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Hyperfine splitting of 1S- and 2S-states in muonic helium ion
(n3He)*

All contributions to the energy spectrum of light muonic atoms
can be divided into two groups:

1. Corrections obtained in analytical form when studying the
spectra of muonium and hydrogen atom.

» M.I. Eides, H. Grotch, V.A. Shelyuto, Phys. Rep. 342, 62

(2001).

» S.G. Karshenboim, Phys. Rep. 422, 1 (2005).
2. Contributions of the electron vacuum polarization, nuclear
structure and recoil effects which are specific for each muonic
atom.



Modern numerical values of fundamental physical constants
are taken from

vV v vV vV vV VY

the electron mass me = 0.510998910(13) - 102 GeV
the muon mass m,, = 0.1056583668(38) GeV

the fine structure constant a~! = 137.035999679(94)
the proton mass m, = 0.938272013(23) GeV

the helion mass 2.808391383 (70) GeV

the helion magnetic moment p, = —2.127497723(25)

the muon anomalous magnetic moment
a, = 1.16592069(60) - 10~3.



Basic contribution to the interaction operator in two-particle
bound S-state is determined by the Breit Hamiltonian:

2
Hg = Ho+ AVE + AVES, Hy = zpﬂ - ?

4 4 Zo [ 1 1
Avfs — P _ P ™ r)—
8md 8m3 T m2 m3 o(r)

Za > Hrp)p
C2mymor (p Tt )

8raup oo
hfs _ OTQfth 0102
AVs 3mym, 4 o).
3/2
P100(r) = M\//% eV W=uZao,

we/z —Wr/2 wr
Ya00(r) = Wt (1 - ) :



The energy difference of the triplet and singlet states:

818 728%q*4 1S: —1370.725 meV
hfs _ Su Fh _
AEF(nS) = 3mympn? {23; —171.341 meV ~

1S: —1.598 meV

hfs _ hfs _
AE; (nS) = a,AEF=(nS) = {23 . —0.200 meV’
The contribution of the relativistic effects of order f:

1102 +9n — 11
6n?

AEF(nS) = [1 + (Za)? + ] AEPS(nS) =

) 15: -0.438 meV
~]12S: -0.078 meV
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a b c d

Figure: Effects of one-loop and two-loop vacuum polarization in the
one-photon interaction.



One-loop electron vacuum polarization correction:
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Two-loop electron vacuum polarization correction:

» M.I.Eides, H.Grotch, V.A.Shelyuto, Phys. Rev. D 65,
013003 (2001)
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Figure: Effects of one-loop and two-loop vacuum polarization in the
second order perturbation theory. The dashed line represents the
Coulomb photon. G is the reduced Coulomb Green function.
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Coulomb Green’s function:
» S.A.Zapryagaev, N.L.Manakov, V.G.Pal’chikov, Theory of
multicharge ions with one and two electrons, Moscow,
Energoatomizdat, 1985.

» H.F. Hameka, J. Chem. Phys. 47, 2728 (1967)
Gn(r,¥') = > Gn(r. 1) Yim(n) Yin(Y).
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Second order perturbation theory:
>

AEMSr o1 =2 <Y|AVG - G- AVES|y) >,

Z
AVVP 3 / ( Oé> e_2me£r'
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Grs(r.0) = 2278 g, 0,
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~ ZoyiP e%/?
Ges(r.0) = — ;2= =5~ Ges(x).

Gos(x) = [4x(x —2)(Inx 4+ C) + x> — 13x% + 6x + 4} :



One-loop VP corrections in second order perturbation theory:

2 o0
AV, (19) = ~AEPP(1) 52 (1+,) [ plo)dex

/O 672X(1+Lﬁ/§)g1 S(X)dx = —9260 mGV,

AE[ ((28) = AEPR2S)5-(1+ &) | p(o)de

/ e~ X(1+55%) gog(x)dx = —0.869 meV.
0
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Two-loop VP corrections in second order perturbation theory:
» K.Pachucki, Phys. Rev. A53, 2092 (1996)
» H.F. Hameka, J. Chem. Phys. 47, 2728 (1967)
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Two-loop VP corrections in second order perturbation theory:
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Two-loop VP corrections in second order perturbation theory:
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Two-loop VP corrections in second order perturbation theory:

AV yp(r) = (% /1 d§/ < Za) X

1 2 o—2mer 2 ,—2menr
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Nuclear structure corrections:

» A.C. Zemach, Phys. Rev. 104, 1771 (1956)

» J.L. Friar, Lec. Notes in Phys. 627, 285 (2003)
What atomic physics can do for nuclear physics?

a b

Figure: Effects of the nuclear structure of order .
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Two possibilities to improve the theory:

1. Measurement of the electric Ge and magnetic Gy, proton
form factors
The Zemach correction

2uc [ dp [ Ge(—p?)Gu(—p?)
AEZ:EFWZ//O4 [ e MR 4| = E7(2pa)Ry

2. Using the muonic hydrogen to obtain new value of the
Zemach radius with the accuracy 103

Table: The values of the Zemach radii.

Zemach | HFSinep | HFSinep | e-pscat. | e-p scat.
radius Dupays... | Volotka... | Friar, Sick | Brodsky...
Ry, fm | 1.047(19) | 1.040(16) | 1.086(12) | 1.013(16)




Nuclear structure corrections in 2y amplitudes:

5,3 [eS)
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str
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+ 2% (T Mo }Jr w o

m3 mi o me b (my — mo)k(k + \/4mE + K2)
[128F12m§ + 128F; Fom?2 — 16F2k? — BAF, Fok? — 48F22k2}.

%M4Z4a5luh > dk

AEDS < Vi, x G x vy, S =
" DTS R mimprn® Jo K2
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Nuclear structure corrections:

1S: 48.376 meV
hfs
ABsr = { 2S: 6.047 meV

The nuclear charge radius ry(3He) = 1.844 £ 0.045 fm. The
theoretical errors 1.5 meV (1S) and 0.020 meV (2S).
The contribution of the polarizability of the 3He nucleus?

The interval Ay, = 8AENS(2S) — AEQ’;S 15).

str

d

Figure: Nuclear structure and vacuum polarization effects of order o®.
The dashed line represents the Coulomb photon. G’ is the free
two-particle propagator.



Nuclear structure and VP corrections:

aghs,  — _20(Za)u 3/ V. dk/ dv
st VP my m27r2n3 ve( k2( 1 —2) +4m2’
El?g str VP — =-2< VC X Gf X Av\f/llff’g >

=-2< V&Px GfoVhfS> fs—

4/LO( Za OV
hfs
= —AE 76 / dk/ k2 1 V2 1

1S: 0.760 meV
NEGPyp + 20EfG o vp = {23 . 0.095 meV



Nuclear structure corrections of order a®:

dGe(q?)
d7q2|q2:0.

Figure: Nuclear structure effects of order a® in the one-photon
interaction and the second order PT. G is the reduced Coulomb
Green function.

S
_ 4”(32 ) AEES(nS)r2 &(0, 0).
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Dimensional regularization in the calculation of G(0, 0)
» A.H. Hoang, Phys. Rev. D 57, 1615 (1998).
» A. Czarnecki, K. Melnikov, A. Yelkhovsky, Phys. Rev. A 59,
4316 (1999).

AEMS o0pr(18) = ~(Za)PmErE AEFS(1S) [m(za)_g},

AERS s0pr(25) = 7 (ZamE R AERS(2S) In(Za) — In2].

ool-b c.o|4>

47ra(1+au) 20'10'2 o
omim, M 4 Voo,

A V1hwfsstr( ) =



Nuclear structure corrections:

4ro(1 + a,) 29192
omm, M 4

AV (r) = - 25 (r),

ry is the nuclear magnetic radius.

2
/V25(r)dr|¢n(r)|2 =2 <¢(0)V2¢(0) + <d;in> |r—0> )

2 _
V2(0) = 1) Za)? > H 2T 1)

4
AE1h'ssstr(ns) = _§(ZQ)ZM2rA24AEIQfS(nS) 4



Muon self-energy and recoil corrections
>

>

5a(Za) 1S: —0.145 meV
hfs _ v hfS
Afsirse =3 m Rz AEE {23; —0.018 meV’
17 1
AEE(1S) = (2oL AE’”S(1S)[ 7,3 ,3 <+
mym BC

1 23 11¢ 3 7\
+'”2<2_2g‘8>+'”<2a><— 2C+ >]_0.330mev,

265 , 821 809
96 ' 96¢( 1152

12 ¢ 1 3 7¢C\1
+In2 (1 e 2>+In (Za> <—+ZC+>} =0.038 meV,

¢ =2mppup/MpZ.

2
hfs — 2_ - Aphts B
AERL(2S) = (Za) m mgAEF (28)[
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Table 1: Hyperfine structure of 15 and 25 states in (u 3He)t. Ay =
(SAEN=(28) — AEM3(19)).

Contribution to HFS 15, meV | 25, meV | Interval Ajy
The Fermi energy -1370.725 | -171.341 0
Muon AMM correction of orders a® and o® | -1.598 -0.200 0
Relativistic correction of order a® -0.438 -0.078 -0.183
One-loop VP contribution in 1vy -4.203 -0.540 -0.119
interaction of order a®
Two-loop VP contribution in 17 -0.050 -0.004 0.016
interaction of order af
One-loop muon VP contribution -0.052 -0.007 0
in 1y interaction of order af
One-loop VP contribution in the -9.260 -0.869 2.305
second order PT of order o®
Two-loop VP contribution in the -0.105 -0.010 0.022
second order PT of order af
Nuclear structure correction of order o 48.376 6.047 0
Contribution of VP and nuclear 0.760 0.095 0
structure of order af
Nuclear structure correction 2.553 0.272 -0.377
of order a®
Nuclear structure and muon -0.145 -0.018 0
self-energy correction of order
Nuclear recoil correction of order o° 0.330 0.038 -0.026
Summary contribution -1334.560 | -166.615 1.638




Fine structure of P-energy levels in (u3He)"
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One-loop VP correction to FS
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Two-loop VP correction to FS

Za
3

1+2a, 1+a,
4m.|2 2m1 mo

<(52)" [ e [ st

[€2(1 + 2metr)e ™4 — (1 + 2menr)e 2™

AV yp(r) = (Loq)x

M3a2(za)4
7272

> 1 e 2 2mgé —x(1+42mes
[ oo [T a2 (14 2] o)

fnz <1 + 2’3;77)(> e_X(H'z”l}?n)} =0.20 peV.

1+2a, 1+a,

AEfS —
3 4m? 2mymo

| neraex




Two-loop VP correction to FS
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Contribution to the fine Numerical value
splitting AE/* of the contribution in peV
Contribution of order (Za)?
wZ0) (1 4 2m) 144186.48
Muon AMM contribution
) a, (1+ 1) 324.46
Contribution of order (Z«)%: %Si—”ﬁ 19.94
Contribution of order (Za)%my /mos: 7%2,7)6 -0.60
Contribution of order a(Z«)?®
in the first order PT (AV{fS, 129.25
Contribution of one-loop muon VP
in the first order PT (AV{5 p) 0.01
Contribution of order a(Za)?
in the second order PT 140.56
(AVEp - G - AV TS
Contribution of order a(Z«)®
Gt [ #E2E 4 1] -0.55

VP Contribution in the second

order PT of order a?(Za«)?* 0.28
(AViE, - G - AVE)

VP Contribution from 17 interaction

of order a2(Za)* (AVS v p) 0.20
VP Contribution from 1+ interaction
of order a?(Za)* (AV;ffloop ve) 0.78
VP Contribution in the second
order PT of order o?(Za)? 0.03

(AViGp v - G- AV
VP Contribution in the second
order PT of order a?(Za)?* 2.31
AV joopvr - G- AV
Summary contribution 144803.15




Hyperfine splitting of P-wave levels in (u3He) ™.

Zmym
AVHS(r) = Qlip m 1Mp L B
5 (1) 2mymord My 2m3up (Loz)
app(1 + au)
—W[(U102)—3(U1n)(02n)]-

Diagonal matrix elements (2P; ;| A VE*S|2P; ;5) and
(2P 0| AVS|12P; )

(s1d)

o e

The averaging over angles:

©)

S1—>J

1 . S
<5ij — 3n,-nj) = —5(4(5,'1' — 3L,‘Lj — 3LjL,').



Diagonal matrix elements (Er = Z3a* 3 up/3mymp)
AE™(2P; 5) = E(23P; o) — E(2'Py o) =

= EF[; 2‘+;7n;2—122n:7§f ,:1 A:e//2
AE"™(P35) = E(2°Py5) — E(23P3)5) =

B [3_@ my  Zmimp m3 A3/2
15 30 6mp 12m2u, 13 "

(Za)+ AR a+BlEa?],

(ZapP+AR o+ BY o).
R , 1/2 43/2
Relativistic corrections A/}, A/,

rx o
Avhfs IJ’[ 3 ]7 n = gNUNS2, UN = e/2mp-

dapp 1604,“/7
R AE 2P R
mp /2 I5(2P3 ) = 15m, /2

AEN(2P; o) =
The radial integrals Ry = [, g fxdr.

A2 —47/72, AYZ =7/180.

rel — rel —



One-loop VP contribution to hyperfine part of the Breit potential

Qfih my  Zmim 0
AVIE(r) = S o [1 T 2m2u:] (La'g)/1 p(8)dsx
2

—2mesr app(1 + aﬂ) /Oo —2Mesr
(1 4+2mesr) — ———— dse <"
o 2 (1 2mgsr) - 4L R [ (e .

[4mgs2r2 (0102 — (o1n)(e2n))+(1+2mesr) (o102 — 3(o1n)(o2n))] .

2mes

AEPS(2P, ) = EF% /1 p(s)ds /0 xaxe (177

(14 o ) (14 5 0)

2m2s2x? 2MeSX
+(1 +aﬂ)(#+1 = )] =-65.21 pev.



AES(2Py ) = EFa/ p(S)ds/ xaxe X(1+57°) «
187T 1 0

my  Zmimp 2mes
T+ — - 1 _
X[<+m2 2m§><+ WX>

(1+a,) (8mas®x? 2MeSX
- o T }

X 2mes)
324 / ds/ dxe~ W )%

Cdx my  Zmymp
—5€ X, x)2+—— a,| =-56.79 pueV.
/0 2 gt xX) |2+ ot N "

X 2mes)
AEJR(2P;)0) = EF324/ ds/ dxe™ ) x

oo / , 4 Z
/ O e g(x.x) =+ e @} = -23.42 peV.
0

= —11.15 peV,

AEJ®(2Py ) = Er




Two-loop VP contribution to the potential

AV o(r) = gt ()" [ serce [ oty

X
2mymor3
@_Zm1 Mp 2 —2metr 2 —2Men!
{{1+m2 nguh}(Laz){g (1+2metr)e n?(1+2menr)e

128 (o102-3(1m)(o2n) ) (£2(1+2matr)e 2 —2(1-+2menr)

e’zmenr> +4m2r? (m o2-3(o1n)(o 2“)) (54 e Ml gt efzmenr)} }

Zapp 27aN2 [V f(v)dv —-2me
f Hh
AV orpuelr) = s (2) [ 7w

([ o o] (14 2 (o) — 15

[4m§r2 2mer

1,2 (0102—(a1n)(02n))+(1+m) <0'102—3(0'1n)(a'2n)>]



Nuclear structure effects

rZa(1+a,) <ry >
AVE() =~ e =M (102K — (01K)(2K)|
5 6 2
ns  MO(Za)°(1 4+ a,) < ry >
- 1 —
AEsr 144m,m, (1= 90)
F(F 1) =G+ 1) = 166 +1) - 3]
jG+1)
re = 1.9642(11) fm,
Off-diagonal matrix element
V2 2my
_ 03 hfs| 53 _ _VeN[q _
v = (2°Py 2| AVTP|2° Py ) = EF( 48) [1 au + P

Zmimp
T mR
mapin

3
+ lT;,Cre/(ZOZ)2 + CVPQ}



Relativistic and VP corrections to off-diagonal matrix element

Ry = | (o)) + 9y()Ay(r))dr. G = /16

\S[O4)

1
2

The vacuum polarization correction in ~:
T, = (LG’Q), T = [0’10‘2—3(0’1“)(0’2“)}, T3 = [0’10’2—(0’1“)(0’2“) .

Upon averaging over angles they can be written in terms of the
6/ - symbols:

(I F 1
(Ta) = —(T2) = —(Th) == 6J/ - =
(=%
total momentum F =1 (F=s,+J), I =1,] = /2] + 1,

/=2 +1.



= (3P | AVUB|28 Py 5) = EF<—7> / p(s /xdxx
™ J1

T (1 G 2

2 o2
. J;a“ (1+ Z"V:/esx - 4';;23 x2)| =9.49 eV,
AT
2592/ 7

2my  Zmymp /00 /00
1+ — - —a s)ds xdx x
R e A LCLY

o = (23P; p|AVG - G- AVEE|23Py ) = EF(—

_ 2mes
e X<1+ v )/ Z)’(Z e ¥ g(x,x') =5.33 ueV.
0

v = 5497.28 eV, the shift 23P; , and 23P; /, by
5 =173.0 peV.
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* *

Contribution to hyperfine
splitting

Numerical value
of the contribution to
AEM(2P,)5), peV

Numerical value
of the contribution to
AEM3(2Py)5), peV

Contribution of order a* -58356.61 -24088.50
Muon AMM contribution -33.29 6.66
Relativistic correction of order a® -26.62 -1.59
Contribution of order a® -65.21 -11.15
in the first order PT (AV{"L*)
Contribution of order o
in the second order PT -56.79 -23.42
(AVG, - G- AVIS)
VP Contribution in the second
order PT of order a® -0.12 -0.07
(AVEp - G- AWE)
VP Contribution of 17 interaction -0.10 -0.01
of order a® (AV |, )
VP Contribution of 1 interaction -0.37 -0.08
of order o (AVS )
VP Contribution in the second -0.01 -0.004
order PT of order a®
(AVEp_yp- G- AVH?)
VP Contribution in the second -0.45 -0.19
order PT of order a®
<A‘/2(zlogp VP G- AV
Nuclear structure correction -0.33 0.66
Summary contribution -58539.90 -24117.69
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Figure: The structure of S-wave and P-wave energy levels in muonic
helium ion (u3He)* for n = 2.



AEMS(2Py 5) = AEMS(2P; 1)
AEMS(2P3 ) = AEMS(2P; 5)

—58712.90 peV,

_§ =
— § = —24290.69 peV.

Table: (2S — 2P) transition energies for muonic helium ion (u3He)*.

Transition Energy (meV) | E.Borie
1S5 3Py 1167.33 1167.3
TS0 =3 P30 1342.19 1342.3
381/ =1 Pi /o 1392.66 1392.4
38,/ =3P 5 1333.95 1334.1
881/ =3 P35 1508.80 1509.1
35/ =2 P35 1484.51 1484.6
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Figure: The structure of S-wave and P-wave energy levels in muonic
hydrogen for n = 2.



4. Hyperfine splitting of the ground state in muonic helium.
The hyperfine structure of ground-state muonic helium is
calculated numerically using the variational approach:

>

W(r1, 1, r) =Y vie e Pite i,

]

N Energy <mo(r) >
100 | -402.63726963200300530 | 0.985756016
600 | -402.63726963219007283 | 0.985707641

1200 | -402.63726963219007450 | 0.985707756

The stochastic variational method



Perturbation theory in the hyperfine splitting calculation.

1 1 20 o
H=Hy+AH+ AH Hy=-——V? 2_==_ =
0+ AF+ Bl Fo = =50 Vi~ op Ve ™ % T X
o o 1
AH=— — = AHec=—-——V,-
Xeo X' rec e Vi Ve
Me = mem,, /(me + my), M, = m,m,/(m, + m,).
8ra (0e0,)
AHM = — ey -
3mem, 4 (X = Xe),
4443
A = 8ra (X — Xe) >= ———F 5, VF= 8a™Ms
3memu (1 Me) 3mem,,
2M,,

Numerically the Fermi splitting is equal vg = 4516.915 MHz.



VP correction to hyperfine splitting.

1
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37T/ p(€) <_x>
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AVE(|Xe — X,|) = — O g2metxen g
VP(‘xe XP«|) 3r ] p(f)x 57
en
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e JGES

22

m
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m

AVES(xe) = e 2metregi,

AVYE(Xey) =
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Figure: The vacuum polarization effects. The dashed line represents
the Coulomb photon. The wave line represents the hyperfine part of
the Breit potential. G is the reduced Coulomb Green’s function.



VP contribution in 1+ interaction.

2 3
Ayf\}'fg — 8a (OéMe) (2aM,U«) / df/dxe/dx e—4aM Xu s
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b = dxe | dx e—4aMuxH e—20¢MeXe 1 e—2me§|x#—xe\ —
: X, — Xel

M2
3272 [4%% +(1
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me&
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me& Me me&
(1 + ZMMa) (.2/\4H + 2MMO¢>
VP contribution in second order PT.

167«
3mem,,

hfs _
Avyp sopT eq =

/dX1dX2dX33P(f)dfl%o(xsweo(x:%)

i ¢un(x3)¢en’ (XS )@D;n(XZ )1!12,7/ (X1 )

.m0 EMO + EeO - Eun - Een’

e 2MetX1y) 0(X2)heo (X1 ).
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M 7 Me 1— e~
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Figure: Vacuum polarization and nuclear structure effects in the
second order perturbation theory.



AVsir pu(ry) =

64202 r?
hfs _ o
AVSitn = 9mom, /r (20M,)

rZa < r2 > §(r,).

o W N

/dxslb;o(XS)|¢eO(X3)’2Gu(x3> 0, E,o)

8 M 11 M2
Avge, = —vFgo? Mar2 ( R A > — ~0.007 MHz.
H H
647202 .
Avgy, = omam rﬁ/dx1 /dxs\%o(xs)\zlﬁeo(xs)x
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a b c

Figure: The electron vertex corrections. The dashed line represents
the Coulomb photon. The wave line represents the hyperfine part of
the Breit potential. G is the reduced Coulomb Green’s function.



Electron vertex corrections.

802 o0
Av\fefftex(kz) = _3mem ( e4 #> [Gﬁ)(kz) — 1} ,
"

o M m. \3 [
Avygriex = VF 355 <Mz> (mweu) /0 K2k [GI (k?) — 1] %

([ () ¥ G )™ () )} = azrams

G (K2 = 0) — 5.244 MHz
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Table 1: Hyperfine singlet-triplet splitting of the ground state in the muonic
helium atom.

Contribution to the HFS AU NMHz
The Fermi splitting 4516.915
Recoil correction of order -33.525
at(me/m,)
Correction of muon anomalous 5.244
magnetic moment of order a®
Recoil correction of order 0.079

(Mo /1m0)\/ (M /M,.)
Correction due to the perturbation
(3) in the second order PT -29.650

of order at2L
Relativistic (,orre(,mon of order af 0.040
One-loop VP contribution in 1+ 0.035

(ep)-interaction of order 4L
Omne-loop VP contribution in the
electron-muon interaction in the -0.145
second order PT of order o=

One-loop VP contribution in the
electron-nucleus interaction in the 0.151
second order PT of order ng‘]]t{’

One-loop VP contribution in the

muon-nucleus interaction in the 0.048
second order PT of order {15%

Nuclear structure correction of order -0.010

«® in the second order PT
Recoil correction of order 0.812
a®(me/my) In(me/m,,)
Vertex correction of order af -0.606
Electron vertex contribution 6.138

of order a®
Summary contribution 4465.526
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Two-photon Feynman amplitudes determining the corrections
of the proton structure and polarizability in the hyperfine
splitting of the hydrogen atom.
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Proton electromagnetic form factors There exist two possibilities
to determine electric Gg and magnetic Gy, form factors:
1. The Rosenbluth formula method:

do o? cos?(6/2)

= Gz + Gy,
dcosf 4Ez$i”4(9/2)€(7+1)(1+%sin2(9/2)[6 £+ 7Cu]

0 is the electron scattering angle, M is the proton mass,

Q2
= e

T

-1
€= {1 +2(1 4 7)tan? z}

Cross section measurements at different 6 allow to determine
separately Ge(Q?), Gu(Q?). The dipole parameterization
formula:

Gu(@?)

@ N\
6e(@) = ) = 600 = (14 5



2. Polarization measurements:

The ratio Gg/ Gy can be determined in polarization transfer
experiments, where longitudinally polarized electrons are
scattered from unpolarized protons and both transverse and
longitudinal polarization are transferred to the struck proton.
Such experiments have been performed at Jefferson Lab up to
Q? = 5.6 Gev? and found the ratio 1pGe/Gum decreasing with
increasing Q2 in stark contrast to the approximation observed
in Rosenbluth measurements.

The JLab model is used (Phys. Rev. Lett. 94, 142301 (2005)):

GuLan(@?) = (1 0. 13602 >GD(QZ).

The error appeared in the determination of the proton charge
and magnetic mean-square radii

<r?>py= /dsff pE,M(r)

is on the level of about 0.75 per cent.
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ﬁl‘jjj%ﬁr — 5 / \ f T
//_\\ .
/ \ %,/ \\‘—Aﬁj
4 + . +...

Feynman amplitudes for the proton polarizability correction in the resonance region.
Solid, double solid, wave and dashed lines correspond to nucleon, baryon resonance,
photon and pion correspondingly.




Proton polarizability contribution to HFS.
What nuclear physics can do for atomic physics?

4
AEfrs = EF 3 2am; / d (Z
mm(1+5) ge(1 + %cosqu

FZ(QQ)

Ii

{02(2+c032 6) [61 (v, Q®)—G(0,0)
ol

~ 2rmp(1 + k)

o= [ SRyl - amt [ L0, 0)Gulv

th

2
Ay = —12m§/ dQ / A Ba(e, 0) Go (v, Q)
0

—3Q*cos? ¢Go(v, Q%)+
} )

Er(Aq + Dp) = (6 + 00)EF = 6 EF

Gy 2(v, @?) are the nucleon polarized structure functions



Functions 3,1 > have the form:

4
folo) = 5.5 [—30 tdovVTto+2-2V/1+ 0} :

0 2V 1+0+2—-45%—-2¢
51 (07 9) = =+
o(—1+ob) Vi+to
+20(—02 +632/T+0+0+2) p V2 4m?
) = =~ 0 — (=5
6(1+0) Q? Q?

52(0',9)20(_12_'_09)[ \/7—1-0( 9+\/ﬁ)}

» C.E.Carlson New evaluation of proton structure corrections
to hydrogen HFS, arXiv:physics/0610289

» C.E.Carlson Proton structure corrections to hydrogen HFS,
arXiv:physics/0611206

» C.E. Carlson et al. Phys.Rev. A78, 022517 (2008)



The inclusive reaction of leptons scattered off of nucleons:
I+N—=T+X

N, P
Lu(k, s k', 8') = [u(k', s )u(k, s)I"[a(K', §')wu(k, )] =
— LSk K) + iLD(k, s: K) + LDk, s:K,8) + iL'D(k: K &),
L (ki K') = K.k, + KK, — Guu(k - k' — mP),
LD (k,s:K') = Meaps®(k — K')7,
L’ff/)(k, s;k',s')= (k- S’)(k,:sy + 5.k, — gk’ - s)—

—(k - K' — mP)(sus), + 8,8, — QS - §') + (K- 8)(S),ky + KuS),)—
—(s- &) (kK + koK), LD (KK, &) = Mepass®(k — k).



The polarized structure functions gy »(v, Q?) enter in the
antisymmetric part of hadronic tensor W,,,, describing

lepton-nucleon DIS

W, = W + W

WIS = (g, + "gq") Wi (v, Q)+
P-q P-q _ Wa(rv,Q?)
+(Pu — ?qu)(Pu - P Q) mg

v 2
Wi = uosg® {95 4 (P8 (5- )P B0

jn2

91(v, Q2) = M2 Gy (v, ), go(v, Q%) = M2 Ga(v, @2), S is the

proton spin vector, P is four momentum of the proton,
x = Q?/2mov, the invariant mass of the electroproduced

hadronic system W is
W2 =ms +2mov — Q% = m3 + Q?x(1/x — 1)

gg(l/ Q )

|



Hadronic tensor W, is proportional to the imaginary part of the
off-shell Compton amplitude for the forward scattering of virtual
photons on nucleons: v* + N — ~* + N. The photon-nucleon
interaction depends on the photon polarization as well as on
the nucleon one. This gives four independent helicity
amplitudes of the form My, cq With a, b, ¢, d values for the
helicities of the photon and nucleon initial and final states:

Mi 124172, My _1/2:4,-172, Moa/2,01/2, Mi1/2,0-1/25

These components correspond to the four structure functions
Wy, Wa, g1, g-. All other possible combinations of initial and
final photon and nucleon helicities are related to the above by
time reversal and parity transformation.



We calculate contribution AEf-¢ on the basis of the latest
experimental data on the structure functions gy »(v, Q%) and
theoretical predictions for the cross sections o4 ,23/2 71

2\ m - K 2\

91(v, @) = 8m2a(1 + Q2/13) [01/2(1/’ )
2V Q2
_03/2(V7 02) + v JTL(V7 02)] )

2\ my - K B 2

gZ(V7 Q ) - 87r2a(1 + 02/1/2) [ 01/2(V7 Q )+
2 2v 2
03/2(v, Q%) + ﬁUTL(V»Q )|

o1/2, 03/2 are the virtual photoabsorption transverse cross
sections for the total photon-nucleon helicity of 1/2, and 3/2
respectively, o7 is the interference term between the
transverse and longitudinal photon-nucleon amplitudes.



Resonance region W? < 4 GeV?2. Unitary isobar model.

A1 2,3/2 are transverse electromagnetic helicity amplitudes,

' o
K\ [ K3+ X?
r”‘“*(mq) <k2+X2> X =03Gey

The parameterization of one-pion decay width is

2
M, 2+ C?
Fr-nx(q) =Th MR (;}’?) <ZZ+CZ> , C=03GeV

for the P33(1232)



For D13(1520), P11(1440), F15(1680)

Mone(@) =T (C’>2/+1 i+
R—Nn A\ gn PR+ 52

l'is the pion angular momentum, 6% = (Mg — mp — m;.)2 +T%/4.
Here q(k) and gg (kg) denote the c.m.s. pion (photon)
momenta of resonances with mass M and Mg respectively. In
the case of S;11(1535) we take into account 7N and nN decay
modes:

gz, + C2,

Qr .
RN
ol e,

rFf—an =
N T R
q



The two-pion decay modes

The high lying nucleon resonance R can decay first into N*
(P33(1232) or P11(1440)) and a pion or into a nucleon and p- or
o-meson. Then the new resonances decay into a nucleon and
a pion or two pions:

N +7— N+m+m,

R =
ot {p(a)+N—>N+7r+7r.

The total decay width (r = N*, p,o (a = m, N)):
_ P, W-ma 2 Mzrr,tot(/l)

FAra(W) = 27 dp- prs

r,tot

(Mg — ma — 2m,)? + C?
(W* mo — 2mﬂ)2 + C2
The decay width of the meson resonance:

2Jr+1 2 2
M) = (q) Z; :[ §2, 5=0.3 GeV
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D.Drechsel, O.Hanstein, S.S.Kamalov et al. Nucl. Phys. A 645,
145 (1999)

Main nonresonant contribution to the cross sections o7 in the
resonance region is determined by the Born terms constructed
on the basis of Lagrangians of vNN, vrw, NN interactions.
Another part of nonresonant background comprises the t-
channel contributions of p, w mesons obtained by means of
effective Lagrangians y7V, VNN interactions (V = p,w). In the
unitary isobar model accounting the Born terms, the vector
meson, nucleon resonance contributions and the interference
terms we calculated the cross sections o1 ;| by means of
numerical program MAID (http://www.kph-uni-mainz.de/MAID)
in the resonance region as the functions of two variables W
and Q2. The obtained nucleon polarized structure functions
912(W, Q?) are presented in Figs.
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The proton polarized structure function g; (W, Q?) as the function of variables Q?
(0+1) Gev? and W (1.1 + 2.0) GeV.
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The proton polarized structure function gs(W, Q?) as the function of variables Q?
(0+1) Gev? and W (1.1 + 2.0) GeV.



Deep-inelastic region

To construct the spin-dependent structure functions of the
proton in deep inelastic region we can use the Q? evolution
equations for the quark and gluon distributions:

Ry R

- g;/ i [Z Y @)Paq <y) o0 )P <y>]

The structure function gy is related to the polarized quark and
gluon distributions:

< e >

g1(X7 Qz) = 2

[Cns ® Agns + Cs ® AX +2n:Cy @ Ag]




The nonsinglet and singlet quark distributions are defined as:

n¢ 2
& i}
Agns = << o 1) (6Gi +0))

i=1

Ny
AY = (5g; + 0).

i=1
< e2 >= nf_.I 27:1 eiz' AQI(X7 02) = q+(X7 QZ) - q—(X7 Qz)
measures to what degree the parton of flavour q "remembers"
its parent proton polarization, Ag(x, Q?) is the longitudinally
polarized gluon density.
The evolution equations were solved numerically using the
method:
M.Hirai, S.Kumano, M.Miyama, CPC 108, 38 (1998)



In the region of Q? < 1 Gev? we used the experimental data for
91(x, Q?). All of the data, including the SMC data at
Q? < 1 GeV?, were fitted by the parameterization:

g1(x, Q%) = a1x®(1 + agx + ayx®)[1 + asf(Q?)]F1(x, Q?)

The numerical integration was performed with the
f(Q?) = — In Q2 fit IV corresponding to the perturbative QCD
behaviour.
Wandzura-Wilczek relation between spin structure functions
91 (Xv 02) and gZ(Xa Qz):
ww 2 2 1 2t ww
(. Q) =~ (x )+ [ gt A St~ g
X
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Numerical results

a) The isobar model describing the processes of low-energy
scattering of virtual photons on nucleons.

b) The evolution equations for the parton distributions.

» Electronic hydrogen hyperfine splitting
6F =2.6 ppm, 65 =—0.4 ppm, 6" = (2.2+0.8) ppm.
» Muonic hydrogen hyperfine splitting
6P =5.18x107%, 65 = —0.48x107*, 67 = (4.70+1.04)x10~*
The main theoretical uncertainty is related with the calculation

of the helicity amplitudes Ay 5(Q?), Ag/2(Q?), Si/2(Q?) in the
quark model.



Hyperfine splittings of 1S and 2S states in muonic
hydrogen

1. The effects of the vacuum polarization play important role in
the case of muonic hydrogen (f—; : miec = 0.737384)

2. The proton structure effects are taken into account in the
loop amplitudes by means of electromagnetic form factors.

3. The proton polarizability contribution is calculated.

1S — state : AEH/:3(1 S) = 182.623 meV
2S — state : AEpps(2S) = 22.8129 meV
8AEH,:S(2S) - AEHFS(1 S) = —0.120 meV



