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Phases of QCD:
shift of the focus at the turn of the decade

'-—==: LHC: Higher T, zero p
T

| NICA, RHIC 11, FAIR
D ——ric: cman wr ‘<:ismaller T, larger p




THE THEORETICAL APPARATUS: QCD, THE
FIELD THEORY OF STRONG INTERACTIONS
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LATTICE QCD ALLOWS FIRST PRINCIPLES
CALCULATIONS FROM THE QCD LAGRANGIAN

L=Lyp+Y(iyDy+m+ pyo)v

We can tune physical parameter, as in real experiments: baryon chemical potential,
temperature, isospin chemical potential, strangeness, .

We can also play with number of color and number of flavor.

We can address phenomenological issues as well as theoretical questions.




Outline

Lattice discretization, continuum limit

Importance sampling and the sign problem

The phase diagram for a complex chemical potential, and
the sQGP

Mesoscopic analysis of the phase diagram: towards the
solution of the sign problem?



LATTICE DISCRETIZATION
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LATTICE DISCRETIZATION:A
- CONTROLLED APPROXIMATION

2
a=Ae at small g




Thanks to QCD asymptotic freedom

LATTICE DISCRETIZATION:A
- CONTROLLED APPROXIMATION

?A) e at small &
From perturbation theory

Needs lattice




Thanks to QCD asymptotic freedom

LATTICE DISCRETIZATION:A
- CONTROLLED APPROXIMATION

?A)e at small g

From perturbation theor
Needs lattice P Y

1T I -

ddimensional space

Finite temperature continuum limit: need constant 1/T and smaller a:
Increase number of points in time directions




More on The Lattice (digression)

Path integral iz a regulated on a four dimensional lattice

e (Gauge frelds: link variables L"PI_ () for parallel trasport of field A from = lo @ 4+ fia
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® Lattice fermions
Stmply:
w(z) = win) !
Buvplz) = (dln+ @) —¢n — @)/ 2a,
[doubling problem and chiral symmetry: staggered fermions, Wilson fermions, chiral fermions]

pirpy on the lattice
Natve discretisalion:

@ ATriny. o, ng, ng) = @inja, npa, nga,nga)
Aygparringi,na, ng, ng) =
(¢inga, (ny +1la, nga, nga) —  ¢inga, (nga, nga, ngall/2a

Froblems with free fermions: the internal enemgy € diverges in the continuwum limil a = 0
L= "-Lr’m"fp. ‘-""m-|_;_.|.g + migiy +plz e

-

Eﬂ—z—}u_}ux
€l

Elegant solution @ u iz an external field in the Uth direction

Yy Agd == iy

o External fields live on lattice link. {cfr. electrodynamics: A — 8 = el iA] )

i o i —_— L
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o Simple intepretation

—  Time Forward propagation enhanced by e#®

—  Time Hackward propagation discouraged by o~ H9

Particles antiparticle asymmetry!

o limg g Jg = —dul = tf’m’ruE“ui.f’m+ﬂ + 'i.t'-'m_|_ﬂ’ru5_“ui.bm = pyTgy

Via an unilary transformation for the field

+ bowndary conditions
Ezplicit dependence on fugacily
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Disagreement among staggered groups:

stout
Nr=2+1, Nt=6-10, m;/m.=0.11-0.37: Y.Aoki et al. (Wu-Bu) PLB643(06)
Tc = 151(3)(3) MeV chiral susceptibility 147(2)(3) Nt=6-16 Fodor (Mon)
v — N
175(2)(4) strange quark number 165(5)(3) Borsanyi et al. arXiv-1005.3508
at the physical point in the continuum limit.
1 o
p4/asqtad Lo
Nr=2+1, Nt=4,6, mi /m-=0.05-0.5, p4: Cheng et al. (RBC-Bi) PRD74 e
Tc— 192(4)(7) MeV  chiral susceptibility + Polyakov loop 08
asqtad supports p4 (HotQCD) PRD77('08) 35 :
Crossover: value of Tc depends on the observables. 02 :
Ambiguities in scale setting, LCP definition etc.
[4) A IO PN AL

- . . « ; 04
Discrepancies remain even with the same observables. ™ rr

Q



[Tt = 196(3) MeV@ mpNC=220 MeV ] PRD77(08)
—(5-7) MeV from Nt=6 to Nt=8 @ msN¢=220 MeV PRDs0('09)
-5  MeV from mpN6=220 MeV to 160 MeV p4, rrosi(10)

— Nt=12, m;/m.=0.05 asqtad: - o mffz N
Bazavov, Soldner (Mon) | 100 te
: : . ¢ HISQ,N=6 &
It = 164(6) MeV 80 }L + el o
? ‘asqtad. N.z-12 e
HIS JEEICRN -
Ng=2+1, Nt=6,8, m;/m,=0.05 wf g, ¥ ’ ﬂ,éf ’
Bazavov, Petreczky (HotQCD) [AsXiv1005.1131] | B s &
Bazavov, Soldner (Mon) y "o IMeV
[Tc ~ 170 MeV@ mpNc=160 MeV] by chiral suscept. | 120 140 160 180 200 220 240 260




The Universality issue
and the continuum

i
Ongoing activities

Nf=2

Use different
discretizations:
Staggered, Wilson,
Domain walls

Shape of the critical
tine -> later

-1






COMPUTATIONAL SCHEMES

Z = [ dpdpdUe 54D S(¢, %, U) = [V dt [ dlzl(h, U)
Loop = Ly + V(i D, + m)v + pdy

Two options:

(1 . Integrate out gluons first: A

E(Tn‘-‘w’i’sl{;:[’” EZ[T,L&,%‘E,’!}.‘"] -

effective approximate fermion models )

g
ﬁ_ Integrate out fermions exactly as S is bilinear in ¥, ¥
S =5rmu(U) +vM(U)¥

Z(T.p, U) = f 17 e~ Sy M (U)—log(deth)) _

starting point for numerical calculations

\_ J




Optionl: The strong coupling expansion

A long history..

Ist
1.2 o 2nd --- -
1 b—o TCP =
s }\iﬂ barvons
E:'-' 0.8 =
= 0.6 — —-
q ¢
0.4 =t
0.2 ‘
ﬂll]---[;;l 12 EIS: PErT Kawamoto,
= l.l-"f[' ' -~ Miura, Onishi
S ®

2007



The Strong Coupling Expansion
approaching the continuum limit

Phase Diagram Evolution with Increasing § = 2N./g*

Next-to-Leading Order of 1/g? Expansion

K. Miura, T-Z. Nakano, A. Ohnishi and N. Kawamoto psees 2 = > z =

Phys. Rev. D 80 (2009), 074034. Phase Diagram Evolution with Increasing 2
Next-to-Next-to-Leading Order of 1/g? Expansion

Courtesy Kohtaroh Miura

Second Order




Option 2 : Integrate over fermions and ..
The mx=/2 barrier

A
H\f Summary
\ - Of our

DIFFICD Y efforts!!

(details at
the end)




THE CHALLENGE

IMPORTANCE SAMPLING AND THE POSITIVITY ISSUE

Z(T, n, U) = / dU e~ 5y M (U)—log(det M))

det M > 0 — IMPORTANCE SAMPLING
MONTECARLO SIMULATIONS

To assess sign problem consider M (pup) = —M(—pp)
e i =0 — det M is real
Particles-antiparticles symmetry : MC Simulations OK

e Imaginary it = 0 — det M is real
(Real) Particles-antiparticles symmetry : MC Simulations OK

e Real i # 0 Particles-antiparticles asymmetry
— det M is complex in QCD

QCD with a real baryon chemical potential:
use information from the accessible region

Realp =0, Imp # 0




Because of the QCD symmetries, the complex i ; plane
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can be mapped onto the complex u‘ig plane
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Useful to consider
the QCD phase
diagram in the

temperature,

u 2 plane

lTemperature
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Chiral Transition = - -

1t RW and Chiral

Hadron Gas

u=0

Roberge Weiss Transition ------

Real 11:




iral Transition - - -
Roberge Weiss Transition

1t RW and Chiral

lemperature

Hadron Gas

Real j.l")'




LEL field
limit
Critical p
sQGP?

Fourier analysis natural in the hadron
resonance gas region

Pade’ approximants effective alternative



, Chiral Transition - - -
iRoberge Weiss Transition ------
| TEY (JEEEES

IEl.ndpoiJ?rr RW and Chiral
* Taylor expansion: | ‘I’:]’;Lk;
main problem, circle
control of the - Hiadon Gas

convergence

lemperature

Real j.l")'



Thermodynamics and Taylor expansion

== /DU(detM(mua pu))M/ % (detM(mg. 11g)) ™7/ (detM(ms, us))™M/* e~

(+1) / DU(detM(mg. j1q)) !/ 2(detM(ms, jis)) /e~ 5o

Hq = Hu = Hd

On the lattice at imaginary chemical potential

Us — ey, forward temporal link
Ul — e Ul backward temporal link

— deiM real and positive !



P = 1 In Z pressure
S V4 P
n; 1 JdInZ :
R — ark densit
E VT2 o W
p s L ~ Ea ) ) ~
T4 () = > Cun (A — fi0)*(fid — fio)' (Ais — fio)"
k.,l,n

1 9k o9 9" ,p

T KN 92K 01y Oyis” (74)

on Ihﬂarﬁce Culn — 1 Ng_k_f_n 8k 8’f on
kitnt - NS Opk oul, op

a

Ckin

(In2)

[S. Gottlieb,W. Liu,D. Toussaint,R.L. Renken,R.L. Sugar,Phys.Rev.D38(1988)2888]
[R.V. Gavai and S. Gupta,Phys.Rev.D68(2003)034506]
[C.R. Allton et al.,Phys.Rev.D68(2003)014507]




Application Il

THE PSEUDOCRITICAL LINE
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Chiral Transition

Roberge Weiss Transition
e
.. o IEndeiJlT RW and Chiral
1
pseudocrltlcal 1B

= ~

=5} = s

=y T - -

E" -~ QGP

line

Hadron Gas

Real “2

Coefficient K in the Taylor expansion of the transition line, from N, = 4

Compilation by Owe Philipsen, 2008

Te(p) ’ H *
1 —K(Np,mp) (=) +O| | =
7.(0) T 7T
Nf am Ng K Action G-Function Method
2 0.1 16 0.69(35) p4 non-pert. Taylor+Rew.
0.025 6.8 0.500(34) stag. 2-loop pert. Imag.
3 0.1 16 0.247(59) p4 non-pert. Taylor+Rew.
0.026 8,12,16 0.667(6) stag. 2-loop pert. Imag.
0.005 16 1.13(45) p4 non-pert. Taylor+Rew.
4 0.05 16 0.93(9) stag. 2-loop pert. Imag.
2+1 0.0092,0.25 6-12 0.284(9) stag. non-pert. Rew.




Falcone,
Laermann,




Icone, Laermann, MplL
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Ng= 2+1, mym_=0.1, m,=220 MeV (our data) —@—

Ny=3, am=0.005, m_= 170 Mev [hep-lat/0204010]

[O. Philpsen,Prog.Theor.Phys.Suppl.174(2008)206]

;Z((g)) = 1—tp(Nf, my) (%)2+O ((%Y)

Te(0) >~ 204MeV

Ng=2, am=0.1, m_= 756 Mev [hep-lat/0308116]

[hep-1at/0204010]: C.R Allton et all, Phys.RevD66(2002)074507 1t = 0.69(35)
[hep-1at/0309116]: C.R Allton et all, Nucl.Phys.Proc.Suppl.129(2004)614 & = 1.13(45)




The pseudocritical line

LAE .

TIT,

5

0

Kampfer, Bluhm QMOS8

Data from M. D'Elia, MpL 2004
Analytic continuation can be extended at lower T via Pade' (MpL 2005) or phe-
nomenological models (Kampfer Bluhm 2008)



Application I

CRITICAL ENDPOINT



THE CRITICAL ENDPOINT

-
E arly
Universa

LHC
RHIC

Hadronic Phase
of QLD

Crtical Endpoging ¥

Coid and rll:nsp‘rn-arlr.'f OI 2

BOTH SCENARIO ARE COMPATIBLE

£ arly
Universe
LHC

RHIC

Hadronic Phase -
of Gy {I}ﬂ and dens{ matter

WITH MODEL CALCULATIONS AND UNIVERSALITY



STRATEGY 0 : FODOR KATZ , REWEIGHTING FROM o = 0

I_HE :II T Li LI ) I|I
—_ 164 = T, CPOBARVETD _:
-
- L ‘.+ ]
BT LS - =, -
[ [ i hadrenis bl ) T gendpoint ]
182
Fi ® arder Lransil :.I:
Clo e ool oy PP PP W
0 100 200 300 400
iy (MeV)
CRITICISM:

Critical point is close to the phase quenched threshold where reweighting fails at
T=0

HOWEVER :

Important contribution from the phase does not necessarily hamper reweighting :

overlap might still be large or correlation with the phase might be small.
Splittorff, Verbaarschot, MpL , in progress



STRATEGY 0 : FODOR KATZ , REWEIGHTING FROM o = 0
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E i hdromie pls h‘ltendpnmt:

T (MeV)

182

0 100 200 200 400
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CRITICISM:

Critical point is close to the phase quenched threshold where reweighting fails at
T=0

HOWEVER :

Important contribution from the phase does not necessarily hamper reweighting :

overlap might still be large or correlation with the phase might be small.
Splittorff, Verbaarschot, MpL , in progress



CHALLENGING THE ENDPOINT

STRATEGY | : FORCRAND-PHILIPSEN

Aeal world

Rzalward ——

L, | OO0 ertieal point DSAPFEARED

crosacvar

Scenario | or Scenario Il ? To decide, measure slope K in

me(p) ()2
me(0) L+ A (T) T

K = 0: Scenario |, critical endpoint at small 1z
K < 0: Scenario I, NO critical endpoint at small g

CURRENT RESULTS SUGGEST NO CRITICAL ENDPOINT FOR pup < 600M eV

NB: assume that endpoint is part of the critical surface at m=0



Towards the continuum




RESCUING THE ENDPOINT

STRATEGY Il : GAvAal AND GUPTA, BIELEFELD-REBC

Senes expansion for the pressure:

1 (6)

. 1 (2 . 1 4 ) 1 (8
P(T,pg) = P(T) + Ea:{HjIITJ#?; + IXE;_;](TJF?; +5XB (8)

N B
(Tup +gxg (Tup +---.

The guark number susceptibility has the expansion

1 1
xplT.pg)= 3:[ ](TJ + —IHJ{T}FH + 4—3: .'j’ {T}.U B+ G—IH {T}.ﬂ B+

THIS SERIES IS EXPECTED TO DIVERGE AT THE QCD CRIT-
ICAL END POINT. RADIUS OF CONVERGENCE IS

1 X gwﬁ)

n(n—1) X(ﬂ}

lim _, oot = \

The endpoint is the first singularity in the complex . plane occurring at real .
Coefficients should be all positive at large n



Cutoff dependence and the effect of strange quarks

1.1

S.G
QU
£t=E 010
st A
N; =
o8|
n 1 . <] A

ug™

Staggered: Nf = 2, m; = 230 MeV, LT = 4 Gavai, 5G, 0806.2233
P4: Ne =241, m, =220 MeV, LT = 4 Schmidt, 2010

S  pu+ 0QCD




Taylor expanding the numerical result
at imaginary And computing the radius of convergenc
M. D'Elia, F. Di Renzo, MpL 2007

i v

‘TH ==
24 E S T e T Rl
LE ] 1
a5 1

[ |

i i'
LX T
wl i 7
LES i i 7
i i
(¥ ]

a 1

1 4 [ i 1] L1 is

CAVEAT : the comect result might need many orders






.
QCD Critical Point and Complex Chemical Potential Singularities

M. A. Stephanov

Singularities limit
the radius of
convergence 14y T/ T,

This can be
computed from
the Taylor
expansion and
observed at

1.2}

purely imaginary
1]

0.8}

0.6 ¢




THE PHASE DIAGRAM IN THE IMAGINARY pu — T
SPACE

. . Hpoop
EQHI,-"IT:l = ;_..-"“.r: T, ?:NI,-"IT:l — Tr (EIJJIN..'!E —L»}.—)

N is a number operator: Z{u;/T") periodic in u; with period 2T =, moreover a
period 2T = /3 is expected in the confined phase, where only physical states with
N multiple of 3 are present.

Observation (Roberge and Weiss ) © 2 ;) is always periodic 2T = /3, for any
physical temperaturel

Low T : smooth periodicity
High T : non-analytic behaviour with discontinuities at

f=2w/3(k+1/2)

corresponding to phase transitions from one #5 sector to the other.
P(@)e™ /T instead of P(F) : p, /T fixes the preferred vacuum.




500 IV
A5 2.0 05 10 15
:.I.lJ

Sketch of the phase diagram in the p,—3 plane.




—

: x sgeexx ¥
oz 0.4 J 507 EDE S0 EMD 511 512
ap, B
Imaginary part of the harion density as a function of u; for different values
of 3 (lefi-hand side), and as a function of 3 at u; /T = & (nght-hand
side).
M. O'ENa, MpL, 2001




Singularities for complex u

o B Y

Endpoint of the RW Transhion Endpoint af the Chiral Transhion

Iy =T, Tﬂ{ < T,




Taylor exg

Circle of
E convergence
around A

-\\ Intersections of
-\* circles of
convergence

Circle of
=——  ¢convergence
amund the origin

™

, Laermann,




, Chiral Transition - - -
‘Roberge Weiss Transition ------
; UW=0 -

Endpoint RW and Chiral
\

emperature

Check radius of convergence
here!



sQGP, thermodynamics, and the phase
diagram for a complex chemical
potential




Chen et al. (HotQCD) PRD81("10), Schmidt (Mon)
» tree-level Symanzik gauge + p4
» ms=“physical”, my/ms=0.05 (mPNC = 154 MeV)
N:=8

* Nr=2+1 p4 at the “physical point” "Ng Va @

" 0:05m, —e—
0.1
0.05 ——
i
3
4 i
efT g™

* 1

0.05mg: N=8 —e—
HRG — L J

5 T [MeV] a T[MeV]
140 160 180 200 220 240 260 140 160 180 200 220 240 260

~5 MeV from m/m;=0.1

Caveat: physical point identified by mnPNC.




* Quar
Functions:
sessions at La

in parallel

 Charmonium: more popular so far
* Bottomonium: Important at the LHC
* Trasport Coefficients

More theoretical input needed !



THERMODYNAMICS AND CRITICAL LINES in THE T u” PLANE

Three regimes for thermodynamics:

T pEanEa
r

Claral Toigiliog - - -

pet ——

iF.-l.l.‘Fmi R iasa] szl

Hadnin (s

febergs Weiss Teumilion —- -=--

Heal p

« Low Temperature,

dndy fram cxifcal Nnies:
Hadron Gas

n(T,p) = K({T)sinh{N.p /T)

In the sQGP region:

p(T, p)

= b{T)|t + a(T)(p® — p?)|*
Implying

n(l,p) = |

A [.T':IH[.JJ-EE . ”'?J':E )

High Temperature,

away fram crifcal line

Approach to Free Field
n(T,p) — ngp(T, p)

-n-



Singular behaviour a ne RW transition
Nf=4 (D,Elia, di Renzo, Lombardo (200

Nf=2 (D’Elia, Sanfilippo(2009))
Nf=3 (de Forcrand, Philipsen (2009)

CRITICAL BEHAVIOR AND THERMODYNAMICS
AT THE ENDPOINT OF THE RW TRANSITION

Critical behavior at imaginary p Continued to real . .
n{pr) = A(T)pr(p=® — pf)E—= n(p) = AT )p(p+p")
ngelp) = Ap + Bp®) — a =1

[T ]

L]
-
Rl
203
S04 F
Sh0E
e -
20T
-

EE—S8 Famt o L&

[ Lalac ol aas oz .15 Lk [ —

D'ENa. Dl Renze. Lombando, 2007, GMIO0E



Imag
expan

Im(n(p1)) = 2N Cao0p11 — 4N Cagopej + 6N; Coooss] — 8N Caoope] + O(y4f)

our data —@—
0.6 F

coeff until cg (C.Schmidt data)

coeff until c, (our data)

04

0.2 F

Imn ()

-0.2 F

04}

-0.6 |

0 0.05 0.1 0.15 0.2
at

Falcone, Laermann, MpL




FREEZOUT, AND THE LATTICE



JOHANN WOLFGANG ODETHE

UNIVERSITAT

FRANKFURT AM MAIN

B L |

n
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endpoint |
[Fodor, Kate]
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Freezout

Andronic, Braun-
Munzinger, Stachel 2009 —
Courtesy of the Authors
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75|~ Data (fits) ® ‘ —
- ® dN/dy O 4n 3
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o5 ~ T nb=0.12 fm™ -
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FREEZOUT

Values of ,L:,;"/T at freezout for the temperatures used in the lattice simulations.

TIT,
0.81
0.87
0.90
0.96

pp (Gev)
0.48
0.38
0.3
0.15

Table 1: Freezout parameters
py /T
1.16
0.85
0.65
0.30

Frevious analysis have shown that for this range of temperatures the Hadron Gas
parametrization is satisfied by the first coefficents.

Then,

to assess the extent of the convergence, we can directly contrast

n3(T, pg;)/T* and nl (T, py) /T3, with F(T) = 2c, .



Data from RBC Collaboration

Lower bound on the radius of convergence Courtesy E. Laermann and C.
. Schmidt. C. Ratti and MpL QM09
And freezout point
T=081Tc T=0.87TcC Freezout

point
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Freezout line might well be amenable to a
lattice study
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coexistence curve

freezeout curve

Results along the
Freezout line

Gavai Gupta 2010
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Application IV

THE QUARKYONIC PHASE



The quarkyonic phase

Hadron Production in Ultra-relativistic
Nuclear Collisions: Quarkyonic Matter and a
Triple Point in the Phase Diagram of QCD

A Andronic®, 1), Blaschie ™, P. Braun Mesiper 244
1. Cleymans®, K. Fukushima® L. McLernan Y, H. Ocschler®,
.00, Peamskl, K. Fodlieh ™, €. Samaki, H. Smx®, ad
1. Zaehid ®

M K—
Mz S T phas degrn of sucegly araaing e



Quarkyonic phase — Two color

s

Tim,

3
2.3 Deconfined
Chiral Symmetric Orueark Gluon Plasmao
S
1.5
L4
I Confined : Confined
Chiral Broken g Chiral Symmetric
0.5 Hadronic Murmr'l Quarkyonic Superfluid
ﬂ 1 1 1
0 0.5 1 1.5 2 2.5 3
Mgl mg

Brauner, Fukushima, Hidaka 2009



Superfluid phase still confined

GLUONIC OBSERVABLES IN THE BEC PHASE of QC-D

07" Glueball : lighter in the BEC phase

Susceptibility: x =< P? > — < P >” peaks at p,

Mormal Phase

mq Mg ma_ +;"mp
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0.42 1.26
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Lombardo,Petrarca,Paciello,Taglienti,2007
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A Quarkyonic Phase in Dense Two Color Matter

Simon Hands
Department of Physics, Swansea University, Singleton Park, Swansea SA2 SPP, U.K.

Seyong Kim
Department of Physics, Sejong University, Seoul 143-747, Korea.

Jon-Ivar Skullerud
Department of Mathematical Physics, National University of Ireland Maynooth, Maynooth, County Kildare, Ireland.
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FIG. 4: (Color online) Superfluid order parameter (gq)/u’ IG. 1: (Color online) ng/nse and p/pse vs. p for QCaD.

and Polyakov line versus p. nset shows £, /=55 for comparison.



MESOSCOPIC ANALYSIS OF THE
PHASE DIAGRAM



TOWARDS
THE REAL SOLUTION

COMPLEX LANGEVIN?

DENSITY OF STATE METHODS?

NEW ALGORITHMS?

LEARNING FROM SIMPLER SYSTEMS?



Gauge Fields and T, us, i, ..

Can we identify generic
characteristics of gauge
fields for a given

set of thermodynamic
paramers ?

1UJ



Gauge Fields and Observables

Label regions of phase space according to value of
macroscopic O: which peculiarities of U’s for a given O?

Ol eg:nB=20

1UJ



Distributions: mesoscopic
Probes of gauge dynamics

<5 (9 9 ) > The & distribution (6(8 - £) N; df : 88585585 overiap between simulation and

target ensemble.
/ The constrained distriouton (O 4(f - ) Shaws how averages are Dulk up in
<O 5 (9 9 )> e spiitof the Densy of States Method < O = [{04(6 ﬂ"]j:;u.dﬂ
1 = [ (50 —0)) db

() = J (0000 db



Why?

— Physics: Microscopic Structure,
Instanton configurations, etc.

— Lattice Simulations: Overlap Issues,
Density of States, Sign Problem, ..



A Lattice-minded view of the phase diagram

Critical endpoint

-
e

Lo

n ],fQ ;-HN;'E K




Consider
® = phase of the determinant

Ny Qo(e 0')e=SYM

o (6(0—10 ))npdf = [ dAdet(D+pygrm)| e

do.
[ dA| det(D+puyg+m)| Ny N0 —Syni

e Factorization of the 9-distribution:

Z
iON ;7N
(5(8 =8N, =e ONy ZN}“ (8(8 = 0))n,. _

.Nf=2

i02141%




Recap of ChPT: baryonless theory

) . VmiT? <= Ko(2sn) (u+p)n, GO can only
Golp, —p) = 5 nQT cosh( T ) ). depend on
d =l isospin
vi = —AGy(py, —p) chemical
dpiq i—p potential
dQ
B
Nud = 7 AGo(pur, p2) ’ Non trivial
H1dfti2 — o= o
Hi=H2=Hl dependence in
cross derivatives
E=1+1 E = PQ
<?’l>g 0 Vr

<”2>5 X Vi + Xd




Gaussian Distributions

< myg/2, ChPT

0 distribution, and n g distribution with ¢

2:0 2
* (8(8 = )1y = —imgme™ 1A9TEC0, 8 € [—o0, o],

(o = Energy difference between neutral and charged pions

d § — 0+ 2mn 29 (022
* 5 o(0—0 — [ lim —AGo(—u. E " (14 —(0+2mm)?/
ol s (ﬁ'l_’n*l" dpt o(=#, ,u.)) (1 AG, )\/TFAGDE

N.B.

(ng) =0
in ChPT



Small AGy

G 29!)>1+1 and (np 5(60 — 6))1+1

_ Ref«::arﬂ—ﬂ’jj::j_}f
— —— Ref<ngd(6—0')=, J'<n;>

{ Low
isospin
density,
easy

—TT 0 -



1000 l

Large A Gy

(6(0 — 0"))rarand (np 5(60 — 6')) 141

—— Ref<8(6-0')=,,J]
— — - Re[=ngo(6-8)=, J/'<n;=

5000

3000

—-1000

—-3000

High
isospin
density,
difficult



The distribution of the quark number
operator: Real and Imaginary

141 .
PRe[n] ({)

(-

1

%(_n(_p{.) — n.(—p.))) >1+1

E—(I—VI)QX(XfﬁXid)

PEI{:[;] (z) =

o0

(Ren[)1+1 = /

— 00

((Re[rz.:)2>1+1

—(+B I
\/” (\\(-ud T Xud)

dx J:PPI{;,}I] (r) =y,

2

1 B I
S S(Xud + Xud)'

ﬂ 1
P () = <0 (?; +is(n(n) + ”(\_“)))>
1+1

1

PLL () = (W HvD)? /(X ha=X24)

Im[n]

(Im[n])111 = ] Ay yPyypn (v) = ivr

OC

. 1
2 I B
—VI T T)(‘(.ud — Xud)-

s

(Tm[n])?)141 =




The distribution
of the quark number

Fac;ﬁ@?g\\o\n
PIHi(z,g) = PLHL ()P ()

P e

The fluctuations of the quark
number operator follow the
fdiagonal susceptibilit




What we can compute on the Lattice:
The Partial Quenched distribution

1 2 I B
PQ) _ pl+l pli’ fﬁn] (y) = oY/ (Xua=Xua)
PReM (ZE) B PRe[n] (CU) \/ T(Xoa = Xog)

<nPQ>1+1* — Uy

(7)) 1410 = Xy + V7



Can we reweight PQ -> Full QCD ?

0 0
0.1 | 10 i
3 ~
E’l 01 | Fﬁg_lﬁ — | ~ \!
S S Ls
Q::
0.05 | 30 i
L : : R
NI:..,\‘ | . | . | . | . 40 L s I . Jr{mx .RI |
O 5 10 ]f 20 35 30 0 L 10 yl 30 35 30
Ymazx .
/ dy “;P +[ ]( y) ~ —ur. Might have to
o sample the
extreme tail
of the PQ

2 2 T B . . .
y2 — s>l B {— distribution



Lorentzian distributions

The O-distribution for . > m, /2

e From the momenta

(6(20 —20")) = L300 o202ty
e Quenched result

(6(20 —26')) = %cnsh{s':?Lh{EL;Efjs[EE] :

This is a compactified Lorentzian, centered at zero!
e Unqguenched result

_ 2i8.VEB sinh(VLp)
» (6(20 —20"))111 =€ - cush{VLE}—fus{EE'}'

Again a compactified Lorentzian, centered , times e***




QCD IN ONE EUCLIDEAN DIMENSION

det M = 2 ™"Nedet[e™e 4 e ™ 4 e™U + e ™UT|,U € U(N.,).

Z_.ngf(,uc, ) = -/ dU det M.
U(Ne)

e No baryonsin U(N.) : no u dependence

However: the quenched model has a phase transition at .. = sinh™ ' m
Verbaarschot Ravagli: Bilic Demeterfi and Petersson

Good guidance for ‘baryonless’ QCD

o Moments again

2ipf’y, __ r detPM
{E P } T f'[-"{-'""-"c:' dU detPMT"

I{Ne) dEtP{:l — Ue—ﬂp—npc}detp{:l — U'I'eﬂ.f-"f—ﬂ.f-"fc) ’



1 dimensional QCD : 9 distributions

o 11 < ji.
2
Gaussian (27 = ()" = (1 - i_; "
2 C
(5(0 — 0")) = \/%6_9 /< for < pte, No — oo,
= —log(1 — p?/pl).
o 11> fi.
00’ —2n|p|Nep
Lorentzian  (e*"7) = e *nPINer h(2nN
<6(29 o 29;)> — %coshaij"\({cﬁs:1223{29) for M= e




1 dimensional QCD : 9 distributions

o 11 < ji.
2
Gaussian (27 = ()" = (1 - i_; "
2 C
(5(0 — 0")) = \/%6_9 /< for < pte, No — oo,
= —log(1 — p?/pl).
o 11> fi.
00’ —2n|p|Nep
Lorentzian  (e*"7) = e *nPINer h(2nN
<6(29 o 29;)> — %coshaij"\({cﬁs:1223{29) for M= e




Numerical Results 1 > 1.
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Summarizing:

e Quark mass outside eigenvalues: Gaussian

A 1 €—99/5‘z
(6(0 —0)) N

e Quark mass inside eigenvalues: Lorentzian

for

1 sinh(2n V.
(5(26-26")) = — Sinh(2nNep)
mcosh(2nN.u) — cos(260)

Quark mass

m n{? m, /

:l inside eigenvalues Lorentzian

< pre, No — o0,

for

> e,

20 € [—m, 7).



Finite density easier at finite T

Hot ensembles
overlap better
among themselves

< 0(P-Fy=

.G

LT

0.4 F

ol F
0 |

-1

HIOT 1 = (L0 s—
COL D e = pe

.. and might even
overlap with cold ones



THE ROLE OF BARYONS

o Average phase factor from Taylor expansion:

. I, 2
2.'?- L II: —La
(e™ Y i41e = e ~HETR2E
Bielefed-Swansea Phys Rev OT1 (2005)
e |n general,

& 2i8, e o e
—log(e®) ;110 = —log Ziyy — —log Zy,4e o (np(p) — nip))
I I o i

® nglp)—mni(p) = 0, no sign problem while a sign problem becoming increasingly
more severe commesponds to ng(p) — np(p) < O

Physis of

high isospin
density and
high baryon

Hadron Gas

density
become
similar at

Superfluid | ;] h|g h T

uy



Mesons and Baryons:
sign problem easier when
densities become comparable

Thermal baryons lessen the sign problem
M. D’Elia and F. Sanfilippo 2009

Criterium?
Calculation of ‘equivalence point’ baryons-mesons
C. Sasaki@nfqcd2010,Kyoto

e phase diagram in PDM: my = 1.5 GeV
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Summary

 Qualitative differencesin the mesoscopic physics
A | athigh density:
: Critieal endpoint Gaussian -> Lorentzian distribution

e

Dm\ﬂ‘&m + Phase of the determinant important even for
s < mu/ 2-subtle cancellations between real

andimaginary components

/7 H
o, m. /3



Summary

+ Qualitative differencesin the mesoscopic physics
athigh density:
sealendpoint Gaussian-> Lorentzian distribution
+ Phase of the determinant important even for

< mu/ 2-subtle cancellations between real
andimaginary components

‘I Thermally activated
2= | baryons might ‘wash out’

i ﬂ-f-’ m_;ﬁ.-";i' 'l the dangerous threshold.




PHASES OF QCD AND CRITICAL POINT FROM THE LATTICE

OUTLOOK

| LHC: Higher T, zero i Entering the
precision era

| NICA, RHICII, FAIR
smaller T, larger p

Expect

Experimental

M And lattice results on:
Critical Endpoint,
Freezout region, and
(maybe) Exotic phases




