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Motivation

Processes in fragmentation region of proton - heavy ion (electron) collisions with
creation of hadronic jets are considered in frames of QCD. Creation of one and
two gluon jets as well as heavy quark jets initiated by gluons and light quarks
inside the proton are considered. The differential cross section on the energy
fractions and the transversal momenta of gluons and quarks from the jets are
considered. The ”reflection” kinematics of the light quark (gluon) jet,
accompanied by heavy quark pair is discussed.
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Introduction

In papers of seventies (Kuraev E. A., Lipatov L.N., Yad Fiz. v.20,(1974),112;
Budnev V.,Ginzburg I.,Meledin G. and Serbo V.G., Phys.Rep.15C(1975),181;
Baier V.N.,Fadin V.S., Khoze V.A. and Kuraev E.A., Phys.Rep.v 78(1981),293;
Kuraev E. A., Lipatov L.N., Yad Fiz. v.16,(1972),1060; Kuraev E.A., Lipatov
L.N., Merenkov N.P., Fadin V.S. and Khoze V.A., Yad. Fyz. v 19,(1974),331.) a
series of processes in fragmentation region which take place in colliding
electron-positron beams was performed. In Weizsacker-Williams (WW)
approximation the spectral distributions and the contributions to the total cross
section was obtained. Below we apply the developed technique to the processes of
emission of real hard jets created by quarks and gluons inside the proton. In
chapter I we consider the processes with initial light quark converting to one and
two gluon jets. Compared with QED processes of single and double
bremsstrahlung processes a new mechanism must be considered, associated with a
channel with decal of gluon to two gluons in process of two gluon jets production.

A. I. Ahmadov, E. A. Kuraev, A. Liptaj ( JINR, BLTP, Dubna, Moscow region, Russia Institute of Physics, Azerbaijan National Academy of Sciences, Baku, AzerbaijanQCD jets production at proton - proton collision in peripheral kinematics July 14, 2013 4 / 30



Introduction

First we remind the general Sudakov technique approach to study the peripheral
kinematics of QED process e + µ → e + µ + l + l̄ of creation heavy charged lepton
pair in high-energy electron-muon scattering

e(p2) + µ−(p1) → e(p′2) + µ−(p′1) + l−(q−) + l+(q+),

p2
2 = p

′2
2 = m2

e, p
2
1 = p

′2
1 = m2, q2

± = M2,

s = (p1 + p2)
2 ≈ 2p1p2 >> M2 >> m2 >> m2

e. (1)

Peripheral kinematics or the fragmentation of quark q region defined as

s >> −q2 = −(p2 − p′2)
2 ∼ M2. (2)

It is convenient to use Sudakov parametrization of momenta. For this aim we
introduce two light-like 4 vectors constructed from the momenta of initial particles
p̃2 = p2 − p1(m

2
e/s), p̃1 = p1 − p2(m

2/s)

q = αp̃2 + βp̃1 + q⊥, q± = α±p̃2 + x±p̃1 + q⊥±,

p′1 = α′p̃2 + xp̃1 + p⊥,

a⊥p1 = a⊥p2 = 0, a2
⊥ = −~a2 < 0, (3)
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Figure: Production of heavy quark pair
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Introduction

with ~a is two-dimensional vector transversal to the beams axis (direction of ~p1,
center of mass reference frame implied), x, x±-energy fractions of the scattered
µ-meson and heavy lepton pair, x + x− + x+ = 1. According to the
energy-momentum conservation law we have as well

~q = ~p + ~q− + ~q+,

α = α′ + α+ + α−. (4)

The on mass shell condition for the scattered electron p
′2
2 − m2

e = 0, written in
terms of Sudakov variables reads as (one must take into account the relation
2p2p̃2 = m2

e)

(p2 − q)2 − m2
e = sαβ − ~q2 − m2

eα − sβ = 0,

sβ = −~q2 + m2
eα

1 − α
. (5)

One find for q2 = sαβ − ~q2:

q2 = −~q2 + α2m2
e

1 − α
≈ −(~q2 +

s2
1

s2
m2

e). (6)

A. I. Ahmadov, E. A. Kuraev, A. Liptaj ( JINR, BLTP, Dubna, Moscow region, Russia Institute of Physics, Azerbaijan National Academy of Sciences, Baku, AzerbaijanQCD jets production at proton - proton collision in peripheral kinematics July 14, 2013 7 / 30



Introduction

We conclude that for the case s1 6= 0 virtual photon have a space-like 4-vector,
and besides |q2| > q2

min = m2
e(s1/s)2. The quantity

s1 = 2qp1 = (p′1 + q+ + q−)2 − q2 − m2 in WW approximation ~q = 0 coincide
with invariant mass square of jet moving into the initial quark momenta direction.
Using the on mass shell conditions for momenta of the scattered quark and the
created pair of heavy quarks

p
′2
1 = sα′x − ~p2 = m2

q = m2, q2
± = sα±x± − ~q2

± = M2, x + x+ + x− = 1, (7)

we find (in WW approximation)

s1 =
1

xx+x−

[x−(1 − x−)~q2
+ + x+(1 − x+)~q2

− + 2x−x+~q−~q+ +

m2x+x− + x(1 − x)M2]. (8)

Matrix element can be written as

M =
G

q2
gµνJ (q)

µ (p1)J
(e)
ν (p2), (9)

with G is product of coupling constants (for our problem G = 16πα2) and
J (q,e)-the currents associated with quark and electron blocks of the relevant
Feynman diagram.
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Introduction

Main contribution arises from the longitudinal components of the tensor
gµν = gµν⊥ + (2/s)(pµ

2pν
1 + pν

2pµ
1 ):

gµν ≈ 2

s
pµ
2pν

1 . (10)

So we obtain for the squared module of summed on spin states of matrix element

∑

|M |2 = 4G2s2(q2)2Φ(e)Φ(µ), Φ(µ) =
∑

|1
s
J

(µ)
λ pλ

2 |2,

Φ(e) =
∑

|1
s
J (e)

σ pσ
1 |2. (11)

The quantities Φ(e,µ) (so called impact factors) remains finite in the limit of high
energies s → ∞. In particular

Φ(e) =
∑

|1
s
ū(p′2)p̂1u(p2)|2 = 2. (12)

The quark current obey the gauge condition

qµJµ(p1) ≈ (αp2 + q⊥)µJ (q)(p1) = 0. (13)
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Introduction

Using this relation we obtain for our process

∑

|M |2 = 8
s2

s2
1

G2~q2

(q2)2

∑

|1
s
J

(q)
λ eλ|2, (14)

with ~e = ~q/|~q can be interpreted as a polarization vector of virtual photon. The
symbol ≈ we use means the power accuracy of our calculations, namely we omit
contributions of order

1 + O(
M2

s
,
~q2

s
) (15)

compared with ones of order of unity. To obtain the differential cross section

dσeq→ejetq =
1

8s

∑

|M |2dΓ2+n, (16)

we must rearrange the phase volume of final state (electron remains to be
spectator, whereas the scattered mu-meson is accompanied with n particles)

dΓ2+n = (2π)4δ4(p1 + p2 − p′1 − p′2 −
∑

qi)
d3p′1

2E′
1(2π)3

d3p′2
2E′

2(2π)3
Πi

d3qi

2Ei(2π)3
, (17)
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Introduction

including the additional variable q as

dΓ2+n → dΓ2+nd4qδ4(p2 − q − p′2). (18)

We use Sudakov variables:

d4q =
s

2
dαdβd2~q;

d3q±
2E±

=
s

2
dα±dx ± d2~q±δ(sα±x± − ~q2

± − M2) (19)

Performing the integrations on ”small” Sudakov variables α, α±, we obtain

dΓ2+n =
1

sx
(2π)4(2π)−3(2+n)2−n−1d2~qΠn

1

dxi

vi

d2~qi. (20)

It can be noted that the cross section do not depend on s at large s and tends to
zero in the limit of zero recoil momentum of the spectator electron ~q → 0. The
last property is the consequence of gauge invariance of the theory. The cross
section being integrated by the recoil momentum reveals the so called WW
enhancement factor

L =

Q2

∫

0

~q2d~q2

(~q2 + m2
2α

2)2
= ln

Q2s2

m2
2s

2
1

− 1, Q2 ∼ M2. (21)
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Heavy Fermion and Quark Production

For the case of production of pair of heavy fermions in a fragmentation region of
initial quark we have for phase volume

dΓ4 =
1

8s
(2π)−8 dx+dx−

xx+x−

d2~qd2~q+d2~q− =
1

211π5s
d~q2 dφ

2π
dγ4,

dγ4 =
d2~q+d2~q−

π2

dx+dx−

xx+x−

. (22)

Differential cross section in WW approximation have a form

dσQED =
2α4

πs2
1

LRdγ4, R =

∑ |M |2
~q2

|~q=0. (23)

Here

∑

|M |2 =
1

(q2
1)2

S1 +
1

(q2
2)

2
S2 +

2

q2
1q2

2

S3,

q2
1 = (q+ + q−)2, q2

2 = (p1 − p′1)
2, (24)

with
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Heavy Fermion and Quark Production

S1 =
1

4
Sp(p̂′1 + m)Oλ(p̂1 + m)Ōη · 1

4
Sp(q̂− + M)γλ(q̂+ − M)γη,

S2 =
1

4
Sp(p̂′1 + m)γλ(p̂1 + m)γσ · 1

4
Sp(q̂− + M)Rλ(q̂+ − M)R̄σ,

S3 =
1

4
Sp(p̂′1 + m)Oλ(p̂1 + m)γσ · 1

4
Sp(q̂− + M)γλ(q̂+ − M)R̄σ,

Oλ = p̂2(p̂
′

1 − q̂ + m)γλ

1

d1
+ γλ(p̂1 + q̂ + m)p2

1

d
;

Ōη = γη(p̂′1 − q̂ + m)p̂2
1

d1
+ p̂2(p̂1 + q̂ + m)γη

1

d
;

Rλ = γλ(−q̂+ + q̂ + M)p̂2
1

χ+
+ p̂2(q̂− − q̂ + M)γλ

1

χ−

;

R̄σ = p̂2(−q̂+ + q̂ + M)γσ

1

χ+
+ γσ(q̂− − q̂ + M)p̂2

1

χ−

; (25)

d = (p1 + q)2 − m2; d1 = (p′1 − q)2 − m2; χ+ = (q − q+)2 − M2,

χ− = (q− − q)2 − M2. (26)
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Heavy Fermion and Quark Production

Here we distinguish two mechanisms of the heavy quark pair creation-the so called
”bremsstrahlung mechanism” (see Fig. 1a) and the ”two-photon” one (Fig. 1b).
The quantities S1, S2, S3 corresponds to the squares of the relevant amplitudes
and their interference. Using the on mass shell conditions for the momenta of the
fragments of quark jet, given above we can express the bilinear combinations of
momenta in terms of their energy fractions x, x± and the transversal 2-component
momenta ~q±.
For the case of processes on quark we must take into account the quark color
degrees of freedom.

dσQCD = Ccol

α2
s

α2
dσQED, (27)

with Ccol = (N2 − 1)/(4N2), where we take into account as well the averaging
on the color of quarks factor. Expressions of all necessary bilinear combinations of
momenta of the problem in terms of Sudakov’s variables are listed in Appendix A.
Different distributions can be obtained using Monte-Carlo programs, using the
explicit expression for R, which is presented in Appendix B.
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Figure: Emission of two gluons
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Heavy Fermion and Quark Production

One of important ones is the distribution on energy fractions of heavy quarks.
Using the linear transformations of the transverse momenta of quarks (explicit
form is given in Appendix) one can write down quantities s1, q

2
1 , q

2
2 to diagonal

form which provide the possibility to perform the analytic integration for the case
when no restriction on the values of quark transversal momenta is implied.
Sudakov’s parametrization method provides to express the cross section in terms
of positively-definite scalar products of momenta of on mass shell particles and
sign-definite expressions for squares of momenta of virtual particles. Remind that
using the traditional Green functions imply Feynman prescription for the
denominators m2 → m2 − i0 and working with sign-indefinite expressions for
scalar products. The results, expressed in terms of Sudakov variables turns out to
be extremely convenient for numeric calculations.
It can be applied as well beyond WW approximation. In the case when the WW
enhance factor L is large enough, the result obtained provides the accuracy

1 + O(
1

L
), (28)

which typically guarantee the accuracy on the level of several percents.
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Heavy Fermion and Quark Production

Matrix element of process

l1(p1) + l2(p2) → l1(p
′

1) + l2(p
′

2) + Q−(q−) + Q+(q+),

p2
1 = p′21 = m2; p2

2 = p′22 = m2
2, q

2
± = M2 (29)

in kinematic region of l1 particle fragmentation can be written beyond the WW
approximation (—~q| is not small) terms of ”effective vertex” functions

M l1l2→l1(QQ̄)l2 =
2

q2

[

1

s
l̄2(p

′

2)p̂1l2(p2)

]

·
[

1

q2
1

ū(p′1)Qµu(p1)ū(q−)γµv(q+) +
1

q2
2

ū(q−)Rµv(q+)ū(p′1)γµu(p1)

]

, (30)

with

Qµ =
x+x−

d1d′1
[sxγµ(d′1 − d1) + xd′1γµq̂p̂2 + d1p̂2q̂γµ],

Rµ =
x

d2d′2
[sx+x−γµ(d′2 − d2) − x−d′2p̂2q̂γµ − x+d2γµq̂p̂2],

~q = ~p′ + ~q− + ~q+, (31)
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Heavy Fermion and Quark Production

d1 = d0 − 2xx−~q(~p′ + ~q−) + ~q2xx−(1 − x+);

d′1 = d0 − 2xx−~q~q− + x−(1 − x−)(~q2 − 2~q~p′);

d′2 = d0 − 2xx−~q~p′ + x(1 − x)(~q2 − 2~q~q−);

d2 = d0 = M2x(1 − x) + m2x+x−(1 − x) +

~p′2x−(1 − x−) + ~q2
−x(1 − x) + 2x−~p′~q−. (32)

In WW approximation we have d1 = d′1 = d2 = d′2 = d0 and

Qµ =
1

sxd2
0

vµ; Rµ =
1

sx+x−d2
0

ρµ;

vµ = −2(~q~p)γµ + x(d0/s)γµq̂p̂2 + (d0/s)p̂2q̂γµ;

ρµ = 2(~q~r)γµ − x−(d0/s)γµq̂p̂2 + x+(d0/s)p̂2q̂γµ,

k2
1 =

1

x+x−

[M2(1 − x)2 + ~r2], ~r = x+~q− − x−~q+;

k2
2 = − 1

x
[m2(1 − x)2 + ~p2], ~p = −~q+ − ~q−, q2 = −(~q2 + m2

2α
2
0), α0 =

d0

sx+x−

. (33)
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Heavy Fermion and Quark Production

The differential cross section of heavy quark production by the bremsstrahlung
mechanism is (we imply the pair created move close to the initial quark motion ~p1

or z-axis)

dσbr =
2α2

sα
2

π
Ccolor

Sbr

(q2k2
1)

2d4
0x

2
dγ4;

dσγγ =
2α2

sα
2

π
Ccolor

Sγγ

(q2k2
2)

2d4
0(x+x−)2

dγ4;

dσodd =
4α2

sα
2

π
Ccolor

Sodd

(q2)2k2
1k

2
2d

4
0xx+x−

dγ4; dγ4 =
d2qd2q+d2q−

π3

dx+dx−

xx+x−

. (34)

Here

Sbr = [q+νq−µ + q+µq−ν − 1

2
k2
1gµν ]

1

4
Spp̂′1vµp̂1v

+
ν ,

Sγγ = [p1νp′1µ + p1µp′1ν − 1

2
k2
2gµν ]

1

4
Sp(q̂+M)ρµ(q̂+ − M)ρ+

ν ,

Sodd =
1

4
Sp(q̂+M)ρµ(q̂+ − M)v+

ν

1

4
Spp̂′1γµp̂1ρν . (35)
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Emission of two gluon jets

Matrix element of process of two gluon jets in peripheral quark-colorless fermion
target collision (see Fig.2)

q(p1) + Y (p2) → q(p′1) + Y (p′2) + g(k1) + g(k2), (36)

have a form

M =
32sααs

q2
JqJY , Jq = ū(p′1)[A12R2 + A21R1 + (R1 − R2)A3]u(p1), (37)

with JY = (1/s)Ȳ (p′2)p̂1Y (p2). When this quantity square is summed by spin
states one obtain

∑

|JY |2 = 2. Besides R1 = (tatb)r2r1
, R2 = (tbta)r2r1

, with
r2(r1) describe the color states of the scattered (initial) quark.
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Emission of two gluon jets

Here

A12 = − 1

d1χ1
p̂2(p̂

′

1 − q̂ + m)êb(p̂1 − k̂1 + m)êa

− 1

χ′
2χ1

êb(p̂′1 + k̂2 + m)p̂2(p̂1 − k̂1 + m)êa +

1

dχ′
2

êb(p̂′1 + k̂2 + m)êa(p̂1 + q̂ + m)p̂2, (38)

A21 = − 1

d1χ2
p̂2(p̂

′

1 − q̂ + m)êa(p̂1 − k̂2 + m)êb

− 1

χ′
1χ2

êa(p̂′1 + k̂1 + m)p̂2(p̂1 − k̂2 + m)êb +

1

dχ′
1

êa(p̂′1 + k̂1 + m)êb(p̂1 + q̂ + m)p̂2, (39)

A3 = − 2

(k1 + k2)2
V µ[

1

d1
p̂2(p̂

′

1 − q̂ + m)γµ +
1

d
γµ(p̂1 + q̂ + m)],

Vµ = eb
µ(k2e

a) + k1µ(eaeb) − ea
µ(k1e

b). (40)
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Emission of two gluon jets

To work with the irreducible color states we use the projectors in color space

C1 =
1

√

N(N2 − 1)
δabδr2r1

;

C2 =

√

2N

(N2 − 1)(N2 − 4)
dabc(tc)r2r1

;

C3 =

√

2

N(N2 − 1)
fabc(tc)r2r1

(41)

these projectors obey the equations

CiC̃j = δij , i, j = 1, 2, 3. (42)

Here (Ã)r1r2
= (A)r2r1

and summation on a, b implied. The expansion on
irreducible color representations is

R = C1(RC̃1) + C2(RC̃2) + C3(RC̃3). (43)
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Emission of two gluon jets

For our case

R1 =

√

N2 − 1

4N
[C1 +

√

N2 − 4

2
C2 +

N√
2
C3],

R2 =

√

N2 − 1

4N
[C1 +

√

N2 − 4

2
C2 −

N√
2
C3]. (44)

As a check we have

(R1R̃1) = (R1R̃1) = Trtatbtbta = NC2
F ;

(R1R̃2) = Trtatbtatb = −1

2
CF . (45)

These relations are fulfilled.
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Emission of two gluon jets

It can be checked that matrix element obey gauge invariance, namely it turns to
zero if one replace p2 → q and ei(ki) → ki. The expression for the matrix element
at R1 = R2 = 1, coincide with the QED result (Kuraev E.A., Lipatov L.N.,
Merenkov N.P., Fadin V.S. and Khoze V.A., Yad. Fyz. v 19,(1974),331). So the
summed on color and spin states matrix element squared can be written as

∑

|M |2 =
32s2(16π2ααs)

2

(q2)2
N2 − 1

4N
F,

F = (1 +
N2 − 4

2
)
1

4
Spp̂′1(A12 + A21)p̂1(A12 + A21)

+ +

N2

2

1

4
Spp̂′1(A12 − A21 + 2A3)p̂1(A12 − A21 + 2A3)

+. (46)

The differential cross section is

dσqY →qggY =
(ααs)

2

8π

N2 − 1

N3

F

(q2)2
dγ4. (47)

Further details are presented in Appendix.
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Conclusion

In conclusion we remind a remarkable property of the kinematics of processes in
the fragmentation region. It is known as a ”cumuljative” phenomena. It consist in
the events with production of a heavy quark-anti-quark pair, accompanied by the
”reflected” scattered parents light particle.It was known in processes of production
of muon-anti-muon pair in the fragmentation region of electron in
electron-positron collisions. It turns out that the electron, ”accompanied” the pair
created in the kinematic region near the threshold move in the direction, opposite
to the initial electron direction. For the case of production of a a heavy
quark-anti-quark pair by one of the valence quarks from the initial proton the
parent (light) quark effectively reflected. So the jet created by this quark in fact is
two jets-one consist from the pair created and the two spectator quarks from the
initial proton and another is the one moving in the opposite direction, created by
the ”reflected” quark. To see it let consider the kinematics of peripheral process
q(p1) + q(p2) → Q(pa) + Q̄(pb) + q(p′1). Using Sudakov parametrization (3) with

p̃1 = E(1, 1, 0, 0), p̃2 = E(1,−1, 0, 0), p⊥ = (0, 0, ~p), (48)

we obtain for 4-momentum of the scattered quark

1

E
p′1 =

m2 + ~p2

xs
(1,−1, 0, 0) + x(1, 1, 0, 0) + (0, 0, ~p). (49)
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Figures
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Figure: To ”cummulation effect”
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Conclusion

Comparing it’s component along z axis from the first and second terms we find
that for

x − m2 + ~p2

4E2x
< 0, ~p2 = (~pa − ~pb)

2, (50)

the ”reflection” phenomena take place. For instance, assuming ~p2 ∼ M2 >> m2

we have x < (M/2E) ∼ 1. This situation can be realized near the threshold of
heavy pair production.
Basing on formulae given above the energy-energy correlations of the jets in the
final state can be constructed. It consist in construction of average of product of
the energy fractions of the heavy quarks. As well the azimuthal angles correlation
which is the average of 4(~q+i)(~q−j)/s can be investigated. Energy spectra, the
total cross sections and the sum rules for different processes in fragmentation
region can be investigated in full analogy with QED program for colliding
eY = (eX)Y (Baier V.N.,Fadin V.S., Khoze V.A. and Kuraev E.A.,Phys.Rep.v
78(1981),293).
The approach developed here can be used for description of jets in the
fragmentation region with creation of K, K̄ states when the heavy strange quark
and anti-quark are created. As well the jets originated from D, D̄ and B, B̄ can
be considered.
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Appendix

Expressions for scalar products of momenta become more simple in WW
approximation ~q = ~p + ~q+ + ~q− = 0

q2
1 = (q+ + q−)2 =

1

x+x−

[M2x̄2 + (x−~q+ − x+~q−)2];

q2
2 = (p1 − p′1)

2 = − 1

x
[~p2 + x̄2m2

e];

d = (p1 + q)2 − m2 = s1; d1 = (p′1 − q)2 − m2 = −s1x;

χ+ = (q − q+)2 − M2 = −s1x+, χ− = (q− − q)2 − M2 = −s1x−, (51)

with x̄ = 1 − x, x+ + x− + x = 1. In terms of the variables

~ρ =
1

x+x−

(x−~q+ − x+~q−), ~σ =
1

x̄
(~q+ + ~q−),

~q+ =
x+

x̄
[x−~ρ + x̄~σ], ~q− =

x−

x̄
[−x+~ρ + x̄~σ], (52)
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Appendix

three quadratic forms s1, q
2
1 , q

2
2 can be written in diagonal form simultaneously

q2
1 = x+x−[(

x̄

x+x−

)2M2 + ~ρ2];

q2
2 = − x̄2

x
[m2

e + ~σ2];

s1 =
1

x
[m2

e +
x̄

x+x−

M2 +
xx+x−

x̄
~ρ2 + x̄~σ2]. (53)
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Appendix

Other scalar products are

2q+q− = x+x−~ρ2 +
x2

+ + x2
−

x+x−

M2; 2p1p
′

1 =
1

x
[x̄2~σ2 + m2

e(1 + x2)],

2p1q+ =
x+

x̄2
(x−~ρ + x̄~σ)2 + m2

ex+ +
1

x+
M2,

2p1q− =
x−

x̄2
(−x+~ρ + x̄~σ)2 + m2

ex− +
1

x−

M2,

2p′1q+ =
x+

xx̄2
(x−x~ρ + x̄~σ)2 + m2

e

x+

x
+

x

x+
M2,

2p′1q− =
x−

xx̄2
(−x+x~ρ + x̄~σ)2 + m2

e

x−

x
+

x

x−

M2. (54)

Computing the relevant determinant we find

d2~q+d~q− = x2
+x2

−d2~ρd2~σ. (55)
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