàĺň ćáě őâàăęěŋĺï âĺŕă (1.4.24) ňŋőęěáâćă Φ(g). Őçěćĺďŋő łőàŋěćăï áĺáâěňă őáâăěâáï ĺŋćăàĺăŋâŋőľ őâŋőáĺâěńìŋő ćáěå âăłĺå őâàăęěŋĺľ ĺ, áőőâćěâáâćěŋŋő, őŕěàăâőàë íâĺå őâàăęěŋĺľ őąàăğãîâ čàãŕŕã W , łőâőàăï ŋăğëćăěâáï čàãŕŕőľ Ćěľńï. Š.ł. łőàŋěćăï áĺáâěňă łőŋěçŋă, âő W âőęě łőŋěçŋă.

Řăááňőâàĺň čĺŕěàŕńőáłőáâĺ P_α ďńï ćáěå łőàŋěľ α. İâĺ čĺŕěàŕńőáłőáâĺ ďěńïâ rňěàŋőě łőàŋěćőě ŕàőáâàăŋáâćő ŋă ŋěŕěàěłàëćăîéĺěáï łőŋãáë, łăęďëľ ĺğ łőâőàëå ŋăğëćăěâáï łăňěàőľ Ćěľńï. Čàãŕŕă W ŕěàěćőďĺâ őďŋã łăňěàã Ćěľńï ć ďàãčãî ĺ, áńěďőćăâěńìŋő, W ďěľáâćãěâ ŋă Ćěľńěćáłĺå łăňěàăå. Ćëąěàěň ŋěłőâőàãî łăňěàã Ćěľńï ĺ ćőğìňěň ćěłâőà x, ńěęăéĺľ ćŋãâàĺ íâőľ łăňěàë. Š.ě. (xα) ≠ 0 (∀α ∈ Φ(g)) (ĺŋăçě ćěłâőà x ńěęăń ąë ć őďŋőľ ĺğ čĺŕěàŕńőáłőáâěľ). Őçěćĺďŋő, çâő (xα) ŋě ňěŋïěâ ğŋăł (∀α ∈ Φ(g)) ŕàĺ ďćĺęěŋĺĺ x ćŋãâàĺ őďŋőľ ĺ âőľ ęě łăňěàë (ć ŕàőâĺćŋőň áńãçăě ňë ŕàőèńĺ ąë âőçłã (xα) = 0 ĺ ŕőŕăńĺ ąë ć ďàãčãî łăňěàã). Őŕàěďěńĺň âěŕěàì (ŕő őâŋőèěŋĺî ł ćëąàăŋŋőľ łăňěàě Ćěľńï) 1.) α – ŕőńőęĺâěńìŋëľ łőàěŋì ěáńĺ (xα) > 0 → α ∈ Φ^+(x) 2.) α – őâàĺæăâěńìŋëľ łőàěŋì ěáńĺ (xα) < 0 → α ∈ Φ^−(x)

Ńěňňă 2. Ěáńĺ ćěłâőàë α^{(i)} i = 1, . . . , k ≤ r ŕőńőęĺâěńìŋë ĺ (α^{(i)}α^{(j)}) ≤ 0, âő α^{(i)} – ńĺŋěľŋő ŋěğăćĺáĺňë.

Ďőłăğăâěńìáâćő. Ąãďěň ďőłăğëćăâì őâ ŕàőâĺćŋőčő. Ŕãáâì ňë ĺňěěň k∑ i=1 r_i α^{(i)} = 0

čďě (â.ł. (xα^{(i)}) > 0) çăáâì r_i ąőńìèě ŋãńï, ă çăáâì ňěŋìèě ŋãńï. Ŕěàěŋěáěň çăáâì áńăčăěňëå á r_i < 0 ć ŕàăćãî çăáâì àăćěŋáâćă ϵ ≡ l∑ i=1 s_i α^{(i)} = k∑ i=l+1 t_i α^{(i)} ,

čďě s_i > 0, t_i > 0. Řăááňőâàĺň

ϵ^2 = ∑ i,j s_i t_j (α^{(i)}α^{(j)}) ≤ 0 , őâáîďă áńěďãěâ, çâő ϵ = 0 ĺ 0 = (ϵx) = ∑ i s_i (α^{(i)}x) = ∑ j t_j (α^{(j)}x), â.ě. s_i = 0, t_i = 0.

Ůâő ĺ âàěąőćăńőáì ďőłăğăâì.

Őŕàěďěńěŋĺě. Ŕőńőęĺâěńìŋëľ łőàěŋì ŋăğëćăěâáï ŕàőáâëň ěáńĺ ěčő ŋěńìğï ğăŕĺáăâì ć ćĺďě áãňňë ďćãå ŕőńőęĺâěńìŋëå łőàŋěľ.

Šěőàěňă 2. Śãéěáâćãěâ r = rang g ŕàőáâëå łőàŋěľ α_{(1)}, α_{(2)}, . . . , α_{(r)} âăłĺå, çâő ńîąőľ ŕőńőęĺâěńìŋëľ łőàěŋì α ňőęŋő ğăŕĺáăâì łăł: α = r∑ i=1 n_i α_{(i)} , (1.5.29)

čďě n_i ≥ 0 æěńëě çĺáńă, ă ńîąőľ őâàĺæăâěńìŋëľ łőàěŋì β ŕàěďáâăćĺň ć ćĺďě β = r∑ i=1 m_i α_{(i)} , (1.5.30)

čďě æěńëě çĺáńă m_i ≤ 0. Ąőńěě âőčő (α_{(i)} · α_{(j)}) < 0, â.ě. ãčőń ňěęďã ďćãňï ŕàőáâëňĺ łőàŋïňĺ ćáěčďă ąőńìèě 90^∘. Ćëèěãłăğăŋŋőě ŕőďňŋőęěáâćő Δ ŕàőáâëå łőàŋěľ α_{(1)}, α_{(2)}, . . . , α_{(r)} ŋăğëćăěâáï ąăğőľ.

Ďőłăğăâěńìáâćő.

(1.) Őçěćĺďŋő, çâő àăğŋőáâì ďćãå ŕàőáâëå łőàŋěľ α^{(1)} ĺ α^{(2)} ŋě ňőęěâ ąëâì łőàŋěň. Ďěľáâćĺâěńìŋő, β = α^{(1)} − α^{(2)} ŋě ňőęěâ ąëâì ŕőńőęĺâěńìŋëň łőàŋěň (ĺŋăçě α^{(1)} àăğńăčăěâáï ć áãňňã ďćãå ŕőńőęĺâěńìŋëå łőàŋěľ) ĺ ăŋăńőčĺçŋő β ŋě ňőęěâ ąëâì őâàĺæăâěńìŋëň łőàŋěň (ĺŋăçě α^{(2)} = α^{(1)} + (−β) àăğńăčăěâáï ć áãňňã ďćãå ŕőńőęĺâěńìŋëå łőàŋěľ), â.ő. β ŋě łőàěŋì.

(2.) Šěŕěàì, áőčńăáŋő áńěďáâćĺî 1 ĺğ ŕàěďëďãéěčő ŕãŋłâă, ňë ĺňěěň ďńï ďćãå ŕàőĺğćőńìŋëå ŕàőáâëå łőàŋěľ (α^{(1)}α^{(2)}) ≤ 0 ĺ áńěďőćăâěńìŋő ćáě ŕàőáâëě łőàŋĺ (áőčńăáŋő Ńěňňě 2) ïćńïîâáï ńĺŋěľŋő ŋěğăćĺáĺňëňĺ.

(3.) Śőčńăáŋő äőàňãńě (1.3.15) ńîąőľ ćěłâőà y ňőęŋő àăğńőęĺâì ŕő ŕőńőęĺâěńìŋëň łőàŋïň y_i = g_{ij}y^j = 2 ∑ α∈Φ^+(x) α_i(α y) . Š.ł., ŕő őŕàěďěńěŋĺî, ćáě ŕőńőęĺâěńìŋëě łőàŋĺ ĺńĺ ŕàőáâë ĺńĺ àăğńăčăîâáï ć áãňňã ŕőńőęĺâěńìŋëå łőàŋěľ, âő ŕàőďőńęăï íâã ŕàőæěďãàã ňë àăŋő ĺńĺ ŕőğďŋő àăğńőęĺň ćáě ŕőńőęĺâěńìŋëě łőàŋĺ ć áãňňã ŕàőáâëå łőàŋěľ (1.5.29), ă áńěďőćăâěńìŋő àăğńőęĺň ŕő ŕàőáâëň łőàŋïň ĺ ŕàőĺğćőńìŋëľ ćěłâőà y, â.ě. ŕàőáâëě łőàŋĺ äőàňĺàãîâ ąăğĺá r- ňěàŋőčő ŕàőáâàăŋáâćă. Š.ł. ąăğĺá ć r- ňěàŋőň ŕàőáâàăŋáâćě áőáâőĺâ ĺğ r ćěłâőàőć, âő ŕàőáâëå łőàŋěľ àőćŋő r èâãł: α^{(i)}, (i = 1, . . . , r).

(4.) Ďăńěě, áĺáâěňă ćěłâőàőć {α^{(1)}, . . . , α^{(r)}, β}, (čďě β ŕőńőęĺâěńìŋëľ ŋě ŕàőáâőľ łőàěŋì) ïćńïěâáï ńĺŋěľŋő ğăćĺáĺňőľ ĺ, áőčńăáŋő Ńěňňě 2, őďŋő ĺğ (α^{(j)}β) > 0. Šőčďă ŕő Ńěňňě 1 γ_1 = β − α^{(j)} âőęě łőàěŋì, ŕàĺçěň ŕőńőęĺâěńìŋëľ (ĺŋăçě α^{(j)} ąãďěâ ŋě ŕàőáâëň). Šěŕěàì, ńĺąő γ_1 - ŕàőáâőľ łőàěŋì ĺ áőőâćěâáâćěŋŋő β àăğńăčăěâáï ć ćĺďě áãňňë ďćãå ŕàőáâëå łőàŋěľ, ńĺąő γ_1 őŕïâì ŕőńőęĺâěńìŋëľ ŋě ŕàőáâőľ łőàěŋì, łőâőàëľ ňőęŋő áŋőćă àăğńőęĺâì ć ćĺďě γ_2 = γ_1 − α^{(k)}, čďě γ_2- ŕőńőęĺâěńìŋëľ łőàěŋì ĺ â.ď. Ŕàőďőńęăï íâã ŕàőæěďãàã, ďő âěå ŕőà ŕőłă ŋă łăłőň-ŋĺąãďì èăčě ňë ŋě ŕőńãçĺň, çâő γ_k - ŕàőáâőľ łőàěŋì, ňë ňőęěň àăğńőęĺâì ńîąőľ ŕőńőęĺâěńìŋëľ łőàěŋì ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ ŕàőáâëå, á ŕőńőęĺâěńìŋëňĺ æěńëňĺ łőíääĺæĺěŋâăňĺ. Śőőâćěâáâćěŋŋő ńîąőľ őâàĺæăâěńìŋëľ łőàěŋì ňë ňőęěň àăğńőęĺâì ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ ŕàőáâëå, á őâàĺæăâěńìŋëňĺ æěńëňĺ łőíääĺæĺěŋâăňĺ. Š.ő. âěőàěňă 2 ďőłăğăŋă.

Śńěďáâćĺě. Řăğŋőáâì ďćãå łőàŋěľ γ = β −α^{(ik )}, čďě łőàěŋì β ěáâì áãňňă ŕàőáâëå łőàŋěľ β = α^{(i1)} + α^{(i2)} + . . . + α^{(ij )} ĺ i_k ≠ i_1, . . . , i_j , ŋě ïćńïěâáï łőàŋěň. Ďěľáâćĺâěńìŋő, γ ŋě ňőęěâ ąëâì őâàĺæăâěńìŋëň łőàŋěň (ĺŋăçě α^{(ik)} ŋě ŕàőáâ). Ś ďàãčőľ áâőàőŋë γ ŋě ňőęěâ ąëâì ŕőńőęĺâěńìŋëň łőàŋěň, â.ł. íâő ŕàőâĺćőàěçĺńő ąë (1.5.29).

Łăł áńěďáâćĺě ŕãŋłâă (1.) ĺğ ďőłăğăâěńìáâćă âěőàěňë 2 ĺ äőàňãń (1.3.13), (1.3.14) ňë ĺňěěň [E_α(i) , E_{−α}(j) ] = δ_{i,j} (α^{(i)} H) . (1.5.31)

Šěőàěňă 3. Ńîąăï ŕàőáâăï ăńďčěąàă Ńĺ g őŕàěďěńïěâáï áĺáâěňőľ Δ(x) áćőĺå ŕàőáâëå łőàŋěľ.

Ďőłăğăâěńìáâćő.

Ďńï ďőłăğăâěńìáâćă ďőáâăâőçŋő ŕőáâàőĺâì ŕő ŕàőáâëň łőàŋïň g ćáě ěě łőàŋĺ. Š.ł. ěáńĺ α - łőàěŋì, âő ĺ −α - łőàěŋì, ďőáâăâőçŋő őčàăŋĺçĺâìáï ŕőáâàőěŋĺěň âőńìłő ŕőńőęĺâěńìŋëå łőàŋěľ. Ŕőńőęĺâěńìŋëľ łőàěŋì, ïćńïîéĺľáï áãňňőľ k ŕàőáâëå łőàŋěľ, ŋăğőćěň łőàŋěň ŕőàïďłă k. Ćáě łőàŋĺ ŕőàïďłă őďĺŋ ŋăň ďăŋë, ĺąő íâő – ŕàőáâëě łőàŋĺ. Šěŕěàì ŕãáâì ňë ŕőáâàőĺńĺ ćáě łőàŋĺ ŕőàïďłă k − 1. Łőàŋĺ ŕőàïďłă k ĺňěîâ ćĺď γ + α, čďě γ - łőàěŋì ŕőàïďłă k − 1, ă α - ŕàőáâőľ łőàěŋì (ŕãŋłâ (4.) ĺğ ďőłăğăâěńìáâćă âěőàěňë 2). Š.ł. ćáě łőàŋĺ γ, γ−α, γ−2α, . . . , γ−mα ŕőńőęĺâěńìŋë (ĺŋăçě α ąãďěâ ŋě ŕàőáâëň) ĺ ŕőàïďłă ňěŋìèěčő k (â.ő. m ĺğćěáâŋő ŕő ŕàěďŕőńőęěŋĺî ĺŋďãłæĺĺ), âő ćőŕàőá ő âőň, ïćńïěâáï ńĺ áãňňă γ + α łőàŋěň őŕàěďěńïěâáï äőàňãńőľ (1.4.23). Š.ě. γ +α ŋě ïćńïěâáï łőàŋěň, ěáńĺ 2(αγ)/α^2 ≥ m. Š.ő. ňë ňőęěň ŕőáâàőĺâì ćáě łőàŋĺ ŕőàïďłă k. Ůâő ĺ âàěąőćăńőáì ďőłăğăâì.

Řăááňőâàĺň âěŕěàì áâàãŋã

α^{(i)}, α^{(i)} + α^{(j)}, α^{(i)} + 2 α^{(j)}, . . . , α^{(i)} + m α^{(j)} .

Śőčńăáŋő (1.4.23) çĺáńő m ŕőńőęĺâěńìŋő ĺ àăćŋő −2(α^{(i)}α^{(j)})/(α^{(j)})^2. Łăł ňë ćĺďěńĺ m ňőęěâ ŕàĺŋĺňăâì âőńìłő ğŋăçěŋĺï 0, 1, 2, 3, ĺ áńěďőćăâěńìŋő çĺáńő łőàŋěćëå ćěłâőàőć ć áâàãŋě ŋě ŕàěćëèăěâ 4.

Ĺâăł, ŕàőáâăï ăńčěąàă Ńĺ g őŕàěďěńïěâáï čěŋěàăâőàăňĺ E_α(i) ĺ áőőâŋőèěŋĺïňĺ (áň. (1.5.31))

[E_α(i) , E_{−α}(j) ] = δ_{i,j} (α^{(i)} H) ,

[(α^{(i)} H), E_α(j) ] = (α^{(i)} α^{(j)}) E_α(j) ⇒ [H_α(i) , E_α(j) ] = K_{ji} E_α(j) ,

[E_α(i) , E_α(j) ] = N_α(i)_{,α}(j) E_α(i)_{+α}(j) ,

(1.5.32)

[E_α(j) , . . . [E_α(j) , m+1 E_α(i) ] = ad^{m+1}_{Eα(j)} ∗ E_α(i) = 0 , ( m = −2 (α^{(i)}α^{(j)}) (α^{(j)})^2 ) . (1.5.33)

Śőőâŋőèěŋĺě (1.5.33) ŋăğëćăěâáï áőőâŋőèěŋĺěň Śěààă, ă ňăâàĺæă

K_{ij} = 2

(α^{(i)}α^{(j)}) (α^{(j)})^2

ŋăğëćăěâáï ňăâàĺæěľ Łăàâăŋă. Őçěćĺďŋő, çâő K_{ii} = 2, ĺ áőčńăáŋő (1.4.27) ňë ĺňěěň áńěďãîéĺě ćőğňőęŋőáâĺ (i ≠ j):

K_{ij} = 0 −1 −1 −1 K_{ji} = 0 −1 −2 −3 (α^{(j)})^2/(α^{(i)})^2 = ? 1 2 3 cos(θ_{ij}) = 0 −1/2 − √ 2/2 − √ 3/2 θ_{ij} = 90^o 120^o 135^o 150^o

(1.5.34)

čďě θ_{ij} ãčőń ňěęďã ďćãňï ŕàőáâëňĺ łőàŋïňĺ α^{(j)} ĺ α^{(i)}.

Čàăäĺçěáłőě ŕàěďáâăćńěŋĺě łőàŋěćëå ćěłâőàőć ŋăğëćăěâáï ćěłâőàŋőľ ďĺăčàăňňőľ. Śőčńăáŋő (1.5.34) ńěčłő ŋăàĺáőćăâì ćáě ćőğňőęŋëě ďćãňěàŋëě ďĺăčàăňňë:

α^{(1)} α^{(2)}

A_2 α^{(1)} α^{(2)}

B_2

àĺá. 1 α^{(1)} α^{(2)}

G_2

1.6 Ďĺăčàăňňë Ďëŋłĺŋă ĺ łőàŋěćëě áĺáâěňë łńăááĺçěáłĺå ăńčěąà Ńĺ.

Ĺğ ŕàěďëďãéěčő őąáãęďěŋĺï ïáŋő, çâő âőńìłő ŋěďĺăčőŋăńìŋëě íńěňěŋâë ňăâàĺæë Łăàâăŋă ïćńïîâáï ćăęŋëňĺ ĺ ŋěáãâ ć áěąě ŕőńŋãî ĺŋäőàňăæĺî őą ĂŃ, ďĺăčőŋăńìŋëě íńěňěŋâë ćáěčďă àăćŋë 2. Őłăğëćăěâáï, çâő ňăâàĺæã Łăàâăŋă ňőęŋő ğăłőďĺàőćăâì ć ćĺďě ďĺăčàăňňë. Šăłĺě ďĺăčàăňňë ŋăğëćăîâáï ďĺăčàăňňăňĺ Ďëŋłĺŋă. Łőďĺàőćăŋĺě őáãéěáâćńïěâáï á ŕőňőéìî ŕàăćĺń

1.) Ŋěőąåőďĺňő ŋăàĺáőćăâì r = rang (g) - âőçěł, áőőâćěâáâćãîéĺå ŕàőáâëň łőàŋïň α^{(i)}.

2.) Śőěďĺŋĺâì i-ãî ĺ j-ãî âőçłĺ á ŕőňőéìî (K_{ij} K_{ji}) ńĺŋĺľ (çĺáńő âăłĺå ńĺŋĺľ ňőęěâ ąëâì âőńìłő 0, 1, 2, 3).

3.) Ěáńĺ ňěęďã âőçłăňĺ i ĺ j ŕàőåőďïâ ąőńìèě çěň őďŋă ńĺŋĺï, ŋěőąåőďĺňő ŋăàĺáőćăâì áâàěńłã (> ĺńĺ <) ãłăğëćăîéãî ŋă łőàěŋì á ňěŋìèěľ ďńĺŋŋőľ.

Ć łăçěáâćě ŕàĺňěàă ŋăàĺáãěň ďĺăčàăňňë Ďëŋłĺŋă, łőâőàëě áőőâćěâáâćãîâ ćěłâőàŋëň ďĺăčàăňňăň, ŕàěďáâăćńěŋŋëň ŋă àĺá. 1:

α^{(1)} α^{(2)}

|α^{(2)}|^2 = |α^{(1)}|^2

A_2 α^{(1)} α^{(2)}

B_2

|α^{(2)}|^2 = 2|α^{(1)}|^2 <

àĺá. 2 α^{(1)} α^{(2)}

|α^{(2)}|^2 = 3|α^{(1)}|^2

G_2 <

Ŕőłăęěň âěŕěàì łăł ŕőáâàőĺâì ďĺăčàăňňë Ďëŋłĺŋă ďńï ŕàőáâëå ăńčěąà łńăááĺçěáłĺå áěàĺľ (â.ě. ďńï ăńčěąà, łőâőàëě áőőâćěâáâćãîâ čàãŕŕăň SL(n), SO(n) ĺ Sp(2n)). Ăńčěąàă sl(n). A-áěàĺï. İâă ăńčěąàă ąěáèŕãàőćëå ňăâàĺæ n × n ĺňěěâ àăğňěàŋőáâì (n^2 − 1). Ŕàěęďě ćáěčő őŕĺèěň áĺáâěňã łőàŋěľ ăńčěąàë sl(n). Ŕőďăńčěąàă Łăàâăŋă ğăďăěâáï ćěéěáâćěŋŋëňĺ ďĺăčőŋăńìŋëňĺ ąěáèŕãàőćëňĺ ňăâàĺæăňĺ (A)_{ij} = a_i δ_{ij} , ( ∑ i a_i = 0). Őâáîďă áńěďãěâ, çâő àăŋč su(n) àăćěŋ n − 1 ĺ áőőâćěâáâćěŋŋő ăńčěąàă sl(n) ĺňěěâ (n^2 − 1) − (n − 1) = n(n − 1) łőàŋěľ. Řăááňőâàĺň n × n ňăâàĺæë E_{ij} (i ≠ j), łőâőàëě ĺňěîâ âőńìłő őďĺŋ ŋěŋãńěćőľ íńěňěŋâ (E_{ij} )_{kl} = δ_{ik}δ_{jl}. Ńěčłő ŕàőćěàĺâì, çâő

[E_{ij} , E_{mn}]_{kl} = δ_{ik} δ_{jm} δ_{nl} − δ_{mk} δ_{ni} δ_{jl} = δ_{jm} (E_{in})_{kl} − δ_{ni} (E_{mj} )_{kl} . (1.6.35)

[A, E_{ij} ]_{km} = a_k δ_{ik} δ_{jm} − a_m δ_{jm} δ_{ik} = (a_i − a_j) (E_{ij} )_{km} . (1.6.36) Š.ő. íńěňěŋâë E_{ij} áőőâćěâáâćãîâ łőàŋïň ăńčěąàë sl(n). Ůĺáńő łőàŋěćëå íńěňěŋâőć E_{ij} àăćŋő n(n−1), çâő áőćŕăďăěâ á çĺáńőň ćáěå łőàŋěľ ăńčěąàë sl(n) ĺ áńěďőćăâěńìŋő ňë ŋăèńĺ ćáě łőàŋěćëě íńěňěŋâë sl(n). İńěňěŋâë E_{ij} ĺ E_{ji} áőőâćěâáâćãîâ ďćãň ŕàőâĺćőŕőńőęŋëň łőàŋïň (α ĺ −α). Ďěľáâćĺâěńìŋő

[E_{ij} , E_{ji}]_{km} = δ_{ik} δ_{im} − δ_{jk} δ_{jm} = (E_{ii})_{km} − (E_{jj})_{km} = (h_i − h_j )_{km} , (1.6.37)

čďě ňë ĺáŕőńìğőćăńĺ őąőğŋăçěŋĺě h_i ≡ E_{ii}. Őçěćĺďŋő, çâő ňăâàĺæă (h_i − h_j ) ïćńïěâáï íńěňěŋâőň ŕőďăńčěąàë Łăàâăŋă sl(n), â.ł. ïćńïěâáï ďĺăčőŋăńìŋőľ ĺ ąěáèŕãàőćőľ ňăâàĺæěľ. Śàăćŋĺň (1.6.36) á áőőâŋőèěŋĺěň [H_i, E_α] = α_i E_α, čďě ŕőńőęĺň H_i ≡ h_i − 1/n · 1 , T r(H_i) = 0 , ∑ i H_i = 0 .

Ĺğ (1.6.36) ňë ĺňěěň

[H_i, E_{kl}]_{mn} = (δ_{ik} − δ_{il}) (E_{kl})_{mn} = (e^{(k)}_i − e^{(l)}_i ) (E_{kl})_{mn} , (1.6.38)

â.ě. E_{kl} áőőâćěâáâćãěâ E_α á łőàŋěćëň ćěłâőàőň α_i = e^{(k)}_i −e^{(l)}_i ≡ α^{(kl)}_i . čďě e^{(k)} ïćńïěâáï ěďĺŋĺçŋëň ćěłâőàőň e^{(k)}_i = δ^k_i ć n-ňěàŋőň ćěłâőàŋőň ŕàőáâàăŋáâćě. Šěŕěàì ńěčłő ćëçĺáńĺâì ňěâàĺłã ć łőàŋěćőň ŕàőáâàăŋáâćě ćőáŕőńìğőćăćèĺáì äőàňãńőľ (1.3.15) g_{ij} = ∑ k,l (e^{(k)} − e^{(l)})_i (e^{(k)} − e^{(l)})_j = = 2 n (δ_{ij} − 1/n) ∼ T r(H_iH_j ) = δ_{ij} − 1/n . (1.6.39)

Ğăňěâĺň, çâő:

1.) ćáě łőàŋěćëě ćěłâőàă α^{(ij)} ńěęăâ ć n − 1-ňěàŋőň ŕàőáâàăŋáâćě Φ_{su(n)}, őàâőčőŋăńìŋőň ćěłâőàã u = ∑ k e^{(k)} = (1, 1, . . . , 1), â.ł. (e_{(i)} − e_{(j)}) · ∑_n k=1 e_{(k)} = 0. Ś ŕőňőéìî ćěłâőàă u ňěâàĺłă (1.6.39) ğăŕĺáëćăěâáï ć ćĺďě g_{ij} = 2 n (δ_{ij} −^1_n u_iu_j), ă őąàăâŋăï ňěâàĺłă ŋă Φ_{su(n)} àăćŋă g^{ij} =^1_{2 n} (δ^{ij} −^1_n u^iu^j). 2.) Ďńĺŋŋă ćáěå łőàŋěćëå ćěłâőàőć őďĺŋăłőćă ĺ àăćŋă √ 1/n, â.ł. (α_{(ij)})^2 = 1/n (∀i, j). 3.) Ć łăçěáâćě ŕàőáâëå łőàŋěľ ňőęŋő ćëąàăâì (n − 1) ŋěğăćĺáĺňëå ćěłâőàőć α^{(i)} = α^{(i i+1)}. Ďěľáâćĺâěńìŋő, ćëąěàěň ćěłâőà x = (x^1, x^2, . . . , x^n), äĺłáĺàãîéĺľ ŕőńőęĺâěńìŋëě ĺ őâàĺæăâěńìŋëě łőàŋĺ, âăłőľ, çâő ∑ x^i = 0 ĺ x^i > x^j (ěáńĺ i < j). Šőčďă ćáě łőàŋĺ e^{(i)} − e^{(j)} ŕàěďáâăćĺňë ć ćĺďě

e^{(i)} − e^{(j)} = α^{(i)} + α^{(i+1)} + . . . + α^{(j−1)} (i < j) ŕőńőęĺâěńìŋëě łőàŋĺ,

e^{(i)} − e^{(j)} = −α^{(j)} − α^{(j+1)} − . . . − α^{(i−1)} (i > j) őâàĺæăâěńŋëě łőàŋĺ.

İâĺ áőőâŋőèěŋĺï ĺ ŕőłăğëćăîâ, çâő α^{(i)} äőàňĺàãîâ ąăğĺá ŕàőáâëå łőàŋěľ, â.ł. ĺå łőíääĺæĺěŋâë ć àăğńőęěŋĺĺ ŕőńőęĺâěńìŋëå ĺ őâàĺæăâěńìŋëå łőàŋěľ, ïćńïîâáï áőőâćěâáâćěŋŋő ŕőńőęĺâěńìŋëňĺ ĺ őâàĺæăâěńìŋëňĺ æěńëňĺ çĺáńăňĺ. 4.) Ďńï ćëąàăŋŋëå ŋăňĺ ŕàőáâëå łőàŋěľ ňë ĺňěěň

(α^{(i)}α^{(j)}) = (e^{(i)}_k − e^{(i+1)}_k ) g^{kl} (e^{(j)}_l − e^{(j+1)}_l ) = 1 2n (2δ_{ij} − δ_{i+1,j} − δ_{i,j+1}) , ĺ âăł łăł (α^{(i)})^2 = 1/n, âő ňăâàĺæă Łăàâăŋă ĺňěěâ ćĺď (1 ≥ i, j ≥ n − 1):

K_{ij} = 2

(α^{(i)}α^{(j)}) (α^{(j)})^2 = K_{ii} = 2 ;

K_{ij} = −1 ěáńĺ |i − j| = 1 ; K_{ij} = 0 ěáńĺ |i − j| ≠ 0, 1 .

Ĺ áőőâćěâáâćãîéăï ďĺăčàăňňă Ďëŋłĺŋă ěáâì:

α^{(1)} α^{(2)} α^{(3)} . . . . . . . α^{(n−2)} α^{(n−1)}

àĺá. 3

Ăńčěąàă so(n). B ĺ D áěàĺĺ. İâă ăńčěąàă ćěéěáâćěŋŋëå ăŋâĺáĺňňěâàĺçŋëå ňăâàĺæ n × n ĺ ěě àăğňěàŋőáâì àăćŋă n(n − 1)/2. Ąăğĺá ć íâőľ ăńčěąàě ňőęŋő ğăďăâì á ŕőňőéìî ňăâàĺæ

(L_{(ij)})_{km} = (−E_{ij} + E_{ji})_{km} = −δ_{ik} δ_{jm} + δ_{jk} δ_{im} . (1.6.40)

Ŕàïňőě ćëçĺáńěŋĺě ďăěâ (áň. (1.6.35)) [L_{(ij)}, L_{(mn)}] = [−E_{ij} + E_{ji}, −E_{mn} + E_{nm}] = δ_{im}L_{(jn)} − δ_{jm}L_{(in)} + δ_{jn}L_{(im)} − δ_{in}L_{(jm)} . (1.6.41)

Ćëąěàěň ć łăçěáâćě ŕőďăńčěąàë Łăàâăŋă, ăńčěąàã, čěŋěàĺàãěňãî íàňĺâőćëňĺ łőňňãâĺàãîéĺňĺ ňăâàĺæăňĺ

i L_{(12)} ≡ H_1 , i L_{(34)} ≡ H_2 , i L_{(56)} ≡ H_3 , . . . , i L_{(2r−1 2r)} ≡ H_r , (1.6.42) čďě 2r = n ďńï n - çěâŋőčő ĺ 2r = n − 1 ďńï n - ŋěçěâŋőčő. Šăłĺň őąàăğőň, so(2r) ĺ so(2r + 1) ĺňěîâ őďĺŋ ĺ âőâ ęě àăŋč r. Őâňěâĺň, çâő ňěâàĺłă ć łőàŋěćőň ŕàőáâàăŋáâćě ĺňěěâ ćĺď

g_{ij} ∼ T r(H_i H_j) = −T r[(E_{i i+1} − E_{i+1 i})(E_{j j+1} − E_{j+1 j} )] = 2 δ_{ij} . (1.6.43) Ďńï ăńčěąà so(2r) ĺ so(2r + 1) çĺáńő łőàŋěľ àăćŋő áőőâćěâáâćěŋŋő 2r (2r − 1) 2 − r = 2 r (r − 1) ,

(2r + 1) 2r 2 − r = 2 r^2 . (1.6.44) Ĺááńěďãěň âěŕěàì łőàŋěćëě áĺáâěňë so(2r) ĺ so(2r + 1). Ďńï âőčő, çâőąë áďěńăâì íâő ŕőáâàőĺň step-őŕěàăâőàë. Ĺğ (1.6.41) áńěďãěâ, çâő [L_{(12)}, L_{(13)}] = L_{(23)} , [L_{(12)}, L_{(23)}] = −L_{(13)} . (1.6.45) Šěŕěàì ŕő ăŋăńőčĺĺ á ãčńőćëň ňőňěŋâőň ňë ĺňěěň (ϵ = ±1) [i L_{(12)}, L_{(13)} + iϵL_{(23)}] = ϵ (L_{(13)} + iϵL_{(23)}) , (1.6.46) Ăŋăńőčĺçŋăï äőàňãńă ąãďěâ ŕàĺ ğăňěŋě 3 → 4. Őďŋăłő, łőňąĺŋăæĺĺ (L_{(1k)} +iϵL_{(2k)}) ≡ L^{(ϵ)}_{(12,k)} (k = 3, 4) ŋě ňőčãâ ąëâì step-őŕěàăâőàăňĺ, â.ł. [L_{(34)}, L_{(14)} + iϵL_{(24)}] = −(L_{(13)} + iϵL_{(23)}) ⇒ [L_{(34)}, L^{(ϵ)}_{(12,4)}] = −L^{(ϵ)}_{(12,3)} , [L_{(34)}, L^{(ϵ)}_{(12,3)}] = L^{(ϵ)}_{(12,4)} .

(1.6.47)

Ďăŋŋăï âàãďŋőáâì őąåőďĺâáï, ěáńĺ ğăňěâĺâì, çâő (1.6.47) ŋăŕőňĺŋăîâ (1.6.45) ĺ àăááňőâàěâì łőňąĺŋăæĺî L = (L_{(13)} + iϵL_{(23)}) + i η(L_{(14)} + iϵL_{(24)}) = = (L^{(ϵ)}_{(12,3)} + iηL^{(ϵ)}_{(12,4)}) = −(L^{(η)}_{(34,1)} + iϵL^{(η)}_{(34,2)}) ≡ L^{(ϵ,η)}_{(12,34)} = −L^{(η,ϵ)}_{(34,12)} ,

(1.6.48)

čďě ϵ ĺ η ňőčãâ ŋěğăćĺáĺňő ŕàĺŋĺňăâì ğŋăçěŋĺï ±1. Ďěľáâćĺâěńìŋő, ĺğ (1.6.42), (1.6.46) ĺ (1.6.47) ňë ĺňěěň

[H_1, L] = ϵL , [H_2, L] = η L , [H_3, L] = 0 , . . . , [H_r, L] = 0 . (1.6.49) Š.ő., őŕěàăâőà L áőőâćěâáâćãěâ çěâëàěň łőàŋïň (±1, ±1, 0, . . . , 0) = ±e^{(1)} ± e^{(2)} ć ğăćĺáĺňőáâĺ őâ ğŋăçěŋĺľ ϵ = ±1, η = ±1. Ğďěáì e^{(i)} - ěďĺŋĺçŋëě ćěłâőàă ć r - ňěàŋőň ŕàőáâàăŋáâćě. Ďăŋŋăï łőŋáâàãłæĺï őąőąéăěâáï ŋă áńãçăľ, łőčďă ďĺăčőŋăńĺğãîâáï ŕàőĺğćőńìŋëě ďćă čěŋěàăâőàă {H_i, H_j } ŕőďăńčěąàë Łăàâăŋă. Ŋěőąåőďĺňő àăááňőâàěâì ĺŋćăàĺăŋâŋőě (őâŋőáĺâěńìŋő ŕàĺáőěďĺŋěŋŋőčő ďěľáâćĺï őŕěàăâőàőć {H_i, H_j }) ŕőďŕàőáâàăŋáâćő ŋăâïŋãâőě ŋă čěŋěàăâőàë {L_{(i,j)}, L_{(i,j+1)}, L_{(i+1,j)}, L_{(i+1,j+1)}}, (i, j =

1, 3, 5, . . .), ńĺŋěľŋăï łőňąĺŋăæĺï łőâőàëå L^{(ϵ,η)}_{(i i+1,j j+1)}, âĺŕă (1.6.48), ąãďěâ őŕàěďěńïâì łőàŋĺ. Ŋă íâőň ŕãâĺ ňë ŋăåőďĺň, çâő so(n) (ć őąőĺå áńãçăïå, łőčďă n çěâŋőě ĺ ŋěçěâŋőě) ĺňěěâ ŋăąőà łőàŋěľ (±e^{(i)} ± e^{(j)}) (i < j, i, j = 1, . . . , r). Śőčńăáŋő őŕàěďěńěŋĺî ňěâàĺłĺ (1.6.43) ćáě íâĺ łőàŋĺ ĺňěîâ őďĺŋăłőćãî ďńĺŋŋã ĺ ĺå çĺáńő àăćŋő r(r−1) 2 · 4 = 2r(r − 1). Ďńï so(2r) íâő çĺáńő áőćŕăďăěâ á çĺáńőň ćáěå łőàŋěľ ĺ áńěďőćăâěńìŋő ć íâőň áńãçăě ňë ŋăèńĺ ćáě łőàŋĺ. Ďńï so(2r + 1) ňë ďőńęŋë ŋăľâĺ ďőŕőńŋĺâěńìŋëě łőàŋĺ.

Ŕàěęďě çěň ŕěàěľâĺ ł őąáãęďěŋĺî áĺáâěň ŕàőáâëå łőàŋěľ ďńï ăńčěąà so(n) ŕàĺćěďěň łőňňãâăæĺőŋŋëě áőőâŋőèěŋĺï ďńï łőàŋěćëå őŕěàăâőàőć (1.6.48), łőâőàëě ŕőŋăďőąïâáï ŋăň ć ďăńìŋěľèěň ŕàĺ őąáãęďěŋĺĺ ăńčěąàë G_2

[L^{(ϵ,η)}_{(12,34)}, L^{(ρ,κ)}_{(34,56)}] = (ηρ − 1) L^{(ϵ,κ)}_{(12,56)} . (1.6.50)

A. so(2r) – D áěàĺï.

Ćëąěàěň ć ŕàőáâàăŋáâćě łőàŋěľ ćěłâőà x = (x_1, . . . , x_r), őŕàěďěńïîéĺľ ŕőńőęĺâěńìŋëě łőàŋĺ âăłőľ, çâő ŕàĺ i < j ňë ĺňěěň x_i > ±x_j . Šőčďă łőàŋĺ e^{(i)} ± e^{(j)} (i < j) ïćńïîâáï ŕőńőęĺâěńìŋëňĺ, ă −(e^{(i)} ± e^{(j)}) (i < j) – őâàĺæăâěńìŋëňĺ. Šőčďă ć łăçěáâćě ŕěàćëå r − 1 ŕàőáâëå łőàŋěľ ňőęŋő ćëąàăâì

α^{(1)} = e^{(1)} − e^{(2)} , α^{(2)} = e^{(2)} − e^{(3)} , . . . , α^{(r−1)} = e^{(r−1)} − e^{(r)} , (1.6.51)

ă r-ëľ łőàěŋì őŕàěďěńĺň łăł

α^{(r)} = e^{(r−1)} + e^{(r)} . (1.6.52)

İâĺ łőàŋĺ ïćńïîâáï ŕàőáâëňĺ, â.ł. őŋĺ őąàăğãîâ ąăğĺá ĺ ďńï ŕőńőęĺâěńìŋëå łőàŋěľ ňë ĺňěěň

e^{(i)} − e^{(j)} = α^{(i)} + . . . + α^{(j−1)} , (i < j) ,

e^{(i)} + e^{(j)} = (e^{(i)} − e^{(j)}) + 2(e^{(j)} − e^{(r−1)}) + (e^{(r−1)} − e^{(r)}) + (e^{(r−1)} + e^{(r)}) =

(α^{(i)} + . . . + α^{(j−1)}) + 2(α^{(j)} + . . . + α^{(r−2)}) + α^{(r−1)} + α^{(r)}(i < j < r) ,

e^{(i)} + e^{(r)} = (e^{(i)} − e^{(r−1)}) + +(e^{(r−1)} + e^{(r)}) = (α^{(i)} + . . . + α^{(r−2)}) + α^{(r)}(i < j = r) ,

â.ě. ćáě łőíääĺæĺěŋâë àăğńőęěŋĺï ïćńïîâáï æěńëňĺ ŕőńőęĺâěńìŋëňĺ çĺáńăňĺ. Ďěľáâćãï âěň ęě áŕőáőąőň, ńěčłő ňőęŋő ćëàăğĺâì ćáě őâàĺæăâěńìŋëě łőàŋĺ ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ ŕàőáâëå łőàŋěľ (1.6.51), (1.6.52), ŋő ãęě á őâàĺæăâěńìŋëňĺ łőíääĺæĺěŋâăňĺ. Ďĺăčàăňňă Ďëŋłĺŋă ďńï so(2r) âěŕěàì ńěčłő áâàőĺâáï ŕő ňăâàĺæě Łăàâăŋă, łőâőàãî ňőęŋő ćëçĺáńĺâì, ğŋăï ćáě ŕàőáâëě łőàŋĺ (1.6.51), (1.6.52) ĺ ňěâàĺłã (1.6.43). Ňë ãęě őâňěçăńĺ, çâő ďńĺŋŋă ćáěå ŕàőáâëå łőàŋěľ őďĺŋăłőćă. Ďăńěě K_{i,j} = 2 (α^{(i)}α^{(j)}) (α^{(j)})^2 = (2 δ_{ij} − δ_{i,j−1} − δ_{i−1,j} ) (i, j < r − 1) ,

K_{r,i} = K_{i,r} = 2 (α^{(i)}α^{(r)}) (α^{(r)})^2

= (2δ_{i,r} − δ_{i,r−2}) . (1.6.53)

K =

2 −1 0 . . . 0 0 0 0 −1 2 −1 . . . 0 0 0 0 0 −1 2 . . . 0 0 0 0 0 0 −1 . . . 0 0 0 0 . . . . . . . . . . 0 0 0 . . . 2 −1 0 0 0 0 0 . . . −1 2 −1 −1 0 0 0 . . . 0 −1 2 0 0 0 0 . . . 0 −1 0 2

Š.ő. ďĺăčàăňňă Ďëŋłĺŋă ăńčěąàë so(2r) ĺňěěâ ćĺď

α^{(1)} α^{(2)} . . . . . . . α^{(r−3)} α^{(r−2)} α^{(r−1)}

α^{(r)} àĺá. 4

Ğăňěâĺň, çâő ěáńĺ ňë ãďăńĺň ĺğ ďĺăčàăňňë Ďëŋłĺŋă ďńï so(2r) ŋă àĺá. 4 łàãęőł, áőőâćěâáâćãîéĺľ łőàŋî α^{(r)} (ĺńĺ α^{(r−1)}), âő ć àěğãńìâăâě ňë ŕőńãçĺň ďĺăčàăňňã Ďëŋłĺŋă ŋă àĺá. 3 ďńï ăńčěąàë su(r) (rang(su(r)) = r − 1). Š.ě. su(r) ïćńïěâáï ŕőďăńčěąàőľ so(2r) ĺ ňőęěâ ąëâì áčěŋěàĺàőćăŋă Łăàâăŋőćáłĺňĺ íńěňěŋâăňĺ H_1, . . . , H_{r−1} ĺ őŕěàăâőàăňĺ á łőàŋïňĺ α^{(1)}, . . . , α^{(r−1)}.

A. so(2r+1) – B áěàĺï.

Ďńï ăńčěąàë so(2r) ňë ŕőńãçĺńĺ 2r(r−1) łőàŋěľ ±e^{(i)} ±e^{(j)} (i ≠ j). Őďŋăłő ďńï ăńčěąàë so(2r + 1) çĺáńő łőàŋěľ ďőńęŋő ąëâì 2r^2 (1.6.44). Ŋăň ŋěőąåőďĺňő ŋăľâĺ ěéě 2r ďőŕőńŋĺâěńìŋëå step-őŕěàăâőàőć. Ş ŋăá ěáâì ďőŕőńŋĺâěńìŋëľ ĺŋďěłá 2r+1. Ćőğìňěň őŕěàăâőà L_{1,2r+1}. Ŋă ŋěčő ŋěâàĺćĺăńìŋő ďěľáâćãěâ âőńìłő őďĺŋ łăàâăŋőćáłĺľ íńěňěŋâ H_1 = i L_{12}: [H_1, L_{1,2r+1}] = i L_{2,2r+1}. Ŋă íńěňěŋâ L_{2,2r+1} ŋěâàĺćĺăńìŋő ďěľáâćãěâ âăłęě âőńìłő őďĺŋ łăàâăŋőćáłĺľ íńěňěŋâ H_1: [H_1, L_{2,2r+1}] = −i L_{1,2r+1}. Š.ő. őâŋőáĺâěńìŋő łăàâăŋőćáłőľ ŕőďăńčěąàë ńĺŋěľŋőě ŕàőáâàăŋáâćő á ąăğĺáőň L_{i,2r+1} (i = 1, 2) ïćńïěâáï ĺŋćăàĺăŋâŋëň ĺ ěáâěáâćěŋŋő ĺáłăâì step-őŕěàăâőà łăł ńĺŋěľŋãî łőňąĺŋăæĺî L_α = L_{1,2r+1} + α L_{2,2r+1}. Ĺňěěň

[H_1, L_α] = i L_{2,2r+1} − i α L_{1,2r+1} = −i α (L_{1,2r+1} − 1 α L_{2,2r+1}) ,

[H_j , L_α] = 0 (j = 2, 3, . . .) ,

ĺ, áńěďőćăâěńìŋő, L_α - step- őŕěàăâőà ěáńĺ α^2 = −1 ⇒ α = ±i á łőàŋěň (−iα, 0, . . . , 0) = (±1, 0, . . . , 0). Ďěľáâćãï ć íâőň ŋăŕàăćńěŋĺĺ ňë ŋăåőďĺň 2r ďőŕőńŋĺâěńìŋëå step - őŕěàăâőàőć á łőàŋïňĺ (±1, 0, . . . , 0), (0, ±1, 0, . . . , 0), . . ., (0, 0, . . . , ±1). Š.ő. łőàŋïňĺ ďńï so(2r + 1) ïćńïîâáï ćěłâőàă

±e^{(i)} ± e^{(j)} á ďńĺŋŋőľ √ 2 , ±e^{(i)} á ďńĺŋŋőľ 1 ,

(ğďěáì ňë ćëąàăńĺ ŋőàňĺàőćłã ňěâàĺłĺ âăł, çâő g^{ij} = δ_{ij} ), łőâőàëě áőőâćěâáâćãîâ łőàŋěćëň őŕěàăâőàăň L^{(ϵ,η)}_{(i i+1,j j+1)} = L_{(i j)} + iϵL_{(i+1,j)} + iηL_{(i,j+1)} − ϵη L_{(i+1,j+1)} , L^{(ρ)}_{(i)} = L_{(i,2r+1)} + iρL_{(i+1,2r+1)} (i, j = 1, 3, 5, . . .) ,

(1.6.54)

á łőňňãâăæĺőŋŋëňĺ áőőâŋőèěŋĺïňĺ (1.6.50) ĺ

[L^{(ϵ)}_{(i)} , L^{(η)}_{(i)} ] = (η − ϵ)H_{(i+1)/2} ,

[L^{(ϵ,η)}_{(i i+1,j j+1)}, L^{(ρ,κ)}_{(i i+1,j j+1)}] = (1 − ηκ)(ρ − ϵ) H_{(i+1)/2} + (1 − ϵρ)(κ − η) H_{(j+1)/2} ,

[L^{(ϵ)}_{(i)} , L^{(η)}_{(j)} ] = L^{(ϵ,η)}_{(i i+1,j j+1)} , [L^{(ρ)}_{(i)} , L^{(ϵ,η)}_{(i i+1,j j+1)}] = (ρϵ − 1) L^{(η)}_j . (1.6.55) Ŕàőáâëě ćěłâőàă ďńï so(2r + 1) ćëąĺàăîâáï ć ćĺďě

α^{(1)} = e^{(1)} − e^{(2)} , . . . , α^{(r−1)} = e^{(r−1)} − e^{(r)} , α^{(r)} = e^{(r)} , (1.6.56)

ĺ ďńï ŕőńőęĺâěńìŋëå łőàŋěľ (i < j) ňë ŕőńãçăěň

e^{(i)} − e^{(j)} = α^{(i)} + α^{(i+1)} + . . . + α^{(j−1)} , e^{(i)} + e^{(j)} = α^{(i)} + α^{(i+1)} + . . . + α^{(j−1)} + 2(α^{(j)} + α^{(j+1)} + . . . + α^{(r)}) , e^{(i)} = α^{(i)} + α^{(i+1)} + . . . + α^{(r)} .

Őâàĺæăâěńìŋëě łőàŋĺ ćëàăęăîâáï çěàěğ ŕàőáâëě ăŋăńőčĺçŋő, ŋő á őâàĺæăâěńìŋëňĺ łőíääĺæĺěŋâăňĺ. Ňăâàĺæă Łăàâăŋă ćëçĺáńïěâáï ŕő (1.6.56) ĺ ĺňěěâ ćĺď K_{i,j} = 2 (α^{(i)}α^{(j)}) (α^{(j)})^2 = (2 δ_{ij} − δ_{i,j−1} − δ_{i−1,j} ) (i, j < r − 1) ,

K_{i,r} = 2 (α^{(i)}α^{(r)}) (α^{(r)})^2 = (−2 δ_{i,r−1} + 2δ_{i,r}) , K_{r,i} = 2 (α^{(r)}α^{(i)}) (α^{(i)})^2 = (−1 δ_{i,r−1} + 2δ_{i,r}) ,

K =

2 −1 0 . . . 0 0 0 0 −1 2 −1 . . . 0 0 0 0 0 −1 2 . . . 0 0 0 0 0 0 −1 . . . 0 0 0 0 . . . . . . . . . . 0 0 0 . . . −1 2 −1 0 0 0 0 . . . 0 −1 2 −2 0 0 0 . . . 0 0 −1 2 Š.ő. ďĺăčàăňňă Ďëŋłĺŋă ăńčěąàë so(2r + 1) àĺáãěâáï łăł

α^{(1)} α^{(2)} . . . . . . . α^{(r−2)} α^{(r−1)} α^{(r)} > àĺá. 5

Ăńčěąàă sp(2r). C_r - áěàĺï. Čàãŕŕă, áőőâćěâáâćãîéăï íâőľ ăńčěąàě, ŕő őŕàěďěńěŋĺî áőåàăŋïěâ łőáőáĺňňěâàĺçŋãî ąĺńĺŋěľŋãî äőàňã u_iX_{ij}v_j , čďě u, v ćěłâőàă ć 2r- ňěàŋőň ŕàőáâàăŋáâćě, ă ňăâàĺæă X ïćńïěâáï łőáőáĺňňěâàĺçŋőľ ŋěćëàőęďěŋŋőľ ňăâàĺæěľ. Š.ő. íńěňěŋâăňĺ ăńčěąàë sp(2r) ïćńïîâáï 2r × 2r ňăâàĺæë L, ãďőćńěâćőàïîéĺě ãáńőćĺî áĺňŕńěłâĺçŋőáâĺ L^t X +X L = 0. Őâáîďă áńěďãěâ áĺňňěâàĺçŋőáâì ňăâàĺæë M ≡ (X L) = (X L)^t ĺ áńěďőćăâěńìŋő àăğňěàŋőáâì ăńčěąàë so(2r) àăćŋă 2r(2r + 1)/2 = r(2r + 1) (â.ł. ńîąőľ íńěňěŋâ ăńčěąàë sp(2r) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě X^{−1} M). Ćëąěàěň ňăâàĺæë X ĺ L ć ąńőçŋőň ćĺďě X = ( 0 I_r −I_r 0 ) , L = ( A B C D ) . Šőčďă ãáńőćĺě áĺňŕńěłâĺçŋőáâĺ ňăâàĺæë L ďăěâ A = −D^t, B^t = B ĺ C^t = C ĺ ňë ňőęěň ćëąàăâì áńěďãîéĺľ ąăğĺá ć ăńčěąàě sp(2r): E_{i,i} − E_{r+i,r+i} ≡ H_i (i = 1, . . . , r), E_{i,j} − E_{r+j,r+i} ≡ A_{ij} (i ≠ j = 1, . . . , r) , E_{i,r+j} + E_{j,r+i} ≡ B_{ij} , E_{r+i,j} + E_{r+j,i} ≡ C_{ij} (i, j = 1, . . . , r) . (1.6.57) Ńěčłő ŕàőćěàĺâì, çâő ňë ŕěàěçĺáńĺńĺ ćěáì ąăğĺá sp(2r). Ďĺăčőŋăńìŋëě íńěňěŋâë H_i (i = 1, . . . , r) ěáâěáâćěŋŋő áçĺâăâì łăàâăŋőćáłĺňĺ íńěňěŋâăňĺ. Šěŕěàì ńěčłő ŕàőćěàĺâì, çâő (E_{ij} E_{kl} = δ_{jk} E_{il})

[H_i, A_{kl}] = (e^{(k)} − e^{(l)})_i A_{kl} , [H_i, B_{kl}] = (e^{(k)} + e^{(l)})_i B_{kl} , [H_i, C_{kl}] = −(e^{(k)} + e^{(l)})_i C_{kl} . (1.6.58) Š.ő. łőàŋïňĺ ăńčěąàë so(2r) ïćńïîâáï ćěłâőàă: ±2 e^{(k)}, ±(e^{(k)} +e^{(l)}) ĺ (e^{(k)} −e^{(l)}) (k ≠ l). Ąăğĺá ŕàőáâëå łőàŋěľ ňőęŋő ćëąàăâì ć ćĺďě (e^{(1)} −e^{(2)}, . . . , e^{(r−1)} −e^{(r)}, 2 e^{(r)}). Ğăňěâĺň, çâő łőàŋěćăï áĺáâěňă C-áěàĺĺ (sp(2r)) ïćńïěâáï ďãăńìŋőľ ł B-áěàĺĺ (so(2r + 1)): α → α/(α)^2. Ŕőíâőňã ďńï sp(2r) ňăâàĺæă Łăàâăŋă ĺ áőőâćěâáâćãîéăï ďĺăčàăňňă Ďëŋłĺŋă ĺňěîâ ćĺď K_{i,j} = 2 (α^{(i)}α^{(j)}) (α^{(j)})^2 = (2 δ_{ij} − δ_{i,j−1} − δ_{i−1,j} ) (i, j < r − 1) ,

K_{i,r} = 2 (α^{(i)}α^{(r)}) (α^{(r)})^2 = (−1 δ_{i,r−1} + 2δ_{i,r}) , K_{r,i} = 2 (α^{(r)}α^{(i)}) (α^{(i)})^2 = (−2 δ_{i,r−1} + 2δ_{i,r}) ,

K =

2 −1 0 . . . 0 0 0 0 −1 2 −1 . . . 0 0 0 0 0 −1 2 . . . 0 0 0 0 0 0 −1 . . . 0 0 0 0 . . . . . . . . . . 0 0 0 . . . −1 2 −1 0 0 0 0 . . . 0 −1 2 −1 0 0 0 . . . 0 0 −2 2 α^{(1)} α^{(2)} . . . . . . . α^{(r−2)} α^{(r−1)} α^{(r)} < àĺá. 6

1.7 Łńăááĺäĺłăæĺï ďĺăčàăňň Ďëŋłĺŋă ďńï łőŋěçŋőňěàŋëå ŕàőáâëå ăńčěąà Ńĺ.

Ć íâőň àăğďěńě ňë ćëïáŋĺň łăłĺě ěéě áãéěáâćãîâ łőŋěçŋőňěàŋëě ŕàőáâëě ĂŃ łàőňě âěå, łőâőàëě áőőâćěâáâćőćăńĺ ďĺăčàăňňăň Ďëŋłĺŋă, ŕàěďáâăćńěŋŋëň ŋă àĺá. 2-6. Šăłĺň őąàăğőň ŋăèă ğăďăçă - ŕěàěçĺáńĺâì ćáě ŕàőáâëě ĂŃ, ŕěàěçĺáńĺć ćáě ďőŕãáâĺňëě ďĺăčàăňňë Ďëŋłĺŋă D(g).

Ďńï ŕàőâőâë ć ŋăçăńě ąãďěň ĺčŋőàĺàőćăâì áâàěńłĺ ć D(g). Šăłĺě ďĺăčàăňňë ŋăğëćăîâáï čàăäăňĺ Łőłáâěàă. Őŕàěďěńĺň ěďĺŋĺçŋëě ćěłâőàă ć ŋăŕàăćńěŋĺĺ ŕàőáâëå łőàŋěľ

ϵ^{(i)} = α^{(i)} √ (α^{(i)})^2

. (1.7.59)

Šőčďă, â.ł. (ϵ^{(i)} ϵ^{(i)}) ćáěčďă őâàĺæăâěńŋë, âő

2 ϵ^{(i)} ϵ^{(i)} =

2 α^{(i)} α^{(j)} √ (α^{(i)})^2 (α^{(j)})^2 = − √ K_{ij} K_{ji} = = −(çĺáńő ńĺŋĺľ ňěęďã i ĺ j)^{1/2} = 0, −1, − √ 2, − √ 3 . (1.7.60)

Łăł ňë ãćĺďĺň íâő ãáńőćĺě ŋăńăčăěâ áĺńìŋëě őčàăŋĺçěŋĺï ŋă áâàãłâãàã ďĺăčàăňň Ďëŋłĺŋă. Ěáńĺ çĺáńő ńĺŋĺľ ňěęďã ćěàèĺŋăňĺ i ĺ j ć čàăäě 1. > 0, âő - i ĺ j ŋăğëćăîâáï áćïğăŋŋëňĺ;

2. = 1, 2, 3, âő - áćïğì áőőâćěâáâćěŋŋő ŋăğëćăěâáï őďĺŋăàŋőľ, ďćőľŋőľ ĺ âàőľŋőľ.

Ńěňňă 1. Ůĺáńő áćïğěľ (őďĺŋăàŋëå, ďćőľŋëå ĺ âàőľŋëå) ć D(g) ≤ r − 1.

Ďőłăğăâěńìáâćő. Š.ł. ćěłâőàă ϵ^{(i)} ńĺŋěľŋő ŋěğăćĺáĺňë âő

0 < ( ∑ i ϵ^{(i)})^2 = ∑ i(ϵ^{(i)})^2 + ∑ i≠j ϵ (i) ϵ^{(j)} = r + 2 ∑ i<j ϵ^{(i)} ϵ^{(j)} = r − ∑ i<j (çĺáńő ńĺŋĺľ ňěęďã i ĺ j)^{1/2} ,

(1.7.61)

Š.ł. ∑ i<j (çĺáńő ńĺŋĺľ ňěęďã i ĺ j)^{1/2} ≥ ∑ i<j (çĺáńő áćïğěľ ňěęďã i ĺ j)^{1/2} ,

âő ĺğ (1.7.61) áńěďãěâ 0 < r − (çĺáńő áćïğěľ), çâő íłćĺćăńěŋâŋő ãâćěàęďěŋĺî Ńěňňë.

Śńěďáâćĺě. Ć D(g) ŋě ďőŕãáâĺňë ğăňłŋãâëě æĺłńë ňŋăçě çĺáńő áćïğěľ ć čàăäě ąãďěâ áőćŕăďăâì á r. Śńěďőćăâěńìŋő ćáě čàăäë ďàěćěáŋëě.

Ğăňěçăŋĺě. Řăćěŋáâćő 0 = r − (çĺáńő áćïğěľ) àěăńĺğãěâáï âőńìłő ć áńãçăě ∑ i ϵ^{(i)} = 0 ĺ áőőâćěâáâćãěâ ą.ň. ăńčěąàăň Łăæă-Ňãďĺ.

Ńěňňă 2. Ůĺáńő ńĺŋĺľ, ĺáåőďïéĺå ĺğ őďŋőľ ĺ âőľ ęě ćěàèĺŋë ≤ 3.

Ďőłăğăâěńìáâćő. Ŕãáâì ϵ - ěďĺŋĺçŋëľ ćěłâőà, áőőâćěâáâćãîéĺľ ćěàèĺŋě, á łőâőàőľ áćïğăŋë ďàãčĺě k ćěàèĺŋ ϵ^{(1)}, . . . , ϵ^{(k)}. Š.ł. æĺłńë ŋě ďőŕãáâĺňë, âő (ϵ^{(i)} ϵ^{(j)}) = 0, i, j = 1, . . . , k. Őâáîďă ćëâěłăěâ àăğńőęěŋĺě ϵ = k∑ i=1 (ϵϵ^{(i)})ϵ^{(i)} + (ϵϵ^{(0)})ϵ^{(0)} , (1.7.62)

čďě ϵ^{(0)} ěďĺŋĺçŋëľ ćěłâőà ĺğ őàâőčőŋăńìŋőčő ďőŕőńŋěŋĺï ł ϵ^{(1)}, . . . , ϵ^{(k)}. Ćőğćőďï ć łćăďàăâ (1.7.62), ňë ŕőńãçăěň 1 = ∑_k i=1(ϵϵ^{(i)})^2 + (ϵϵ^{(0)})^2, çâő áőőâćěâáâćãěâ ãáńőćĺî (áň. (1.7.60)) 4 ≥ 4 ∑_k i=1(ϵϵ^{(i)})^2 = ∑ (çĺáńő ńĺŋĺľ, ĺáåőďïéĺå ĺğ ϵ). Řăćěŋáâćő àěăńĺğãěâáï âőńìłő ć áńãçăě (ϵϵ^{(0)}) = 0, çâő áőőâćěâáâćãěâ ńĺŋěľŋőľ ğăćĺáĺňőáâĺ ϵ^{(i)} ĺ ϵ ĺ ŕàőâĺćőàěçĺâ âàěąőćăŋĺî, çâő ćěàèĺŋë ć čàăäě áőőâćěâáâćãîâ ńĺŋěľŋő ŋěğăćĺáĺňëň ŕàőáâëň łőàŋïň. Š.ő. 3 ≥ ∑ (çĺáńő ńĺŋĺľ, ĺáåőďïéĺå ĺğ ϵ), ç.â.ď.

Śńěďáâćĺě. Ěďĺŋáâćěŋŋëľ ďőŕãáâĺňëľ čàăä á âàőľŋëňĺ áćïğïňĺ - ěáâì ďĺăčàăňňă G_2-âĺŕă ŋă àĺá. 2.

Ğăňěçăŋĺě. Őŕïâì ęě ãáńőćĺě (ϵϵ^{(0)}) = 0 ňőęěâ àěăńĺğőćăâìáï ďńï ăńčěąà Łăæă- Ňãďĺ.

Ńěňňă 3. Ěáńĺ ďőŕãáâĺňăï D(g) ĺňěěâ ŕőàæĺî ćěàèĺŋ

α^{(i+1)} α^{(i+2)} . . . . . . . α^{(i+k−2)} α^{(i+k−1)} α^{(i+k)}

âő ŋőćëľ čàăä D^′(g), łőâőàëľ ŕőńãçăěâáï áęăâĺěň íâőľ ŕőàæĺĺ ć őďŋã ćěàèĺŋã, âăłęě ïćńïěâáï ďőŕãáâĺňëň. Ŕàĺçěň ŋőćőľ ćěàèĺŋě áőőâćěâáâćãěâ ŋőćëľ ŕàőáâőľ łőàěŋì α = ∑_{k+i} l=i α^{(l)} ĺ ŋőćëľ ěďĺŋĺçŋëľ ćěłâőà ϵ = k+i∑ l=i ϵ^{(l)} . (1.7.63)

Ďőłăğăâěńìáâćő. Ďěľáâćĺâěńìŋő, ćőğćěďěň ć łćăďàăâ ćěłâőà (1.7.63)

ϵ^2 = (k + 1) + 2 ∑ l<m (ϵ^{(l)} ϵ^{(m)}) = (k + 1) + 2 i+k−1∑ l=i (ϵ^{(l)} ϵ^{(l+1)}) = (k + 1) + 2 · k · (−1/2) = 1 .

Šěŕěàì, ňë ňőęěň ŕőďáâăćĺâì ćěłâőà (1.7.63) ć ãáńőćĺï ĺ ďőłăğăâěńìáâćă Ńěňň 1 ĺ 2, ŕàĺ íâőň ćëćőďë íâĺå ńěňň ŋě ĺğňěŋïâáï.

Śńěďáâćĺě. Śńěďãîéĺě čàăäë (ĺńĺ ŕőďčàăäë) ŋě ïćńïîâáï ďőŕãáâĺňëňĺ:

I. . . . . . . .

(â.ł. ňőčãâ ąëâì áâïŋãâë ć čàăä , ğăŕàěéěŋŋëľ Ńěňňőľ 2.)

II. . . . . . . .

(â.ł. ňőčãâ ąëâì áâïŋãâë ć čàăä

, ğăŕàěéěŋŋëľ Ńěňňőľ 2.)

III. . . . . . . .

(â.ł. ňőčãâ ąëâì áâïŋãâë ć čàăä

, ğăŕàěéěŋëľ Ńěňňőľ 2.)

Š.ő. łńăáá čàăäőć, áàěďĺ łőâőàëå ŋěőąåőďĺňő ĺáłăâì ďőŕãáâĺňëě ďĺăčàăňňë Ďëŋłĺŋă, áćőďĺâáë ł áńěďãîéĺň ćőğňőęŋőáâïň

I. . . . . . . . A_{r+1}

II. ϵ^{(1)} ϵ^{(2)} . . . . ϵ^{(p)} η^{(q)} η^{(q−1)} . . . . η^{(2)} η^{(1)} (âőńìłő őďŋă ďćőľŋăï áćïğì)

III. G_2

IV. ϵ^{(1)} ϵ^{(2)} . . . . . . . ϵ^{(p−1)} ψ η^{(r−1)} ζ^{(q−1)} . . .

ζ^{(2)} ζ^{(1)}

. . .

η^{(2)}

η^{(1)}

àĺá. 7

Ĺňěîâáï ďăńìŋěľèĺě őčàăŋĺçěŋĺï ŋă ďőŕãáâĺňőáâì ďĺăčàăňň, ŕàěďáâăćńěŋŋëå ŋă àĺá.7. Řăááňőâàĺň ďĺăčàăňňã àĺá.7(II). Ŕãáâì ϵ = ∑_p 1 jϵ^{(j)} ĺ η = ∑_q 1 jη^{(j)}. Šőčďă ϵ^2 = ∑_p 1 j^2 − ∑_{p−1} 1 j(j + 1) = p(p + 1)/2 ĺ ăŋăńőčĺçŋő η^2 = q(q + 1)/2. Ďăńěě, â.ł.

−2ϵ^pη^q = √ 2 (ďćőľŋăï áćïğì, áň. (1.7.60)) ňë ĺňěěň ϵη = pqϵ^{(p)} η^{(q)} = −pq/sqrt2 ĺ ĺáŕőńìğãï âőęďěáâćő Ÿćăàæă

p^2q^2 2 = (ϵη)^2 = (ϵ)^2 (η)^2 cos^2(θ) < (ϵ)^2 (η)^2 = p(p + 1) q(q + 1) 4 , (cos^2(θ) = 1 ŕàĺćőďĺńő ąë ł ŕăàăńěńìŋőáâĺ ćěłâőàőć ϵ ĺ η, çěčő ŋě ňőęěâ ąëâì ć áĺńã ĺå ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ; íâőâ áńãçăľ áőőâćěâáâćãěâ ą.ň. ăńčěąàăň Łăæă-Ňãďĺ) őłőŋçăâěńìŋő ŕőńãçăěň (p − 1)(q − 1) < 2. Š.ł. p, q ŕőńőęĺâěńìŋëě æěńëě çĺáńă, âő ćőğňőęŋë áńěďãîéĺě ćăàĺăŋâë i.) p = 2, q = 2, ii.) p = 1, q ńîąőě ŕőńőęĺâěńìŋőě æěńőě iii.) q = 1, p ńîąőě ŕőńőęĺâěńìŋőě æěńőě.

Śńãçăľ i.) ďăěâ ďĺăčàăňňã, áőőâćěâáâćãîéãî ăńčěąàě F_4

àĺá. 8

Śńãçăĺ ii.) ĺ iii.) ŕàĺćőďïâ ł ďĺăčàăňňăň Ďëŋłĺŋă àĺá.5,6, łőâőàëě áőőâćěâáâćãîâ ăńčěąàăň so(2r + 1) ĺ sp(2r).

Řăááňőâàĺň âěŕěàì őčàăŋĺçěŋĺï ŋă ćĺď ďĺăčàăňňë àĺá.7(IV). Őŕàěďěńĺň ćěłâőàă ϵ = p−1∑ 1 j ϵ^{(j)} , η = q−1∑ 1 j η^{(j)} , ζ = r−1∑ 1 j ζ^{(j)} ,

Łăł ĺ ć ŕàěďëďãéěň áńãçăě ňë ĺňěěň ϵ^2 = p(p−1)/2, η^2 = q(q−1)/2 ĺ ζ^2 = r(r−1)/2. Śńěďőćăâěńìŋő

cos^2(ϵ, ψ) = (ϵ, ψ)^2 (ϵ)^2(ψ)^2 = ((p − 1)ϵ^{(p−1)}, ψ)^2 p(p − 1)/2 = ((p − 1)/2)^2 p(p − 1)/2 = 1 2 (1 − 1 p ) , ĺ ăŋăńőčĺçŋő cos^2(η, ψ) =^1_2 (1 −^1_q ), cos^2(ζ, ψ) =^1_2 (1 −^1_r ). Ďăńěě, ĺňěěâ ňěáâő ŋěàăćěŋáâćő cos^2(ϵ, ψ) + cos^2(η, ψ) + cos^2(ζ, ψ) < 1 (1.7.64) Ďěľáâćĺâěńìŋő, â.ł. ćěłâőàă ϵ, η ĺ zeta ćğăĺňŋő őàâőčőŋăńìŋë, âő ňë ňőęěň ŕàěďáâăćĺâì ψ = cos(ϵ, ψ) ϵ + cos(η, ψ) η + cos(ζ, ψ) ζ + cos(ξ, ψ) ξ , (1.7.65) čďě ćěłâőà ξ őàâőčőŋăńěŋ ϵ, η, zeta ĺ cos(ξ, ψ) ≠ 0 (ć áĺńã ńĺŋěľŋőľ ŋěğăćĺáĺňőáâĺ ψ). Łćăďàĺàãï áőőâŋőèěŋĺě (1.7.64) ňë ŕőńãçăěň (1.7.65), ĺğ łőâőàőčő áńěďãěâ 1 2 (1 − 1 p ) + 1 2 (1 − 1 q ) + 1 2 (1 − 1 r ) < 1 =⇒ 1 p + 1 q + 1 r > 1 . (1.7.66)

İâő áőőâŋőèěŋĺě ŋăńăčăěâ őčàăŋĺçěŋĺï ŋă p, q, r, â.ł. őŋĺ ïćńïîâáï ŕőńőęĺâěńìŋëňĺ æěńëňĺ çĺáńăňĺ ąőńìèĺňĺ ŋãńï. Ąěğ őčàăŋĺçěŋĺï őąéŋőáâĺ ąãďěň áçĺâăâì, çâő p ≥ q ≥ r ĺ ćáě őŋĺ ≥ 2 (âőńìłő ć íâőň áńãçăě ďĺăčàăňňă ŋă àĺá.7(IV) ĺňěěâ àăğćěâćńěŋĺě). Őâáîďă ňë ŕőńãçăěň áńěďãîéĺě ćőğňőęŋőáâĺ ďńï ďőŕãáâĺňëå ďĺăčàăň âăłőčő âĺŕă.

i.) (p, q, r) = (p, 2, 2), p ≥ 2, çâő áőőâćěâáâćãěâ ďĺăčàăňňăň ŋă àĺá.4 , łőâőàëě áőőâćěâáâćãîâ so(2r).

ii.) (p, q, r) = (p, 3, 2), p = 3, 4, 5, çâő áőőâćěâáâćãěâ ďĺăčàăňňăň

p=3, ŋőćăï ăńčěąàă E_6

p=4, ŋőćăï ăńčěąàă E_7

p=5, ŋőć. ăńč. E_8

àĺá.9

iii.) (p, q, r) = (p, 4, 2); Ć íâőň áńãçăě p < 4, çâő ŋăàãèăěâ p ≥ q. Š.ő. ňë ĺáçěàŕăńĺ ćáě ćőğňőęŋëě ďĺăčàăňňë, łőâőàëě áőőâćěâáâćãîâ (1.7.66) ĺ ŕàěďáâăćĺńĺ ŕőńŋëľ ŋăąőà őčàăŋĺçěŋĺľ ŋă ćőğňőęŋëě ďĺăčàăňňë, őŕĺáëćăîéĺě ŕàőáâëě łőňŕăłâŋëě čàãŕŕë. Řěğîňĺàãï ćáě ćëèěáłăğăŋŋőě, ňë ŕőńãçĺńĺ, çâő áãéěáâćãîâ âőńìłő âě ŕàőáâëě łőňŕăłâŋëě čàãŕŕë, łőâőàëě áőőâćěâáâćãîâ łńăááĺçěáłĺň 4 ąěáłőŋěçŋëň áěàĺïň čàãŕŕ á ďĺăčàăňňăňĺ ŋă àĺá. 3-6, ă âăłęě 5 ĺáłńîçĺâěńìŋëå čàãŕŕ á ďĺăčàăňňăňĺ ŋă àĺá.2 (G_2), àĺá.8 (F_4), àĺá.9.

Łńăááĺçěáłĺě ăńčěąàë A_r . . . . .

B_r . . . . . . >

C_r . . . . . . <

D_r . . . . . .

Ĺáłńîçĺâěńìŋëě ăńčěąàë

G_2 <

F_4

1 2 >^{3 4}

E_6

E_7

E_8 1 2 3 4 5 6 8 7

àĺá.10

1.8 Śĺáâěňë łőàŋěľ ĺáłńîçĺâěńìŋëå ăńčěąà Ńĺ

Ňë ãęě őâňěçăńĺ, çâő ďĺăčàăňňă Ďëŋłĺŋă őďŋőğŋăçŋő őŕàěďěńïěâ ňăâàĺæã Łăàâăŋă (ĺ ŋăőąőàőâ). Ć íâőň àăğďěńě ňë őąáãďĺň ćőŕàőá ő âőň, łăł ŕőáâàőĺâì łőàŋěćãî áĺáâěňã ŕő ĺğćěáâŋőľ ďĺăčàăňňě Ďëŋłĺŋă (ĺńĺ çâő âőęě áăňőě ŕő áőőâćěâáâćãîéěľ ňăâàĺæě Łăàâăŋă). §áŋő, çâő ğăďăçă ąãďěâ àěèěŋă, ěáńĺ ňë ŕőáâàőĺň ćáě ŕàőáâëě łőàŋĺ. Ć łăçěáâćě ŕěàćőčő èăčă ŕőáâàőĺň łőàŋěćãî áĺáâěňã, łőâőàăï áőőâćěâáâćãěâ ăńčěąàăň D_r á ďĺăčàăňňőľ Ďëŋłĺŋă ŋă àĺá.4. Ŋăèě ŕőáâàőěŋĺě ąãďěâ ĺŋďãłâĺćŋëň. Ŕãáâì ňë ğŋăěň łăł ãáâàőěŋë łőàŋěćëě áĺáâěňë ďńï A_r (ďĺăčàăňňă Ďëŋłĺŋă ŋă àĺá.3). Ďĺăčàăňňă ŋă àĺá.4 ŕőńãçăěâáï ĺğ ďĺăčàăňňë ŋă àĺá.3, ěáńĺ ł ŋěľ ďőąăćĺâì ďőŕőńŋĺâěńìŋãî ćěàèĺŋã α_r ĺ áőěďĺŋĺâì ěě őďŋőľ ńĺŋĺěľ á ćěàèĺŋőľ α_{r−2} (őąàăâŋăï ŕàőæěďãàă áâĺàăŋĺï ćěàèĺŋ ďăěâ áŕőáőą ćëďěńěŋĺï ŕőďăńčěąà ĺğ ďăŋŋőľ ăńčěąàë). Ŕàőáâëě łőàŋĺ ďńï ďĺăčàăňňë ŋă àĺá.3 ĺğćěáâŋë ĺ ďăŋë ć (1.6.51). Ąãďěň ĺáłăâì ŕőáńěďŋĺľ łőàěŋì α_r ć ćĺďě α_r = ∑_r i=1 a_i e^{(i)}. Ğŋăï ňăâàĺæã Łăàâăŋă ĺ ïćŋëľ ćĺď łőàŋěľ (1.6.51), ňë ňőęěň ŋăŕĺáăâì áńěďãîéĺě ãàăćŋěŋĺï ŋă α_r:

(α_r α_i) = 0 (i = 1, . . . , r − 3, r − 1), (α_r α_{r−2}) = −1 , α^2_r = 2 ,

łőâőàëě íłćĺćăńěŋâŋë áőőâŋőèěŋĺïň ŋă łőíääĺæĺěŋâë a_i

a_1 = . . . = a_{r−2} ≡ a , a_{r−1} = a_r ≡ b , a_{r−2} − a_{r−1} = a − b = −1 , (r − 2) a^2 + 2 b^2 = 2 .

Ŕőďáâăŋőćłă 3-ěčő áőőâŋőèěŋĺï ć 4-őě ďăěâ ãàăćŋěŋĺě r a^2 + 4 a = 0, ã łőâőàőčő ěáâì âőńìłő őďĺŋ ďěľáâćĺâěńìŋëľ łőàěŋì a = 0. Śńěďőćăâěńìŋő b = 1, ĺ α_r őďŋőğŋăçŋő őŕàěďěńïěâáï łăł (1.6.52).

Őŕàěďěńĺň âěŕěàì ŕàőáâëě łőàŋĺ ďńï ăńčěąàë E_8 ŕő ěě ďĺăčàăňňě Ďëŋłĺŋă, ŕàěďáâăćńěŋŋőľ ŋă àĺá.9,10. Ğăňěâĺň, çâő áâĺàăŋĺě ćěàèĺŋë 8 ć ďĺăčàăňňě E_8 ŋă àĺá.10 ďăěâ ŋăň ďĺăčàăňňã so(14) ŋă àĺá.4. Š.ő. ěáâěáâćěŋŋő ćëąàăâì ć łăçěáâćě ŕàőáâëå łőàŋěľ α_1, . . . , α_7 ŕàőáâëě łőàŋĺ (1.6.51), (1.6.52):

α_i = e^{(i)} − e^{(i+1)} (i = 1, . . . , 6) , α_7 = e^{(6)} + e^{(7)} .

Ďăŋŋëľ ćëąőà áőőâćěâáâćãěâ áńãçăî, łőčďă áâĺàăŋĺě ěéě ĺ ćěàèĺŋë 7 ŕàĺćőďĺâ ł łőàŋěćőľ áĺáâěňě ďńï sl(7). Ąãďěň ĺáłăâì őáâăćèĺľáï łőàěŋì α_8 ć ćĺďě α_8 =

∑_8

i=1 a_i e^{(i)}. Ňăâàĺæă Łăàâăŋă (ďĺăčàăňňă Ďëŋłĺŋă) ďńï E_8 ďĺłâãěâ ŋăň áńěďãîéĺě ãáńőćĺï ŋă łőàěŋì α_8:

(α_i α_8) = 0 (i = 1, . . . , 5, 7) , (α_6 α_8) = −1 , α^2_8 = 2 ,

łőâőàëě íłćĺćăńěŋâŋë áőőâŋőèěŋĺïň ŋă łőíääĺæĺěŋâë a_i

a_1 = . . . = a_6 ≡ a , a_6 = −a_7 , a_6 − a_7 = 2 a = −1 , 7 a^2 + b^2 = 2 .

Őâáîďă ňë ŕőńãçăěň a_i = −1/2 i = 1, . . . , 6, a_7 = 1/2 ĺ a_8 = ±1/2. Őąëçŋő ćëąĺàăîâ a_8 = +1/2 [1, 2] (ć łŋĺčě Ń.Ś.Ŕőŋâàïčĺŋă [3] ćëąàăŋő a_7 = −1/2, çâő áőőâćěâáâćãěâ ğăňěŋě α^{(6}) ↔ α^{(7)}). Ĺâăł ňë ŕőńãçĺńĺ áńěďãîéĺě ŕàőáâëě łőàŋĺ ďńï ăńčěąàë E_8:

α_i = e^{(i)} − e^{(i+1)} (i = 1, . . . , 6) , α_7 = e^{(6)} + e^{(7)} ,

α_8 =^1_2 ( −(e^{(1)} + . . . + e^{(6)}) + (e^{(7)} + e^{(8)}) ) . (1.8.67)

Ĺáåőďï ĺğ ğŋăŋĺï ŕàőáâëå łőàŋěľ, ãęě ňőęŋő ćőááâăŋőćĺâì ćáî łőàŋěćãî áĺáâěňã (e =

∑_8

1 e^{(i)})

Φ(E_8) = { ±e^{(i)} ± e^{(j)}; ±( 1 2 e − (e^{(i)} + e^{(j)}); ±( 1 2 e − (e^{(i)} + e^{(j)} + e^{(k)} + e^{(l)}) } , i ≠ j ≠ k ≠ l = 1, . . . , 8 , ĺńĺ Φ(E_8) = { ±e^{(i)} ± e^{(j)}, (i ≠ j); 1 2 8∑ 1 (−1)^{κ(i)} e^{(i)}, κ(i) = 0, 1 } , ( ∑ κ(i) - çěâŋőě çĺáńő).

Łőàŋěćëě áĺáâěňë ďńï ăńčěąà E_6 ĺ E_7 ŕőńãçăîâáï ĺğ łőàŋěćőľ áĺáâěňë E_8 ćëłĺďëćăŋĺěň ŕàőáâëå łőàŋěľ, łőâőàëě áőőâćěâáâćãîâ ćěàèĺŋăň 1 ĺ 2 ŋă ďĺăčàăňňě Ďëŋłĺŋă E_8, àĺá.10.

Łőàŋěćăï áĺáâěňă ďńï F_4 (áň. ďĺăčàăňňã Ďëŋłĺŋă ŋă àĺá.10) ňőęěâ ąëâì ŕőńãçěŋă ăŋăńőčĺçŋëň ňěâőďőň ĺğ łőàŋěćőľ áĺáâěňë so(7) (1.6.56) (ďĺăčàăňňă Ďëŋłĺŋă ŋă àĺá.5). Š.ő. ĺéěň ŕàőáâëě łőàŋĺ ăńčěąàë F_4 ć ćĺďě

α^{(1)} = e^{(1)} − e^{(2)} , α^{(2)} = e^{(2)} − e^{(3)} , α^{(3)} = e^{(3)} , α^{(4)} = 4∑ i=1 a_i e^{(i)} ,

łőâőàëě ďőńęŋë ãďőćńěâćőàïâì áőőâŋőèěŋĺïň (áőčńăáŋő ćĺďã ďĺăčàăňňë Ďëŋłĺŋă F_4):

(α_i α_4) = 0 (i = 1, . . . , 2) , K_{34} = −1 → (α_3 α_4) = −1/2 , α^2_4 = 1 . Őâáîďă ňë ćëćőďĺň a_1 = a_2 = a_3 = −1/2, a_4 = ±1/2 ĺ, ŕőáâãńĺàãï ć ŕőáńěďŋěň àăćěŋáâćě ğŋăł +, őłőŋçăâěńìŋő ŕőńãçăěň

α^{(1)} = e^{(1)} − e^{(2)} , α^{(2)} = e^{(2)} − e^{(3)} , α^{(3)} = e^{(3)} , α^{(4)} = 1 2 ( −e^{(1)} − e^{(2)} − e^{(3)} + e^{(4)} ) , (1.8.68)

Φ(F_4) = { ±e^{(i)}; ±e^{(i)} ± e^{(j)} (i ≠ j); ± 1 2 (±e^{(1)} ± e^{(2)} ± e^{(3)} ± e^{(4)}) } , čďě ğŋăłĺ ňőčãâ ćëąĺàăâìáï ŋěğăćĺáĺňő.

Ŋăłőŋěæ ňë őŕĺèěň łőàŋěćãî áĺáâěňã G_2, łőâőàăï ŕàěďáâăćńěŋă ŋă àĺá.1 (áőőâćěâáâćãîéăï ďĺăčàăňňă Ďëŋłĺŋă ďăŋă ŋă àĺá.2). Łőàŋěćőě ŕàőáâàăŋáâćő ňë őŕĺèěň łăł čĺŕěàŕńőáłőáâì ć âàěåňěàŋőň ěćłńĺďőćőň ŕàőáâàăŋáâćě, łőâőàăï ŕěàŕěŋďĺłãńïàŋă ćěłâőàã e^{(1)} + e^{(2)} + e^{(3)} = (1, 1, 1). Š.ő. ćáě łőàŋĺ ŕàěďáâăćĺň ć ćĺďě

Φ(G_2) = ±{ e^{(1)} − e^{(2)}, e^{(2)} − e^{(3)}, e^{(3)} − e^{(1)}, 3e^{(i)} − e^{(1)} − e^{(2)} − e^{(3)}, }

E_α = { g^3_±, g^1_±, g^2_±, G^i_±, }

(1.8.69)

čďě ćő ćâőàőľ áâàőçłě ććěďěŋë őąőğŋăçěŋĺï ďńï áőőâćěâáâćãîéĺå łőàŋěćëå őŕěàăâőàőć G_2. Ć łăçěáâćě ąăğĺáă ŕàőáâëå łőàŋěľ ňőęŋő ćëąàăâì e^{(1)} −e^{(2)}, −2e^{(1)} +e^{(2)} +e^{(3)}. Šěŕěàì, áłńăďëćăï łőàŋěćëě ćěłâőàă, ńěčłő ćëćěáâĺ áâàãłâãàã őŕàěďěńïîéĺå áőőâŋőèěŋĺľ ďńï łőàŋěćëå őŕěàăâőàőć ăńčěąàë G_2

[g^1_±, g^2_±] ∼ g^3_∓ , [g^3_±, g^1_±] ∼ g^2_∓ , [g^2_±, g^3_±] ∼ g^1_∓ ,

[g^1_±, g^2_∓] ∼ G^3_∓ , [g^2_±, g^3_∓] ∼ G^1_∓ , [g^3_±, g^1_∓] ∼ G^2_∓ ,

[G^1_±, g^2_±] ∼ g^3_± , [G^2_±, g^3_±] ∼ g^1_± , [G^3_±, g^1_±] ∼ g^2_± ,

[G^1_±, g^3_∓] ∼ g^2_∓ , [G^2_±, g^1_∓] ∼ g^3_∓ , [G^3_±, g^2_∓] ∼ g^1_∓ ,

[G^1_±, G^2_±] ∼ G^3_∓ , [G^2_±, G^3_±] ∼ G^1_∓ , [G^3_±, G^1_±] ∼ G^2_∓ ,

(1.8.70)

ă őáâăńìŋëě łőňňãâăâőàë àăćŋë ŋãńî.

Ĺğćěáâŋő [2], çâő 14-ňěàŋăï ăńčěąàă G_2 ïćńïěâáï ŕőďăńčěąàőľ 21-ňěàŋőľ ăńčěąàë so(7). Ŕàěęďě ćáěčő ŋă ŕőďăńčěąàã Łăàâăŋă so(7) ŋăńăčăěâáï ãáńőćĺě

∑_3

i=1 H_i = 0 (ĺňěîâáï ććĺďã áőąáâćěŋŋëě ğŋăçěŋĺï H_i), ďńï ćëďěńěŋĺï ŕőďăńčěąàë àăŋčă 2. İâő ğŋăçĺâ, çâő ňë ňőęěň ćëąàăâì ďńï G_2 áńěďãîéĺě íńěňěŋâë ŕőďăńčěąàë Łăàâăŋă

~H_1 = H_2 − H_3 , ~H_2 = H_3 − H_1 , ~H_3 = H_1 − H_2 . (1.8.71)

Ďăńěě ğăňěâĺň, çâő ďńï čěŋěàăâőàőć so(7) áŕàăćěďńĺćë àăćěŋáâćă

[H_1, L^±_{(1)}] = ±L^±_{(1)} , [H_2, L^±_{(1)}] = 0 , [H_3, L^±_{(1)}] = 0 ,

[H_1, L^{(±±)}_{(34,56)}] = 0 , [H_2, L^{(±±)}_{(34,56)}] = ±L^{(±±)}_{(34,56)} , [H_3, L^{(±±)}_{(34,56)}] = ±L^{(±±)}_{(34,56)} ,

(1.8.72)

ŕőíâőňã ňë ĺňěěň ďńï ńĺŋěľŋőľ łőňąĺŋăæĺĺ g^1_∓ = κL^{(±)}_{(1)} +L^{(∓∓)}_{(34,56)}, čďě κ- ŕàőĺğćőńìŋăï łőŋáâăŋâă (ĺ áőőâćěâáâćěŋŋő ďńï őŕěàăâőàőć g^2_∓ = κL^{(±)}_{(3)} +L^{(∓∓)}_{(56,12)}, g^3_∓ = κL^{(±)}_{(5)} +L^{(∓∓)}_{(12,34)}) áńěďãîéĺě áőőâŋőèěŋĺï

[H_1 − H_2, g^1_±] = ∓g^1_± , [H_3 − H_1, g^1_±] = ±g^1_± , [H_2 − H_3, g^1_±] = 0 , (cycle 1, 2, 3) , (1.8.73) [g^1_+, g^1_−] = 2 κ^2 H_1 − 4 (H_2 + H_3) , (cycle 1, 2, 3) . (1.8.74)

[g^1_∓, g^2_∓] = κ^2 L^{(±±)}_{(12,34)} + 4 κ L^{(∓)}_{(5)} = κ^2 (L^{(±±)}_{(12,34)} + 4 κ L^{(∓)}_{(5)} ) (1.8.75) Ĺğ (1.8.74) ĺ (1.8.75) áńěďãěâ, çâő ďńï ğăňłŋãâőáâĺ ŕőďăńčěąàë G_2 ňë ďőńęŋë äĺłáĺàőćăâì κ^2 = 4, âőčďă

[g^1_+, g^1_−] = 4 (2 H_1 − H_2 − H_3) = 4 (~H_3 − ~H_2) , (cycle 1, 2, 3) , [g^1_±, g^2_±] = 4 g^3_∓ , (cycle 1, 2, 3) .

(1.8.76)

Ŕőńőęĺň G^1_± ≡ L^{(±∓)}_{(34,56)} , G^2_± ≡ L^{(±∓)}_{(56,12)} , G^3_± ≡ L^{(±∓)}_{(12,34)} , (1.8.77) Ŕőńìğãïáì (1.6.50) ĺ (1.6.55), ŕőńãçăěň

[~H_3, G^1_±] = ∓G^1_± , [~H_2, G^1_±] = ∓G^1_± , [~H_1, G^1_±] = ±2G^1_± , (cycle 1, 2, 3) [G^1_+, G^1_−] = 4 (−H_2 + H_3) = −4/3 (2 ~H_1 − ~H_2 − ~H_3) , (cycle 1, 2, 3) ,

(1.8.78)

[G^3_±, G^1_±] = 2 G^2_∓ , [G^1_±, G^2_±] = 2 G^3_∓ , [G^2_±, G^3_±] = 2 G^1_∓ , [g^1_±, g^2_∓] = (κ^2 + 2) G^3_∓ , [G^1_±, g^3_∓] = −2 g^2_∓ , [G^1_±, g^2_±] = 2 g^3_∓ , (cycle 1, 2, 3) , (1.8.79) Śàăćŋĺćăï äőàňãńë (1.8.76) – (1.8.79) ĺ (1.8.70), ňë ŕàĺåőďĺň ł áńěďãîéěľ ĺďěŋâĺäĺłăæĺĺ G^1_± ≡ L^{(±∓)}_{(34,56)} , G^2_± ≡ L^{(±∓)}_{(56,12)} , G^3_± ≡ L^{(±∓)}_{(12,34)} , g^1_∓ = κL^{(±)}_{(1)} + L^{(∓∓)}_{(34,56)} , g^2_∓ = κL^{(±)}_{(3)} + L^{(∓∓)}_{(56,12)} , g^3_∓ = κL^{(±)}_{(5)} + L^{(∓∓)}_{(12,34)} ,

(1.8.80)

čďě κ^2 = 4.

2 Ăńčěąàë á ďěńěŋĺěň.

2.1 Łćăâěàŋĺőŋë, őłâőŋĺőŋë ĺ ĺå ŕàĺńőęěŋĺï.

Şďćőěŋĺě ăńčěąà.

Ŕãáâì A ŕàőĺğćőńìŋăï łőŋěçŋőňěàŋăï ăńčěąàă á ěďĺŋĺæěľ 1 ŋăď ŕőńěň ćěéěáâćěŋŋëå çĺáěń R, ć łőâőàőľ ğăďăŋő áőŕàïęěŋĺě (ĺŋćőńîâĺćŋëľ ăćâőňőàäĺğň): a → a, a b = b a, a = a. Őŕàěďěńěŋĺě. Ăńčěąàã A ąãďěň ŋăğëćăâì ňěâàĺçěáłőľ, ěáńĺ a + a ∈ R, a a ∈ R (âőçŋěě ∈ R · 1) ĺ a a > 0 ∀a ≠ 0. Ğăňěâĺň, çâő a a = a a â.ł. a a = a (a + a) − a^2 = (a + a) a − a^2 = a a .

Őŕàěďěńĺň áłăńïàŋőě ŕàőĺğćěďěŋĺě ć A ŕő äőàňãńě < a, b >= 1 2 (a b + b a) =< b, a > . (2.1.81)

İâő áłăńïàŋőě ŕàőĺğćěďěŋĺě ŋěćëàőęďěŋő, â.ě. ĺğ ãáńőćĺï < a, b >= 0 ∀b áńěďãěâ a = 0 (ďőáâăâőçŋő ćğïâì b = a ĺ ćáŕőňŋĺâì őŕàěďěńěŋĺě ňěâàĺçěáłőľ ăńčěąàë).

Ńîąőľ íńěňěŋâ a ∈ A ňőęŋő ŕàěďáâăćĺâì ć ćĺďě áãňňë a = λ + b, čďě λ ∈ R, ă b ∈ A^′ ĺ A^′ őąőğŋăçăěâ ńĺŋěľŋőě ŕőďŕàőáâàăŋáâćő őàâőčőŋăńìŋőě ł R · 1, â.ě. < b, 1 >= 0. Ĺğ őŕàěďěńěŋĺï (2.1.81) ňë ŕőńãçăěň, çâő b = −b. Ńěčłő ŕőŋïâì, çâő λ = 1 2 (a + a) =< a, 1 > , b = 1 2 (a − a) .

Ŕàěďńőęěŋĺě. Ŕàěďŕőńőęĺň, çâő ňë ĺňěěň ňěâàĺçěáłãî ăńčěąàã A, ďńï łőâőàőľ áŕàăćěďńĺćë áőőâŋőèěŋĺï i.) y (y x) = (y y) x , ii.) (x y) y = x (y y) . (2.1.82)

Šőčďă ćëŕőńŋïěâáï àăćěŋáâćő < x y, z >=< x, z y > , (2.1.83) ĺ ăńčěąàă A ïćńïěâáï ŋőàňĺàãěňőľ, â.ě. ňë ĺňěěň < x y, x y >=< x, x > < y, y > . (2.1.84) Őąàăâŋőě ãâćěàęďěŋĺě âăłęě ćěàŋő. Őâňěâĺň, çâő ãáńőćĺï i.), ii.) ďńï ăááőæĺăâĺćŋëå ăńčěąà ćëŕőńŋïîâáï ăćâőňăâĺçěáłĺ.

Ďőłăğăâěńìáâćő. Ŕàěęďě ćáěčő ğăňěâĺň, çâő ĺğ áćőľáâć i.), ii.) áàăğã ęě áńěďãěâ áőőâŋőèěŋĺě < x y, y >=< x, y y > , (2.1.85) Šěŕěàì ŕőďáâăćĺň ć (2.1.85) y → y + z. Ć àěğãńìâăâě ŕőńãçăěň < x y, z > + < x z, y >=< x, y z > + < x, z y > , őâłãďă, ŕőńăčăï z = x ĺ ãçĺâëćăï (2.1.85), ŋěňěďńěŋŋő áńěďãěâ < x y, x >=< x, x y >. Š.ł. < x y, 1 >=< x, y >, âő < x y, (x + x) >=< x, (x + x) y > ĺ, áńěďőćăâěńìŋő, ňë ĺňěěň < x y, x >=< x, x y > . (2.1.86) Ŕőďáâăćĺň áîďă x → x + z. Ć àěğãńìâăâě ŕőńãçăěň < x (y − y), z >=< x, z (y − y) > , łőâőàőě íłćĺćăńěŋâŋő (2.1.83) ć áĺńã (y + y) = R · 1.

Ŕőńăčăï z = x y, ňë ŕőńãçăěň á ŕőňőéìî (2.1.83) < x y, x y >=< x y, z >=< x, z y > . Ďăńěě ć áőőâćěâáâćĺĺ á ii.) ňë ĺňěěň z y = (x y) y = x < y, y >=< y, y > x , ĺ, áńěďőćăâěńìŋő, ŕőńãçăěň < x y, x y >=< x, z y >=< x, x > < y, y > . Ůâő ĺ âàěąőćăńőáì ďőłăğăâì.

Őąàăâŋő, ŕőďáâăćńïï ć (2.1.84) x → x + u ĺńĺ y → y + u ňë ŕőńãçăěň < x y, u y >=< x, u > < y, y > , < x y, x u >=< x, x > < y, u > , (2.1.87) čďě ŕěàćőě áőőâŋőèěŋĺě ŕàĺ z = uy ďăěâ (2.1.83), ă ćâőàőě íłćĺćăńěŋâŋő < x y, z >=< y, x z > , (2.1.88) Şçĺâëćăï (2.1.87) ĺ (2.1.88), ŕőńãçăěň < x (x y), z >=< x y, x z >=< x, x > < y, z >=< (x x) y, z > , őâłãďă ć áĺńã ŋěćëàőęďěŋŋőáâĺ áłăńïàŋőčő ŕàőĺğćěďěŋĺï áńěďãěâ i.) (2.1.82). Şáńőćĺě ii.) (2.1.82) ŕőńãçăěâáï ăŋăńőčĺçŋő.

Ğăňěçăŋĺě. Śőőâŋőèěŋĺï i.) ĺ ii.) (2.1.82) íłćĺćăńěŋâŋë ãáńőćĺïň ăńìâěàŋăâĺćŋő- áâĺ (y y) x = y (y x) , x (y y) = (x y) y , (2.1.89) ĺ ĺğ ŋĺå áńěďãěâ ãáńőćĺě íńăáâĺçŋőáâĺ (x y) x = x (y x) ≡ (xyx) . (2.1.90) Ďěľáâćĺâěńìŋő, ãáńőćĺï ăńìâěàŋăâĺćŋőáâĺ (2.1.89) íłćĺćăńěŋâŋë (2.1.82) ć áĺńã àăćěŋáâćă (y + y) = R · 1. Şáńőćĺï íńăáâĺçŋőáâĺ ňőęŋő ŕőńãçĺâì ĺğ (2.1.89), ěáńĺ áďěńăâì ğăňěŋã y → y + z. Šőčďă ŕěàćőě áőőâŋőèěŋĺě ŕěàěŕĺáëćăěâáï ć ćĺďě (y z) x + (z y) x = y (z x) + z (y x) , ĺ, ŕőńőęĺć z = x, ňë ŕőńãçăěň (2.1.90).

Őŕàěďěńěŋĺě. Ăńčěąàã A ąãďěň ŋăğëćăâì ăńìâěàŋăâĺćŋőľ, ěáńĺ ∀x, y ∈ A ćëŕőńŋïîâáï ãáńőćĺï (2.1.89).

Ĺğ áőőâŋőèěŋĺľ (2.1.89), (2.1.90) áńěďãěâ, çâő ńîąăï ăńìâěàŋăâĺćŋăï ăńčěąàă á ďćãňï őąàăğãîéĺňĺ ïćńïěâáï ăááőæĺăâĺćŋőľ (âěőàěňă Ăàâĺŋă).

Ććěďěň ăááőæĺăâőà (x, y, z) ≡ (x y) z − x (y z) .

Şáńőćĺï ăńìâěàŋăâĺćŋőáâĺ ĺ íńăáâĺçŋőáâĺ ĺňěîâ ćĺď (x, x, y) = 0 = (y, x, x) , (x, y, x) = 0 , ĺ ŕőáńě ŕőďáâăŋőćłĺ x → x + z ňë ŕőńãçăěň (x, z, y) = −(z, x, y) = (z, y, x) = −(y, z, x) . (2.1.91) Š.ő. ăááőæĺăâőà ďńï ăńìâěàŋăâĺćŋőľ ăńčěąàë ăńìâěàŋĺàőćăŋ (ăŋâĺáĺňňěâàĺçěŋ ŕő ŕěàěáâăŋőćłě ńîąëå ďćãå ăàčãňěŋâőć) – íâő ĺ őąêïáŋïěâ ŋăğćăŋĺě ăńčěąàë.

Ďńï ńîąőľ ăńìâěàŋăâĺćŋőľ ăńčěąàë ćëŕőńŋïîâáï âőęďěáâćă Ňãäăŋč

(x a x) y = x [a (x y)] , (2.1.92)

y (x a x) = [(y x) a] x , (2.1.93) (x y) (a x) = x (y a) x , (2.1.94) Ŕěàćőě âőęďěáâćő (2.1.92) ďőłăğëćăěâáï áńěďãîéĺň őąàăğőň [11] (x a x) y − x [a (x y)] = (xa, x, y) + (x, a, xy) = −(x, xa, y) − (x, xy, a) = −[x (xa)] y + x [(xa) y] − [x (xy)] a + x [(xy) a] = −(x^2a) y − (x^2y) a + x [(xa) y + (xy) a] = −(x^2, a, y) − (x^2, y, a) − x^2 (a y) − x^2 (y a) + x [(xa) y + (xy) a] = x [−x (a y) − x (y a) + (xa) y + (xy) a] = x [(x, a, y) + (x, y, a)] = 0 , Ćâőàőě áőőâŋőèěŋĺě (2.1.93) ňőęŋő ŕőńãçĺâì ĺğ ŕěàćőčő á ŕőňőéìî ĺŋćőńîæĺĺ. Ŋăłőŋěæ âàěâìě áőőâŋőèěŋĺě (2.1.94) ďőłăğëćăěâáï áńěďãîéĺň őąàăğőň (x y) (a x) − x (y a) x = (x, y, ax) + x [y (ax) − (ya) x] = −(x, ax, y) − x (y, a, x) = −(xax) y + x [(a x) y − (y, a, x)] = −x [a (x y) − (a x) y + (y, a, x)] = −x [−(a, x, y) + (y, a, x)] = 0 , Ŕãáâì ğăďăŋă ňěâàĺçěáłăï ăńčěąàă A. Řăáèĺàĺň íâã ăńčěąàã ďőąăćĺć ł ŋěľ ěéě őďĺŋ íńěňěŋâ e, ŕàĺçěň âăł, çâő ŋőćăï àăáèĺàěŋŋăï ăńčěąàă A^{(2)} őŕïâì ąãďěâ ňěâàĺçěáłőľ ĺ e ąãďěâ ńěęăâì ć őàâőčőŋăńìŋőň ďőŕőńŋěŋĺĺ ł A. İâő ğŋăçĺâ, çâő ğăďăŋă ĺŋćőńîæĺï e → e, ĺ < 1, e >= 1 2 (e + e) = 0 ⇒ e = −e , (2.1.95)

ă âăłęě ∀a ∈ A ňë ĺňěěň < a, e >= 1 2 (a e + e a) = 0 ⇒ a e = e a . (2.1.96)

Őâŋőàňĺàãěň íńěňěŋâ e âăł, çâő

< e, e >= 1 ⇒ e^2 = −1 . (2.1.97)

Ŕőâàěąãěň âěŕěàì, çâőąë àăáèĺàěŋŋăï ňěâàĺçěáłăï ăńčěąàă A^{(2)} ąëńă ěéě ŋőàňĺàãěňőľ (â.ě. ăńìâěàŋăâĺćŋőľ). Őçěćĺďŋő, çâő áăňă ăńčěąàă A ąãďãçĺ ŕőďăńčěąàőľ A^{(2)} âăłęě ďőńęŋă ąëâì ŋőàňĺàőćăŋŋőľ. Ĺğ ãáńőćĺľ ăńìâěàŋăâĺćŋőáâĺ ĺ âőęďěáâć Ňãäăŋč ňë ĺňěěň

(ae) (be) = (ea) (b e) = e (a b) e = [(b a) e] e = (b a) (e e) = −(b a) , (ae) b = −[e (ea) e] b = −e [(ea) (eb)] = e [b a] = (a b) e , a (be) = −a [e (eb) e] = −[(ae) (eb)] e = (b a) e , (2.1.98)

Ĺğ íâĺå áőőâŋőèěŋĺľ áàăğã ęě áńěďãěâ, çâő ŕàőĺğćőńìŋëľ íńěňěŋâ A^{(2)} ňőęŋő ŕàěďáâăćĺâì ć ćĺďě (a + b e), čďě a, b ∈ A ĺ ŕàăćĺńő ãňŋőęěŋĺï ć A^{(2)} őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň (áň. ŋăŕàĺňěà [10])

(a + b e) (c + d e) = (a c − d b) + (b c + d a) e . (2.1.99)

Ŕàăćĺńő áőŕàïęěŋĺï ďńï àăáèĺàěŋŋőľ ăńčěąàë őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň

(a + b e) = a − b e =⇒ (a + b e) (a + b e) = a a + b b . (2.1.100)

Ăńčěąàă A^{(2)} á ŕàăćĺńőň ãňŋőęěŋĺï (2.1.99) ĺ áőŕàïęěŋĺï (2.1.100) ŋăğëćăěâáï ãďćőěŋĺěň ăńčěąàë A (áăňă ŕàőæěďãàă ãďćőěŋĺï ĺŋőčďă ŋăğëćăěâáï ŕàőæěďãàőľ Łěńńĺ - Ďĺłáőŋă), â.ł. ńîąőľ íńěňěŋâ (a + b e) ăńčěąàë A^{(2)} ňőęŋő àăááňăâàĺćăâì łăł ŕăàã íńěňěŋâőć a, b ∈ A. Ĺğ ŕěàćëå ďćãå áőőâŋőèěŋĺľ (2.1.98) ćĺďŋő, çâő ěáńĺ b ≠ b ďńï ŋěłőâőàőčő b ∈ A, âő A^{(2)} ŋěłőňňãâăâĺćŋă, ă ěáńĺ A ŋěłőňňãâăâĺćŋă, âő ĺğ âàěâìěčő áőőâŋőèěŋĺï (2.1.98), ćőőąéě čőćőàï, áńěďãěâ ŋěăááőæĺăâĺćŋőáâì A^{(2)}.

Ć łăçěáâćě ĺńńîáâàăæĺĺ ŕőłăęěň, łăł ŕãâěň ãďćőěŋĺï ňőęŋő ŕőáńěďőćăâěńìŋő ŕőńãçĺâì łőňŕńěłáŋëě çĺáńă, łćăâěàŋĺőŋë ĺ őłâőŋĺőŋë.

Ćőğìňěň ć łăçěáâćě A ăńčěąàã ďěľáâćĺâěńìŋëå çĺáěń R. Ďőąăćĺň ł ŋěňã ąăğĺáŋëľ íńěňěŋâ e = i, < i, i >= 1. Šőčďă ĺğ (2.1.97) áńěďãěâ i^2 = −1 ĺ ńîąőľ íńěňěŋâ z ∈ R^{(2)} ŕàěďáâăćĺň ć ćĺďě z = λ + i μ, čďě λ, μ ∈ R. Šěň áăňëň ňë ŕàĺåőďĺň ł őŕàěďěńěŋĺî łőňŕńěłáŋëå çĺáěń C (łőâőàëě ňőęŋő àăááňăâàĺćăâì łăł ãďćőěŋĺě àěăńìŋëå çĺáěń) ĺ őâőęďěáâćńěŋĺî R^{(2)} = C.

Łćăâěàŋĺőŋë.

Ŕãáâì âěŕěàì A = C ĺ ŕàěďáâăćĺň ńîąőľ íńěňěŋâ a ∈ A^{(2)} ć ćĺďě (e = j) a = (λ + i μ) + j z, čďě λ, μ ∈ R, z ∈ C. Őŕïâì ęě ĺğ (2.1.95) - (2.1.97) ňë ŕőńãçăěň

j b = −j b , j = −j , i j = −j i , j^2 = −1 . (2.1.101)

Ŕőńőęĺň ij = −ji ≡ k, ĺ ğăňěâĺň, çâő ăńčěąàă C^{(2)} ≡ H ŋěłőňňãâăâĺćŋă. İńěňěŋâ k ŋě ňőęěâ ąëâì ďěľáâćĺâěńìŋëň çĺáńőň, ĺŋăçě ć áĺńã i^2 = −1 ňë ŕőńãçĺńĺ ąë j = ±i · k, çâő ŕàőâĺćőàěçĺâ âàěąőćăŋĺî j ≠ 0. Š.ł. ăńčěąàă H čěŋěàĺàãěâáï âőńìłő ďćãňï íńěňěŋâăňĺ i, j, âő ŕő âěőàěňě Ăàâĺŋă ïáŋő, çâő H ăááőæĺăâĺćŋă ĺ áőőâŋőèěŋĺï i^2 = −1 = j^2, i j = −j i = k ŕőńŋőáâìî őŕàěďěńïîâ ğăňłŋãâãî ăńčěąàã H á íńěňěŋâăňĺ a = λ + i μ + j ν + k ρ ĺ áâàãłâãàŋëňĺ áőőâŋőèěŋĺïňĺ (íńěňěŋâë i, j, k ăŋâĺłőňňãâĺàãîâ ďàãč á ďàãčőň)

i^2 = j^2 = k^2 = −1 , ij = k , k i = j , j k = i . (2.1.102)

İâă ŋěłőňňãâăâĺćŋăï ăńčěąàă H ŋăğëćăěâáï ăńčěąàőľ łćăâěàŋĺőŋőć. Ŕőńőęĺň i = e_1, j = e_2, k = e_3, âőčďă âăąńĺæă ãňŋőęěŋĺï ďńï łćăâěàŋĺőŋőć ĺňěěâ ćĺď

e_i e_j = −δ_{ij} + ϵ_{ijk} e_k . (2.1.103)

Őâáîďă áàăğã ęě ćĺďŋő, çâő čàãŕŕőľ ăćâőňőàäĺğňőć ďńï łćăâěàŋĺőŋőć ïćńïěâáï SO(3). Ććěďěň őąőğŋăçěŋĺě 1 = e_0, âőčďă âăąńĺæã ãňŋőęěŋĺï (2.1.103) ňőęŋő ŕěàěŕĺáăâì á ŕőňőéìî âěŋğőàőć â’Őäâă (η, η)

e_ν e_μ − e_μ e_ν = 4η^i_{μν} e_i , e_ν e_μ + e_μ e_ν = 2e_0δ_{νμ}

e_ν e_μ − e_μ e_ν = 4η^i_{μν} e_i , e_ν e_μ + e_μ e_ν = 2e_0δ_{νμ} ,

e_ν e_μ = 2η^λ_{μν} e_λ , e_ν e_μ = 2η^λ_{μν} e_λ ,

(2.1.104)

čďě η^0_{μν} = η^0_{μν} = (1/2) δ_{μν} , e_μ = g_{μν} e_ν ĺ g_{μν} = (1, −1, −1, −1).

Šěŋğőàă η ĺ η ğăňěçăâěńìŋë âěň, çâő őŋĺ áăňőďãăńìŋë ĺ ăŋâĺáăňőďãăńìŋë η^i_{μν} = 1 2 ϵ_{μνλρ} η^i_{λρ} = ∗η^i_{μν} , η^i_{μν} = − 1 2 ϵ_{μνλρ} η^i_{λρ} = − ∗ η^i_{μν} . Ś ŕőňőéìî íâĺå âěŋğőàőć ńěčłő ňőęŋő ćëŕĺáăâì ïćŋëě q-ĺŋáâăŋâőŋŋëě àěèěŋĺï ďńï áăňőďãăńìŋőčő ŕőńï §ŋčă-Ňĺńńáă (ŕàőáâàăŋáâćő ěćłńĺďőćő)

A^i_μ(x) = η^i_{μν} ∂_ν ln(Φ(x)) ,

čďě ŕőńě Φ ďőńęŋő ãďőćńěâćőàïâì ãàăćŋěŋĺî ∂^2_μΦ(x) = 0 ĺ â.ő. ňőęěâ ąëâì ćëąàăŋő ć ćĺďě Φ(x) = 1 + q∑ j=1 λ^2_j (x − x_j )^2 . Ć łăçěáâćě ěéě őďŋőčő ŕàĺńőęěŋĺï łćăâěàŋĺőŋőć ĺğńőęĺň łàăâłő q- ĺŋáâăŋâőŋŋãî łőŋáâàãłæĺî Ăâìĺ - Ďàĺŋäěńìďă - Ţĺâçĺŋă - Ňăŋĺŋă (áň. ŋăŕàĺňěà [12]). Řăááňőâàĺň (q + n) × (q + n) ňăâàĺæã U^K_L á łćăâěàŋĺőŋŋëňĺ íńěňěŋâăňĺ (K, L = 1, . . . , q + n), łőâőàăï ĺňěěâ ćĺď U = ( M^K_α N^K_i ) , M^K_α = B^K_α − C^K_α (x^μ e_μ) , (2.1.105)

čďě α = 1, . . . , q, i = q + 1, . . . q + n ĺ B, C - ŕàïňőãčőńìŋëě łćăâěàŋĺőŋŋëě ňăâàĺæë (q + n) × q, ŋěğăćĺáïéĺě őâ x, ă N_i(x) – (q + n)-ňěàŋëě łćăâěàŋĺőŋŋëě áâőńąæë, łőâőàëå n èâãł. Ŕãáâì U ãďőćńěâćőàïěâ áőőâŋőèěŋĺïň

U^† U = ( R^α_β 0 0 e_0 δ^i_j ) =⇒ U^† = ( R 0 0 e_0 I ) U^{−1} , (2.1.106)

čďě R- (q × q) ćěéěáâćěŋŋăï ňăâàĺæă, ă I - (n × n) ěďĺŋĺçŋăï ňăâàĺæă. Śőőâŋőèěŋĺï (2.1.106) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě

M^† M = R , M^† N = 0 , N^† M = 0 , N^† N = e_0 I . (2.1.107)

Łăńĺąàőćőçŋëľ ŕőâěŋæĺăń ć łőŋáâàãłæĺĺ ĂĎŢŇ őŕàěďěńïěâáï łăł łćăâěàŋĺőŋŋăï ňăâàĺæă (n × n) A^i_j = (N^†(x))^i_K d N^K_j (x) , (2.1.108)

Ĺğ ŕőáńěďŋěčő ãáńőćĺï ć (2.1.107) áńěďãěâ, çâő łćăâěàŋĺőŋŋăï ňăâàĺæă A ïćńïěâáï ăŋâĺíàňĺâőćőľ A^† = −A. Ŕőłăęěň, çâő âăłőě ãáńőćĺě ŋă łćăâěàŋĺőŋŋãî ňăâàĺæã őŕàěďěńïěâ ăńčěąàã Ńĺ sp(n) ĺ, â.ő., (2.1.108) őŕàěďěńïěâ łăńĺąàőćőçŋëľ ŕőâěŋæĺăń ďńï Sp(n) łăńĺąàőćőçŋőľ âěőàĺĺ. Ć çăáâŋőáâĺ ďńï n = 1 ăŋğăæ (2.1.108) ąãďěâ őŕàěďěńïâì ĺŋáâăŋâőŋŋëě àěèěŋĺï ďńï Sp(1) = SU(2) âěőàĺĺ. Ğăňěâĺň, çâő ãáńőćĺě ăŋâĺíàňĺâőćőáâĺ ďńï A íłćĺćăńěŋâŋő ãáńőćĺî ãŋĺâăàŋőáâĺ U^† U = I ďńï łćăâěàŋĺőŋŋőľ ňăâàĺæë U = exp(A). Łćăâěàŋĺőŋŋãî ňăâàĺæã U ňőęŋő ŕàěďáâăćĺâì ć łőňŕńěłáŋőň ćĺďě U = (A + i B) + j (C + i D) = U_1 + j U_2 . (2.1.109)

Łćăâěàŋĺőŋŋăï ňăâàĺæă U ďěľáâćãěâ ŋă łćăâěàŋĺőŋŋëľ ćěłâőà V = V_1 + j V_2 áńěďãîéĺň őąàăğőň U V = (U_1 V_1 − U_2 V_2) + j (U_2 V_1 + U_1 V_2) ,

çâő ňőęŋő ŕěàěŕĺáăâì ć ąńőçŋőň ćĺďě U ( V_1 V_2 ) = ( U_1 −U_2 U_2 U_1 ) ( V_1 V_2 ) . (2.1.110)

Ğďěáì łőňŕńěłáŋăï 2n × 2n ňăâàĺæă U ŕàěďáâăćńěŋă ć ćĺďě 2 × 2 ąńőçŋőľ ňăâàĺæë á ąńőłăňĺ àăğňěàă n × n. Řăááňőâàĺň ňăâàĺæë (U^t_1 − U^t_2 j) ĺ j I (čďě t - ňăâàĺçŋőě âàăŋáŕőŋĺàőćăŋĺě), łőâőàëě ć 2 × 2 ąńőçŋőň ćĺďě ŕàěďáâăćĺňë łăł

(U^t_1 − U^t_2 j) V ∼ ( U^t_1 U^t_2 −U^†_2 U^†_1 ) ( V_1 V_2 ) = U^t V ⇒ j V ∼ ( 0 I −I 0 ) ( V_1 V_2 ) . (2.1.111) Ś ãçěâőň íâĺå äőàňãń ãáńőćĺě ãŋĺâăàŋőáâĺ ďńï łćăâěàŋĺőŋŋőľ ňăâàĺæë U ŕěàěŕĺáëćăěâáï ć ćĺďě ãáńőćĺï áĺňŕńěłâĺçŋőáâĺ

U^† U = (U^†_1 − U^†_2 j) (U_1 + j U_2) = I ⇒ (U^t_1 − U^t_2 j) j (U_1 + j U_2) = j ⇒ ⇒ U^t ( 0 I −I 0 ) U = ( 0 I −I 0 ) . (2.1.112)

Š.ő. ãŋĺâăàŋăï łćăâěàŋĺőŋŋăï ňăâàĺæă U àěăńĺğãěâ ŕàěőąàăğőćăŋĺě čàãŕŕë Sp(n) ĺ, áőőâćěâáâćěŋŋő, ăŋâĺíàňĺâőćă łćăâěàŋĺőŋŋăï ňăâàĺæă A ïćńïěâáï íńěňěŋâőň ăńčěąàë sp(n) (ąőńěě âőçŋő ňë ŕőńãçĺńĺ łőňŕńěłáĺäĺæĺàőćăŋŋëě ćěàáĺĺ Sp(n) ĺ sp(n)).

Ďńï âőčő, çâőąë ŋăľâĺ ŕőńě ŋăŕàïęěŋŋőáâĺ F = dA + A^2 á ŕőâěŋæĺăńőň ćĺďă (2.1.108) àăááňőâàĺň ďĺääěàěŋæĺăńìŋãî äőàňã

U^† d U = ( (M^†dM)^α_β (M^†dN)^α_j (N^†dM)^i_β (N^†dN)^i_j ) = ( R^α_β 0 0 e_0 I^i_j ) U^{−1} d U , (2.1.113)

ĺ ćëçĺáńĺň őâ ŋěě ďĺääěàěŋæĺăń

d (U^† d U) = ( (dR)R^{−1} 0 0 0 ) U^† d U − U^† d U ( R^{−1} 0 0 e_0 I ) U^† d U . (2.1.114)

Ŕőďáâăćńïï áîďă ćëàăęěŋĺě (2.1.113) ďńï äőàňë U^†dU, ňë ŕőńãçăěň ćëàăęěŋĺě ďńï ŋăŕàïęěŋŋőáâĺ ŕőńï F = d (N^† d N) + (N^† d N) (N^† d N) = = −(N^† d M) R^{−1} (M^† d N) = N^† (d M) R^{−1} (dM^†) N = = (N^† C)_α (e_μ (R^{−1})^α_β e_ν ) (C^† N)^β dx^μ ∧ dx^ν = = (N^† C) (η^i_{μν} e_i) R^{−1} (C^† N) dx^μ ∧ dx^ν .

(2.1.115)

Ğďěáì ňë ćőáŕőńìğőćăńĺáì àăćěŋáâćăňĺ (2.1.104), (2.1.107) ĺ [R, e_μ] = 0. Š.ő., ć áĺńã áăňőďãăńìŋőáâĺ âěŋğőàă η, ŕőńě F âăłęě áăňőďãăńìŋő ĺ, áńěďőćăâěńìŋő, ãďőćńěâćőàïěâ ãàăćŋěŋĺïň §ŋčă-Ňĺńńáă ďńï Sp(n) łăńĺąàőćőçŋőľ âěőàĺĺ.

Őłâőŋĺőŋë.

Ğăľňěňáï âěŕěàì ãďćőěŋĺěň łćăâěàŋĺőŋőć. Ŕàőĺğćőńìŋëľ íńěňěŋâ ăńčěąàë H^{(2)} ≡ O ĺňěěâ ćĺď a + b e, čďě a, b ∈ H. Ďńï íâőľ ăńčěąàë ňë áŋőćă ŕőńãçăěň e^2 = −1 , e = −e , i e = −e i ≡ f , j e = −e j ≡ g , k e = −e k ≡ h . (2.1.116) Š.ő. ąăğĺá ăńčěąàë O áőáâőĺâ ĺğ ćőáìňĺ íńěňěŋâőć {1, i, j, k, e, f, g, h} ≡ {1, e_1, e_2, e_3, e_4, e_5, e_6, e_7} . Ĺğ ŕàăćĺń ãňŋőęěŋĺï łćăâěàŋĺőŋőć ĺ (2.1.98), (2.1.99) ćëâěłăěâ f^2 = g^2 = h^2 = −1 ĺ ăŋâĺłőňňãâĺàãěňőáâì íńěňěŋâőć e, f, g, h. Ďěľáâćĺâěńìŋő, f^2 = (i e) (i e) = −i i = −1, e f = i = −f e ĺ â.ď. Š.ő. âăąńĺæă ãňŋőęěŋĺï ďńï őłâőŋĺőŋőć ňőęěâ ąëâì ğăŕĺáăŋă ć ćĺďě e^2_4 = −1 , e_i e_4 = −e_4 e_i = e_{4+i} , e_j e_{4+i} = −e_{4+i} e_j = −δ_{ij} e_4 + ϵ_{ijk} e_{4+k} , e_{4+j} e_{4+i} = −δ_{ij} + ϵ_{ijk} e_k , (2.1.117) ŕńîá äőàňãńë (2.1.103). §áŋő, çâő á ŕőňőéìî (2.1.104) äőàňãńë (2.1.117) âăłęě ňőęŋő ŕěàěŕĺáăâì á ŕőňőéìî âěŋğőàőć â’Őäâă e_{4+ν} e_μ = e_μ e_{4+ν} = 2 η^λ_{μν} e_{4+λ} , e_{4+μ} e_{4+ν} = −e_ν e_μ = −2 η^λ_{μν} e_λ .

Ğăňěâĺň, çâő ăńčěąàă O ïćńïěâáï ŋěăááőæĺăâĺćŋőľ (i e) j = −(i j) e = −k e , i (e j) = −i (j e) = −(j i) e = k e . Š.ě (i e) j ≠ i (e j). Š.ő. ăńčěąàă, ŕőńãçăîéăïáï ãďćőěŋĺěň łćăâěàŋĺőŋőć, ïćńïěâáï ŋěăááőæĺăâĺćŋőľ. İâă ăńčěąàă O ŋăğëćăěâáï ăńčěąàőľ őłâőŋĺőŋőć. Ŕàőĺğćőńìŋëľ íńěňěŋâ a ∈ O ĺňěěâ ćĺď a = λ + i μ + j ν + k ρ + f α + g β + h γ .

Řăááňőâàĺň čàãŕŕã ăćâőňőàäĺğňőć ăńčěąàë A, â.ě. čàãŕŕã őâőąàăęěŋĺľ Φ: A → A, âăłĺå, çâő Φ(a b) = Φ(a) Φ(b) a, b ∈ A . (2.1.118)

Ŕãáâì ĺŋäĺŋĺâěğĺňăńìŋăï äőàňă őâőąàăęěŋĺï Φ ĺňěěâ ćĺď a → a + δ(a). Őâőąàăęěŋĺï δ ïćńïîâáï ďĺääěàěŋæĺàőćăŋĺïňĺ ăńčěąàë A, â.ł. ĺğ (2.1.118) ňë ŕőńãçăěň

δ(a b) = δ(a) b + a δ(b) , (2.1.119)

â.ě. δ ∈ Der(A). Ăńčěąàă Der(A) ïćńïěâáï ăńčěąàőľ Ńĺ, â.ł. łőňňãâăâőà ďćãå ďĺääěàěŋæĺàőćăŋĺľ [δ_1, δ_2] ěáâì áŋőćă ďĺääěàěŋæĺàőćăŋĺě. Ğăňěâĺň, çâő δ(1) = δ(1 · 1) = 2δ(1) ĺ áńěďőćăâěńìŋő δ(1) = 0. Š.ő. ďńï ňěâàĺçěáłĺå ăńčěąà àăğňěàŋőáâĺ 2^n, ŕőńãçěŋŋëå ãďćőěŋĺěň, ňë ĺňěěň δ(aa) = 0, çâő őğŋăçăěâ ŕàĺŋăďńěęŋőáâì δ ł őàâőčőŋăńìŋëň ŕàěőąàăğőćăŋĺïň, ă ĺğ ãáńőćĺï δ(1) = 0 ćëâěłăěâ ãâćěàęďěŋĺě δ ∈ so(2^n − 1) ĺńĺ Aut(A) ∈ O(2^n − 1). Ğăňěâĺň, çâő Der(A) ňőęŋő őďŋőğŋăçŋő őŕàěďěńĺâì ĺğ (2.1.119), ěáńĺ ğăďăâì ďěľáâćĺě δ ŋă őąàăğãîéĺě A.

Řăááňőâàĺň ăńčěąàã Ńĺ ďĺääěàěŋæĺàőćăŋĺľ ãďćőěŋŋőľ ăńčěąàë Der(A^{(2)}). Ąãďěň ĺáłăâì őŕěàăâőà ďĺääěàěŋæĺàőćăŋĺï ć áăňőň őąéěň ćĺďě [10]:

δ(a) = δ_0(a) + ϕ(a) e , δ(e) = x_0 + y_0 e , (2.1.120)

čďě a, x_0, y_0 ∈ A ĺ δ_0, ϕ ďćă ńĺŋěľŋëå őŕěàăâőàă A → A. Ďĺääěàěŋæĺàőćăŋĺě A^{(2)} őďŋőğŋăçŋő ćőááâăŋăćńĺćăěâáï ŕő őŕěàăâőàăň δ_0, ϕ ĺ íńěňěŋâăň x_0, y_0, ŕőíâőňã çâőąë őŕĺáăâì ăńčěąàã Der(A^{(2)}), ďőáâăâőçŋő őŕĺáăâì çěâćěàłĺ (δ_0, ϕ, x_0, y_0).

1.) Ĺğ (2.1.119) ŕàĺ a = b = e ňë ŕőńãçăěň

0 = δ(e^2) = (x_0 + y_0 e) e + e (x_0 + y_0 e) = −(y_0 + y_0) + (x_0 + x_0) e ⇒ (y_0 + y_0) = 0 = (x_0 + x_0) . (2.1.121)

2.) Ĺğ äőàňãń (2.1.119), (2.1.120) ĺ (2.1.98) ŕàĺ a, b ∈ A áńěďãîâ àăćěŋáâćă

δ_0(a b) = δ_0(a) b + a δ_0(b) ,

ϕ(a b) = ϕ(a) b + ϕ(b) a , (2.1.122)

â.ě. δ_0 ïćńïěâáï ďĺääěàěŋæĺàőćăŋĺěň ăńčěąàë A, ă őâőąàăęěŋĺě ϕ áŋőćă ňőęŋő őŕàěďěńĺâì, ěáńĺ ğăďăâì ěčő ďěľáâćĺě ŋă őąàăğãîéĺě A. Ěáńĺ áăňă ăńčěąàă A ŕőńãçěŋă ãďćőěŋĺěň (á e = j), âő ∀a = x + y j ∈ A ňőęŋő ŕőńőęĺâì ϕ(x) = P (x) + Q(x) j, ϕ(j) = z_0 + w_0 j, čďě x, y, z_0, w_0 ∈ A^{(1/2)}, ĺ ĺğ (2.1.122) áńěďãîâ àăćěŋáâćă

P (x y) = P (x) y + P (y) x , Q(x y) = Q(y) x + Q(x) y . (2.1.123)

İâã ŕàőæěďãàã á ãďćőěŋĺěň ňőęŋő ŕàőďőńęĺâì ďő âěå ŕőà ŕőłă őŕěàăâőàë P, Q ŋě ąãďãâ ĺğćěáâŋë, ŕőáńě çěčő ϕ ćőááâăŋăćńĺćăěâáï őďŋőğŋăçŋő.

Őďŋăłő, ďńï çăáâŋőčő áńãçăï A^{(2)} = O, A = H, ňë ćőáŕőńìğãěňáï âěň, çâő äőàňãńă (2.1.122) őďŋőğŋăçŋő őŕàěďěńïěâ őâőąàăęěŋĺě ϕ ŕàĺ ğăďăŋĺĺ ďěľáâćĺï ϕ ŋă őąàăğãîéĺě ăńčěąàë A. Ć áńãçăě A = H ňë ĺňěěň ďćě őąàăğãîéĺě i, j, ĺ ćëąàăć

ϕ(j) = z_0 + w_0 j , ϕ(i) = a_0 + b_0 j , (z_0, w_0, a_0, b_0 ∈ C) , ňë ńěčłő ŕőńãçăěň

ϕ(x + y j) = (a_0 Im(x) + b_0 Im(y) + z_0 y) + (b_0 Im(x) − a_0 Im(y) + w_0 y) j . (2.1.124)

Ňë ćĺďĺň, çâő ăńčěąàă Der(O) (łőâőàăï ńěęĺâ ć 21 - ŕăàăňěâàĺçěáłőľ ăńčěąàě so(7)) ğăďăěâáï ďĺääěàěŋæĺàőćăŋĺïňĺ δ_0 ăńčěąàë H (ăńčěąàă Der(H) ĺňěěâ 3 ŕăàăňěâàă, â.ł. čàãŕŕă ăćâőňőàäĺğňőć H áőćŕăďăěâ á SO(3)), ďćãňï łćăâěàŋĺőŋăňĺ x_0, y_0, őčàăŋĺçěŋŋëňĺ ãáńőćĺïňĺ (2.1.121) (6 ŕăàăňěâàőć), ă âăłęě çěâëàìňï łőňŕńěłáŋëňĺ çĺáńăňĺ (z_0, w_0, a_0, b_0 ∈ C), łőâőàëě ğăďăîâ őâőąàăęěŋĺě ϕ (8 ŕăàăňěâàőć). Ŕőłăęěň âěŕěàì, çâő łćăâěàŋĺőŋ x_0 őŕàěďěńïěâáï őâőąàăęěŋĺěň ϕ ĺ, áńěďőćăâěńìŋő, çĺáńő ŋěğăćĺáĺňëå ŕăàăňěâàőć ăńčěąàë Der(O) àăćŋő 14, çâő áőćŕăďăěâ á àăğňěàŋőáâìî ăńčěąàë G_2.

3.) Řăááňőâàĺň àăćěŋáâćő δ(b (a e)) = δ((a b) e), łőâőàőě áńěďãěâ ĺğ (2.1.98). Řăáłàőěň ŕàăćãî ĺ ńěćãî çăáâĺ íâőčő àăćěŋáâćă ŕő ŕàăćĺńã Ńěľąŋĺæă δ(b(ae)) = δ(b) ae + b δ(ae) = = (δ_0(b) + ϕ(b)e)(ae) + b [(δ_0(a) + ϕ(a) e) e + a (x_0 + y_0e)] = = δ_0(b) (ae) − a ϕ(b) + b [δ_0(a) e − ϕ(a) + a x_0 + a (y_0e)] = = δ_0(a b) e − a ϕ(b) + −b ϕ(a) + b (a x_0) + ((y_0 a)b) e , δ((ab)e) = δ(ab) e + ab δ(e) = = [(δ_0(a b) + ϕ(a b) e)] e + (ab) (x_0 + y_0e) = = δ_0(a b) e − ϕ(a b) + (a b) x_0 + (y_0(ab)) e .

Śàăćŋĺćăï íâĺ ďćă àěğãńìâăâă, ňë ĺňěěň

(b a − a b) x_0 = a ϕ(b) + b ϕ(a) − ϕ(a b) = −b ϕ(a) − a ϕ(b) + ϕ(b a) . (2.1.125)

Ŕőáńěďŋěě àăćěŋáâćő ğďěáì ńěčłő ŕőńãçĺâì ĺğ (2.1.122) ĺ ãáńőćĺľ âĺŕă [(a+a), ϕ(b)] = 0. Śőőâŋőèěŋĺě (2.1.125) áćïğëćăěâ x_0 á ŕăàăňěâàăňĺ őâőąàăęěŋĺï ϕ. Ďěľáâćĺâěńìŋő, ŕőńőęĺň ć (2.1.125) a = j, b = i, âőčďă ĺňěěň (k = i j)

x_0 = −^k_2 ( j ϕ(i) + i ϕ(j) − ϕ(j) i − ϕ(i) j ) = −i Re(a_0) − j z_0 − k Re(b_0) . (2.1.126)

Ŕőńìğãïáì, äőàňãńăňĺ (2.1.120) - (2.1.126) ňőęŋő ŕőáâàőĺâì ňăâàĺçŋëě ŕàěďáâăćńěŋĺï ďńï Der(O) ĺ ŕőłăğăâì, çâő őŋĺ áőćŕăďăîâ á ňăâàĺçŋëňĺ ŕàěďáâăćńěŋĺïňĺ ăńčěąàë G_2.

Ăńčěąàë Ľőàďăŋă ĺ Ăńìąěàâă.

Ć íâőň ŕãŋłâě ňë ć őáŋőćŋőň ąãďěň áńěďőćăâì àăąőâě [15].

Ğăňěâĺň, çâő ĺğ ăńìâěàŋăâĺćŋőáâĺ (2.1.89) á ãçěâőň âőęďěáâćă Ňãäăŋč (2.1.94) áńěďãîâ ãáńőćĺï Ľőàďăŋă

(x y) x^2 = x (y x^2) , x^2 (a x) = (x^2 a) x . (2.1.127)

Ăńčěąàë á łőňňãâăâĺćŋëň ãňŋőęěŋĺěň, ãďőćńěâćőàïîéĺě íâĺň ãáńőćĺïň, ŋăğëćăîâáï ăńčěąàăňĺ Ľőàďăŋă. Ć íâőň áńãçăě ãáńőćĺï (2.1.127) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

a (a^2 b) = a^2 (a b) , a b = b a . (2.1.128)

Ńěčłő ŕàőćěàĺâì, çâő ńîąăï ăááőæĺăâĺćŋăï ăńčěąàă (ŋăŕàĺňěà ăńčěąàă ňăâàĺæ ŋăď ŕőńěň ăááőæĺăâĺćŋëå çĺáěń) ïćńïěâáï ăńčěąàőľ Ľőàďăŋă őâŋőáĺâěńìŋő łőňňãâăâĺćŋőčő (ŋő ŋěăááőæĺăâĺćŋőčő) ãňŋőęěŋĺï x ∘ y ≡ (x y + y x) 2 . (2.1.129)

Ěáńĺ ăńčěąàă Ľőàďăŋă ďőŕãáłăěâ ŕàěďáâăćńěŋĺě (2.1.129), âő âăłăï ăńčěąàă ŋăğëćăěâáï áŕěæĺăńìŋőľ.

Ńĺăŋěàĺğãï áőőâŋőèěŋĺě (2.1.128), â.ě. ŕőńăčăï a → a + c, ňë ŕőńãçăěň a ((2 a c + c^2) b) + c ((2 a c + a^2) b) = (2 a c + c^2) (a b) + (2 a c + a^2) (c b) .

Ńĺăŋěàĺğãěň íâő áőőâŋőèěŋĺě ěéě àăğ a → a + d

a ((d c) b) + d ((a c) b) + c ((a d) b) = (c d) (a b) + (c a) (d b) + (d a) (c b) , (2.1.130) ĺ ŕěàěŕĺèěň ěčő ć ćĺďě L_a L_{dc} + L_d L_{ac} + L_c L_{ad} = L_{cd} L_a + L_{ca} L_d + L_{da} L_c , çâő íłćĺćăńěŋâŋő [L_{cd}, L_a] + [L_{ca}, L_d] + [L_{da}, L_c] = 0 , (2.1.131) čńě L_a b ≡ a b (ć łőňňãâăâĺćŋőň áńãçăě ňë ĺňěěň L_a = R_a). Ś ďàãčőľ áâőàőŋë ğăňěâĺň, çâő ćâőàăï áâàőçłă ć (2.1.130) áĺňňěâàĺçŋă ŕő ŕěàěáâăŋőćłě a ↔ b ĺ, áńěďőćăâěńìŋő, (2.1.130) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě

a ((d c) b) + d ((a c) b) + c ((a d) b) = b ((d c) a) + d ((b c) a) + c ((b d) a) ⇒ ⇒ [[L_a, L_b], L_c] = L_{a(bc)−b(ac)} = L_{[La, Lb] c} . (2.1.132) Ŋăŕőňŋĺň âěŕěàì, çâő ďĺääěàěŋæĺàőćăŋĺě ăńčěąàë D(ab) = (D a) b + a (D b) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě áőőâŋőèěŋĺï [D, L_a] = L_{(D a)} , (2.1.133) áàăćŋĺćăï łőâőàőě á (2.1.132), ňë ćĺďĺň, çâő [L_a, L_b] ≡ D_{a,b} , (2.1.134) ïćńïěâáï ďĺääěàěŋæĺàőćăŋĺěň ăńčěąàë Ľőàďăŋă J. Ňőęŋő ŕőłăğăâì, çâő ćáě (ćŋãâàěŋŋĺě) ďĺääěàěŋæĺàőćăŋĺï ăńčěąàë Ľőàďăŋă ňőčãâ ąëâì ŕàěďáâăćńěŋë ć ćĺďě ńĺŋěľŋőľ łőňąĺŋăæĺĺ őŕěàăâőàőć ćĺďă [L_a, L_b]. Ĺğ áőőâŋőèěŋĺľ (2.1.133), (2.1.134) ĺ âőčő äăłâă, çâő ďĺääěàěŋæĺàőćăŋĺï D őąàăğãîâ ăńčěąàã Ńĺ, áńěďãěâ, çâő ďĺääěàěŋæĺàőćăŋĺï D_{a,b} ĺ ńěćëě ãňŋőęěŋĺï L_a ăńčěąàë Ľőàďăŋă J ğăňłŋãâë őâŋőáĺâěńìŋő ăŋâĺłőňňãâăâőàă ĺ őąàăğãîâ ăńčěąàã Ńĺ. İâă ăńčěąàă ŋăğëćăěâáï áâàãłâãàŋőľ ăńčěąàőľ ďńï J ĺ őąőğŋăçăěâáï str(J). Ăńčěąàă str(J) ïćńïěâáï ăńčěąàőľ Ńĺ ďńï áâàãłâãàŋőľ čàãŕŕë Str(J).

Řăááňőâàĺň âěŕěàì ľőàďăŋőćáłőě âàőľŋőě ŕàőĺğćěďěŋĺě {a, b, c} ≡ a (b c) − b (a c) + (a b) c , {a, b, c} = {c, b, a} , łőâőàőě ć áńãçăě áŕěæĺăńìŋőľ ăńčěąàë J àěďãæĺàãěâáï ł {a, b, c} =^1_2 (abc + cba). Ś ŕőňőéìî íâőčő âàőľŋőčő ŕàőĺğćěďěŋĺï ňőęŋő őŕàěďěńĺâì ąĺńĺŋěľŋőě ŕàěőąàăğőćăŋĺě S ŋă J S_{a,b} c ≡ {a, b, c} . Ć âěàňĺŋăå ńěćëå ãňŋőęěŋĺľ L ňë ňőęěň ğăŕĺáăâì S ć ćĺďě

S_{a,b} = [L_a, L_b] + L_{a b} = D_{a,b} + L_{a b} . (2.1.135)

Š.ő., S_{a b} ïćńïěâáï íńěňěŋâőň áâàãłâãàŋőľ ăńčěąàë str(J). Ć ďěľáâćĺâěńìŋőáâĺ ňőęŋő ŕőłăğăâì, çâő ďńï ŕàőáâőľ ăńčěąàë Ľőàďăŋă, őŕěàăâőàë S čěŋěàĺàãîâ ŕőńŋãî áâàãłâãàŋãî ăńčěąàã str(J). Łőňňãâăæĺőŋŋëě áőőâŋőèěŋĺï ďńï S ĺňěîâ ćĺď: [S_{cd}, S_{ab}] = S_{{cda},b} − S_{a,{dcb}} . §áŋő, çâő ěáńĺ ćğïâì ňăâàĺçŋãî ăńčěąàã ŋăď ŋěăááőæĺăâĺćŋëň ŕőńěň őłâőŋĺőŋőć, âő á ŕőňőéìî ŋőćőčő ãňŋőęěŋĺï (2.1.129) ňë áłőàěě ćáěčő ŋě ŕőńãçĺň ăńčěąàã Ľőàďăŋă. Őďŋăłő, ć áńãçăě íàňĺâőćëå ňăâàĺæ n × n ŕàĺ n ≤ 3, áőőâćěâáâćãîéĺě ňăâàĺçŋëě ăńčěąàë ąãďãâ ľőàďăŋőćëňĺ. Ďńï n = 1 íâő ãâćěàęďěŋĺě őçěćĺďŋő ĺ áńěďãěâ ĺğ ăńìâěàŋăâĺćŋőáâĺ ăńčěąàë őłâőŋĺőŋőć (áň. (2.1.127)). Łăł ŕőłăğăń Ăńìąěàâ ďńï n = 3 áőőâćěâáâćãîéăï ăńčěąàă Ľőàďăŋă ŋě ňőęěâ ąëâì ŕőńãçěŋă ĺğ łăłőľ ąë âő ŋĺ ąëńő ăááőæĺăâĺćŋőľ ăńčěąàë. İâă ăńčěąàă ŋăğëćăěâáï ăńčěąàőľ Ăńąěàâă (Al) ≡ J_3(O) ĺ ěě ŕàőĺğćőńìŋëľ íńěňěŋâ ĺňěěâ ćĺď

X = μ x y x ν z y z λ , (2.1.136)

čďě μ, ν, λ ∈ R ĺ x, y, z ∈ O. Ğăňěçăâěńìŋő, çâő ăńčěąàă ďĺääěàěŋæĺàőćăŋĺľ ďńï Al áőćŕăďăěâ á ĺáłńîçĺâěńìŋőľ ăńčěąàőľ f_4, â.ě. Der(Al) = f_4. Ğăňěâĺň, çâő ňăâàĺæă ăŋăńőčĺçŋăï (2.1.136) ďńï n = 2 X = ( μ x x ν ) = x_A σ^A , det(X) = μ ν − x x ,

σ^A = ( 0 e_A e_A 0 ) (A = 0, . . . , 7) , σ^8 = ( 1 0 0 1 ) , σ^9 = ( 1 0 0 −1 ) , (2.1.137)

ĺčàăěâ ćăęŋãî àőńì ŕàĺ ĺďěŋâĺäĺłăæĺĺ so(9, 1) ∼ sl(2; O) [13] (x_0, . . . , x_8 - ŕàőáâàăŋáâćěŋŋëě, ă x_9 - ćàěňěŋŋăï łőőàďĺŋăâë). Ă ĺňěŋŋő, áâàãłâãàŋëě čàãŕŕë ăńčěąà Ľőàďăŋă J_2(R, C, H, O) = J^{(t)}_2 , (t = 1, 2, 4, 8) (â.ě. ăńčěąà íàňĺâőćëå ňăâàĺæ 2 × 2 ŋăď ŕőńěň R, C, H, O, áőőâćěâáâćěŋŋő) áőćŕăďăîâ (á âőçŋőáâìî ďő ŋěłőâőàëå æěŋâàăńìŋëå íńěňěŋâőć) á ăńčěąàăňĺ so(t + 1, 1) = Str(J^{(t)}_2 ).

Řăááńőěŋĺï Ţőŕäă ĺ ăńčěąàë á ďěńěŋĺěň.

Ć íâőň àăğďěńě ňë łàăâłő őąáãďĺň àăááńőěŋĺï Ţőŕäă (áň. [14])

S^{1 S0}−→ S^1 = RP^1 , S^{3 S1}−→ S^2 = CP^1 , S^{7 S3}−→ S^4 = HP^1 , S^{15 S7}−→ S^8 = OP^1 ,

Řăááňőâàĺň áŋăçăńă ŕàőáâěľèěě ŋěâàĺćĺăńìŋőě őâőąàăęěŋĺě p: S^3 → S^2 âàěåňěàŋőľ áäěàë ŋă ďćãňěàŋãî. Ŕãáâì áäěàă S^3 ğăďăŋă á ŕőňőéìî ďćãå łőňŕńěłáŋëå çĺáěń {z_1, z_2}, ãďőćńěâćőàïîéĺå áőőâŋőèěŋĺî z_1 z_1 + z_2 z_2 = 1, ă áäěàă S^2 ŕàěďáâăćńěŋă łăł łőňŕńěłáŋăï ŕàőěłâĺćŋăï ŕàïňăï w = z_1/z_2 (â.ě. łăł ňŋőęěáâćő ŕăà [z_1, z_2] łőňŕńěłáŋëå çĺáěń őďŋőćàěňěŋŋő ŋě àăćŋëå ŋãńî, ć łőâőàőň ŕàőĺğćěďěŋő őâőęďěáâćńěŋĺě [z_1, z_2] ∼ [λz_1, λz_2], čďě λ ≠ 0). Šőčďă ŕàőěłæĺï p őŕàěďěńïěâáï äőàňãńőľ p({z_1, z_2}) = [z_1, z_2].

Ńîąãî ŕăàã [z_1, z_2] ňőęŋő ŋőàňĺàőćăâì, àăğďěńĺć ěě ŋă λ = (|z_1|^2 + |z_2|^2)^{1/2}. Śńěďőćăâěńìŋő őąàăğőň ćáěľ áäěàë S^3 ïćńïěâáï ćáï áäěàă S^2. Ěáńĺ ŕăàă {z_1, z_2} ŕàĺŋăďńěęĺâ S^3, âő ĺ ŕăàă {λz_1, λz_2}, ŕàĺ |λ| = 1, ŕàĺŋăďńěęĺâ S^3 ĺ őâőąàăęăěâáï ć âã ęě âőçłã áäěàë S^2, çâő ĺ {z_1, z_2}. Őąàăâŋő, ěáńĺ p(z_1, z_2) = p(z^′_1, z^′_2), âő z_1/z_2 = z^′_1/z^′_2 ĺ áńěďőćăâěńìŋő {z^′_1, z^′_2} = {λz_1, λz_2} ďńï ŋěłőâőàőčő λ, àăćŋőčő ŕő ăąáőńîâŋőľ ćěńĺçĺŋě ěďĺŋĺæě (ŕőáńěďŋěě áńěďãěâ ĺğ ãáńőćĺľ |z_1|^2 + |z_2|^2 = 1, |z^′_1|^2 + |z^′_2|^2 = 1). Šăłĺň őąàăğőň, ŕőńŋëľ ŕàőőąàăğ âőçłĺ áäěàë S^2 ŕőńãçăěâáï ĺğ ńîąőľ ěčő âőçłĺ ŋă S^3 ãňŋőęěŋĺïňĺ ŋă çĺáńă ćĺďă exp(iθ) (0 ≤ θ ≤ 2π). Śńěďőćăâěńìŋő, ŕőńŋëľ ŕàőőąàăğ ïćńïěâáï ąőńìèőľ őłàãęŋőáâìî áäěàë S^3. Ĺâăł, S^3 àăğńőęěŋă ŋă áěňěľáâćő ąőńìèĺå őłàãęŋőáâěľ á ŕàőáâàăŋáâćőň àăğąĺěŋĺï, ïćńïîéĺňáï S^2. Ŕàőőąàăğăňĺ ďćãå àăğŋëå âőçěł áäěàë S^2 ïćńïîâáï ďćě àăğŋëě őłàãęŋőáâĺ ć S^3. Łőíääĺæĺěŋâ ğăæěŕńěŋĺï íâĺå őłàãęŋőáâěľ ïćńïěâáï ĺŋćăàĺăŋâőň őâőąàăęěŋĺï p ĺ ŋăğëćăěâáï ĺŋćăàĺăŋâőň Ţőŕäă.

Ĺğńőęěŋŋăï łőŋáâàãłæĺï őąőąéăěâáï ŋă áńãçăľ őâőąàăęěŋĺï p_4 : S^{7 S3}−→ S^4 áńěďãîéĺň őąàăğőň. Řăááňőâàĺň áäěàã S^7, ğăďăŋŋãî ãáńőćĺïňĺ z_1 z_1 + z_2 z_2 = 1, čďě z_1, z_2 ∈ H ĺ áäěàã S^4, ğăďăŋŋãî łăł ŕàőěłâĺćŋăï łćăâěàŋĺőŋŋăï ŕńőáłőáâì w = z^{−1}_2 z_1 ĺńĺ [z_1, z_2] ∼ [λz_1, λz_2], čďě λ ∈ H, z^{−1} = |z|^{−2} z. Őďŋă ĺ âă ęě âőçłă S^4 w = z^{−1}_2 z_1 ŕàĺ z_1 z_1 + z_2 z_2 = 1 áőőâćěâáâćãěâ łàĺćőľ {z^′_1, z^′_2} = {λz_1, λz_2}, ćńőęěŋŋőľ ć S^7, ŕàĺ |λ|^2 = 1, â.ł.

1 = z^′_1 z^′_1 + z^′_2 z^′_2 = z_1 (λλ) z_1 + z_2 (λλ) z_2 = (λλ) (z_1 z_1 + z_2 z_2) .

Ŕőáńěďŋïï æěŕőçłă àăćěŋáâć őąőąéăěâáï ĺ ŋă ŋěăááőæĺăâĺćŋëľ áńãçăľ őłâőŋĺőŋőć ć áĺńã âőęďěáâć ăńìâěàŋăâĺćŋőáâĺ ĺ âőęďěáâćă Ňãäăŋč (2.1.94).

Ńĺâěàăâãàă

[1] Ŋ.Ąãàąăłĺ, Čàãŕŕë ĺ ăńčěąàë Ńĺ. Čàãŕŕë Łőłáâěàă ĺ áĺáâěňë Šĺâáă; čàãŕŕë, ŕőàőęďěŋŋëě őâàăęěŋĺïňĺ; áĺáâěňë łőàŋěľ. Čńăćë IV, V, VI. Ňőáłćă, Ňĺà (1972).

[2] J.E.Hamphreys, Introduction to Lie Algebras and Representation Theory. Graduate Texts in Mathematics 9. Springer-Verlag (1994).

[3] Ń.Ś.Ŕőŋâàïčĺŋ, Ŋěŕàěàëćŋëě čàãŕŕë. Ňőáłćă, Ŋăãłă (1973).

[4] Ň.Ă.Ŋăľňăàł, Šěőàĺï ŕàěďáâăćńěŋĺľ čàãŕŕ. Ňőáłćă, Ŋăãłă (1973).

[5] G.Racah, Group Theory and Spectroscopy. Lectures delivered at the Institute for Advanced Study, Princeton, 1951. Preprint CERN 61-8 (1961).

[6] Ě.Ą.Ďëŋłĺŋ, Łńăááĺäĺłăæĺï ŕàőáâëå čàãŕŕ Ńĺ. Ňăâěňăâĺçěáłĺľ áąőàŋĺł, â.18(60), No.3 (1946) 45.

[7] Č.Ćěľńì, Šěőàĺï ŕàěďáâăćńěŋĺľ ŋěŕàěàëćŋëå ŕőńãŕàőáâëå čàãŕŕ ŕàĺ ŕőňőéĺ ńĺŋěľŋëå ŕàěőąàăğőćăŋĺľ. Ć łŋĺčě ”Ĺğąàăŋŋëě âàãďë. Ňăâěňăâĺłă, âěőàěâĺçěáłăï äĺğĺłă”, áâà.100. Ňőáłćă, Ŋăãłă (1984).

[8] D.Olive, Gauge Theories and Lie Algebras with some applications to Spontaneous Symmetry breaking and Integrable Dynamical Systems. Lectures given at the University of Virginia, 1982. Preprint (1983).

[9] Ď.Ŕ.Ęěńőąěŋłő, Łőňŕăłâŋëě čàãŕŕë Ńĺ ĺ ĺå ŕàěďáâăćńěŋĺï, Ňőáłćă, Ŋăãłă (1970).

[10] Ň.Ň.Ŕőáâŋĺłőć, Čàãŕŕë ĺ ăńčěąàë Ńĺ. Ńěłæĺĺ ŕő čěőňěâàĺĺ, áěňěáâà V., Ňőáłćă, Ŋăãłă (1982).

[11] R.D.Schafer, An Introduction to Nonassociative Algebras, Academic Press Inc., New York (1966).

[12] M.K.Prasad, Instantons and monopoles in the theories of gauge Yang-Mills fields, Physica D 1 (1980) 167-191; (àãááłĺľ ŕěàěćőď ć áąőàŋĺłě áâăâěľ ”Čěőňěâàĺçěáłĺě ĺďěĺ ć äĺğĺłě” ŕőď àěďăłæĺěľ đ.Ĺ.Ňăŋĺŋă, Ňőáłćă, ŇĹŘ, 1983).

[13] T.Kugo and P.Townsend, Supersymmetry and the division algebras, Nucl. Phys.

B221 (1983) 357;

A. Sudbery, Division algebras, (pseudo)ortogonal groups and spinors, J. Phys. A, 17 (1984) 939.

[14] N.Steenrod, The topology of fibre bundles, Princeton, New Jersey (1951); (àãááłĺľ ŕěàěćőď: Ŋ.Śâĺŋàőď, ”Šőŕőńőčĺï łőáëå ŕàőĺğćěďěŋĺľ”, ĹŃ, Ňőáłćă, 1953); Ň.Ĺ.Ňőŋăáâëàáłĺľ, Šőŕőńőčĺï łăńĺąàőćőçŋëå ŕőńěľ ĺ łőŋďěŋáĺàőćăŋŋëå áàěď, Ňőáłćă, ŔĂĹŇŚ (1995).

[15] M.Gunaydin, Quadratic Jordan Formulation of Quantum Mechanics and Construction of Lie(Super) Algebras from Jordan(Super) Algebras, Talk presented at the VIII International Colloquium on Group Theoretical Methods in Physics at Kiriat Anavim, Israel, March 25-29, 1979; preprint BONN-HE-79-9 (1979).