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Ëåêöèÿ 1

Ðåçîíàíñû. Ìàòåìàòè÷åñêèå îñíîâû ìåòîäà êîìïëåêñíûõ âðàùåíèé. Îáîáùåíèÿ
ìåòîäà.

Ëåêöèÿ 2

Âû÷èñëåíèÿ ðåçîíàíñîâ â ñèñòåìàõ íåñêîëüêèõ ÷àñòèö. Ïðèìåðû. Ñâÿçü ðåçîíàíñîâ
è ïîâåäåíèÿ ñå÷åíèÿ ðàññåÿíèÿ. Ôèçè÷åñêèé ñìûñë ðåçîíàíñíîé ôóíêöèè.
Ëåêöèÿ 3

Èñïîëüçîâàíèå ìåòîäà êîìïëåêñíûõ âðàùåíèé äëÿ ðåøåíèÿ çàäà÷è ðàññåÿíèÿ.
Îñîáåííîñòè ïðèìåíåíèÿ äëÿ êîðîòêîäåéñòâóþùèõ, äàëüíîäåéñòâóþùèõ è
êóëîíîâñêèõ ïîòåíöèàëîâ.
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Ðåçîíàíñû

Ñå÷åíèå ðàññåÿíèÿ ∼ êâàäðàò ìîäóëÿ àìïëèòóäû ðàññåÿíèÿ f (E).
f (E) àíàëèòè÷íà â C/σ(H).
Ïðåäïîëîæèì, ÷òî f (E) èìååò àíàëèòè÷åñêîå ïðîäîëæåíèå íà âòîðîé ëèñò, è ÷òî íà
âòîðîì ëèñòå åñòü ïðîñòîé ïîëþñ â òî÷êå Er − iΓ/2 âáëèçè âåùåñòâåííîé îñè:

f (E) =
C

E − Er + 1
2
iΓ

+ fb(E).

Åñëè Γ ìàëà è fb(Er ) íå ñëèøêîì âåëèêà, òî

|f (E)|2 =
|C |2

(E − Er )2 + 1
4
Γ2

+ R,

R ìàë â îêðåñòíîñòè Er .
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Îïðåäåëåíèÿ ðåçîíàíñîâ

Ïîâåäåíèå (ïèêè) àìïëèòóäû ðàññåÿíèÿ

Ñâÿçü ñ êâàçèêëàññè÷åñêèì ïîâåäåíèåì ñèñòåìû

Îñîáåííîñòè ðåçîëüâåíòû íà âòîðîì ëèñòå

Îïðåäåëåíèå.

Ïóñòü ñóùåñòâóåò òàêîå ïëîòíîå ìíîæåñòâî âåêòîðîâ D ⊂ H, ÷òî äëÿ âñåõ ψ ∈ D
îáå ôóíêöèè (ψ, (H − z)−1ψ) = Rψ(z) è (ψ, (H0 − z)−1ψ) = R

(0)
ψ (z) èìåþò

àíàëèòè÷åñêîå ïðîäîëæåíèå íà âòîðîé ëèñò. Åñëè R
(0)
ψ (z) àíàëèòè÷íà â

z0 = Er − 1
2
iΓ, à Rψ(z) ïðè íåêîòîðîì ψ èìååò ïîëþñ â z0, òî z0 íàçûâàåòñÿ

ðåçîíàíñíûì ïîëþñîì, à Γ - øèðèíîé ðåçîíàíñà.
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Ìåòîä ìàñøòàáíûõ ïðåîáðàçîâàíèé (êîìïëåêñíûõ âðàùåíèé)

Ãðóïïà îïåðàòîðîâ ìàñøòàáíûõ ïðåîáðàçîâàíèé (ðàñòÿæåíèé) íà R3: ãðóïïà
óíèòàðíûõ îïåðàòîðîâ u(θ):

(u(θ)ψ)(r) = e3θ/2ψ(eθr).

Â îäíîìåðíîì ñëó÷àå
(u(θ)ψ)(r) = eθ/2ψ(eθr).

Ïðåîáðàçîâàíèå êèíåòè÷åñêîé ýíåðãèè H0 = −∆:

u(θ)H0u(θ)−1 = e−2θH0 ≡ H0(θ).

Òàêèì îáðàçîì, îïåðàòîð u(θ)H0u(θ)−1 äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå íà
êîìïëåêñíûå θ.
Íåïðåðûâíûé ñïåêòð H0(θ):

σ(H0(θ)) = {z : arg z = −2=m θ}.

Âûáåðåì ïîäõîäÿùèé êëàññ ïîòåíöèàëîâ, ÷òîáû òàêîå ïðîäîëæåíèå ñóùåñòâîâàëî è
äëÿ H = −∆ + V .
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Ïîòåíöèàëû, àíàëèòè÷åñêèå îòíîñèòåëüíî ðàñòÿæåíèé

Îïðåäåëåíèå. Êâàäðàòè÷íàÿ ôîðìà V ïðèíàäëåæèò êëàññó Fα (α > 0) òîãäà è
òîëüêî òîãäà, êîãäà

V � ñèììåòðè÷åñêàÿ ôîðìà, ïðè÷åì Q(H0) ⊂ Q(V )

îïåðàòîð (H0 + I )−1/2V (H0 + I )−1/2 êîìïàêòåí

ñåìåéñòâî îïåðàòîðîâ

F (θ) = (H0 + I )−1/2(u(θ)Vu(θ)−1)(H0 + I )−1/2,

îïðåäåëåííûõ ïðè θ ∈ R, èìååò ïðîäîëæåíèå äî àíàëèòè÷åñêîé îãðàíè÷åííîé
îïåðàòîðíîçíà÷íîé ôóíêöèè â ïîëîñå Bα, ãäå

Bα ≡ {θ : |=m θ| < α}.

Ìíîæåñòâî
⋃
α>0 Fα íàçûâàåòñÿ ñåìåéñòâîì ïîòåíöèàëîâ, àíàëèòè÷åñêèõ

îòíîñèòåëüíî ðàñòÿæåíèé.

Â ýòîì îïðåäåëåíèè u(θ)Vu(θ)−1 ≡ V (θ), ãäå V (θ)(ψ,ϕ) = V (u(−θ)ψ, u(−θ)ϕ)
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Ïðèìåðû ïîòåíöèàëîâ, àíàëèòè÷åñêèõ îòíîñèòåëüíî ðàñòÿæåíèé

Ïðèìåð 1.

Ïóñòü V (r) � öåíòðàëüíûé âåùåñòâåííûé ïîòåíöèàë. Ïðè âåùåñòâåííîì θ, V (θ) �
îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ V (eθr).
Åñëè V (r) îáëàäàåò àíàëèòè÷åñêèì ïðîäîëæåíèåì V (z) â ñåêòîð {z : | arg z | < α},
ïðè÷åì äëÿ êàæäîãî β < α

lim
|z|→∞,| arg z|<β

V (z) = 0

è

sup
0<|ϕ|<β

∫
|r|,|r′|≤1

|V (e iϕr)||V (e iϕr ′)||r − r ′|−2d3r d3r ′ <∞,

òî V àíàëèòè÷åí îòíîñèòåëüíî ðàñòÿæåíèé.
Â ÷àñòíîñòè:
êóëîíîâñêèé ïîòåíöèàë V (r) = r−1 ∈ F∞,
ïîòåíöèàë Þêàâû V (r) = e−µr/r ∈ Fπ/2 ïðè µ > 0.

Ïîòåíöèàëû íå îáÿçàíû áûòü ëîêàëüíûìè!
Ïðèìåð 2. Ïóñòü ψ ∈ L2 � àíàëèòè÷åñêèé âåêòîð ãåíåðàòîðà ãðóïïû u(θ), è
ψ(θ) = u(θ)ψ. Ïóñòü V = (ψ, ·)ψ. Òîãäà V (θ) = (ψ(θ), ·)ψ(θ), è V àíàëèòè÷åí
îòíîñèòåëüíî ðàñòÿæåíèé.
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Îñíîâíàÿ òåîðåìà ìåòîäà êîìïëåêñíûõ âðàùåíèé

Òåîðåìà. Ïóñòü H0 = −∆ â L2(R3), è ïóñòü V ∈ Fα äëÿ íåêîòîðîãî α > 0. Ïóñòü
θ ∈ Bα, è H(θ) = e−2θH0 + V (θ). Òîãäà

σ(H(θ)) çàâèñèò ëèøü îò =m θ,

σ(H(θ)) ñîñòîèò èç {e−2θλ, λ ∈ [0,∞)}
⋃
σd(θ), ãäå êàæäîå µ ∈ σd(θ) �

ñîáñòâåííîå çíà÷åíèå êîíå÷íîé êðàòíîñòè,

σd(θ) = σd(θ),

åñëè 0 < =m θ < π/2, òî σd(θ) ⊂ R
⋃
{µ : −2=m θ < arg µ < 0} è

R
⋂
σd(θ) = σpp(H(0)) {0}.

Åñëè =m ϕ < =m θ < π/2, òî σd(ϕ) ⊂ σd(θ).

σsing (H(0)) = ∅.
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{µ : −2=m θ < arg µ < 0} è

R
⋂
σd(θ) = σpp(H(0)) {0}.

Åñëè =m ϕ < =m θ < π/2, òî σd(ϕ) ⊂ σd(θ).

σsing (H(0)) = ∅.
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Âîçìîæíûå íàçâàíèÿ:

Analytic distortion

Analytic dilation

Complex scaling

Complex rotation

Âûáåðåì ñåìåéñòâî Uλ óíèòàðíûõ îïåðàòîðîâ, λ ∈ [−λ0, λ0], òàê ÷òî ñåìåéñòâî
H(λ) = UλHU

−1
λ äîïóñêàåò åñòåñòâåííîå àíàëèòè÷åñêîå ïðîäîëæåíèå.

Ïóñòü A � ïðîñòðàíñòâî ôóíêöèé, òàêîå ÷òî:

∀ψ ∈ A λ→ Uλψ àíàëèòè÷íî ïðè |λ| < λ0,

UλA ïëîòíî â L2 ∀λ : |λ| < λ0.
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Ñëó÷àé À. (Uniform) complex scaling. Êîìïëåêñíûå âðàùåíèÿ.
J. Aguilar and J.M. Combes, Comm. Math. Phys. 22, 269 (1971).
E. Balslev and J.M. Combes, Comm. Math. Phys. 22, 280 (1971).
Ïóñòü λ = eθ − 1. Òîãäà

θ → Uθ0 ãäå Uθ0 u = enθ/2u(eθx).

Â êà÷åñòâå A ìîæíî âçÿòü ìíîæåñòâî ãîëîìîðôíûõ âåêòîðîâ ãðóïïû Uθ0 äëÿ
|=m θ| > α0.
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Ñëó÷àé Á. (Sharp) exterior complex scaling. Âíåøíèå êîìïëåêñíûå âðàùåíèÿ.
B. Simon, Ann. Math. 97, 247 (1973).
C.A. Nicolaides and D.R. Beck, Phys. Lett. 65A, 11 (1978).
B. Simon, Phys. Lett. 71A, 211 (1979).
Îáîçíà÷èì r = |x | è ââåäåì ôóíêöèþ

fθ(r) =

{
1 äëÿ 0 ≤ r ≤ R
r−1

(
R + eθ(r − R)

)
, R ≤ r <∞

äëÿ R > 0.
Îïðåäåëèì îòîáðàæåíèå

x → φθ(x) = xfθ(r)

(Uθ1 u)(x) = J(θ)1/2u[φθ(x)],

ãäå J(θ) � ÿêîáèàí îòîáðàæåíèÿ φθ
Ïóñòü ïîòåíöèàë V ∈ C∞(Rn,R) è äîïóñêàåò àíàëèòè÷åñêîå ïðîäîëæåíèå â îáëàñòü
D,

D = {x ∈ C n, |<e x | ≥ M, |=m x | ≤ ε0|<e x |}
è âûïîëíåíî:

lim
|x|→∞, x∈D

V (x) = 0.
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Äëÿ òàêèõ ïîòåíöèàëîâ è äîñòàòî÷íî áîëüøîãî R, ìîæíî îïðåäåëèòü
Hθ = Uθ1H(Uθ1 )−1 äëÿ âåùåñòâåííûõ θ è ïðîäîëæèòü åãî çàòåì äëÿ θ : =m 6= 0.
Çäåñü îáëàñòü îïðåäåëåíèÿ Hθ çàâèñèò îò θ.
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Ñëó÷àé Á. (Soft) exterior complex scaling. Ãëàäêèå âíåøíèå êîìïëåêñíûå âðàùåíèÿ.
Äëÿ ECS èìååòñÿ ñèíãóëÿðíîñòü ïðè |x | = R.
Âûáåðåì g(r) � C k -ôóíêöèþ (k ≥ 2) òàêóþ, ÷òî

g � íåóáûâàþùàÿ è èìååò îãðàíè÷åííûå ïðîèçâîäíûå

lim
r→∞

g(r)(r − R)−1 = 1

g(r) =

{
0, 0 < r ≤ R
g̃(r), r ≥ R

ãäå g̃ � ñóæåíèå íà r > R àíàëèòè÷åñêîé ôóíêöèè, îïðåäåëåííîé â ñåêòîðå S0,
è óäîâëåòâîðÿþùåé ñëåäóþùåìó (òåõíè÷åñêîìó) óñëîâèþ:

|g̃(z)| ≤ [|x − R|+ |y |] (1 + O(|x − R|2))

äëÿ x > R, z = (x + iy) ∈ S0
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Ïðèìåð.

g̃(z) = (z − R)
(

1− e−(z−R)2
)
.

Òåïåðü Hθ � àíàëèòè÷åñêîå ñåìåéñòâî íà ïîñòîÿííîé îáëàñòè îïðåäåëåíèÿ H2(Rn).
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Îáîáùåííûå âàðèàíòû êîìïëåêñíûõ âðàùåíèé

Òðè òèïà êîìïëåêñíûõ âðàùåíèé
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