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Theoretical foundations of
spacetime torsion



" A
In local coordinates. the covarant derivative of a
contravariant vector field A! in an affine manifold is defined as

A=A +T A
wherei. j.k,...are CGDI’dlIl‘]IE‘ ]IldlCE.‘:. comma denotes partial
differentiation and Fiﬁ: 1s the affine connection. The Riemann
tensor is defined as | |
RM‘an rﬁlipm ?_FHFR-
We can split the connection I'' j; into its symmetric part
T'H, and 1ts antisymmetric p.:lrt T' ix:

F'.k __,k +T'

J
i 1 i i i 1 i i
r :E(rjk+rkj), T :E(rjk—rkj).

— jk

where

T';x is called Cartan’s torsion tensor or, simply, torsion.
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The covariant derivative of the metric is called the nonmetricity:

Qlj_gk

The Christoffel symbol is defined by

i . 1 Im
ik —Eg Jimk TY9mk.i " Yjkm )
The contorsion is defined by

K =Th +T +T
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PG = Poincaré gauge theory (of gravity), EC = Einstein—Cartan(—Sciama-Kibble) the-
ory (of gravity), GR = general relativity (Einstein’s theory of gravity), TG = translation
gauge theory (of gravity) also known as teleparallel theory (of gravity), GR” =a
specific TG known as teleparallel equivalent of GR (spoken “GR teleparallel”),
WG = Weyl(-Cartan) gauge theory (of gravity), MAG = metric-athne gauge theory (of
gravity), CG = conformal gauge theory (of gravity), AdSG = (anti-)de Sitter gauge theory
(of gravity), SuGra = supergravity (super-Poincaré gauge theory of gravity).

The symbols in the figure have the following meaning: rectangle [1 — class of theories; 6
circle o — definite viable theories; nonmetricity () = J + %{ tr@Q)1, torsion T, curvature R.



..‘19?9[3[1, Stoeger and Yasskin [14,15] asked the question: “Can

a macroscopic gyroscope feel a torsion?”. They used the gen-
eral theory of spin motion of Mathisson and Papapetrou. Their
verdict 1s unequivocal; “Our results show that the torsion cou-
ples to spin but not to rotation. Thus a rotating test body with
no net spin will ignore the torsion and move according to the
usual Papapetrou equations. Hence the standard tests of gravity
are insensitive to a torsion field” (emphasis by us). Is there any-
thing more to be said? This should have been the (definite)
end of the story.

Eventually, we have also an optimistic message: Already in
1983, Ni [44] suggested to build gyroscopes with spin-polarized
balls as active elements consisting of solid helium-three (*He) and
to put them into orbit around the Earth. Ni has also used for ex-
periments in the gravitational field dysprosium-iron compounds
DygFeas, see [45], with a relatively high net spin of about 0.4 elec-
tron spins per atom, but with no disturbing magnetic moment,
With such tools one could hope to find torsion, if i1t exists in na-

ture.




Dirac particle in gravity with
torsion



"
The quantum theory is based on the covariant

Dirac equation: _
(ih}/aDa — mC)W =0, D,=e;0, +iGbCF

bca !
C I C C
o =§(;/b7/ -7"), T, =-T,.. abc=0123.
General metric:
ds? =V Zcdt? — 5, W3 W°, (dx® — K°cdt )(dx” — K ‘cdt)
Schwinger gauge:
0 _\/ <0 i i i 0
e) =0, €, =W(5,-K's)

Tetrad indexes are blue
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Nonunitary transformation of the initial equation
1 2
()’
C
brings the Dirac Hamiltonian:
— ﬁm.:ﬂv + qgd + g (’ﬂ"h .Fbﬂ-:rﬂ + &“Fbai'rb)

h
(K T+ K}+f(—--E—T’}fs)?

Here V' = eﬂ fba = /—ge2 = VIV’ and
Vo
T =V F EHZFEEE(Fﬁ’EE"'FEEﬁ""FEﬁE)-

Yu. N. Obukhov, A.J. Silenko and O.V. Teryaev, Phys. Rev. D 84, 024025
(2011); 88, 084014 (2013); arXiv:1410.6197.
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In order to make the coupling of spin and torsion ex-
plicit, we now use the decomposition of the connection
into the Riemannian and post-Riemannian parts
Y="+4+VcI’  =Z0=2_VT1
The tilde, as usnal, denotes the Riemannian quantities

~ abes s dbes
T = VT o = Ve .

(1]}

Coi” = WaaWe 0uaWe,  Cagr = 0,5Ca5"
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The non-Riemannian parts are constructed

from the components of the axial torsion vector

. 1
A o
T =— a?}'ﬂ Fv T,Lw}u Noissg = 1

where n®HvA

SOT.

is the totally antisymmetric Levi-Civita ten-

As a result, we can explicitly identify the spin-torsion
coupling

helV
4

(E-T mﬁﬁfﬂﬁ)
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Foldy-Wouthuysen
transformation for a Dirac
particle with allowance for

spacetime torsion
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FoIdy-Wouthuysen Hamiltonian:
HFHF ?‘I{Fﬁf I HFVF T H?&r

(1) ! .-’1('2 eae i i b th:L eae l i b .

Hpyw = Be 16 {ff (26 I {pp, F @df o + 1Y pp, F T})} n e 11, T,{pd,f "a a@bV}
he . ~
HE), = % (K94 + paK9) + Iw ¥, =0
G S o {p e LEr oKt + Kh0.F ) — LFT, (572 — 572")] |
16 T: a €s ¥ fs c c c c 9 — —
(3) _ h a(T)
O = — Syt pS {1 {po, FPLVTO} b + G {pe f%}.{pf .rfmadbfﬁ—adﬂﬁ*)} .
“ 2 T8 e 6|7 1Y G '

e = \/mzcﬂVz + C?jﬁ“c{pb, FbaHpda, Fi.}, T =27+ {f’,mcEV}.

The equation of spin motion is obtained from the com-
mutator of the FW Hamiltonian with the polarization
operator Il = 53: JTI

)
E = E[HFHF,H] = ) = IT.
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Angular velocity of spin rotation conditioned by
the spacetime torsion:

o =~ vs, 1 s {1y PV
a T 9 ab —I_ 8 E;a{pbﬂ (1 }

e ]_ S '\f.-'l
C e :F'-f V dbha darpb

2
€ = \/mE@VE + %ﬁﬂﬂ{pb, FeaHpa, Fic},

T = 2¢' + {f’?mCEV}.
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As a special case, let us consider the flat Minkowski met-

ric with V = 1, K® = 0, W%, = §%. The spin precesses
under the action of the torsion with the angular velocity

3

i R S EACRE)
& €
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Extension of the covariant
Dirac equation on the
anomalous magnetic and
electric dipole moments



" N
nonminimal coupling terms
! !
Ll R LR (e St Lk
2c 2
modified Hamiltonian
[
H = Bme*V + g® + 5 (?rb Fboa® + -:r“fbﬂ?rb)

+§(K-w+w-f(}+%

- (E-M+ia-P).
Here we defined

M=V (u'B* +5E?),
P.=V(cd'B, — p'E,/e),

{EE — T"}"S)
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Dirac particle in magnetic field and rotating
frame

Vo1 Wi =g Ko—_ WX

(i

Dirac Hamiltonian

h he (- .
= Bmc?+ca-T—w- A —w- X — — (T”:::—FE, +T z:)
2 4
Here A = r x @ = —m x r denotes the orbital angular

moment operator, and the torsion effects are encoded in
the last term.
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Foldy-Wouthuysen Hamiltonian
Hrw = Ho + Ha,

f h het (1 . fic .

he < 2.y - Lis P
16 (e +mc?)’ {51 }_E{ (- T+T-m)f o

h 1
leec 2 (mxG—G xXTm) .
8 | e(e +mc?)

e = \/m2ct + 272 — ehc?X - B, G=Bx(wxr).
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" EEE——
Spin-1/2 particle with an anomalous magnetic
moment in magnetic field and rotating frame

Dirac Hamiltonian
h he /. .
'H:5mcz—|—c{t-W—M-A—EM-Z—p’H-B—Iﬂ(TDC"}’E.—I-T-E)
Foldy-Wouthuysen Hamiltonian

Hrw = Ho + H1 + Ho,

CE

e + mc?)

?{gz—p'H-B—l—i{E!( ,[(B-:rr){l'[-ﬂ')—|—(l'[-7r)(7r-B)]}.
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The angular velocity of spin rotation

Q=—w— 35

c?

" jigme?

he'

™

"_,E.Ir
Ton {

e(e +mc?)’ (B-m)m + W(ﬂ'Bﬂ

#

?B} 938 B
Z

W

1 ) 3
({7}
E A
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Experimental bounds on spin-
torsion coupling



Equivalence Principle for the spin and its
experimental verification

m Kobzarev — Okun relations define form
factors at zero momentum transfer

|.Yu. Kobzarev, L.B. Okun, Gravitational Interaction of Fermions.
Zh. Eksp. Teor. Fiz. 43, 1904 (1962) [Sov. Phys. JETP 16, 1343 (1963)].

Kobzarev — Okun relations result in the absence of
the anomalous gravitomagnetic moment and the
gravitoelectric dipole one

Motion of gyroscopes and particle spins in
Riemannian spacetimes is the same. However,
the spacetime torsion couples to atomic spins

but not to gyroscopes!
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Yu. N. Obukhov, A.J. Silenko and O.V. Teryaev, Spin-torsion coupling
and gravitational moments of Dirac fermions: theory and experimental

bound; arXiv:1410.6197.
We thus conclude that the anomalous gravitomagnetic

moment is not allowed in the covariant Dirac-Pauli the-
ory with a nonminimal coupling of a fermion to the
Poincare gauge gravitational field. This demonstrates
a limited nature of analogies between gravitational and
electromagnetic interactions observed in the weak-field
approximation. The same conclusion is valid for the

anomalous gravitoelectric moment. It is worthwhile to
recall that the analysis of the gravitational form-factors
of Dirac fermions by Kobzarev and Okun [81] (see also
82, 83]) have shown that the anomalous gravitomagnetic

and gravitoelectric moments should be strictly zero.
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" A
m | he restriction on the
anomalous

gravitomagnetic moment

may be obtained from
experimental data:

mB. J. Venema, P. K.
Majumder, S. K.
Lamoreaux, B. R. Heckel,
and E. N. Fortson, Phys.
Rev. Lett. 68, 135 (1992).

mby the analysis in A.J.

Silenko and O.V. Teryaev,

Phys. Rev. D 76,
061101(R) (2007).

| 7(*"Hg) +0.369 7 (** Hg)| < 0.042

(95% C.L)

PHYSICAL REVIEW D 76, 061101(R) (2007)

Let us reconsider the earlier results [15] as restrictions
on the AGM rather than on the dipole spin-gravity cou-
pling. Recall that the latter violates not only the Kobzarev-
Okun relation for the gravitoelectric dipole moment but
also CP invariance, and may be neglected. The spin-
dependent Hamiltonian for atoms in § states may be ob-
tained by the modification of the coefficient of the term
defining the spin-rotation coupling and has the form

H =—gunB-S —(hw - S, =14y (7
where g is the nuclear g factor, uy is the nuclear magne-
ton, and y i1s the AGM. The measured ratio ol energy
differences in neighboring Zeeman levels, R = |v,|/]|v4],
depends on the AGMs. The difference of these ratios for
two opposite directions of the magnetic field is given by

2f cosfl

R, —R_=+ (& —G&)
|P1|

=le‘_2

(8)

g1

where @ is the angle between the directions of the magnetic
field and the Earth’s rotation axis, f = w/(27) =
11.6 uHz is the Earth’s rotation frequency, and |z is
the Zeeman frequency for atoms of the first kind. The
experimental conditions of [15] for '"?Hg and °'Hg atoms
correspond to # = 0, G = —0.369 139. Reconsidering the
bound tor R, — R_ obtained in that reference, we drop the
contribution of the C P-violating gravitoelectric dipole mo-
ment, but account for the possibility for nonzero AGM,
which makes a difference between (8) and their Eq. (4). As
a result, their data lead to the following restriction:

| y(2""Hg) + 0.369 y(1"Hg)| < 0.042 (95% C.L.).



before correction

phase iradi

after correction

Figure 4.14: Weighted phase difference for run (1) before [.ﬂfI?[]:':n and after -:'i'v!trf.,,]._,:.'ﬂ the
subtraction of the Earth's rotation term $g (Eq. (4.21)). One data point comprises 20
sub-data sets.

We have extracted the new restriction of about 0.9% from the experimental
data presented in C. Gemmel et al, Eur. Phys. J. D 57, 303 (2010).

2(He) — Gx(Xe)| < 0.009, G = ~gHe

m The absence of the gravitoelectric dipole moment results in the
absence of direct spin-gravity coupling

W ~gQ-S

see the discussion in B. Mashhoon, Lect. Notes Phys. 702, 112 (2006).
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Spin-dependent part of the Foldy-Wouthuysen

Hamiltonian for atoms at rest:

h he .
’HFWZ—(,un—l-,u")B-H—Em-E—IT-E.

Classical limit of this Hamiltonian is given by

O -
HZ—QN#—NB-S—LLJ-S——T-S?
h 2
where gy is the nuclear g-factor and pp is the nuclear
magneton.

For Venema et al experiment

hic .
—|T|-|cosO] < 2.2 x 10721 eV
T ,

T| - |cosO| < 4.3 x 107 m™".
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¥

he, -
%’C|T| (1 —G)cosB| < 4.1 x 1022 eV
T|-|cos®| <24 x 10" m™".

New experiment of the same collaboration:

F. Allmendinger, W. Heil, S. Karpuk, W. Kilian, A.
Scharth, U. Schmidt, A. Schnabel, Yu. Sobolev, and
K. Tullney, New limit on Lorentz-invariance- and C'PT-
violating meutron spin interactions using a free-spin-
Precession ‘He-"" Xe comagnetometer, Phys. Rev. Lett.
112 (2014) 110801 [5 pages].
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In this experiment, the Ramsey-Bloch-Siegert shift

has been taken into account

The latter one gives the shift in Larmor frequency @; due to
a rotating field with amplitude B, and frequency .
Related to our case, this 1s generated by the precessing
magnetization of the polarized gas,

Omrps(1) (\/ﬂ.m“ +y?B3(t) — ,ﬂ.m),

with Aw = |w; —wp|. The plus sign applies to
(wp/w; ) < 1, the minus sign to (@p/w;) > 1, respec-
tively. Two effects contribute to the RBS shift and have to
be taken into account, 1.e., cross-talk (ct) and self-shift (ss).

F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940).
N.F. Ramsey, Phys. Rev. 100, 1191 (19553).
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FIG. 1. (a) Weighted phase difference AP (data bin: 320 s) after
subtraction of the linear terms A®;, in Eq. (9). The remaining
parabolic shaped structure 1s the contribution of the RBS shift (in
particular the self-shift). (b) Phase residuals after subtraction of
the entire fit model AP, according to Egs. (8) and (9). The time
evolution of the phase noise 1s caused by the exponential decay of
the signal amplitudes. Note that the phase noise 1s much less than
the symbol size in (a).
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An approximate estimate can be given:

T|-|cos®| <107 m™.
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C. Lammerzahl, Constraints on space-time torsion from
Hughes-Drever experiments, Phys. Lett. A228 (1997)
223-231.

V.A. Kostelecky, N. Russell, and J.D. Tasson, Con-
straints on torsion from bounds on Lorentz violation,
Phys. Rev. Lett. 100 (2008) 111102 [4 pages].

, 1, if (17kl) 1s an even permutation of (0123),
a; = (%}EHHT“’”, ™ = I 1, if(ijkl)is an odd permutation of (0123),
0, otherwise.
By analyzing Hughes—Drever
experiments in this context, Lammerzahl (1997) obtained a
constraint on the axial torsion |ag| < 1.5 x 107" m™! where
ay| [= (ai +a; +a3)!'/?] is the absolute value of the spatial

part of the axial torsion.
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Kostelecky et al estimate:

1
AR = Effrﬁw Tﬂﬁ}”

Ap| <29 X107 GeV = 1.5 x 1071
Ax| <2.1 X 1072 GeV = 1.1 X 1075
Ayl <25 X 1073 GeV = 1.3 X 1071
Al <1.0X 1072 GeV =53 X 1071

-
.
-
-

1

1

1

¥

¥

r

1
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We report the first experimental upper bound to our knowledge on possible in-matter torsion
interactions of the neutron from a recent search for parity violation in neutron spin rotation in liquid
“4He. Our experiment constrains a coefficient ¢ consisting of a linear combination of parameters involving
the time components of the torsion fields T# and A* from the nucleons and electrons in helium which

violates parity. We report an upper bound of |Z| < 5.4 x 10~ '® GeV at 68% confidence level and indicate
other physical processes that could be analyzed to constrain in-matter torsion.
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Summary

m Dirac particle in gravity with torsion is considered
and the Dirac Hamiltonian is obtained

m Foldy-Wouthuysen transformation for the
relativistic Dirac particle is performed with
allowance for spacetime torsion

m The covariant Dirac equation is extended on the
anomalous magnetic and electric dipole moments
and the relativistic Foldy-Wouthuysen
transformation is fulfilled

m New experimental bounds on spin-torsion
coupling are found
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