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Ëåêöèÿ 2

Âû÷èñëåíèÿ ðåçîíàíñîâ â ñèñòåìàõ íåñêîëüêèõ ÷àñòèö. Ïðèìåðû. Ñâÿçü ðåçîíàíñîâ
è ïîâåäåíèÿ ñå÷åíèÿ ðàññåÿíèÿ. Ôèçè÷åñêèé ñìûñë ðåçîíàíñíîé ôóíêöèè.
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Îñíîâíûå ðåçóëüòàòû Ëåêöèè 1

Êîìïëåêñíûå âðàùåíèÿ
(Uθ1 u)(x) = J(θ)1/2u[φθ(x)].

Ìîäèôèöèðîâàííûé Ãàìèëüòîíèàí:

H(θ) = Uθ1 (H0 + V )(Uθ1 )−1.

Ñïåêòð H(θ):

Âñå âåòâè íåïðåðûâíîãî ñïåêòðà H0 ïîâîðà÷èâàþòñÿ íà óãîë 2θ

Ýíåðãèè ñâÿçàííûõ ñîñòîÿíèé îñòàþòñÿ íåèçìåííûìè

Âîçíèêàþò íîâûå êîìïëåêñíûå òî÷êè äèñêðåòíîãî ñïåêòðà � ðåçîíàíñû. Èõ
ïîëîæåíèå íåçàâèñèìî îò θ ïîñëå ïðåâûøåíèÿ êðèòè÷åñêîãî óãëà
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Ïðèìåð 1: ïîòåíöèàë

Ïîòåíöèàë
V (r) = V0r

2 exp (−r).

Ïðèíàäëåæèò êëàññó Fπ/2.
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Ïðèìåð 1: ðåçîíàíñû

Êîìïëåêñíûå ñîáñòâåííûå çíà÷åíèÿ äëÿ ïîòåíöèàëà ñ V0 = 7.5 (òðåóãîëüíèêè) è
V0 = 15 (êâàäðàòû).
V0 = 7.5: 3.4263903-i0.01277448, 4.8348068-i1.1178766, ...
V0 = 15: 5.4622398-i0.5818 10−4, 8.7255153-i0.5353910, ...
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Ïðèìåð 1: ñå÷åíèå ðàññåÿíèÿ

S-âîëíîâîå ñå÷åíèå ðàññåÿíèÿ äëÿ ïîòåíöèàëà V0 = 7.5 (a) è V0 = 15 (b).
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Âû÷èñëåíèå ðåçîíàíñîâ

Èùåì ñîáñòâåííûå çíà÷åíèÿ ýíåðãèè:

H(θ)Ψθ = zΨθ.

Ðåçîíàíñíûå ñîñòîÿíèÿ äëÿ H(θ) � êâàäðàòè÷íî èíòåãðèðóåìû.
Ìîæíî èñêàòü ñ ïîìîùüþ ðàçëîæåíèÿ ïî ðàçíîîáðàçíûì áàçèñàì:

Ψθ =
N∑
i=1

ciϕi (x).

Îïåðàòîð H(θ) � íåñèììåòðè÷íûé!
Ìîæíî èñêàòü ðåøåíèå âàðèàöèîííîé çàäà÷è: íàéòè Ψθ è z òàêèå, ÷òî

〈H(θ)Ψθ,Φ〉 = z〈Ψθ,Φ〉 ∀Φ.

Åñòåñòâåííî çàïèñûâàåòñÿ â ìàòðè÷íîì âèäå:

Ĥ(θ)~c = zŜ~c, Ĥij(θ) = 〈H(θ)ϕi , ϕj〉, Ŝij = 〈ϕi , ϕj〉.

Ýòî � îáîáùåííàÿ çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ.
Ìàòðèöà Ĥ(θ) � ñèììåòðè÷íàÿ (íå êîìïëåêñíî-ñèììåòðè÷íàÿ!).
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Ïîñëåäñòâèÿ äèñêðåòèçàöèè

Îñíîâíàÿ òåîðåìà î ñïåêòðå äëÿ Ĥ(θ) íå âûïîëíÿåòñÿ!.
Ïîëîæåíèÿ ðåçîíàíñîâ çàâèñÿò îò óãëà θ.
Òî÷íûé àíàëîã âàðèàöèîííîãî ïðèíöèïà äëÿ ñâÿçàííûõ ñîñòîÿíèé

z = min
||Ψ0||=1

〈H(0)Ψ0,Ψ0〉

îòñóòñòâóåò äëÿ ðåçîíàíñîâ.

Àíàëîã âàðèàöèîííîãî ïðèíöèïà:

d<e z

dθ

∣∣∣∣
θr

= 0 è
d=m z

dθ

∣∣∣∣
θi

= 0 .

Îïòèìàëüíûå óãëû θr è θi ñõîäÿòñÿ ê îäíîìó óãëó ñ ïîâûøåíèåì òî÷íîñòè
âû÷èñëåíèé.
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Äâàæäû âîçáóæäåííûå ñîñòîÿíèÿ àòîìà ãåëèÿ

Ñèñòåìà òðåõ ÷àñòèö ñ ïàðíûìè êóëîíîâñêèìè âçàèìîäåéñòâèÿìè, äèñêðåòíûå
ñòåïåíè ñâîáîäû ìîãóò áûòü îòäåëåíû (÷åòíîñòü, ïîëíûé óãëîâîé ìîìåíò).
Ðàçëàãàåì ðåøåíèÿ ïî D-ôóíêöèÿì Âèãíåðà:

ΨLτ
m =

L∑
s

1√
2 + 2δs0

(
DL

ms(α, β, γ) + τ(−1)sDL
m−s(α, β, γ)

)
ψLτ

s (R) .

α, β, γ � óãëû Ýéëåðà.
R = {r1, r2, c}, ãäå ri � ðàññòîÿíèå îò i-ãî ýëåêòðîíà äî ÿäðà, è c = cos(~r1, ~r2).
Ïîäñòàíîâêà òàêîãî ïðåäñòàâëåíèÿ â óðàâíåíèå Øðåäèíãåðà ïðèâîäèò ê êîíå÷íîé
ñèñòåìå òðåõìåðíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
Ñîîòâåòñòâóþùèé Ãàìèëüòîíèàí � ìàòðè÷íûé òðåõìåðíûé äèô.îïåðàòîð.
Ìîæåò áûòü ïðåîáðàçîâàí ñ ïîìîùüþ êîìïëåêñíîãî ïðåîáðàçîâàíèÿ êîîðäèíàòû R.
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Äâàæäû âîçáóæäåííûå ñîñòîÿíèÿ àòîìà ãåëèÿ

Âåùåñòâåííàÿ (âåðõ) è ìíèìàÿ (íèç) ÷àñòè 3P0(1) ðåçîíàíñà êàê ôóíêöèè óãëà θ.
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Ðåçîíàíñû âàí-äåð-Âààëüñîâà êîìïëåêñà Ne-ICl

30 ðåçîíàíñîâ ïðè J = 0 äëÿ v = 2 ñîñòîÿíèÿ ICl.
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Âëèÿíèå ðåçîíàíñîâ íà ñå÷åíèå ðàññåÿíèÿ

Òåîðåìà Ìèòòàã-Ëåôôëåðà (Mittag-Le�er) î ïðåäñòàâëåíèè ìåðîìîðôíîé ôóíêöèè.
Ðàçëîæåíèå ïàðöèàëüíîé S-ìàòðèöû:

S`(E) =
N∑
j

Res[S`(zj)]

E − zj
+

1

2πi

∮
C

S`(z)

(z − E)
dz .

Çíà÷åíèÿ ðåçîíàíñíûõ âû÷åòîâ Res[S0(zj)]:
V0 = 7.5: (-0.956-i0.208) 10−2, -0.196+i0.960, ...
V0 = 15: (0.221+i0.273) 10−4, 0.2802+i0.2069, ...
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Âëèÿíèå ðåçîíàíñîâ íà ñå÷åíèå ðàññåÿíèÿ

Èñêëþ÷åíèå âêëàäà ðåçîíàíñà â ñå÷åíèå:

S̃`(E , zi ) = S`(E)− Res[S`(zi )]

E − zi
.

S-âîëíîâîå ñå÷åíèå ðàññåÿíèÿ: ïîëíîå è ñ èñêëþ÷åííûì âêëàäîì ïåðâîãî ðåçîíàíñà
(V0 = 7.5)
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Äâóõêàíàëüíàÿ ìîäåëüíàÿ ñèñòåìà (Noro-Taylor potential)

V(r) =

[
−r 2e−r −7.5r 2e−r

−7.5r 2e−r 7.5r 2e−r + 0.1

]
.
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Äâóõêàíàëüíàÿ ìîäåëüíàÿ ñèñòåìà (Noro-Taylor potential)

Ñõåìà ñïåêòðà ñèñòåìû ïðè
êîìïëåêñíûõ âðàùåíèÿõ:
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Äâóõêàíàëüíàÿ ìîäåëüíàÿ ñèñòåìà (Noro-Taylor potential)
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N3+(1s22s2) + H(1s) → NH3+ → N2+(1s22s23s) + H+ ðåàêöèÿ

Ïîðîãè: E1 = 0, E2 = −0.235.
Ïðèâåäåííàÿ ìàññà µ = 1713.5.
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N3+(1s22s2) + H(1s) → NH3+ → N2+(1s22s23s) + H+ ðåàêöèÿ
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Ïàðöèàëüíûå øèðèíû ðàñïàäà â ìíîãîêàíàëüíîé ñèñòåìå

Àñèìïòîòè÷åñêîå ïîâåäåíèå âîëíîâîé ôóíêöèè ðåçîíàíñà:

ϕ(r)→ A(µ/k)1/2 exp (ikφθ(r)).

Ýòà â.ô. � àíàëèòè÷åñêîå ïðîäîëæåíèå Siegert â.ô.:

ψSieg (r)→ A(µ/k)1/2 exp (ikr).

Ââåäåì îïåðàòîð

j =
1

2µi

(
ψ∗Sieg

dψSieg

dr
− ψSieg

dψ∗Sieg
dr

)
.

Åãî ñðåäíåå çíà÷åíèå:
〈j〉 = Γ = |A|2.

Òîãäà øèðèíó ìîæíî íàéòè êàê

Γ = lim
r→+∞

|ϕ(r)g(r)|2, ãäå g(r) = (k/µ)1/2 exp (−ikφθ(r)).

Â ìíîãîêàíàëüíîì ñëó÷àå:

Γj = lim
r→+∞

|k1/2
j ϕres

j (r) exp (−ikjφθ(r))|2.
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ßäðî óãëåðîäà 12C

Process: formation of 12C nucleus from three α particles due to a resonant reaction

Place and conditions: in the centres of stars, at temperatures from 107 K to 1010 K
(most important range 108 K to 109 K)

Signi�cant for:
determining elemental abundances in the Universe
determining the size of the iron core of a star just before it goes supernova
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Ðåçîíàíñû â 3α êëàñòåðíîé ìîäåëè ÿäðà 12C

Ïîëíîå âçàèìîäåéñòâèå:

V̂ =
3∑
α=1

Vc(xα) +
3∑
α=1

Vs(xα) + V3(x1, x2, x3)

Êóëîíîâñêèé ïîòåíöèàë:

Vc(r) =
4e2

r

Ïàðíîå âçàèìîäåéñòâèå â α− α ñèñòåìå (Ali-Bodmer), â êàæäîé âîëíå:

V (l)
s (r) = V

(l)
1 exp

(
−
( r

β
(l)
1

)2
)

+ V
(l)
2 exp

(
−
( r

β
(l)
2

)2
)

Ýôôåêòèâíîå òðåõ÷àñòè÷íîå âçàèìîäåéñòâèå:

V3(x1, x2, x3) = V exp

(
−x2

1 + x2
2 + x2

3

3β2

)
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Òåîðåòè÷åñêàÿ êàðòèíà ñòðóêòóðû ðåçîíàíñîâ

Ðèñ.: Ñïåêòð ÿäðà 12C ïîñëå êîìïëåêñíîãî âðàùåíèÿ

() 5 ôåâðàëÿ 2014 22 / 25



Øèðîêèå ðåçîíàíñû

Òàáëèöà: Energies Er − iΓ/2 of �rst resonances of 8Be system.

El=0, KeV El=2, MeV El=4, MeV

M1 92.7− 3 · 10−3i 2.70− 0.77i
M2 93.9− 3 · 10−3i 2.90− 0.64i 11.6− 1.55i

Òàáëèöà: Energies (MeV) of wide resonance states of 12C

M1 M2
3.3 − 1.0i 3.7 − 0.9i
3.7 − 1.2i 4.1 − 1.0i
4.0 − 1.3i 4.5 − 1.2i
4.2 − 1.6i 4.9 − 1.4i
4.5 − 2.0i 5.3 − 1.7i

5.6 − 2.1i
15.1 − 1.9i

14 − 2i
16 − 3i
17 − 4i
18 − 4i
19 − 6i
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Ðåçîíàíñû: öèôðû â öâåòå

Ðèñ.: Äèñêðåòèçîâàííûé ñîìïëåêñíî ïîâåðíóòûé ñïåêòð ÿäðà 12C
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Ðåçîíàíñû: ïðîñòî öèôðû

Ðèñ.: Äèñêðåòèçîâàííûé ñîìïëåêñíî ïîâåðíóòûé ñïåêòð ÿäðà 12C
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