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SCET wn Hecwy Quark Physics

o HQET
B- Dev , B-xlv , uicunive B dnccu/s
[small 7 enevay )
o GCET

Porticlon or fets with enevgy O(mp)

- o —

b

W ]X 3& or
sigle
meson

Heavy qucuk Lrikmr_{m'ca Lstth
small - momerdum (™ soft” )

st

B— w&v [Cmge X enegy )
B- ytv
B - Hf(\‘)} H4HZ

B - Xub&) e\l) Xs(ﬁ)%'

Excuntue or semi- mcfunive procenks

(s  tofate  Strong upting physics from alwbdbe wenk Coogling  physics

[ 45 (mp) , 4 (Ymph) « 4

(s sum €ogs With tenormalizadion groap [ not descumnd 1d this Cactpe
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Plan of the factures

T

Leart. how to wproduce Feunman uilegrals with fwo stalan by
Contribukions §vom velevamt modis i the example b u (&),

Need o0f coflinear modes.

Understand how to 9o §rom momentum veqions  to  diagrammakic {actorization
and to fuebds with scaling vubys .

Dexivation of the SCET Lagrangian ond the effectve b u  cument
wicluding, power cowections . Renormalization .
Fuat steps townrds B - X () by

Learn how to prove factoazation i SCET by faceniang hord  from hard-
@hnear / soft  and  hard- cflingar from sal4.

Exampte B — X, (1) ty

Extending SCET to  speclater witeractions . The probm of endponit sovqulan -
s . B n form fador as an  exampte .
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Re evences

Expansion of Feynman vikgrals by momertum vegions

1] Beneke, Smifnov : NPB522 (1998) 324 - [2] Smimev :  Applid Asymplotic Expansions
tn Momenta and Masses , Springer , 2002

SCEY

(3] Bauer, Faming, Puiyet , Stewast @ PRD 63 (2001) 444020 . [¥) Bawer, Pyt ,
Stewart : PRDGS (2002) 054022 (= factue3)

[S] Beneke , Chapoesky, Dutl, Fldmann : NPB (43 (002) 434 (— fcture 2) ;
(6] Beneke , Febdmann : PLB 553 (2003) 263

B Xy (t)lyv , B X (D)

(9] Korchonsky, Steman @ PLB340 (4934) 9¢ - [9) Bosch , Lang, Neubert, Paz:
NPB 633 (200%) 335 ;
power Cowections ©  L9) Len, Slewaet . hep-ph /0403045 ,;  [40) Boscth, Neubert, Paz:

JHEP 0441 (2004) 043 ;' M) Beneke , Campananio , Mannel , Pecyjak = hep-ph /0444395
(to appesr i JHEP)
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B — fight meson form fackms ot Carge vecoil eneray

(1) Chotws etal. = PRD 60 (4939) 044001 ; [43] Bencke , Feldmann . NPB 592
(2001) 3 ; TA%) Boer, Pisjt, Stewart : PRD G} (2003) 0M502

[45] Beneke, Feldmann : NPB 635 (2004) 249 ( — Ccture 3) ;

(167 Lange, Neubert < NPB 630 (2004) 249
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Factovzation of Feynman diogroms ; momentum vequons and  effective {iebds
Example :  weak decay B->mlv [ b= utv]

" For (lustration toke b- and U - quark on - shall

Z{ . and mansive %Quon
8 m P=md  (p=mv=mon)
u

SES ( p'= En_= E (480,-1))

\ ) 4N
PP = mE
¥« m* providey tu small scale , analogous
o N
z &«
I = m Ql‘) g[clk—] L \ for sumplficeton ho
' (] [kz-*lp-k-nk"*f ap” k) numerator - (all stadar
propagaters )
= I(2.8) OV+IR fmite wiegral
i3
Small.
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The e ffechive theory dustription of 4he procems depends on the exlernal mowunta.  Consider two
diffexent cases.

Case4d (— HOET)

soft pion (uquark) E = O())
Even simpter: E=0 Setm=1 | NG }\/m.: %
T(3,0) = fsof squaroots

Ll

Ld

- X 4 p. \2
= 4 (- -iQrL\ +4> + O
To {actorize the dmgmm , nod 1o know the ytlevant inieqration eqons .
Atm :  constract expadten ' N (= -’\/mb 1) from sum of all velvant momntum
®’QLONS ( modes )
T = m 9_’_(_3_2 g [ h(ghul ordr

HARD ~eqi0n h i 1) [2pQ T X\

Q()Gp rsmentwm drop M- hzmw:t '
k~m

I: b
K2 m2y) 2 ¢

I, s now IR-divergent —  nuad auxifrary
veqularisation take dim. veq .

L4
[
(
? ?(

off-shall ~ m=
Shert - distance
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I = - g-e-%ewh 4+ OO noosale of dum.weg.

. 2
SOFT wgmn Is = m @z %Dﬂ i (1" _k- +>
foop mornenturn ] s DewIle ] [2pek) 2p-k
k 2 )\ H " ) : i

fows Ko N
To s UN-divergent from O() on
. —> use SAME owxbiary wequlanizadion

o
o - - '[_\'_ 4 _ 4 XZ
)\ + [-—-— EQ&;_L‘} + 0()\5

al
miernal Qnes Ladh Small -
Virtuality
fong - destance Sum of hard and solt veproduce.s the expansion of
the exact veoult.
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Fiot fmons:

¢ Expawion i tado of Scalws (—  heavy quark expanpion)  can be

obtavied by addwg Codnbukions  {vem velwwant momentum vequons

o Divect compdadion of the expansion s much sumpter than

the compudakion of the exact venult | becusx oll wikguls ivefue onfy
one Scale , not Seweral .

o Each ferm sty with a defenite power 0Of )
before the caleulation.

, Whith s determied




\E \Nh\, did we ui{egm’ce over oRf %J“k even though Kk was  omdumned hard
or Sojt?

A: Cowmeet i dii.veg. , brcause each nkgral contaried only one scab | so dum
veg. the vosult can only come from this scab ( scaifors tikgrals vonsh
dum . wg.

Factorization Us porticulaty smple i doi. veg. |
Q: How did we know the vvant wgrons

A:  They can be derived syskemadically from ta structwe of the denominator |

ke N n=0: hard (Toyler expandon kK = vkv + smaller
ol iniegrand ) 1
=4 Soft - QDU w
" o " [v-kz-f] (vk)?
h22 =
g[aﬂ N pk ‘ Scaltbm» ' ky

ald potes v vk on the same
oide W the Complix plane
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Mow. foops

$ Kk .
h h
h S
ky S S
kﬁ
5

=>  diagrammedc {actorizadion

Cug=0) [ uTb | bepyd

Just as ;. standard vensrmalraadion theory
1- toop odditive factovizakion —» mulkcpRicadive
{actorization to all orders

hard  subgraphs potunemcal W their Soft exdenal
momenta. —>  focal vertrces fike Counderterms

? C;'no.fd.(m/p). Mlb&f (4,)

7

s
: depends on Salt exdernal
Tigpen;d::i o\: h;xkrmh mfmm’ca mom (mﬁ’: 5 and
b= B IR scale X
u-» 7(,3,——

depends on Dirac matrix "
weak Coupling tn” QCD

—>  shong toupling iy QD



Effective filds and Lagrangians

Introduce  {iétds {or Soft moedes and wnsbwuct logrongian  that comtnponds to the
el(agmmma’cl'c expannion yuliy  =>  yeproduce H;;,f,(

HQONY C‘u&fk R
Lmnv-X
= m\/+l:< hyt) = 43{_( e Yee)
n)  changd by soft P
nieractrons fived Cbd ~ Jutek  xe 'k
V. nover A
changs i.e. typicad vanakions of hy Occur only over
farge  distances
Duagrammatically , i the soft vegion
ALLINR. wvenpords to ¥ (0p-m )Y = hyivDhoto.
P‘L_ mz V'k

(HRET)

Irderachions of  heavy quarks with soft modens ave duscrbed B\/ heavy quark effective thoory.
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Scafing vudon

:feg= ""v L‘V-Dkv t.... + Q@qjéyq - %61

- ‘k(_ 5 ‘
hytohvy)  ~ Sa“k e S I X o= ossign Staling hv~)\3/1

| S vk
N A Ob-ject Stalling
Segs = By = 00D+ comed hy. X
= = + (ovectrons
* ’ A™ N
1/>f' (DM g A™ A X 4/% REDY

Jn HRET power countiq ts simple , beawnw thee s oly one mode (Sof).
A @n M.h:s OCcut on >‘/m S0 A= expawsien o "/m expandon
~  dimennional analysis
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Cose (— SCET> t energebic pion (u-quark) B = O(m)

Even simpler  E = By = .
o T(%4) = fogs and di-togs

n

= :‘—f (an)unz) + O(\)

Hard coninbutton

kam

T = w2 O (g L &
" : % 0 D 2pk] | K29k

(annet be dropped now

= = A A gy -1 2
e e g UM T o)
S0t contnbution I« m @28 " 4
koo X t D32 [2pk]) [2p'k)

*
- Mo § B Ay
0

(B-defined 0 dirh.veg . , S0 I £ L+I,
A vebwant momentum Yeglon LS missing |



Exiernal kinematis : oaddilional vector  p'= En_ = E(400,-4) n*=0
—> trodace by = (4,00,) Suhihat nF=0  nen=2

and write q = ng Teap s ng "f ( Right- cone ducompesition )

™ np'a mo forge
p'z:-. n;p'n_-p’-\- h{z -0 smdl

. Ic = m? @2 % (Jk] ! +...
COLLINEAR vequon { [ ] Tmng k) [k ngpnk)
foop Momentum
Nk wm m also (- defuied w du ey
SRS ned odditional Intermadcate vequlax rakeon ( analyte -
i gpresal @ k* <« Nk So that scalthns iikgrals stith vanish )

» Lo+, s wdl- dzgind "N dmi.wec&.

= A 4 d ety Ao 2 4,202 S’
Ic.'\'l—s a€1+ Qie“fl * -q.en)l'- -\—"Qf\)\ . i\% * 0—(\)

Vao



Lo+Tc+ Iy veprodues the expandd exact wooulk . Thes works to all orden ol X

When theve ave energetic , nearty on-shell , nearty masslans external

Lines , ome runt introduce coklinear €oop mowmantum confrquradcons .

The nfraved stuckure (s diffeent {rom the came  E~N.

An urpotant diffotnce s non- focality

NyPe ~M
) " cflinoar momentum
' = hord subgvaphs cannct be expanded W nep. of ewkernol
h Y cflineas momanta
=>  non- pelynomiad i non- focal " position Space
M-Pe expect A
inge



Next €uynons :

o Fora quen procem (external kirumadis)  {uid the welovant mowurium vearons

to  ombuct the expomnion .

o  Inirodue effockive fiebds and vedices which veprodue this  —  effecive
Lagranguan

In the [otlowrg consider

Relouant modes  ( set my=4)

hard- coflinear np~ 41 nopad pyw NG

gosume .
]é‘t uith soft PN
E~my
Ivanant mass Qater add
P2 ) cotunear Nepe 4 nopa 3 pa

Note:  pt o N5 piepia )

Conadd o soft Gine o o Jet  (putbs) ~ N , but not a fine with pe N2 , hance  p > pt

Y



Ooft - clinear effective theory - {uebds and power counting

fight quarks
cotlinear quark Ye= ¢4 Q = ’_‘-‘;_“.'i Y, Carge E ’i:_— Yy small
e By = 0
—> N G uikgatd ot (s bdow)
- -p-y) ¢n. .
ng_tz}(y» ~ gé'!‘P e E_"T:.E ~N N = Feed € ith K8 :10
\ 1 and g~ N2
N
soft quork -0ebey) [y 3
= 2 . /
Oy~ Su\';ke o "~ q with g N2
Ny "/\A'
heavy quarks
on nover be cotlinear Since always ngp~4 and nopad
solt heavy quark = LMV-%
(Oj tn H&\é-\ﬂ) Q= e (hyt H\l) '_——? hv” >‘3/Z (as que)
Mhy = hy ui-kgmk out
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. m v "lP(X'Y) 5 L PRV
(o neqr qluon ActoActy ~ g d'p e %2 (- 9™+ (A-9) %
= NeRen 4, A~ ol o Mohe ( same an Collinear
momantum )
soft glusn As ™\

B devivatives on {ebds
soft {uelds vary over distances  x~ 4/)‘ = B<b5 ~ )\(bs

cflinear {ietds vary dcffrently of doffent duvéchions X~ Voo
¥ ity T e

, 1
=) '1+‘-3¢)c ~ b MRS gy ™ 1
)L(bc o3 X‘/z(bc
b~ M, ( same on momentum )

=2 Power counting for operators ( {iefd products)

4'
/1y



Devivation o§ the soft- coflinear Lagrangtan

- undiP otherwise mondoned | cflneor ’ will now mean ‘' hard- coflinear . Roall that thom

ceflinear modws have Cfarger \irtuality than Solt medod .
= fust set 9 (seft quark futd) 1o 0.

Siep’\ : Jn{egm%e out small compenents of  the cofnear qum-k fietd

Lo = YipY = RS BRI R AR L
%=31

Gaussian poth wikgral over N an be done exacty and sets
Functional determinant d&[in;lﬂ = n\e’c[m{ﬂ

[n,_-])/-qn‘a
(s o fietd- iidepndnt (tnthvant constant ) deinction!
=? f = ¢ ( h: -D D’ i
e= €| D n,.'D N 7
4 This is exact !
non- focall
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Remarks: (1) No degres of fradom have ban indegroted out !

ic s swiply the QCD Lagrungmn W a {mma whee ol pavticdn ae boosted
o Emge momentum

@) Non- lotabity can be made explicit w derm> of  Wikson Qines .

Define W by [”’»rD ) Wy = PQXP(L%S ds n, A(x+sn+)>

=P \
m’c?é)&mﬁq A=ActA
= L =W AW owwte 4

Lrl..;D in; 3 ?

f£= %(Ln])-\r LB’W—_\J LD’)mg _____ L
. A
= E(.‘)in_:D ?ggq ¥ 0 g ds [iib‘l\«l]u) {_W-“ L,Dln.:zig-} (x+sn,) one 'L.A , up{o
- P ‘hDOA_L ) U'\Slmulj
many n+-A

1 ae o0 Casfiyesny 1 (vanish i Light-come

[ ;%€ gU l .g.p {( = ] M)

2/



S‘tep d. 1 Exp(mbron 0(, the exact \.ugmng(cm n W i \.L‘gh’c- .ganc multipds ®xpansion

(D = A+ gneAcs gz
A A N

(D, = i raA tah = D +gAg
x‘/z X\IL X

A A A e A

— = - g —— -

'ngD 'n:De n,De A D
N’ N

Mubtipste expansten

Hence , i produds of coblinear and soft

g d*x %M N As bo %g(") {:l"'eis y SN te Su&i {Léhls :

? F\" 0 X4,7'
ulommo,\ed b ‘St ¢5(x) . q) x.) + [x,_')ﬁ)] (x.)
‘M‘i varytng
vapid van Iums o_g cabr i all
=
(DQLMM‘ 'gltus y (ompom{_s [n }QS](X-) + - X‘L Xl [);.\)\l¢5 (x.)
I\_Xu4lxl~ /x‘/z )‘
A = Taylor
nex~ Y , L,
RXPANDION LR NX, X
around
A
e nox 1‘2;

Y3



Jnierpwe{a{(m : e .

e ky,nek e expanded , becawne ky«p
P \ % P'= pt “_'k-'%* nek<hep  ( dlagrammatic wn derpretadron)
s
2 .
¢f. atomic (non-velodiutstee D physics - T w @ tkex *-...
] X siae of atomn
phase of frght wave \ Wowebungth of Right
Hee  x_  plays the o of " dipfe approxcmation”
time t , which (s not expanded
f _ £(°)+ i(“ _ - ( b5 ,U 4 . W
N T T MR Y
Lh.,:-DC

- § (Xy} gn:Ag+ 1B, ’i\D %Als + 9Ky

» Al soft fikds awe taken ot x_

a  trangldion tnvanane not mancfest ( no mowentum (onseruakion ot verlicen )

s I{") confams only ta n:Ag ompomnt (atx ) = key property {for {acteriaghion proofs

B qaudge - invananw not man({es'):



w .
Can transform  dg° wito B_ m e g analogue of thy
fg = %(l) X.L N C% AN(*-) c E’-"? X E ALP&‘ lh-ltf(ldw\h
W, = Wipan, cotlinear \Wikson Cyne
Pedntrian derivation for abdian qauge fuébds :
iéﬂ = i { ‘ ‘:3"1 As, l.D:u_ =3 I.ch] v (%3 %h_-AQ§ %‘
! Ny de
Lse ' no 4 nooA ~
\ [xl , W n (Lylc] = T '[Tl'rj’ﬁc‘y.u_ lD'.u_ t -D:&
N g { a S LER R *ﬁ%“-‘As} e
: : .
use equaton of mstion (P h.‘,'bcl Y, ™ § -t D l?g + O(\?)

- AV Sw
= §xl“-3FAw‘f§

This becomey Very complicated tn hightr orers . Jmptactible for noa- obelian qaug fields  whue ona
must use the cothincar glusn eq. of. motion



Nole on qauge symmelry

- seqorote gange symmebry for ¢ and S fietds

s
- must not mox poutns of A2 _
must bransform ¢ falds wte ¢ fuls and s fekls oo s fudds

cklinear gouge Symmetry soft gaug symmiry
g~ Ueg nyAe UneALE + £ (1 (a2 U ¢~ Uge
9-q Auc = U Al + Gt [3,,08) 9> %9
Ag As Acs UANS

n_ At-. UCI\.-P\CU: + (7 U((ll_"D (x.) u:] )
3 i A= LA v U0, 05

Ue = Wetx_
We = Ucwc We = USW(_U: e
. . + t.A
=3 (finear wrivariant buitdwig bocks Wee [, L.D_LL\NJ
A ———

A w Bigt-cona. qonge Ny A= 0
= Syskmaic protedure 4o (onshuct t Lagrangran o any order - s (. €]



Step 3 AL soft quarks

v 8 YEY 3 9K rn  m GRQ -
PeAAAAL -
Ac \\ q “{At%'rkj.c*“.’Ac“—;f
3 ¥ &
but AR =0

bat this ¢ not all :

() -\t .
9 1@“ — qwCL .ch + h-C. %ml%l‘
i e 34 i */z Li vanont
nyAe "% ——
XS/;_

B Soft quark iikracdions ore  power -Supprovied , O (X"2)

highs - order tems coe. knoon 4_2\,
“) . :
m Jgg v very wipodant for exclunive B decays "=11
Soft spectador quark wunt be conuerled ito Cflinear. solt Ié:; efhinear



(No)  Renormalizadion of the SCET Lagrangian

Up 1o now wikraclions of soft and celinear modes at tven - faoel .
Expect that hard €oops ( short- distance fluctuations ) modify the effoctive vertices

4
7

¢ ) iscsT,{m= 7: 00 — iscer = Z GO
ncluden ray

havd foop
Xpation ) operate
gF(m) <1 e
However | ¢ torzotion (S done 1 dum Lyeg ¢
h 45 "9 Crzd o ollilis

The v Lagrangian s evact b IES RS 16 o

Reason :
o Hard Coops rmunt cepend on  wivemams of ovde my*.

The hard mowenia Qe Boz ongp "I. bt PPy ni=0

Thet axe no tdvanants , so all Coops Vvanish.

o Thenotion " cinoar” has a Lownt2- mvanant meaning only (i the prescene of
exlernal Souvces . nothing has ben witeqrated out , veably -
Yy



The eflective b-»u transition cument

Atm:  yepwenent the operator ‘_Yl‘(l n SCET . Y comuis momentum of order my

U b
Trlewl. matching s non- trisial
| |
Mo 'vl
i 3
Ao foadiig power :
™ P Ac A, Pus any number of ne A
‘1/2 .
After the {int emission , the A one Aye
heovy quark is 0ff - shell tue Aje , one m-A,
(mwp)?’ s magp = Om?) or ok Aus
=S, munt be wntegraked out e

=  effective veriex



N %)
N NG — } I &
= - L Ne —— ol
= Why- & [fDQNth 57 & e
amy,

+ O(Nhy) F Ot )

Winike nomber of atlachmunts sam o o Wition &ine

- - tmN-X 5 5
[¥ralw= e (TPl T3+ )
shert- distanca Corection ( hard toope) , Sen below .
(Ao) . =
jjo = (BNOwesny My hoty = (RN Ty hy fading pouwer
(0] - ‘_ 3% )
v (/W) 1) A M hy y
3( ENcls Loy = 31 O(x%)  suppemed
BA) W n
. - 1 - +.n .0 {%' bbﬁ\ and.
33 m, (gwos‘\(w" LD-"QW‘)S:. ERL ! {hret-b:d\/u



Quark bilinegrs and Symmetvies

aCh
<y | YP& [ b

l= 1/%'5»'6"‘)“5; 6“\“

= 40 wide pendent form factors

(46-6 e.om.)
betwen P—’ﬁg’ and ¥
4-—»@
-
= e .'%_:ﬁnf;%rﬁ B1
e
— A @

GCET
TMhy = §BE Hirhy
(L)
(A0, 843 progdions reduca the

T = - iy Tige
e~

—
-

m{h(n% ALY

\.6'»’“ ey Nﬁ- “1- 'L

nb’ch(nq‘ noLs

> oy

number 0f ) dependant
Shucturen

MNSF

_ U M6 “
SO ) 11 Ll g A PUN
1 s \6._]," ‘f,[ - 4 [t_pt;]
\-’Y*—""—'"

. a2
SRR 189 ) il R PLW

3 vather than 10 heavy-to- G'gh*

{orm factes at ading power



Short-distance cowections

! Now @n butt O(m') nvananls : m* , MNPy
' 3

ﬁ:f‘ - =5 rmddc{icadion of dren -foved cor{icents

e Prc h(hd eOOP.S b‘/ {und:mns CL‘ (m} h-}-'PiC.\

/jm

dependine on  (otlineas exktnal momantum —>  hon- Eoml‘&y
N posilron  Spack

~tmv-X

— 0 v - .
[¥raly = e 1 g &s T mosm) (RN e i b+

-

then
A1 lbey = T ¢ (M, B) Cun | (RN hlbw +-

0
with (M= (e

-¥

s P o P
L

In %]\110’. Cl = CL (!Pil);"%) | /rh-'l.)

[ st Beneke, Koo, Yoy ;
'.Z_E = Ing Ts Ny Per momentum .Ymd[(m s HifL , Bechat 5 Lea, Neubert ;
®om Toeky Bechor, Hill ; Beneke, Yang

E ol erevgy 3 for 3&O ]

Y



EXQD‘LPQQJ} O)( ¥adm’iah‘on with SCET

4) B- K, G By
( wicdwsive b-uby it " shape funciion ' veqion )

Q) R energetic. T¢
( heavy- to-Cught form factos ot farge vecoil enefg\/)

31



Kinematics of B - X v

v
w¥ ,<.i
s’ Q

%
P
§§ X hadronic {inol state

Sur over all hadronic {inal states Px
+  ophcal theovem give

ool

dl 2 2 kinematical
dqdE, G Nul > pamy — » 0T
where , -q%x E .
T = L g J“x e < B(?)\ T( ]:Q&)](o)3 \B(P))
' hodronic tensor ” Jau = Wb
Scaln

1) p'= Mg heovy quork

&) 9 fapton- tri van ant mand

3) {p-q or P;:= (p-9)* = Mp+q™- Mg (E2E,) Wn the B st frame
trivanant mam of the hodronic {uial state



Assume  v-p, = B,

hadroux enavgy ~ O(Hg)

R N Py Hy ™ R Hg  Qverag over wullint {ial slales
Single o ‘
= S
ﬁﬁmm jet \]4
" il 20 i — N
| | ] | || | V4
0 r
I I T e pg
T exclupive or L semi- ticunive vequon | LT wclunive rxgion ; no
RDHONANCE YeacoN cotlineas modey e velooant duvection suigled out —>  coflinuar
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Fuial step  ( sketch)
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