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PSR Basic thermodynamics _
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Thermodynamics with no conserved charge:

Statistical /V
equilibrium
in bulk matter ——)

Energy E=Ve e=E/N
Control parameter(s) {X}: E, V

Volume V —

Entropy function S{X}: [ S(E, V) = Vo) ]

B=1/T = 9:S(E,V) = 9,0(e) temperature
Derivative(s) Ay = 0,S:

n=p/T = 0,S(E,V) =0-fe¢ pressure

Thermodynamic (local) stability: $S,.,< 0 ©
=> Entropy curvature d,20 must be negative /Concave

3
Thermodynamic coexistence:
= T,=T, & p,=p, <=> o(e) has common tangent! @
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First order <=> Phase coexistence <=> Spinodal instability

—

... occur when S(X) is locally convex:

Extensive variable X
Entropy function S(X)

{ 2.0(¢) = B: B1 =P,
X=E:

m=0-Pe m=m,

convex

spi nodal

Intensive variable:

MX) = —-dS/dX

Maximum slope

Minimum slope

X
/ dX (A(X) = Xo) = 0

X1

Maxwell Ao
construction:

X=E => A=

I
I
[ |
| |
1 |
X1 X min Xmax X2 X
&——— phase coexistence —>
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Entropy density ¢

Phase transformation with no conserved charqge:

Entropy density: o(¢)
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Thermodynamics with one conserved charge:

Statistical /v
equilibrium

in bulk matter ( EnergyE=Ve ¢=EN
Control parameter(s) {X}: { Charge N=Vp p=NV E, N,V
- Volume V-

Entropy function S{X}: [ S(E,N, V) = Vo(e,p) ] ‘/

>

(

B=1/T = 0zS(E,N,V) = 0.0(¢,p)
Derivative(s) Ay = 9,S: 1 a=-wT= 0,S(E,N,V) = 3po(e,p)

s n=p/T = 9,S(E,N,V) =oc-Pe—-oap

Thermodynamic (local) stability: 8>S, <0
=> Curvature matrix {0, 0 ,-o(¢,p) } has only negative eigenvalues

Thermodynamic coexistence: 8S,,; =0 - ’
=>T,=T, & u,=u, & p,=p, [<—> o(e,p) has common tangent.]

2
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Microcanonical -> Canonical:

—_— B(e,p) = 0.0(z,p) = 1/T(e,p) temperature
! =
density 0(6’ P ) ale,p) =0,0(e,p) = —ule, p)/T' (e, p) chemical potential
{ p(e,p) =0T —e+ up pressure
h(e,p) =p+e¢ enthalpy density

Canonical representation: only <E> is specified

Then replace S by S’= S—BE and require S’=0 & 6°S’<0
Or, equivalently, consider F = -TS’ = E-TS and require 6F=0 & #F>0

free

energy  fr(p) = er(p) —Tor(p) = pr(p)p—prlp) .,

density @ £

ur(p) = B, fr(p) 8 ) -
—y or(p) = —0r fr(p) 5 @
1 )
Phase coexistence < fy(p) has common tangent! £ : .

2 Density
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Temperature T (T,)

Pressure P (P,)
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Density fluctuations in the presence of spinodal instabilities

C. Sasaki, B. Friman, K. Redlich, Phys. Rev. Lett. 99, 232301 (2007)
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Inclusion of interaction energy

Entropy density of non-interacting system: O free (8, ,0)

Interaction-energy density: w(p)

Entropy density with interaction included:  o(g,p) = 0Ogee(e — w(p), p)

Bep) = Tt = OHEZ LR (e~ u(p), )
-~ 00(c.p) _ Dol — wip).p)
CV(E,p) - 3p’ - ap : - afree(g_w(p)vp>_ﬁfree(€_w(p)7p)apw(p)
Chemical potential is shifted: u(Tsp) = pree(L;5 p) + 0pw(p)

Free energy density is shifted: f=¢e—Toc = freet+w
Note: 0,f(Tp) = Opfree(T;p) + Opw(p) = psree(T;p) + Opw(p) = p(T;p)

0 0
Pressure is augmented by  pint(p) = p—w —w(p) = ,02—E since
dp dp p

b = p/'L_f - p(ﬂfree"'apw)_(ffree"i"w) - (pﬂfree_ffree)+(papw_w) — pfree+pint
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Equation of state:
pr(p)



Energy density ¢

Temperature T

Nuclear phase diagram in different representations
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Isentropic changes

Entropy density: o(e,p)

Energy density: ¢

Net baryon density: p

[ Temperature: T(e,p)=1/0,
Chemical potential: u(e,p) = -To,

Pressure: p(e,p)=To— ¢+ up

_ Enthalpy density: h(e,p)=p + ¢

Entropy per (net) baryon: s(e,p) = o/p

Changes: (6¢,6p) => 6s:

p°Tos = p?Té(alp) = pTédo — Todp = pde — updp — [h-upJop = pde —hdp

oS

0 => pdoe = hdp

JRandrup: Dubna School, 2010



Isentropic phase trajectories in different representations
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Phase Transitions & Instabilities

Finite range effects

Phase crossing

Mean field instabilities
Instabilities in fluid dynamics

Instabilities in chiral dynamics
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Canonical description: T specified

Free
energy
density

fr(p) = er(p) —Tor(p) = pr(p)p— pr(p)

Phase coexistence < common tangent.

common tangent
= Maxwell line

A

pr(p) = 0pfr(p)
or(p) = —0rfr(p)
pr(p) = ur(p)p — fr(p)

>
=
7))
-
O
O
>
(@)
-
)
-
o
()
o
—
LL

Density
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Free energy density

>

Density
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uniform
matter

\ common tangent

= Maxwell line



Nuclear liquid-gas phase coexistence

nucleon gas phase

:o.'. .Q Q

©] ® #

nuclear liquid phase
(nuclear matter) nucleons fragments

can coexist in mutual equilibrium phase mixture
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Equation of state: Finite range

Free energy density for uniform matter: £, (p7 T)
But we need to treat non-uniform systems: p(r), T(r)

Local density approximation:

FoCLTOI) = folor).T@) T

... implies:

F( y = FC LI

No good!

=> Finite range must be taken into account

JRandrup: Dubna School, 2010



Non-uniform density p(r) _

contribution

gradient 5 (p) = wy(p(r)) + LC(Vj(r))>2

local entropy density: (r) = o(&(r),p(r))

= total entropy: S[E(r), p(r)] = /&(r)dr

= <

B = 5oy = T
. 68 ) @
a(r) = lr)

~ 0p(r)

= Jocal pressure D(T') & local enthalpy density ﬁ(r) & ...

Note: Constant T(r) and u(r) => constant p(r)

Canonical scenario: constant temperature T

= Free energy density: fr(r) = fr(p(r)) + 1C(Vi(r))?

J. Randrup, Phys. Rev. C 79, 054911 (2009)  JRandrup: Dubna School, 2010



The gradient term modifies the local pressure

Small deviations from uniformity:

p(r) ~ po(e(r), p(r)) — CpoV2p(r)

Small harmonic density undulations:

1tkx—iwt

p(r,t) = po +dp(z,t) = po + pre

pe — P&+ Cpok?pi

JRandrup: Dubna School, 2010



Density p (in units of po)

Interface tension 712 (MeV/fmz)

The gradient term generates a phase boundary

PO TN T T N TN TN T T Y T T 1
0.0 0.5 1.0 15
Position x-x,, (fm)

20—~

(&)
T T

VRIS, S | I <> :
doo 0.25 0.50 0.75
Coexistence temperature T, (in units of T )

Global equilibrium requires constant T, u, p:

0= 65 — BodE — g N = / dz {[B(z) ~ Aoloe(z) + a(x) — aoldp(z) }
= B(m) =060 & a(z) =0y = p(x) = po

The interface density profile is determined by
Cozp(z) = pr(p(x)) — ko = 9pA fr(p(2))
Afr(p) = fr(p) — 7" (p)

where

7() = fr(ps) + wolp—pi) < fr(p)

The interface tension is given by

VT =/
P

p2 .
dp [2CA fr(p)]2

1

0(x) not
Needed!

@

JRandrup: Dubna School, 2010 J. Randrup, Phys. Rev. C 79, 054911 (2009)



convex
spinodal

e

adors wnwruTiy

Separated phases

Xmax X2

Xmin

&——— phase coexistence —>

1

X

adors wnwirxep

uniform

Mixed phase
@
@
@
O
@
Q o
o

Xmax

Xmin

phase coexistence

JRandrup: Dubna School, 2010



uniform
matter

common tangent
Maxwell line
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Phase Transitions & Instabilities

Phase coexistence
lllustrative examples

Finite range effects

Phase crossing

Mean field instabilities
Instabilities in fluid dynamics

Instabilities in chiral dynamics
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Hadron Gas versus Quark-Gluon Plasma

p" =pr + 0N + Dy + Pu

B pede _Be
px(T) = —gnr /W 5.z [l —e ]

pn (T, po) = gn / Z;ETdE In[1 4 e~ A(e=ho)]
pN(Ta MO) = gN/ ];eﬂ-de ln[ + e—ﬁ(e+uo)]
p’w(p) — P@pw(p) — w(p)

w(p) =

a(2) e (L)

p= to + Opw = 3pyq

p° =p,+p,+p;— B

2

7T
—q,—T*
Pg = 9979

T2 1 1
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Hadron Gas versus Quark-Gluon Plasma

Chemical potential u (MeV)

JRandrup: Dubna School, 2010
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Phase Transitions & Instabilities

Phase coexistence
lllustrative examples

Finite range effects

Phase crossing

Mean field instabilities
Instabilities in fluid dynamics

Instabilities in chiral dynamics
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Nuclear dynamics at E_ , = E.

ermi

Individual nucleons move in common one-body field while
occasionally experiencing Pauli-suppressed binary collisions

One-particle Hamiltonian Two-body collisions

. ~

@ e ‘\
o-"e o o
e \0 ________
position momentum
space space

The state of the system is characterized by
its reduced one-particle phase-space density:

JRandrup: Dubna School, 2010



Instabilities in Fermi liquids: Nuclear matter

..:.::’ 5f(’l",p,t) — f(rvpvt)_fO(p)
e ® .
50 P02 310 = 3l

_ P 2 O sp_Ofo (OUD o _
hlfl(r.p) = 5 — + Ulp(r)) 8t5f+v aréf o (8/) arép) =0
d? d3

fe(p,t) = fe(p)e ™" =

1 = oU /d3p v-k 0Ofy _ a_Ug/d?’p (’U.k:)2 0 fo
h3 v-k —w, Oe dp h3 (v-k)? —wi Oe

~

Finite range: g(r12): U=g*xU: 0,U — g0,U

JRandrup: Dubna School, 2010
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Nuclear spinodal instabilities

Nuclear Matter Equation of State:

Spinodal region: Fy < -1 @ : Y ARy
Matter is thermodynamically Y I |
0 E — T=13MeV
and mechanically unstable S
:
o
. . Q 0.0
Density undulations 2
P may be amplified: k.
JRUY} ) S S S S—— | IR S SR SR I R R
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Temperature T (MeV)

Spinodal boundaries in the (p,T) phase plane:

Spinodal boundary
for given wave length A

Growth times t, for A = 8 fm

Relative relative density p/ps

JRandrup: Dubna School, 2010
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Dependence of growth rates on density, temperature and wave length:
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Spinodal instabilities in finite nuclear systems

1 ('al) 1 I (Ib)' I - (|C)' I
C o B R 1E als -
e ool A <
g 0.00— e o~
A= 7 - 4 L 4o
~— i WS 1 \B_/
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0.00 —— I
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RPA calculations for unstable octupole modes in Sn isotopes:
(a) radial dependence of the form factor at the dilution D = 1:5
for neutrons (solid), protons (dotted), and nucleons (dashed);
(b) contour plots of the perturbed neutron density;
(c) contour plots of the perturbed proton density.

M. Colonna, Ph. Chomaz, S. Ayik, Phys. Rev. Lett. 88 (2002) 122701
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Statistical multifragmentation: Spinodal fragmentation:
M TR I S X

A
LA

~ A

KANDINSKII: SEVERAL CIRCLES

=> Different fragment sizes => Equal sizes

(Igor Mishustin, 2003)
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Temperature T (MeV)

Optimal collision energy
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Experiment: INDRA @ GANIL

B. Borderie et al, Phys. Rev. Lett. 86 (2001) 3252

32 MeV/A Xe + Sn (b=0)

INDRA
®,
e °
@
® ®
.. o Make LEGO plot of (<Z>, AZ):
®
'Y ) °® AZ
4 M
Analysis:
For each event having M IMFs, 10
calculate mean IMF charge <Z> 5
and IMF charge dispersion AZ.
(L.G. Moretto)

/ O > <Z>
10 20

For events with AZ=0, all M
IMFs have the same charge

JRandrup: Dubna School, 2010



Transport calculations

... suggest a visible spinodal signal:

Brownian One-Body dynamics *)
= Boltzmann-Langevin

f
0K — —0F - —
/] op
32 MeV/A Xe + Sn (b=0): /
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*) Ph. Chomaz, M. Colonna, A. Guarnera, J. Randrup,
Physical Review Letters 73 (1994) 3512
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B. Borderie et al, Phys. Rev. Lett. 86 (2001) 3252

Experiment: INDRA @ GANIL ~ sxi) — —or- 2

Brownian One-Body dynamics

= Boltzmann-Langevin
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