
Theoretical background of  
two high precision experiments 

1. HD+ spectroscopy 
2. HF splitting in muonic hydrogen  
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HD+ spectroscopy: history 

• An experimental activity of S. Schiller’s group 
(University of Duesseldorf) since 15 years 

• Constantly increasing accuracy:  
  2006: ~100 kHz 
  2014: <10 kHz 
• initially: HD+ in Coulomb crystals 
 now: single trapped HD+ in Lamb-Dicke regime 



HD+ spectroscopy: goals 

 
• Determining the values of fundamental 

constants with improved accuracy: 
  me/mp, me/md, α, Ry, … 

 
• Developing high stability standards of time, 

testing the time variability of the constants: 
  δν/ν<5.10-18 

 
 



Systematic effects in HD+ 

• Shifts, related to the measurement (light shift, 
2nd order Doppler shift, ...) - under control 

• External field effects: 
 - Zeeman shift 
 - d.c. Stark shift 
 - electric quadrupole shift 
 - a.c. Stark shift, BBR shift 



Effective Hamiltonian 



Hyperfine interactions 



Zeeman shift 



Zeeman shift 



Zeeman shift 



Electric quadrupole shift 



Electric quadrupole shift 



dc Stark shift 



dc Stark shift 

 E15=-αs/2,   E16=-αt 
 
 



ac Stark & BBR shift 

 
 
 

 
To a good approximation: independent of the 

hyperfine state, but dependent on the 
temperature. 



Particularly stable transitions  

 
Among the large amount of HF transitions –  
 many with overall shift at typical external field 

intensities suppressed to ~10-80 Hz including: 
• E1 dipole transitions 
• Two-photon transitions 
• M1 HF transition 
 



Composite frequency 

• For each HF state: the shift of the energy level 
  ∆Ek=∆Ek(B, E, Q, θ) 
• For each HF transition: the shift of the 

frequency ∆ν(Bx,By,Bz,Ex,Ey,Ez,Qxx,…,Qzz) 
• Denote the relevant parameters by Xj 

  ∆νk(Xj) = Σj (νk/Xj) Xj are all known! 
 Then: 



Composite frequency 

• Consider νc=Σk ck νk  

 
• The coefficients ck may be selected in a way 

that νc/Xj is independent of Xj: 
 

  Σk (νk/Xj) ck=0, k=1,…,K; j=1,…J, K>J 
 
 



Composite frequency: example 
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Why muonic hydrogen atoms? 

Two main motives: 
 

1. Unique opportunity for new precision tests of 
Quantum electrodynamics 
 

2. Investigations of proton e.m. structure 



Motive 2: Proton structure 

Initially the ideas were (~1980) : 
Measurement of the hyperfine splitting (HFS)  
 in the ground state of muonic hydrogen is 

complementary to the top accuracy ~1970 
measurement of the HFS of ordinary  H 

Two measurements will give the two parameters 
“Zemach radius” and “polarizability” of proton 

  EHFS=EF(1+QED+rec +pol +Z) 
 



Motive 2: Proton structure 

Updated point of view (since ~2001) 
1.Proton polarizability correction pol is not  

related to a single parameter, but is assumed 
known from phenomenological calculations. 

2. The Zemach radius RZ can be determined from 
a measurement of EHFS using (tentatively!) 

 RZ=(184.087(xx)-EHFS (exp))/1.281(yy) 
  (xx)~(15), (yy)<10 
 



Motive 2: Proton structure 

What are the limitations on the accuracy of RZ? 
 
EF,QED,rec,… known or calculable to 10-6 

pol=(0.46±0.08)10-3 

Z =(1.0152×2mpRZ )810-3 

  Limit: 0.0810-3 / Z 1% 
RZ can be determined to 1% if expEHFS <0.810-4 



Proton size (till ~12 years ago) 

charge radius rch 

e--p 
scattering & 

spectroscopy 

 
rch = 0.8775(51) 

(the last digits may have changed) 

25 A. Vacchi INFN - Trieste (I) 



…when people also though of RZ 

charge radius rch Zemach radius RZ 

e--p 
scattering & 

spectroscopy 

 
rch = 0.8775(51) 

RZ=1.037(16) Dupays&al’03 

RZ=1.086(12) Friar&Sick’04 

RZ=1.047(16) Volotka&al’05 

RZ=1.045(4) Distler&al’11 

4 independent results, grouped around the incompatible values 1.04 and 1.09 fm. 
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2010: proton size puzzle! 

charge radius rch Zemach radius RZ 

e--p 
scattering & 

spectroscopy 

 
rch = 0.8775(51) 

RZ=1.037(16) Dupays&al’03 

RZ=1.086(12) Friar&Sick’04 

RZ=1.047(16) Volotka&al’05 

RZ=1.045(4) Distler&al’11 

µ--p 
Lamb shift 

spectroscopy 

 
rch =0.84089(39) 

7σ 
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Can RZ from µ-p help solve it? 

charge radius rch Zemach radius RZ 

e--p 
scattering & 

spectroscopy 

 
rch = 0.8775(51) 

RZ=1.037(16) Dupays&al’03 

RZ=1.086(12) Friar&Sick’04 

RZ=1.047(16) Volotka&al’05 

RZ=1.045(4) Distler&al’11 

µ--p 
Lamb shift 

spectroscopy 

 
rch=0.84089(39) 

Either confirm a e-p value 
or admit: e-p and µ-p differ  

??? 

28 A. Vacchi INFN - Trieste (I) 



Alternatives: insufficient accuracy 

charge radius rch Zemach radius RZ 

e--p 
scattering & 

spectroscopy 

 
rch = 0.8775(51) 

RZ=1.037(16) [Dupays&al’03] 

RZ=1.086(12) [Friar&Sick’04] 

RZ=1.047(16) [Volotka&al’05] 

RZ=1.045(4) [Distler&al’11] 

µ--p 
Lamb shift 

spectroscopy 

 
rch=0.84089(39) 

Very recently: 
RZ = 1.082(37) [PSI’12] 

from HFS of (µ-p)2S 

 



Present status of FAMU 

Key points: 
 

1. Tunable IR laser  
2. Multipass cavity 
3. Muon source 
4. Detecting systems 
5. Experimental method 



1.Tunable pulsed IR laser at =6.8 

Direct difference frequency generation in non-
oxide nonlinear crystals using singlemode 
Nd:YAG laser and tunable Cr:forsterite laser 

Targeted characteristics (L.Stoychev, EOSAM ’14) 
 Pulse energy: 5mJ 
 Line width: 250 MHz 
 Repetition rate: 50 Hz 
 Tunability: 3nm 



1.Tunable pulsed IR laser at =6.8 

Scheme based on Difference Frequency Generation in which the  
radiation 1.06μm of a Nd-YAG is mixed with the 1.26μm radiation  
of Cr-forsterite laser 



2. Multi-pass cavity 

• Various designs discussed 
 

• Most appropriate: a modification of the 
multipass cavity of the PSI Lamb shift exp.  
 

  amplification factor: ~2000 



3.Pulsed RIKEN/RAL muon source 

Main characteristics 
 
Negative muons in the range [20-120] MeV/c 
7104 muons/sec at 60 MeV/c 
50 Hz repetition rate 
Double pulses of 70 ns with 320 ns gap 
Beam shape: x=1.08 cm, y=1.19 cm 



4. Detecting systems 

 
• HP Ge and LaBr X-ray detectors in the range  
   60 – 550 keV 
• Efficiency limited by 
 - solid angle covered 
 - overlapping events 
 - … 



5. Experimental method 

 
• Physical basis 
• Experimental verification 
• Monte Carlo simulations 
• Estimates of the efficiency 



Physical basis of the method 

1. A laser pulse of resonance λ0~6.8 converts 
the spin state of (µ-p) from 11S0 to 13S1  

2. (µ-p) atoms in 13S1 state are collisionally de-
excited and accelerated by ~0.12 eV 

3. The muons are transferred to heavier gases 
with an energy-dependent rate 

4. λ0 is recognized by the maximal response in 
the time distribution of -transfer events 



Experimental verification needed 

Key point: 

Is the muon transfer rate to higher-Z atoms in 
collisions of p energy dependent at 
epithermal energies T<E<T+0.12 eV? 

Theory: no energy dependence at E0 

Experimental eveidences of energy dependent 
rate of transfer to O and Ar [PSI, 1995] 



Preceding experiments 

Measured: the time 
distribution of 
characteristic  X-rays 

Three time ranges: 
1. Prompt peak from direct 

capture 
2. Transfer from epithermic 

µ-p 
3. Transfer from 

thermalized µ-p 
dµ+Ne→µNe+d, R.J.-G., PRA51(95) 

1    -2-                 - 3 - 



An alternative method proposed 

 
 
 
 
 

k: muon transfer rate measured in completely 
thermalized gas target at temperature Tk 



An alternative method proposed 



Uncertainty of the extracted rate 



Experimental verification started! 

First test run at RIKEN/RAL earlier this year in 
the frame of FAMU experiment (INFN):  

Tested target, detectors, beam adjustments 

Run at 300K, 35 Atm, various target gas 
mixtures (H2, H2+O2, H2+CO2, H2+Ar) 

Next runs: measurements at different 
temperatures in the range [70-400]K 



HPGe through spectroscopic preamplifier 
Spectrum evidencing the  

134 KeV muonic lines 

 
 
 24.8 keV – O Lα 
 65.8 keV – Al Lα 
 75.2 keV – C Kα 
 89.2 keV – C Kβ 
 (94.1 keV – C Kγ) 
 133.5 keV – O (2p-1s, Kα) 



From preliminary data analysis: 



Monte Carlo simulations 

Detailed simulations of every single process, 
incl. stopping, diffusion, depolarization, 
thermalization, muon transfer and decay of 
the p atoms, and emission and propagation 
of characteristic X-rays. 

Optimization of the target design and of the 
physical parameters (pressure, temperature, 
chemical composition, concentration) for the 
(1)muon transfer and (2)HFS  experiments. 



Incident muon beam (1) 



Stopping the muons 



Stopping the muons (H2+CO2) 

49 



Stopping the muons (optimal) 

50 



Optimization of O2 concentration 



Transfer rate vs. temperature 



Old simulations of µ-p HFS expt. 

• The counts NA, NB in 
appropriately selected 
gate differ! 

• Signal-to-noise ratio:   
  = (NA-NB)/ 2(NA+NB) 
 

 Achieved: 10  
 (subject to optimization) 

P=10%    



New simulations of µ-p HFS expt. 

106 muonic atoms “shot”, =6104/4.106 = 30.  



Estimated laser efficiency 

 The spin-flip probability P is: 

   P = 0.2 E/(ST), where 

 E: pulse energy [J], S: laser beam cross section 
[cm2]; T: temperature [K] 

In a multipass cavity that provides n reflections, 
the irradiated volume by a 5mJ pulse at 30K is  

   V=(n.10-3/PT)3/2=7 cm3                             
for P=10%, T=30K, n=2.103 



Estimated accuracy of resonance 

  



Estimated accuracy of the HFS expt. 

  δν0/ν0 ~ 0.2/( m1/2 ρ)(/ν0)  [NIMB270(2012)] 

 m: number of freq. samples; ρ: s/n ratio;      
: width of the investigated freq. interval  

 With 106 µ- /sample, ρ~30, m=10, the 
uncertainty reduction factor is 

   (0/0 ) / (/0) =10-2 

and may be further improved. 
  



  

   

 

Thank you! 
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