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Ëåêöèÿ 3

Èñïîëüçîâàíèå ìåòîäà êîìïëåêñíûõ âðàùåíèé äëÿ ðåøåíèÿ çàäà÷è ðàññåÿíèÿ.
Îñîáåííîñòè ïðèìåíåíèÿ äëÿ êîðîòêîäåéñòâóþùèõ, äàëüíîäåéñòâóþùèõ è
êóëîíîâñêèõ ïîòåíöèàëîâ.
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Àñèìïòîòè÷åñêîå ïîâåäåíèå ïëîñêèõ âîëí

Ïðîáëåìà ïðè ðåøåíèè çàäà÷è ðàññåÿíèÿ äëÿ ñèñòåì íåñêîëüêèõ ÷àñòèö:
ñëîæíûå àñèìïòîòè÷åñêèå ãðàíè÷íûå óñëîâèÿ.
Ìîæíî ëè óïðîñòèòü èõ ñ èñïîëüçîâàíèåì ìåòîäà êîìïëåêñíûõ âðàùåíèé?

Àñèìïòîòè÷åñêîå ïîâåäåíèå êîìïëåêñíîãî àðãóìåíòà:

φθ(r) ∼ const + r exp (iθ) ïðè r →∞.

Äëÿ ðàñõîäÿùåéñÿ âîëíû e ikr íà êîìïëåêñíîé òðàåêòîðèè φθ(r)

e ikφθ(r) ∼ const e ikr exp (iθ) = const e ikr cos θe−kr sin θ.

Ñõîäÿùàÿñÿ âîëíà e−ikr (è ëèíåéíûå êîìáèíàöèè âîëí) ýêñïîíåíöèàëüíî ðàñòóò íà
áîëüøèõ ðàññòîÿíèÿõ.
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Çàäà÷à ðàññåÿíèÿ äëÿ êîðîòêîäåéñòâóþùèõ ïîòåíöèàëîâ

Ôîðìóëèðîâêà çàäà÷è ðàññåÿíèÿ â âèäå íåîäíîðîäíîãî óðàâíåíèÿ Øðåäèíãåðà:
J. Nuttall and H.L. Cohen, Phys. Rev. 188, 1542 (1969).

(H0 + V − E)Ψ = 0

Ïðåäñòàâëåíèå ðåøåíèÿ Ψ â âèäå

Ψ = Ψin + Ψdr

Ïîñêîëüêó (H0 − E)Ψin = 0, òî

(H0 + V − E)Ψdr = −VΨin

Â Ψdr íåò ñõîäÿùåéñÿ âîëíû → ïðèìåíèì îäíîðîäíîå êîìïëåêñíîå âðàùåíèå:

UθΨdr → 0 ïðè r →∞.

Ïðàâàÿ ÷àñòü � âîçìîæåí ýêñïîíåíöèàëüíûé ðîñò íà áîëüøèõ ðàññòîÿíèÿõ!
Åãî îòñóòñòâèå ãàðàíòèðîâàíî, åñëè
V (x) � ôèíèòíûé, èëè ýêñïîíåíöèàëüíî óáûâàåò.
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Çàäà÷à ðàññåÿíèÿ äëÿ íåêîðîòêîäåéñòâóþùèõ íåêóëîíîâñêèõ
ïîòåíöèàëîâ

Ðåøåíèå ïðîáëåìû ïðåäëîæåíî â
T.N. Rescigno, M. Baertschy, D. Byrum, C.W. McCurdy,
Phys. Rev. A55, 4253 (1997)
Ñðåçêà ïîòåíöèàëà: V → VR ,

VR(r) =

{
V (r), r ≤ R
0, r > R,

Ïîòåíöèàë VR íåàíàëèòè÷åí ïðè r ≤ R → òðåáóåòñÿ âíåøíåå êîìïëåêñíîå âðàùåíèå
ñ Q ≥ R.
Òîãäà

Uθ
[
VRΨin

]
(r) = 0 ïðè r →∞.
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Ïðèìåðû ðàñ÷åòîâ àìïëèòóä ðàññåÿíèÿ

Óíèòàðíîñòü S-ìàòðèöû:

Ïîòåíöèàë V (r) = −e−r Ïîòåíöèàë V (r) = 1/(1 + r)4

Âåðõíÿÿ êðèâàÿ � âíåøíåå âðàùåíèå. Âåðõíÿÿ êðèâàÿ � íåîáðåçàííûé ïîòåíöèàë.
Íèæíÿÿ êðèâàÿ � îäíîðîäíîå âðàùåíèå. Âåðõíÿÿ êðèâàÿ � îáðåçàííûé ïîòåíöèàë.
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e−+H ðàññåÿíèå.

T.N. Rescigno, M. Baertschy, W.A. Isaacs, C.W. McCurdy, Science 286 2474 (1999),
Collisional Breakup in a Quantum System of Three Charged Particles

Óðàâíåíèå äëÿ ñèñòåìû òðåõ ÷àñòèö:

(H(~r1,~r2)− E) Ψsc(~r1,~r2) = − (H(~r1,~r2)− E)
(
ϕ1s(~r1)e i

~ki ·~r2 ± ϕ1s(~r2)e i
~ki ·~r1
)

= −(1 + (−1)SP12)

(
1

|~r1 −~r2|
− 1

|~r2|

)
ϕ1s(~r1)e i

~ki ·~r2 .

Âîëíîâàÿ ôóíêöèÿ èùåòñÿ â âèäå:

Ψsc(~r1,~r2) =
1

r1r2

∑
Ll1 l2

ψL
l1 l2(r1, r2)YL

l1 l2(~̂r1,~̂r2).
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e−+H ðàññåÿíèå. Ðàäèàëüíûå âîëíîâûå ôóíêöèè.
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e−+H ðàññåÿíèå. Single di�erential ionization cross section
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Ðàñùåïëåíèå ïîòåíöèàëà

Êóëîíîâñêèé ïîòåíöèàë íå ìîæåò áûòü ïðîñòî îáðåçàí!
Âîçìîæíîñòè:
1) Âêëþ÷èòü êóëîíîâñêîå âçàèìîäåéñòâèå â íåâîçìóùåííûé ãàìèëüòîíèàí
(íåîáõîäèìî òî÷íîå ðåøåíèå)
2) Èñïîëüçîâàòü ðàñùåïëåíèå ïîòåíöèàëà V (r) = VR(r) + V R(r):
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Çàäà÷à ðàññåÿíèÿ ñ îáðåçàííûì êóëîíîâñêèì âçàèìîäåéñòâèåì

Ìîäèôèöèðîâàííàÿ ïàäàþùàÿ âîëíà:

(H0 + V R − E)ΨR = 0

Äëÿ ðàññåÿííîé âîëíû
Φ = Ψ−ΨR ,

ñòðîèì íåîäíîðîäíîå óðàâíåíèå:

(H0 + V − E)Φ = −VRΨR , (1)

Φ ∼
∑
j

(Aj − AR
j )Ψsc

j , UθΦ→ 0.

Ïðàâàÿ ÷àñòü ôèíèòíà, òàê ÷òî âîçìîæíî ïðèìåíèòü âíåøíåå êîìïëåêñíîå
âðàùåíèå.
Íåîáõîäèìî ïîñòðîèòü ΨR !
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Çàäà÷à ðàññåÿíèÿ ñ îáðåçàííûì êóëîíîâñêèì âçàèìîäåéñòâèåì

1) r ≤ R. Ðåãóëÿðíîå â íóëå ðåøåíèå:

ΨR(r) = aR ĵ0(ki r1).

2) r ≥ R.
ΨR(r) = e iσ0F0(ηi , ki r) +ARU+

0 (ηi , ki r).

Êîýôôèöèåíòû aR è AR îïðåäåëÿþòñÿ èç óñëîâèé íåïðåðûâíîñòè ôóíêöèè ΨR(r) è
åå ïðîèçâîäíîé ïðè r = R.

aR = ki (U+
0 (ηi , kiR)ĵ0

′
(kiR)− U+′

0 (ηi , kiR)ĵ0(kiR))−1.
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Äâóõøàãîâûé ïîäõîä ê ðåøåíèþ çàäà÷è ðàññåÿíèÿ

Ðåøåíèå êðàåâîé çàäà÷è:
ìåòîä âíåøíåãî êîìïëåêñíîãî âðàùåíèÿ â òî÷êå R
íóëåâûå ãðàíè÷íûå óñëîâèÿ ïðè r = Rmax > R
âîëíîâàÿ ôóíêöèÿ çàâèñèò îò íåìîäèôèöèðîâàííûõ êîîðäèíàò äëÿ r < R.
Àñèìïòîòè÷åñêîå ïîâåäåíèå â.ô. íå èñïîëüçóåòñÿ !

Èçâëå÷åíèå àìïëèòóä ðàññåÿíèÿ è ñå÷åíèé èç ïîñòðîåííîé â.ô. (èñïîëüçóåòñÿ
àñèìïòîòè÷åñêîå ïîâåäåíèå).
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Ïîòåíöèàëüíîå ðàññåÿíèå α-÷àñòèö
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N3+(1s22s2) + H(1s) → NH3+ → N2+(1s22s23s) + H+ ðåàêöèÿ
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Ìîäåëü Òåìêèíà-Ïîýòà

S-âîëíîâàÿ ìîäåëü ðàññåÿíèÿ ýëåêòðîíîâ:(
−1

2

∂2

∂r 22
− 1

2

∂2

∂r 21
+ V (r1, r2)− E

)
Ψ(r1, r2) = 0. (2)

Ïîëíûé ïîòåíöèàë

V (r1, r2) = −Z

r1
− Z

r2
+ V12(r1, r2),

ýëåêòðîí-ýëåêòðîííîå âçàèìîäåéñòâèå

V12(r1, r2) = 1/max {r1, r2}.
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ÒÏ ìîäåëü: ìåòîä ðàñùåïëåíèÿ

Let χR(r1) be the indicator of the domain |r1| ≥ R:

χR =

{
0, r1 < R
1, r1 ≥ R

, and χR = 1− χR .

The potential V R is

V R = −Z

r2
+

(
−Z

r1
+ V12(r1, r2)

)
χR ,

and the complimentary potential VR is

VR =

(
−Z

r1
+ V12(r1, r2)

)
χR .

The total Hamiltonian is split as

H = HK +

(
−Z

r1
− Z

r2
+ V12(r1, r2)

)
= HK + V R + VR .

The asymptotic Hamiltonian HR is de�ned as

HR = HK + V R .
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ÒÏ ìîäåëü: ìåòîä ðàñùåïëåíèÿ

Solution of Eq. (HR − E)ΨR = 0 can be found explicitly:

ΨR(r1, r2) =

{
aR ĵ0(ki r1)ϕi (r2), r1 < R.[
e iσ0F0(ηi , ki r1) +AU+

0 (ηi , ki r1)
]
ϕi (r2), r1 > R, r2 < R.

The Sommerfeld parameter ηi = −(Z − 1)/ki .

The total w.f. Ψ is as Ψ = ΨR + Φ, and the Schr�odinger equation reads[
HK +

(
−Z

r1
− Z

r2
+ V12(r1, r2)

)
− E

]
Φ(r1, r2) =

− 1√
2

(1 + (−1)SP12)

(
−Z

r1
+ V12(r1, r2)

)
χR(r1)aR ĵ0(ki r1)ϕi (r2).
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Àñèìïòîòè÷åñêîå ïîâåäåíèå âîëíîâîé ôóíêöèè

Ψ(X ) ∼
ρ→∞ χA(X ; pα) +

∑
B

ϕB(xβ)ABA(ŷβ , pα)QB(yβ ,E) +A0(X̂ ; pα)Q0(ρ,E).

The state of the two body subsystem is describe by B: B = {β; n′, l ′,m′}.
The incoming Coulomb wave

χA(X ; pα) = ϕA(xα) exp{i(pα, yα)}e−πηA/2Γ(1 + iηA)Φ(−iηA, 1, ipαyα − i(pα, yα)),

ηA =
qαα

2
√
E + εA

, qαα =
∑
γ 6=α

qγ/|sγα|.

The distorted spherical waves

QB(yβ ,E) = exp {i
√

E + εB yβ + iWB}y−1
β , WB = −ηB ln 2

√
E + εB yβ ,

Q0(ρ,E) = exp {i
√
E ρ+ iW0}ρ−5/2, W0 = − ρ

2
√

E

∑
γ

qγ
xγ

ln 2ρ
√
E .
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Àñèìïòîòè÷åñêîå ïîâåäåíèå âîëíîâîé ôóíêöèè: ìîäåëü ÒÏ

Φ(r1, r2) ∼
∑
j

fji (kj)
1√
2

(1 + (−1)SP12)U+
0 (ηj , kj r1)ϕj(r2) + F (α)

e iKρ+iQ0(ρ)

(Kρ)5/2
,

where Q0(ρ) = − ρ
K
V (r1, r2) ln (2Kρ), the hyperradius ρ = (r 21 + r 22 )1/2 and the angle

α = arctan(r2/r1). The break-up momentum K is given as K 2 = 2(E − εi ).
The amplitude fji is calculated with the projection of the w.f. on ϕj(r2):

fji (kj) = lim
r1→∞

√
2
(
U+
0 (ηj , kj r1)

)−1
∫ R

0

dr2r
2
2ϕj(r2)Φ(r1, r2).

The cross sections are given as

σji (kj) = 4π
kj
ki
|fji (kj)|2.

They can be also calculated with the projected optical theorem

σa =

(
−8π

k2
i

)
=m

∫ R

0

(PaΦ(R, r2))∗
∂

∂r1
(PaΦ(r1, r2))|r1=R dr2,

and the surface integral representation

fji (kj) =
√

2

∫ R

0

dr2r
2
1ϕj(r2)

[
1

r1
Φ(r1, r2)

∂

∂r1
j0(kj r1)− j0(kj r1)

∂

∂r1

1

r1
Φ(r1, r2)

]∣∣∣∣
r1=R

.
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1s-ns ñå÷åíèÿ äëÿ e-H ðàññåÿíèÿ
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Ðèñ.: The singlet 1s (left) and 5s (right) scattering cross sections at the energy E = 17.6 eV
with spin weighting, as functions of the radius R.
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1s-ns ñå÷åíèÿ äëÿ e-H ðàññåÿíèÿ
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Ðèñ.: The singlet (left) and triplet (right) electron-hydrogen cross sections.
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1s-2s ñå÷åíèÿ
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The e-H (left) and e-He+ (right) 1s-2s cross sections. The singlet (�rst line) and the
triplet (second line) results.
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Âîëíîâàÿ ôóíêöèÿ e-He+ ðàññåÿíèÿ

1 0
2 0

3 0
4 0

5 0
6 0
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- 1 , 0 x 1 0 - 5

0 , 0
1 , 0 x 1 0 - 5

2 , 0 x 1 0 - 5

3 , 0 x 1 0 - 5

1 0
2 0

3 0
4 0

5 0
6 0Z A

xis

Y  A x i sX  A x i s
2 0

4 0

6 0

0 , 0 0 0 0

2 0

4 0

6 0Z A
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Y  A x i sX  A x i s

Ðèñ.: Âåùåñòâåííàÿ (ñëåâà) è ìíèìàÿ (ñïðàâà) ÷àñòè âîëíîâîé ôóíêöèè e-He+ ðàññåÿíèÿ,
ýíåðãèÿ E = 1 à.å.

() 6 ôåâðàëÿ 2014 24 / 26



Âîëíîâàÿ ôóíêöèÿ e-He+ ðàññåÿíèÿ
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Âîëíîâàÿ ôóíêöèÿ e-He+ ðàññåÿíèÿ
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Âûâîäû

Ìåòîä êîìïëåêñíûõ âðàùåíèé (ÊÂ) îñíîâàí íà òî÷íûõ ìàòåìàòè÷åñêèõ
ðåçóëüòàòàõ

Ìåòîä ÊÂ ïîçâîëÿåò â ðàìêàõ åäèíîãî ïîäõîäà èçó÷àòü ðåçîíàíñû è ïðîöåññû
ðàññåÿíèÿ â êâàíòîâûõ ñèñòåìàõ íåñêîëüêèõ ÷àñòèö, à òàêæå óñòàíàâëèâàòü
ñâÿçè ýòèìè ÿâëåíèÿìè è ïðîöåññàìè

Ìîäèôèêàöèÿ ìåòîäà ÊÂ (ìåòîä ðàñùåïëåíèÿ ïîòåíöèàëà) ïîçâîëÿåò
èññëåäîâàòü ñèñòåìû ñ àñèìïòîòè÷åñêèì êóëîíîâñèì âçàèìîäåéñòâèåì
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