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Mesoscopic analysis of the phase diagram: towards the 
solution of the sign problem?
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Thanks to QCD asymptotic freedom

From perturbation theory
Needs lattice

Finite temperature continuum limit: need constant 1/T and smaller a:
Increase number of points in time directions









THE (PSEUDO)CRITICAL 
TEMPERATURE

Application I







The Universality issue 
and the continuum

limit
Ongoing activities

Nf=2
Use different 
discretizations: 
Staggered, Wilson,
Domain walls

Shape of the critical 
line ->  later



THE IMPORTANCE SAMPLING AND THE SIGN 
PROBLEM



Strong 
Coupling 
Expansion

Numerical 
Analysis



Option1: The strong coupling expansion

Kawamoto, 
Miura, Onishi 
2007

A long history..



The Strong Coupling Expansion:

approaching the continuum limit



The mp/2 barrier
Option 2 : Integrate over fermions and ..

Summary
Of our 
efforts!!

(details at 
the end)







Useful to consider 
the QCD phase 
diagram in the 
temperature,

m ^2   plane



Imaginary chemical potential 

• Imaginary 
chemical 
potential: main 
problem, control 
over analytic 
continuation



Different strategies for analytic 
continuation

• Taylor is good when approaching the free field 
limit

• Critical parametrization approprate in the 
sQGP?

• Fourier analysis natural in the hadron 
resonance gas region

• Pade’ approximants effective alternative



Taylor expansion 

• Taylor expansion: 
main problem, 
control of the 
convergence 

Works
Inside
circle



Thermodynamics and Taylor expansion





THE  PSEUDOCRITICAL  LINE
Application II





The 
pseudocritical  
line



More control:
Taylor + Im mu

Falcone, 
Laermann, 
MpL



Susceptibility of the Polyakov loop 
Falcone, Laermann, MpL



The pseudocritical line



The pseudocritical line 



CRITICAL ENDPOINT
Application III









CHALLENGING THE ENDPOINT

NB: assume that endpoint is part of the critical surface at m=0



Towards the continuum 



RESCUING THE ENDPOINT







Better control over the endpoint?



Singularities limit 
the radius of 
convergence

This can be 
computed from 
the Taylor 
expansion and 
observed at 
purely imaginary 

m











Taylor expansion around mI 
Falcone, Laermann, 
MpL



Use imaginary m to validate

radius of convergence
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CandiCan

Check radius of convergence 
here!



sQGP, thermodynamics, and the phase 
diagram for a complex chemical 
potential



Equation of state



Nature of the sQGP phase

• Quarkonium Spectrum and Spectral 
Functions: many contributions in parallel 
sessions at Lattice2010.

• Charmonium: more popular so far

• Bottomonium: Important at the LHC

• Trasport Coefficients

More theoretical input needed !





Singular behaviour at the End point of the RW transition  
Nf=4 (D,Elia, di Renzo, Lombardo (2007)) 
Nf=2 (D’Elia, Sanfilippo(2009))
Nf=3 (de Forcrand,  Philipsen (2009)



Imaginary chemical potential  and Taylor
expansion

Falcone, Laermann, MpL



FREEZOUT, AND THE LATTICE





Freezout
Andronic, Braun-
Munzinger, Stachel 2009 –
Courtesy of the Authors





Data from RBC Collaboration 
Courtesy E. Laermann and C. 
Schmidt. C. Ratti and MpL QM09

Lower bound on the radius of convergence
And freezout point 

Freezout 
point



Freezout line might well be amenable to a 
lattice study Lattice data from RBC-Bielefeld 

Collaboration – C. Ratti MpL QM09 



Gavai Gupta 2010

Results along the
Freezout line



THE QUARKYONIC PHASE
Application IV



The quarkyonic phase



Quarkyonic phase – Two color

Brauner, Fukushima, Hidaka 2009



Superfluid phase still confined





MESOSCOPIC ANALYSIS OF THE 
PHASE DIAGRAM



COMPLEX LANGEVIN?   

NEW ALGORITHMS?

DENSITY  OF STATE METHODS? 

LEARNING FROM SIMPLER SYSTEMS?



Gauge Fields and  T, mB, mI, ...

{U}

Can we identify generic
characteristics of gauge 

fields for a given
set of thermodynamic

paramers ?



Gauge Fields and Observables
Label regions of phase space according to value of 
macroscopic O: which peculiarities of U’s for a given O?

{U}

O1 eg: nB = 0

O2 eg: 0 < nB < n0

O3 eg: nB > n0



Distributions: mesoscopic
Probes of gauge dynamics

= ∫

= ∫1



Why?

– Physics: Microscopic Structure, 
Instanton configurations, etc.

– Lattice Simulations: Overlap Issues,
Density of States, Sign Problem, ..



A lattice-minded view of the phase diagram



Consider 
Q = phase of the determinant



Recap of ChPT: baryonless theory

G0 can only 
depend on 
isospin 
chemical 
potential

Non trivial m
dependence in 
cross derivatives



Gaussian Distributions



∫ = 1

∫ = 0

Low 
isospin 
density, 
easy



High 
isospin 
density, 
difficult

∫ = 1

∫ = 0



The distribution of the quark number 
operator: Real and Imaginary



The distribution 
of the quark number

The fluctuations of the quark 
number operator  follow the 
offdiagonal susceptibility 



What we can compute on the Lattice:
The Partial Quenched  distribution



Can we reweight PQ -> Full QCD ?

Might have to 
sample the 
extreme tail  
of the PQ 
distribution



Lorentzian distributions





Gaussian

Lorentzian



Gaussian

Lorentzian







?

Lorentzian

Gaussian



Finite density easier at finite T

Hot ensembles  
overlap better
among themselves

.. and might even 
overlap with cold ones



Physis of 
high isospin 
density and 
high baryon 
density 
become 
similar at 
high T



Mesons and Baryons:
sign problem easier when 

densities become comparable

Thermal baryons lessen the sign problem 

M. D’Elia and F. Sanfilippo 2009

Criterium?

Calculation of ‘equivalence point’ baryons-mesons

C. Sasaki@nfqcd2010,Kyoto



Summary



Summary

Thermally activated 
baryons might ‘wash out’ 
the dangerous threshold. 

EASY?



PHASES OF QCD AND CRITICAL POINT FROM THE LATTICE

OUTLOOK

Expect 
Experimental
And lattice results on: 
Critical Endpoint, 
Freezout region, and 
(maybe) Exotic phases

Entering the 
precision era

NICA, RHICII, FAIR


