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AHHOTaIuMs

KBanToBas Teopus moJisg — OJIMH W3 KJIOYEBHIX Pa3/IeJIOB COBPEMEHHON TeopeTmdec-
Koit pu3uku. BO3HWKHYB MCTOPMYECKM KAaK TEOPETHYeCKWil anmapar (pu3WKW BHICOKUX
3HepTruil, B HACTOAIIEE BpeMs KBAHTOBasd TEOPHUS TOJIs, BMECTE C TEOpPUEN CTPYH M MHTET-
PUPYEMBIX CUCTeM, 00pa3yeT BeChbMa, TMHAMUYHO PA3BUBAIOIIEECS SIJIPO BCelt COBPEMEHHO
MaTeMaTudeckoi ¢pusvuku. J[aHHBIH TEKCT 33/ [yMaH KaK CPABHUTEJIBHO YJIEMEHTAPHOE W3-
JIOYKeHWe OCHOB KBaAHTOBOH Teopny nossA. BBUAY HaIndns HEMAJIOTO KOJUIECTBA, XOPOITHX
y4eGHUKOB, C/Ie/IaHa TONBITKA COOPATH W3 HUX BCE Jiydinee (B MearorndeckoM IUIaHE), Te-
pepaboTaB B €IMHOM CTUJIE ¥ MaKCHUMAJbHO YIPOCTUB M3JI0KEHWE.



0. Bsenenme

JlanHoe TocoOue He SBJISIETCS CAMOJOCTATOYHBIM yUeOHUKOM. DTO BCETO JIUIIh KOH-
CTEKT, TPU3BAHHBIN OBITH 3JIEMEHTOM B CBsI3Ke “JIEKIIMN + KOHCIEKT' Ju00 “KOHCHEKT +
yue6uuK”. [lepBhiit BapuaHT KoMMeHTapueB He Tpebyer. IIpuMennTEILHO Ke KO BTOPOMY,
Clie/IyeT TPeayIpe/IiTh 0 HEKOTOPHIX OTJINYHAX OT OOIIENPHUHATHIX CTaHAApTOB. ABTOD
MCXOJUT W3 TOrO, YTO KBAHTOBAasl TEOPHs TOJs (B CBOMX OCHOBaX) chOPMHUPOBAJIACH He
BU€Epa, a HECKOJIBKO JIECSITKOB JIET HA33J, W TPOILIA 33 3TO BPEMS JIOCTATOYHYIO aIpo-
bamuio. IlosTomy ropasno BaxkHee 06BACHUMb CTYEHTY TOT WJIN WHOM DE3YJbTAT, 4eM
CMP0o20 6bl8ECTNY €TO — BEJIb HUKTO W TAK HE COMHEBAETCS B €r0 MPABWIHHOCTH. IDTUM
00bSICHIETCS BeCbMa, JTMOEPAJbHOE OTHOIEHNE K CTPOTOCTH JOKA3ATEIbCTB B MPE/JIATa-
€MOM TeKcTe. JacTo HaMeYaeTCs JIUIIh OCHOBHAS WJies WJIW JIAETCH TIEPEeYeHb OCHOBHBIX
9TANOB JI0KA3aTeNbCTBA (38 MCKJIOYEHNEM CJIYyYaeB, KOT/a JOKA3aTeILCTBO CaMo 1o cebe
noyunTeNbHO). KpoMme Toro, HEKOTOpHIE YTBEPIKIEHNsT OCTABJIEHBI 6€3 J0Ka3aTEeqbCTRA, TI0
TPUHIUTHATHHBIM COOOPaXKEHUSIM: TI0 MHEHUWIO aBTOPa, WX yJA00Hee MPUHSITH B KA4eCTBE
nocTysgaToB. K TAKOBBIM OTHOCSTCS, HATPUMED, (AHTH)KOMMYTAIMOHHBIE COOTHOIIEHUST
OTIEPATOPOB POXKJIEHUS] ¥ YHUUTOXKEHUSI, 4 TaKXKe TPEJICTABJIEHNE S-MaTpHUILl B (hopMme
T-skcrionenThl. KBaHTOBBIE (CBOGO/IHBIE) TIOJIST TOXKE CUMTAIOTCS TIEPBAYHBIMH OOBEKTAMHE
Teopun. HekoTopbie KOHIIENINY ¥ TOHATHS, YaCTO BCTPEYAIONIAecs B y4eOHOI JuTepa-
Type, B IAHHOM TEKCTE MTPOCTO TPOUTHOPHPOBAHBI, TIOCKOJIbKY B HUX He GBIJIO HYXKIbI (BOJI-
HOBBIE TIAKETHI, ACUMITOTUYECKNE COCTOSTHUS, WHJAMDUHNTHAS METPUKA, PEAYKITMOHHBIE
dbopmysIBl); IpyTHE — O CYTH HE UCTIOJB3YIOTCS, HO YIIOMSIHYTHI /sl CDaBHeHUsT (KaHOHM-
4ecKOoe KBAHTOBAHME, MIPEJICTABIEHNE B3auMOJIeiicTBIsI, Taii3eH6eprossl mosisi). Takxke He
CTAaBUJIACH 33,1293 M3JO0KEHWST KOHKPETHBIX MOJIeJieil TEOPUH TIOJIsI, TAKUX KaK KBAHTOBAas
xpomouaavika (KX/T) win Crannapraas Mojenb. s wutiocTpanuy obImx MeToI0B,
KaK TpaBujio, OpaJuck 60jee MpoCThie MOJETH.

[IposicanB BOTIPOC, Y€TO B 3TOM TOCOOUY Hem, TTOMPOOYeM Teneph YTOYHUTD, UTO K€ B
HEM BCE-TaKW ecMb, U TOJAUTCH JIM OHO JJis camMooOpa3oBanusi. KpaTko MOXKHO CKa3aTh,
YTO JaHHBIH KOHCIHEKT NPEACTABISIET COOOH MUHUMAALHO docmamouHvil Habop 6a306bLL
PopMYA KBAHMOBOT, MEOPUU NOAA , TOTIOTHEHHBIH HEOOXOIMMBIMY TIOSICHEHUSIMU WX JIOT -
qecKO# CTPYKTYpHI M B3amMocBs3eit. OOImas »Ke MOTHBAINS, PABHO KaK M (PU3MUECKUE
WITIOCTPAINH, BO MHOTHX CJIy4YasX OTCYTCTBYIOT. VX KeJaTesIbHO BOCHOJIHATH, MOJb3Y-
ACh OOBIYHBIME yYeOHUKAMU. XOPOIINM YIPasKHEHHEM (TOBBIIIEHHON CJIOKHOCTH) SIBJISI-
€TCST TaKKe JIETAJbHOE CPaBHEHWE JIOTMKW M3JI0YKEHWS KOHKPETHOTO BONPOCA B JAHHOM
nocobun u B (11060M) cTaHAapTHOM yueOHUKe. OTINYAS HOCAT, KaK TPABUIIO, WACHHBIIH
xapaxkTep. [Ipu 3TOoM aBTOpP, KOHEYHO, HE HACTAMBAET, YTO €70 BAPUAHT SBJISIETCS JIYUITUM.
Pestome: coBcem 6e3 yuebHUKA, BUIUMO, He 0OOUTUCH, HO BIyMYNBOE M3yUeHUE TAHHOTO
KOHCIIEKTA, TIJTIOC TAPAJIIETHHOE YTeHHe (BO3SMOXKHO, HECKOJIbKNX) yUeOHNKOB MPEICTABIS-
€TCSl ONTHMAJIbHON KOMOWHAIMel, HUBEJMPYIOIIEeH HEJOCTATKN KAXKJIOTO M3 MCTOYHWKOB
7 TIO3BOJISIONIEN, KaK HU CTPAHHO, JIaXKe CIKOHOMUTH BPEMSI.

JlBa cj0Ba TO TMOBOAY BHYTpEHHEH OPraHW3aIlMM W PACTOJIOXKeHus Martepuasna. Kak
TMPABUJIO, BBOJIST HOBOE TIOHSATHUE, MBI CTAPAEMCS PACCMOTPETh €r0 KaK MOXKHO TOIpobHee
HAa CAMOM TPOCTOM M3 BO3MOXKHBIX HETPUBMAJBHBIX TPUMEPOB. 3aTO TP TEPEXoie K
0oJiee CJIOKHBIM PEATH3ANUAM WM O00OIMEHNAM JAHHOTO TIOHATHS HAM OCTAETCH JIMIIh
yKazaTh n 06CcyuTh oTandus. OTMETHM TaK»Ke OTCYTCTBHUE B JAHHOM TOCOOMHU yIpaXK-
HeHwmii ¥ 337124 (B 06br9yHOM TIOHMMaHuK) . [To 3aMbIcay aBTOpPA, OIHO-€IMHCTBEHHOH (HO
06s13aTeNTbHOI ) 33/1aueil SBISeTCs JeTaTbHOE TIPOCIEKMBAHNE X0/ Paccy K aenuii. Yacro
9TO MOXKHO TPOJeaTh B yMe, HO WHOT/A MOTPeOyIOTCS W BBHIKJIAJIKU Ha Oymare.



Penstuencrckne obosnauennsi. VlHpekchl mpocrpancTBa MUHKOBCKOTO (4-MHJIEKCHI)
0003HAYAIOTCA TpeuecKMMHU OGykBaMu u mpmHUMAIOT 3HadeHus 0,1,2,3. Ine mocrasien
MHJIEKC — BBEPXY WJIM BHHU3Y — He Oyier mMerh 3HaUeHWs (MO BO3MOXKHOCTH, OyneM mu-
caTh WHJEKCH BHU3Y). [Ipn cyMMUpOBaHUY 10 4-MHIEKCAM CHUMBOJI CYMMBI ONYCKA€TCS U
IPUHUMAaeTCd CJIeIyIolee YHUBEPCAJIbHOE COTJIAIEHNe O 3HaKaX:

Zaubu = aubu = aobo — a1b1 - a2b2 — a3b3 = aobo —ab = ab. (1)

Torna §-cuMBOJIOM B TPOCTPaHCTBE MUHKOBCKOTO CTAHOBUTCH METPHYECKHI TEH30D

1 0 0 0
0 -1 0 0

9w =g o —1 o> Iw% T Il = G, Gy =4 (2)
00 0 -1

BaejieM elre 01HO coramnenue: Gy1eM pacKphIBaTh CHMBOJ 4-rpauenTa J, He [0 IPaBUILy
z, = (To, 1, T2,23) = (Lo, X) , IPHHATOMY JIIs 4-BEKTOPOB, & HECKOJIBKO MHAYE,

0 0 0
a—x“ 0y = (0o, =01, =0, —03) = (a—zo’_a_x)

= (3,-V). (3)
OTUM JocTuraercs (opMaabHasd KOBAPUAHTHOCTh TuddepeHIMPOBAHNA:
Oy = G Ou (zp) = Dy, Oy (552) = 2z, (xQ =TTy, = x% - X2) . (4)
KiogeByto poJsib B mpocTpancTBe MUHKOBCKOTO MTpaioT npeobpa3oBanus JIopeHna
:EL = Ap 2, z, = Ay, Aophow = Nhoo = G s (5)

OTHOCHMTEJIbHO KOTOPHIX WHBAPHUAHTHHI KBAJAPATHl 4-BEKTOPOB, UX CKAJSAPHBIE TPOU3BEIE-
Hus BEAA (1), & TakxKe caM TE€H30D gy

ath = a:tb:t = Aua Auﬂ aabﬂ = Gop aabﬂ = ab, g;w = Alwt Al/ﬂ Gog = Guv- (6)
B cuny yesoBust (3), KOBApHAHTHBIN penenT npeodpa30BaHusl POU3BOTHOM,
T, = Ay :EL = Oz, = AN, = 0, =AL0,, (7)

HAXOJUTCSA B TIOJTHOM COTJIACHHU C MPABWIOM NuddepEeHTTNMPOBAHNS CJAOXKHON (DYHKIINH,

0 Oxy O ox 0 0z,
!
= = - = —— = A
% oz’ Oz}, Oxg * ox), 0x oz’ O o O

7 7

Hwuke Be3de MCHOJB3YeTCI CHCTEMA eIuHUIl, B KoTopoit A = ¢ = 1. CooTBeTCTBEHHO,
zo =t (Bpems), a py = E (sueprus). [Ins cBOGOJHON YaCTHIBI BHITIOJHSIETCS PEJIATH-
BUCTCKOE cooTHOmenne p° = pi — p? = E? — p? = m? (ycaoBue maccosoti noseprnocmu) .
DeMeHT 06beMa O/ 3HAKOM HHTErPaJia B TPeX- H 9eTHIPEXMEPHOM CJIydae 00603Ha9aeTCs
dp (=dpi dpa dps), dx, dp wim dz, a TpexMepHas W YeThIpexMepHas O-(dyHKITHsI, COOT-
BeTCTBEHHO, 0(p) 1 §(p) wim §(x) u §(x) . [IpUHATH CTaHAAPTHBIE OLpE/EIEHNUS THIIA,

/dfﬂ 0(y —2)f(z) = f(y), /dX e’ = (21)*d(p), /dp " = (2m)"6(z).  (8)



1. KsanToBble noJsa

Anmnapar KBaHTOBO#1 T€OpUHU TOJIA TPUCTOCOOJIEH, B TIEPBYI0 OYEPE/Ib, JJIsS PACIeTOB
GU3NIECKNX XaPAKTEPUCTUK TPOIECCOB C YUACTHUEM 3IJIEMEHTAPHBIX YACTHII, TPOTEKAIO-
IUX PH BHICOKMX (PEISTHBACTCKHX ) SHEPTUSAX. BhIUNCIsIeMble BEIMYNHBI — BEPOSITHOCTH
pacmaja, poXKJAEHNS UM PACCETHUd YaCTHUIl — 3aBUCAT OT UX MacCC, 3ap4/i0B, UMIYJIbCOB,
MPOEKTNi CHWHOB W JIPYTUX TapaMeTpoB. BakHeHInM cpe i UCXOIHBIX JAHHBIX TP Pac-
JeTe KOHKPETHOTO TPOTIECCa, ABJISETCS BUJT B3auMMOJeiicTBUS Mexkay dacturnamu. [locre-
JIOBaTEJIbHO DEJATUBUCTCKAS CXEMa ONMMCAHWI B3aMMOJAEHCTBUI 3J€MEHTapHBIX YaCTHIL,
MPUHATAas B KBAHTOBON TEOPWH TI0JIS, OCHOBaHA HA JarpaHkeBoM noaxoje. [lenTpanbabrit
00bEKT TEOpUH — S-MATPHUIA — BHIPAXKAETCS Yepe3 JATPAHKUAH B3aMMOJENCTBU, KOTO-
pHIit, B CBOIO OYepe/ib, CTPOUTCA W3 KBAHTOBBIX moJjieil. KakaoMy Tumy 3jeMeHTapHBIX
YaCTHI], ONUCHIBAEMBIX TeOpHeil, CONOCTABIIETCI K8AHMOB0E N0AE — ONEPATOPHOZHAYHAS
dbyuknus (nnm HabOp M3 HECKOJABKMX (DYHKIMI) OT YeTHIpEXMEpHON KOOpAMHATH . B
TUX TOJIAX JIOJIXKHA, COIEPKATHCS BCS He0OXouMast MHGOpMAaIms 0 CBOOOTHBIX YaCTHUIIAX
JIAHHOTO THTa. B HaleMm mojxo/ie KBAHTOBbBIE TIOJIST TPAKTYIOTCS KaK TIEPBUYHBIE OO HEKTHI
TEOPHUH ¥ HUOTKY/A He BHIBOAATCS. C MOAPOOHOTO PACCMOTPEHHUS BCEX BO3MOXKHBIX THTIOB
KBaHTOBBIX TOJIEl MBI ¥ HAYHEM HAIle W3JIOKEHNE.

HeiitpanbHoe ckansipvoe none. Hambonee mpoct ciaydait HEWTPAIbHOTO CKAJISPHOTO
moJist. Takoe ToJie, OTBeUalOIIee eMeHTapHOM dacTuile co cnuHoM O u 6e3 3j1eKTpudec-
KOTO 3apsijia, TPEJICTABIIIET U3 ceOs OMepATOPHO3HAYHBINH TpexMepHbIit mHTerpana Pyphbe,

1 d , ,
o0 = o | e (€ 7aD) + 7)) ©)
Kak u mosoxeHo ckauspy, noJe ¢(z) He umeer 4-mnuekca. OBCyauM mMocCJe0BATEIBHO
Bce aseMeHTH dopmyasl (9). Benmumna pr = ppzo — PX — 9T0, KOHEYHO, CKAJISPHOE
IpON3BeIeHNe 4-IMITYJIbCa P, Ha KOOPAMHATY MPOCTPAHCTBa-BpeMeHH Z, . [Ipm sToM Bee
4 KOMIIOHEHTHI Z,, CIMTAIOTCS HE3aBHCUMBIMH, TOTAA KaK y MMIIYJIbCA Py, JEXKAIIETO Ha
MaCCOBO# TIOBEPXHOCTH p° = m?, TOJBKO KOMIIOHEHTH {p1, Po, P3} = P PACCMATPHBAIOTCS
KaK He3aBUCHMbIE ([0 HUM W OCYIIECTBJSETCS (bypbe-MHTEIPHPOBAHUE TI0 BCEMY TDPEX-
MEPHOMY HMMIYJIbCHOMY TIPOCTPAHCTBY), & KOMIIOHEHTa Py (M B MOKA3aTeNIe SKCIOHEHTHI,
W B 3HAMEHATeJIe TI0J] KOPHEM) BRIpaXkaeTcs uepes3 HuX dbopMysoi pyg = ++/m? + p?, kax
HepTUs CBOOOJHOM PENATUBUCTCKOM acTUIhl ¢ Maccoit m. VIMEHHO TaKuM TyTeM Macca
COOTBETCTBYIOIEH YaCTHIIBI, TyCTh ¥ HESBHO, BXOJUT B BbIPAXKEHUE JIs TOJIsT () .
KBanToBas npuposia nodst ¢(x) mesuKoM 00YCJIOBIEHA HAJMYMEM B HEM ONEPATOPOB
a®(p) n a(p), NMEOIUX CMBICJ ONEPATOPOB POXKJEHUS M YHUUTOXKEHNST CBOOOHOM Jac-
THIH JAHHOTO THIA C (TPEXMEPHBIM) UMIYJIbcOM P. DaKTHYECKH, ONPEETEHHEM THX
OTIEPATOPOB ABJISIIOTCA UX KOMMYMAUUOHHBIE COOMHOUIEHUSA

] — ' N — [+ +(n] —
la(p),a™(P')] = é(p—P'), [a(p),a(p)] = [¢"(p),a™(@)] = 0.  (10)
Omneparopst a,a’ gefictyior B mpocrpancTse Poka, 0 KOTOPOM TIOWJIET pedb HUXKE. B
STOM TIPOCTPAHCTBE OHM IPMHUTOBO COTPSI¥KEHBI JIPYT Jpyry, Gaaronaps demy mose ¢(z)
OKa3hIBAETCA SPMATOBBIM: @ = .
®axTop (2m)~%/2 B (9) BLIGPaH W3 coobpaskenw#t ya06CTBA, B TO BpeMs KaK 3HAMeHa-
TeJTh +/2pg Urpaet 6osiee 3HAUNMYTO POJIb, 06ECTIeUNBas PEIATHBACTCKYIO KOBAPUAHTHOCTh
(B aHHOM ciiydae — CKaJsSpHOCTDb) mons ¢(x). JlefcTBUTEIbHO, ONb3YSICh M3BECTHHIM
TIPEJICTABJIEHNEM O-(DYHKITUA OT CJAOXKHOTO apryMeHTa,
Sz — xy)

8(f(z) = > @)l f(zn) = 0, (11)

n
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O Ty YaeM

/dp §(p* — m?) ®(p) = /dp/dpo 8(py — p> —m?) ®(p) = /;% (@(po, P) + ®(—po, P))

(B mpaBoii 4acTu py CHOBa o3HauaeT ++/m? + p?). B cBere sT0r0 (hbaKTa MOKHO TpaK-
TOBaTh dP/py KaK PENSATHBACTCKA WHBAPHAHTHYIO MEPY TPEXMEDHOI'O MHTErDHPOBAHUS,
Po 6(p — P') — Kak PeJATHBU30BAHHYIO TpeXMepHYIO 0-byHKIHMIO, a 3Ha4uT, B cuiy (10),
VPo ot (P) m /P a(p) MOXKHO HA3BATH PEJIATUBH30BAHHBIME OIEPATOPAMH DOXKJIEHHS U
yHU4TOXKeHus. Torma m Bcé BhIpaxkenue (9) MpeCTaeT B PEISITHBACTCKA WHBAPUAHTHOM
00JM9be, CTAHOBSACH OYEHb TOXOXKHM Ha Pe3YyJbTAaT ABHO BHINOJHEHHOTO HHTEIPUPOBA-
HHUA 110 HyJEeBO# KOMIIOHEHTe B HEKOTOPOM MHBAPHMAHTHOM YETHIPEXMEPHOM HHTErpaJe.
Mubivu caosamu, mose (x) (9) ecTb mpocTo ‘pesiTUBH30BaHHAs (Dyphe-yIaKOBKA' st
oneparopos a(p), a’ (p). DTo NO3BOJNT HAM B JAJbHEHIIEM OPraHU30BATh PEJIITUBACTCKH
MHBAPHAHTHOE B3aMMOJEHCTBHE MeXKIy TOJSAMH, B KOTOPOM Ha PABHBIX IPaBaX CMOTYT
YYaCTBOBATH YACTHILL C JHOOBIMY 3HAYEHUAMYA UMIIYJIbCOB.

Narpawxman. Pasobpasimick B crpykrype modist (9), mepeiizieM Tenepb K M3y4YeHWIO
ero cpoitcts. QueBnHO, uTO () yaoBIETBOpsieT ypasHeHruto Kaetna-Iopdona :

p? = m? = (0* +m?) p(z) = 0. (12)

B cayvae kiaccuuecKnx (HEONEPATOPHBIX) TIOJIEH, 3TO YPABHEHHE MOXKET ObITh MOJIyYeHO
KaK ypaBHEHWeE JBUXKEHWS, WM ypaBHeHUe Jlarpanxka-Oitnepa, U3 JarpankKmnaHa

1
2 = 5 (0updup —m¢”). (13)
HamomMaNM 3Ty cTaHAapTHYIO Tporneaypy. IlycTh 3ajiaH jarpanxkuan £ , COCTaBJIEHHBII

U3 ToJiell M UX Nepeviy MPOM3BOJHBIX, M Bapuamus nous ¢(x) — ¢(z) + dp(z):

L = L), 0u®),  eul@) = Oup(),  dpu = 0u(dyp). (14)

Torna Bapuanus deticmeus f dr £ npumer Buj
0L 0L 0¥ 0L

B cnty mponsBonbHOCTH d¢(Z) , yCIOBHEM SKCTPEMyMa, JIEHCTBHS (NpuHyun HauMeHbULELO

deticmeus) Gyner obpaleHre B HyJIb mocJeqHel Kpyrioi ckobku. Tak ypasaenme (12)

BoIBojUTCS M3 (13). B cirydae MHOTOKOMIIOHEHTHBIX TOJEH (,(Z), WM PN HAJIMYHNA

noJiefl pa3HBIX THUIOB, YPABHEHUsI JBUKEHUS 3aMUCHIBAIOTCA JIsT KasKI0M KOMIIOHEHTHI:
0L 0L

% Oap  Opa (16)

PacmpocTpaHsist 9Ty MIE0JIOTHIO HA KBAHTOBBIE (ONEPATOPHO3HAYHBIE) TI0JIST, MBI TIOJIY 9aeM
JIOTIOJTHATEIbHBI aPTYMEHT B TIOJIb3Y BKJIIOUYEHMsI B TeOPHIO hyHIaMeHTaIbHOTO 1o (9)
KOTOPOE SIBJISIETCS PEIIEHNEM TIPOCTOTO PEJISITHBAUCTCKY WHBAPUAHTHOTO ypaBHeHus (12).

ITpu BEIBOsIE (15) MPUMEHEHO MHTErPHUPOBAHKE TIO YACTSAM € OTOPACHIBAHMEM TDAHMY-
HBIX BKJ310B. OCHOBaHMEM JJis 9TOTO OBLIO OOpallieHne BapHAINN TOJS B HYJIb HA TPa-
HHUIIE, XapaKTepHOe JJIs BapHAIMOHHOTO HCYMCIeHuA. B nanbHeitmeM, ogHako, momob6HOe
ompaBJaHue HalaeTcsa He Bcerna. Hampumep, Tpu pacCMOTPEHUH KOHTHMHYAJIbHOTO MHTET-
pupoBaHusi HaM OyjeT y1o6HO 3aIMCHIBATD JIEHCTBHE, OTBeualoliee Jarpamxkuany (13), B
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dopme —1/2 [ dz p()(0* + m?)p(z) . Ommume or ucxoxHOH (HOPMBI — Ha MHTETPAJ OT
TIPOM3BOJIHOM, KOTODBI MOXKeT GHITh MpeoGpa3oBaH B WHTErpaJd To rpaxmmne. I[losromy
FIMEET CMBICJ CPa3y OTPEJIETATh HAIle OTHOIIEHNE K BHIPAYKEHHSM THTIA

/d:v 0,®(z) ~ /d:v dp 0,eP*®(p) ~ /d:v dp ePp,®(p) ~ /dp 5(p)p@(p),

rie ¢ — dbypre-06paz @ . Takue BKAABI 3aBEJIOMO PABHBI HYJIIO, ecsin $(p) HE CHHIYJISPHO
B Touke p = 0. B nmanpHeitimeM Mbl 6ymeM cBOOOIHO TPUMEHATH (hypbe-peodpa3oBaHue
B 00e CTOpOHBI, 1 6e3 KaKuX-J1Mb0 OTOBOPOK TOJIb30BAThCS PABEHCTBAMHU

/d:vauq)(:v) = 0, S(p)p, = 0. (17)

Hawm He BCTpeTWTCS IPUMEPOB, TJi€ 3TO BeJIO OBl K TPOTUBOPEUHIO.

lamMunbTOHMaH. PaccMoTpuM Temeph elne OfHYy ONepaTOPHO3HAYHYIO (DYHKIIMIO

: 0.2 U Po ipT 4+ —ipx
") = 5L = Ouele) = i [0/ (@ ) - Pap). (19

3@70

Ecnn TpakToBaTh () Kak 060BIMEHHYIO JIaTPAHKeBY KOODJIMHATY, TO 7 (%) €CTh KAHOHMU-
YeCKW COTPSKEHHBIN eif mMIyabe. JIerko BHIIMCATh W COOTBETCTBYIONINH TaMUJIHBTOHMAH:

1 1
H = 1oy — L = 5 (72 + (V)2 + m?y?) = 2 (Bow Bop + VeV +m?p?). (19)

Jns nanbHeimero HaM moHao6aTCs KOMMYTATOPH! OonepaTopHbiX dhyHkumii 7(z) n ¢(y),
B3SAThHI€ TP PABHBIX BPEMEHAX Lo = Yo = t:

(%), 0(t,y)] = —id(x—y), [n(tx),7(ty)] = [pt,x),0ty)] = 0  (20)

(nepBbIii 13 HUX 06O6IAET W3BECTHHI KBAHTOBOMEXaHWUECKUIl pe3yabrar [p, ] = —ih).
PazbepeM BBIBOJ, 3THX (HOPMYJI, HAUYAB C KOMMYTaTOPA,

[QD(t, X),QD(t, y)] _ ( 1 / dk dp (5(1{ _ p) (e—ikw-i—ipy _ eikw—ipy)

2m)3 J 2v/kopo
1 [dk  aixey) _ -ikix-y)
— ik(x-y) _ o=ik(x-¥)) = (. (21

@2n)? / TR ¢ ) (21)

Ha nepBoMm 1mare ucosib30BaHbl KOMMY TAIMOHHbBIE cooTHOMEHUs (10) ; HA BTOPOM y4TEHO,
4T0 paBeHCTBO P = k Bieder py = kg, ¥ UTO Ty = Yo ; TOCTEHUI MHTETPAJ Oepercs OT
HEYETHOH (DYHKIMM M MOTOMY €CTh HyJsib. Pacuuiem Tenepb nepsoiii Kommyrarop B (20) :

[r(t,x), o(t,y)] = 2(;)3 /dk dp +/ko/po 6(k — p) (eMhe=iry 4 g=ikatiny)

- ik(y—x) | oik(x-¥)) — _;§(x — 29
g [ (€07 4R = isx-y), (22

TaK KakK 00a cJIaraeMbIX B TIOCJIETHEM WHTETpaJle JAlOT paBHbIE BKIaJEL. (Odnospemennsie
Kommymamopv, (20) BHIBETEHB HAMH Ha OCHOBE KOMMYTAIIMOHHBIX cooTHomeHuii (10).
ObparHast iponenypa — nonydenue (10) u3 nocrysaupyembix paseHcTB (20) — HA3BIBAETCS
KGHOHUYECKUM KEAHMOSUHUEM .



CHeHI/Ia,JIbeIﬁ nHTEepeC NpeacTaBJAd0T KOMMYTaTOPBL C Y4YaCTHEM BEJIMYMHBL

1
H = /dx%ﬂ - 5/dx(aogof)ogo + VoVe +m?g®), (23)

KOTOPYIO MBI TOXKe OyJieM Ha3bBATh TAMUJIBTOHUAHOM, WJIN omepaTropoM sHeprum. Kak
BBISICHSIETCSI, TAMUJIBTOHNAH H He 3aBUCAT OT BpeMeHW (IyGOKYIO TIPHYMHY 3TOTO MBI
TOMEM TI03Ke) U MOXKET GBITh MPUBEJIEH K BHLY

7 = [doma*)atp). (24)
Orciofia JIETKO TOJIy4YaeM

[H,a*(p)] = poa*(p), [H,a(p)] = —poa(p), [H,p(z)] = —idop(z). (25)

C TouKM 3peHWs KBAHTOBOH MEXaHWKH TIOCJIETHEE PABEHCTBO O3HAYAET, 4TO ToJe ()
HaXOJUTCA B 2atizenbepeosom npedcmasaenuy . Boson dopmyasr (24) u3 (23) Bnomme
NIPAMOJIMHEEH; OTHUIIEM €0 CJoBaMu. B ommwume ot (21), Ha TPOMEKYTOYIHOM 3TATE BO3-
uukHer Jin6o d(k — p), au6o d(k + p), HO B 06OUX ciyuasx pesyabraroM 6yaer py = k.
VesoBre MaccoBoit moBepxHOCTH P2 + m? = p? cpaGaThiBaeT TPHAKJBL JJIs COKPAIIE-
HHe BKJIAJIOB, TPONOPIHOHAJbHHX a(p)a(—p) u a™(p)a™(—p) (a 3a0qH0 U BpemeHHGi
3aBUCHMOCTH) , W JiJisi GOPMUPOBAHUS OKOHYATENHHOTO BHIPAKEHAS B BUJIE

! / dp po (a™(p) a(p) + a(p) a™ (p)) = / dppoa”(p)a(p) + const. (26)

2
[TostBuBIIasics 3/1ech (GECKOHEYHAsT) KOHCTAHTA OTOPACHIBAETCSI, YTOOB CEIaTh SHEPTHIO
BaKyyMa paBHOit Hysm0. K Takoro poma JieficTBUSIM — B paMKaX TPOTEAYPHl NEPEHOPMU-
pO8KU — HaM TPUJIETCS B JaJbHEHITeM TpuOeraTh HeOTHOKPATHO.

MpoctpancTeo Poka. Omeparopsl POXKIACHAS W YHUUYTOKEHWS, NX KOMOWHAINM THII4,
(24), camo mosie p(z) W €ro MPOW3BOJHBIE — BCe OHU JIEHCTBYIOT B GECKOHEUHOMEPHOM
npocmpancmee Poxa . OHo cocTonT M3 sakyyma | 0>, XapaKTepH3yeMOTro CBOMCTBAME

a(p)|0>= 0, <0la*(p) = 0, <0]0>=1, (27)

1 BO30YXKJIEeHWH HAT HUM, T.€. COCTOSHHUI BHIA

|f>=/dpf<p>a+<p>|o>, |g>=/dpdkg<p,k>a+<p>a+<k>|o>, (@)

(B GoJiee CJIOXKHBIX TEOPHSX TOSBSTCS OMEPATOPHL M JIPYTUX THHOB 9acTuI) . OT YHCIOBBIX
dbyukmmit f,g u T.1. 06bIYHO TPEOYIOT KBAAPATUYHON WHTEIPUPYEMOCTH, YTOOBI HOPMBI
COOTBETCTBYIOIMX BEKTOPOB cocrostnit, Tuna < f | f > = [dp | f(p) |?, Gblan koned-
HbiMA. OJIHAKO COBCEM OTKA3BIBATHCH OT MCIOJIb30BAHMUS COCTOSHUI, ckaxeM, a™(p)|0>
win a* (p) at (k)| 0>, nveromux Geckoneunywo HopMmy ~ §(0), Ham GbLI0 GBI HEYMOGHO,
160 MMEHHO TaKhe COCTOSHHUS, OTBEYANONMEe YACTHIAM C ONpeJeJeHHBIMA MUMIYIbCAMH,
GUTYpHPYIOT B ONMCAHHUHA TPOLIECCOB pacCessHusA. BoJjee TOro, MIOTHOCTD YACTHUI B TAKUX
COCTOSTHUAX KaK Pa3 KOHEYHA. ITO BUJHO W3 CJEIYIONETO PACCYKICHHUS:

L50) =

. 1 1
lp> = a™(p)|0>, n = = <p|N|p>= = <p|p>= 7

V V (29)

1
(2m)®”
e mpuMeHeH onepamop wucaa acmuy N = [dpa™(p)a(p), a 6(0) Boipaxena depes
‘00beM Bcero (TpexMepHoro) mpocrpaHcTsa’ 1o dopmyse (8) .



3apsikeHHOe cKansipHoe nosie. JIo CHX Op MBI M3JIarajiv TEOPHUIO Ha, MPOCTEHIIeM TPH-
Mepe 3JIEKTPHYECKH HEeHTPAIhHOrO, OJHOKOMIOHEHTHOro cKajspHoro moust ¢(z). Ilo-
CMOTpI/IM, qT0 U3MEHUTCA HpI/I HaJJAYUN MHOTOKOMIIOHEHTHBIX (I/IJ'II/I HpOCTO pa,BHbIX) 10~
Jeif, IO HaYaJy — TOXKe CKaJsSpHBIX. [IoMHMO TOTO, YTO (BO3MOYKHO, PA3/IMYHBIE) MACCHI
COOTBETCTBYIOINX YACTHUI[ OY/IyT HESBHO MPHUCYTCTBOBATH B BHIPaXKeHUsX BHJA (9), MBI
JOJIZKHBI 1 ABHO YKaBbIBa,Tb HpI/IHa,,ZLJ'Ie)KHOCTb OHepa,TOpOB a, a"" MMEHHO ,ZLa,HHOIL/i JacTHUIe
(HampuMep, JUIsl pa3HBIX 9acTHl] 0603HauYas WX pasHeiMu OykBamu). Ecaum peub miaer o
LIa,CTI/IHa,X, COCTaBJIAIOIITNX e,ZLI/IHbIﬁ MyﬂbTI/IHJ'IeT, A0CTaTOYHO HpOCTO CHa,6,ZLI/ITb CHAMBOJIBI
nosieft M OMEpPAaTOpOB MHAEKCOM: (1), a;, a; . HeTpuBmasbHO KOMMYTHDOBATH B 3TOM

ciydae OyyT JIMIIb ONMEPATOPHL @ U a7 ¢ 00UHAKOGbLM THIEKCOM:
ai(p), af (p')] = 6;6(p—P'). (30)

pyroit xapakTepHBI# CIOCOO 3aMCH TPUHST JJIS 3GPAHCEHHO20 CKAJSPHOTO TIOJS, TOY-
Hee, Taphl SPMHUTOBO-CONPSKEHHBIX TIOJIER (0 1 @™ :

1 dp —ipx ipry+
@) = G e (€ T a(p) + e (P)) (31)
QD*(:E) _ 1 dp (e—ipwb(p)+eipwa+(p)) ) (32)

(2m)*2 ) v/2po

CxaJIsipHBIE TIOJIS ©, (* ONUCHIBAIOT TIAPY YaCTUNA-aHTHYACTHIIA (06€ co cimHOM ), Maccht
KOTOPBIX OJTMHAKOBHI, 8 JEKTPHUECKHE 3aPSAJIb PABHBI [0 BEJIMUYWHE W TTPOTHBOTIOIOKHBI
10 3HaKy. MOXKHO IPHHATH, HAIIPAMED, 9TO ONEPATOPH G, & COOTBETCTBYIOT YaCTHUIE, A
b, bT — ee anTuuacTune. [lepecTaHOBOYHBIE COOTHOIIEHUS TAKOBHI:

[a(p),a™ ()] = [b(p),b" (P")] = é(p—P'), (33)

OCTAJIbHBIE KOMMYTATOPHL PABHBI HYJII0. ODTa 3aKOHOMEPHOCTh COXPAHUTCA W B JaJbHel-
IeM: HeHyJIeBas TpaBad 9acTh KOMMYTAIMOHHBIX COOTHOINIEHUH BO3MOYKHA TOJBKO Y OTe-
PATOPOB POXKJIEHUS] M YHUUTOXKEHWsI OJTHOM U TO¥ Ke 9acTHIbl (OHOTO M TOTO Ke 3apsijia,
CITMHOBOTO MJIM W30CIUHOBOTO COCTOSTHWSI, W T.J.) TIPHM OJMHAKOBOM MMIyJbce. B ocTasib-
HOM, cTpyKTypa dopmyan (31),(32) nosropsier (9) u He Tpebyer KomMmeHTapues. {obaBnv
TOJIBKO, UTO 064 TOoJIsA, ¢ U ¥, yIOBJAETBOPSIOT ypasHenuio Kueiina-Iopsona, a Jarpas-
JKMaH BBITJSIAT TaK:

L = 0,0" Oup —m¢Tp. (34)

CnuHopHble nons. YacTuis! cvHa 1/2 OMUCHIBAIOTCS CRUHOPHBIMU NOAAMU. PaccMoT-
PHM 3apsKEHHYI0 YaCTHIy €O CIHHOM § = 1/2 m Maccoil m, a Tak¥kKe ee aHTHYACTHILY,
MMEOIIYI0 Ty yKe MacCy M MPOTHBOMOJIOKHBIN 0 3HAKY 3JIeKTpuyecknit 3apsan. m coor-
BETCTBYIOT KBaHTOBbIE COWHOPHBIE TIOJIS

1 d —ipx px 1+
v0) = G [ a0 @ ue) + @) ) 5)

r=1,2

— 1 d —ipx — ipx ,+ a7
00) = G [ 3 P HE)EE) e @) TE) . (36)

r=1,2

Kax u panbie, p? = m?2, py = ++/p2+m?. PazbepeMm mocjenoBaTelbHO BCe HOBLIE
5JIEMEeHTHI, TOSBHBINAECH B 3TUX (POPMYJIAX 10 CPABHEHHIO CO CJIyYaeM CKAJIAPHBIX TOJeH.
Oneparophl @ M @, POXKJAIOT W YHUYTONKAIOT YaCTHIy (HANPHAMED, 3JIE€KTPOH), a b
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u b, — aurmyacruny (mosutpoH). WHjekc 7 co 3HadeHWsIMH 1,2 COOTBETCTBYET JBYM
BO3MOKHBIM CIIMHOBBIM COCTOSIHUSIM (S, = £1/2) wacTunsl cnmaa 1/2 (cymmnpoBaHne He
10 4-MHEKCaM MBI 6y/ieM yKa3siBaTh aBHO) . TakuM 06pa3oM, mapa ToJelt ), 1 conep uT
4 Pa3TMYHBIX ONEPATOPa POXK/JEHUS U CTOJBKO YK€ OIEPATOPOB YHUYTOMKEHHUSI.
ITepecTaHOBOYHBIE COOTHOINEHUS /IS ONEPATOPOB G, ,a;, b, b, B ommune or (33),

dbopmysupyIOTCS B TEPMUHAX aHmukommymamopos [A, B], = AB + BA:

lar (), a5 ()] = [br(P), b5 (P)]+ = érsd(P — D), (37)
lar (), 0:(P)]+ = [af (),0 (®))+ = lar(P),b] (P)]+ = [a](p),bs(P)]4+ = 0, (38)
lar (), as(P)]+ = [af(p),a (P)]+ = [br(P), bs(P)]+ = [b7(P), b (P")]+ = 0. (39)

[TomuepkHeM, 9TO PABEHCTBO HYJI0 aHTHKOMMYTaTopa (B OTJIMYHE OT KOMMYTATOPAa) He
JleJIaeT IPAaBIJIO TIEPECTAHOBKH COOTBETCTBYIOIIHAX ONEPATOPOB TPHBUAJILHBIM: 3aMEHA, UX
TOpsijIKa, BeJIeT K CMeHe 3Haka, a.bf = —bfa,, u m.m. Druv obecneunBaercs depmu-
CMAMUCMUKaG JACTUT] TIOJYIEJI0T0 CIHHA, — Pepmuonos. [l 9acTuI 1eJoro cumHa, — 6o-
30106 — XapaKTepHbl KOMMYTAIMOHHBIE COOTHOIEHNsI BUa (33), T. €. 603e-cmamucmuxa.
CaencrBuem coorHomennit (37)—(39) sBasercs;, B wacTHOCTH, npuHnyun Ilayisu — HEBO3-
MOKHOCTh CYIIECTBOBAHUS COCTOSHUS, COAEPIKAIIEr0 ABE OJMHAKOBHIE IO BCEM IIapaMeT-
paM (BKJIIOUast MMIYJIbCHI) (hDePMUOHHBIE FACTHITH, HOO

) = 5ot ).ai @) = 0. (40)

Bropoit BaxKHOI 0COGEHHOCTHIO TOJIEH cMHA 1/2 ABJISETCS WX COMHOPHAS TPUPOJIA.
A wMeHHO, KaK caM¥ TOJs ¢ W 9, TaK W BXOjAmHe B mpapbie dacTh (35), (36) Bemm-
YHUHBL Uy, Ur, Ur, Ur, SABJISIOTCS (YETHIPEXKOMIIOHEHTHBIMH) CRUHOPAMYU — CTIETIHAJIBHBIME
HabOpaMM W3 YeTHIPEX YHCJIOBHIX hyHKumii. IloBenenne cnmHOpPOB mpu Tpeobpa3oBaHmii
Jlopenta (5) Mbl 06cy MM 11032Ke. 7151 TTIOJHOTHI 3aIMCH CJIE0BAJIO Obl CHAGANTH CIMHOD-
Hbl€ BEJWYWHBI COOTBETCTBYIOIIMMH WHJEKCAMM, TMpoOeraioruMu 4 3HAUEHWs, CKayKeM,
() = {¢Ya(2)}, @ = 1,2,3,4. Ho NOCKOABKY 9TH MH/IEKCH He TOXKJECTBEHHBI JIOPEHTIE-
BBIM 4-WHJIEKCAM, TO BO W30€XKaHNe My TAHUIIbL 1 JJ1sT OOJIETIeHNs 3aIMCH UX, KaK MPaBHJIO,
HE BBIIHCHIBAIOT SIBHO. BMeCTO 9TOr0 MpMHATO (MBICJIEHHO) TPEJCTaBIATh (Z) B BHUJIE
cron6na (a ¢(x) — B BUJe CTPOKM) W3 HeTHIpeX UMCJIOBHIX (DYHKIMH, ¥ aHAJOTHIHO s
Uy M v,. Takas TpakTWKa MMEET M CBOM M3JEPKKM — HANPUMED, 3aliCh Uy 0003HA-
YaeT UNCIO0, PABHOE Y o Uglly , TOTJA KaK 3aTMCh 4T TOAPA3YMeBaeT MaTphiy 4 X 4 ¢
SJIEMEHTAMH Uy g , CJIeJ] KOTOPOI PaBeH KaK Pa3 9TOMY 9YHCJIY:

1
Ty = Zﬂaua = Zuaﬂa = tr(uu), v = tr(vv). (41)

CeoiicTBa CnMHOPOB 1 y-maTpuy,. [y Toro, 9TO6H MOJHOCTHIO OXaPAKTEPH30BATD TOJIS
¥(z) m ¢ (x), HAM OCTAJIOCH JATh ONMpPEJIENIEHNe CIIMHOPOB U, U, ¥ U U. OHU ONPeIeTIOTCsS
KaK pelleHus ypaBHEHUit

p-mu,(p) =0,  w®@®-m) =0, (42)
P+mo(p) =0,  w@)@E+m) =0, (43)

HOPMUPOBAHHBIE YCJIOBUAMHA

% (p) us(p) = —0r(P) vs(P) = 2m 0. (44)



Bripaskenue p + m ecTh OONMIENPUHSATOE YIpOIeHue 3anucu p + ml, rie 1 — eITMHUYHAS
4 x 4-marpuna. CaM CUMBOJI P O3HAYAET

P = PuYu = PoYo — D171 — P2¥2 — D373, (45)

a Yy = {7,717, 73} — 370 Mampuys Jupaka, 9eTHIpe UUCIOBBIE MATPHIBI pasMepa
4 X 4, urpalonme NCKIIOYUTEIHFHO BaXKHYI0 POJIb B MATEMATHIECKOM OTIMCAHNH CITUMHOPHBIX
mojeit. OHM yAOBJIETBOPAIOT AHTUKOMMYTAIIMOHHBIM COOTHOITIEHUSIM

Vo Wwls = 29wl = % =1, v =7 =7 = —1. (46)

Jpyrue HeMe/|JieHHbIE CJIeACTBHs (TI0 TOBTOPSIONMMCS 4-HHJEKCaM — CyMMHpPOBaHue!) :

. . 1
a = auvy = a0 = aua,Y Y = Eaua,,('yufy,,—i-'y,/m) = aua, = a?, (47)

Ve =4 VWV = =2V, VYaV8Vu = 4908, VuVaV8WNVu = —27AY8Ya- (48)

Hampuwmep, Bropoe paBeHCTBO B (48) BHIBOIUTCH Tak:

YuYo Yo = — VoVYuVu T 2 Guw Yu = (_4 + 2) YW = —27,. (49)

13 (47) ¢ yuerom p? = m? nonyqaem (p—m)(p+m) = 0. 3naunt, marpunst (m =+ p)/2m
SIBJISTIOTCST OPTOTOHAJIBHBIMHA POEKTOPAMH ¢ CyMMOii, PaBHO# eJiuHAIE. DTO, B YACTHOCTH,
JIOKa3BIBAET, YTO KaxK70e N3 ypaBHeHnit (42),(43) uMeeT pOBHO /Ba JINHEHHO HE3ABUCHMBIX
PEIIeHNs], B COOTBETCTBUA € YACJIOM 3HAYEHMIT WHJEKCA 7.

SBHBIN BUI y-MaTPUIT MOXKeT OBITH BHIOPAH PA3JMYHBIM 00Pa30M, HO HAM OH HE TIO-
HaOOUTCS:  JIOCTATOYHO OyAeT ONpeNessAionux cooTHomennit (46) u obmeit dopmystst
SPMHUTOBA CONPSIIKEHUST

Ta = NN = W=, W E-n, w=-—7, B =-—ne (50)

C moMompio 3TO# Ke MaTPHIBL Yy OuPaKo8CKY CONPANHCEHHbIE CTMHODHI BHIPAXKAIOTCS B
TEPMUHAX SPMHTOBO COMPSIXKEHHBIX (COTPSI?KEHNE TPEBPAIIAET CTOJIOIBI B CTPOKH) :

Y =dty, @ =utw, T = vty (51)

Yb6ennmcs, 4TO ITOT penent coraacoBaH ¢ (42),(43). Hampumep, conpsirasi 5pMHTOBO
TEPBOE PABEHCTBO U3 (42), MPOCTHIMH BHIKJIAKAMHE TIOJYYIaeM BTOPOE PABEHCTBO:

0 = u;"(p) ('Y:pu —m) = Er(p)'YO('Y:pu —m) = u(p)(P—m)y-

OTMeTI/IM TaK2Ke O,ILHy BeCbMa Ba,)KHYIO KOM6I/IH8,HI/IIO ’Y—Ma,TpI/IIL, HOJ'IyLII/IBHIYIO CIIennuaJab-
HOoe 0bo3HaYeHne

Y5 = YomneYs, [Ywwls =0, v =1, 4 = . (52)

Hawm nonanobsrcs ¢hpopMysibl JJisl CJIeIOB OT TPOW3BeieHnit y-MaTpunl. Haunem ¢

Ty, = sy = s = —twyysys = —try, = 0 (53)

(TUKJIMYecKast IepeCTaHOBKA TI0J] 3HAKOM tr He MeHsieT 00IIero 3HaKa, 8 KOMMYTAIUS s C
Y, MEHSIeT). DTUM Ke IPHEMOM JI0Ka3bIBAETCS BaxKHBIH (bakT: Cie 4106020 Hewemmozo
YUCJIA Y-MATPUIL PaBeH HYM10. JIeTko BHIBOAATCS (DOPMYJIBI U JJIS YETHHIX TIPON3BEIEHUIT:

tryuy, = 4 Guv Y Yavs = 4 (g;w 9o — Gua Gvp + Gus gua) ) (54)
trys = 0,  trsvr = 0, trmsYuhYels = —44€mas, (55)
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TJI€ €05 — HOJHOCTHIO AHTUCHMMETPUIHEIH T€H30P TPOCTPAHCTBA MUHKOBCKOTO, HOPMH-
POBaHHBITT yCJAOBUEM £g103 = 1.

SIBHBIH BUJ CIMHOPOB ¥ M ¥ HaM He By/IeT HysKeH, 9ero HeIb3sl CKa3aTh PO HEKOTOPHIe
ux cBoiicrBa. Tak, u3 onpenesiennit (42)—(44) BHITEKAIOT MOIE3HBIE COOTHOIIEHMUST

ﬂr(P)'YuuS(P) = ﬁr(P)'YMUS(P) = 2pu0ys (56)
ur(P)vs(P) = Tr(P)us(P) = Ur(P)15us(P) = 7r(P)Vsvs(P) = 0, (57)
T (P)Y0us(—P) = Tr(P)vous(—p) = 0. (58)

L1 mX BBIBO/A, OOBIYHO TPUMEHSIETCS CJEAYIONNN XapaKTepHbI# mpueM:

m(P)vuus(P) = Ur(P)Vubus(P) = Ur(P)(—DVu + 2pu) us(P)
= —m U (P)7uths(P) + 2puTr (P)us(P) = —mUr(D)Vutis(P) + 4mpydrs  (59)

(o ouepenn wcmosb30BaHb 06a paBeHCTBa (42) — cHauana JJIS w, & TOTOM U JIs ) .
EHIe JABa BAa2KHBIX COOTHOIIIEHNA CBA3aHbI C CYMMHUPOBaHUEM II0 CIIMHOBBLIM COCTOAHMAM!

> w® ) = p+m, D> u(P)%D) = p-m. (60)

r=1,2 r=1,2

BriBenem, HanpnMep, nepsoe. Ero jeBas 4acTh eCTh MaTpHIlA, CJIe]] KOTOpoit B cuy (41)
u (44) paBen 4m . YMHOXKeHHE ¥XKe ee Ha P — m (cjIeBa Win cupasa) BeaeacTsue (42) maer
HYJIb. DTHUX CBEJIEHWI JIOCTATOYHO JJIsl IPOBEPKU paBeHCTRa, (60) .

B ypasuennsix (42),(43) mcnosb30BaHa NPUHSATAs HAMW MaTpudyHas GopMa 3amucu:
He BHIMACAHBI SBHO WHJEKCH HU y MaTpul JMpaka, HA y COWHOPOB. I[Ipu 3TOM BasKHO
TPaBUJIBHO PACTIOIATATH TAKOTO POJIA OOBEKTHI: CIUHOPHI-CTPOKY U, U CTABATCS CJIEBA OT
MATPHII, & CIHHOPHI-CTOJIOIBL U, v — ClpaBa. Ha camMoM jiesie, Ipr KOHKPETHHIX 3HAYEHUAX
T ¥ 8, Kaxk10e 3 coorHomennit (42),(43) npeacrasiser coboit 4 OTIENBHEIX DABEHCTBA, &
(44) — onno. TTom4aepkHEM, UTO TIOPSJIOK PACTIOIOKEHUST COMHOXKUTENEH (MaTpPHIl, CTPOK,
cTOJI61I0B) B COMHOPHHIX (hOPMYJIaX BarXKeH MoAbKO B CHJIY BHIODAHHONW HAM¥ GE3BIHJEK-
CHOHM hOPMBI 3ATMCH, TOT/I4 KK OT/eJbHbie KOMIOHEHTH CIHHOPOB W MaTpul /[upaka —
970 OBBIYHBIE YMCJIA, KOMMYTHPYIOIIHE JPYT C APYroM (B OTJMYHME OT ONEPATOPOB POXK-
JIEHHsI M YHUUYTOXKEHUS, KOTOPbIe, KOHEUHO, HEJIb3sl TPOCTO TaK TEPECTABISATD) . MOXKHO
elre CKa3aTh, YTO ONEPATOPHOZHAYHOE TIOJIE 1) SIBJISETCS CIMHOPOM (CTOIOIOM) TOJBKO 33
CUeT 3/IEMEeHTOB U 1 v, a OTIePaTOPOM — TOJILKO 33 cHeT a u bt (amanorwdno ajis mons ) .

Ompenenenns: cnnHOpoB B bopme yeiosuit (42),(43) BEIGpaHbl Jjist TOTO, 9TOOB yPaB-
HeHWeM JBVsKeHus jyis moses (z) u () okasamoch 3HaMennToe ypasHenne Jlmpaxa

(17,0, — m)Y(z) = 0, 10, (x)y, +mab(z) = 0. (61)

I/IHTepeCHO, 9TO €10 IpAMBIM CJIEACTBHEM 4ABJA4€TCAd 3HAKOMOE€ HaM YpPaBHEHHE Kieitna-
Topnona, —(id + m) (10 — m)y = (8* + m?)y = 0, cupaBeyBoe, TaKUM 06PA3OM, W JJIsI
CIIMHOPHBIX noJel. ﬂarpaH)KI/IaH CIIMHOPHOT'O IOJIA 3allMCBIBAIOT JABOAKUM 06pa30M:

P = A —mB = (G0 — ) —m . (62)

ITepBas ¢dopma mporre Jyist 3aTOMUHAHNS, 8 BTOpasi IPHSTHEE T€M, YTO B Hee moust ()
u 1)(Z) BXOAAT CHMMETPHIHO.
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BekTophble nons. Yactunbl co cnmHOM 1 OMUCHIBAIOTCS 8ekmopHbimy moasvu. CHa-
Yasa MPUBEJIEM BBIDAXKEHUs Ui KBAHTOBHIX modgeit Uy, Uy, oTBedaronux cBOOOTHO# 3a-
PSI’KEeHHOM dYacTHIle cO CIMMHOM 1 W Maccoif, He paBHOW HyJI0. Y Tako#l YaCTHIBI TPH
COCTOSTHUSI TIOJISIPU3AIMH (IIPOEKIINK CIIHHA) , IOITOMY

Uie) = o \/%n;ﬁ(p) (77 an(p) + € 55 (0) ,  (63)
i) = oy [ o O ) b)) (6

Bnech af (p) u an(p) poxnator (yHuuTOXKAWT) yacTuiy, a bl (p) m b,(p) — coorBercr-
BYIOIIYIO aHTUYaCTUIY, B COCTOAHUU IOJJAPU3AINHNHN 77 U C UMIIYJIbCOM P . Kaxk 06]:)ILIHO,
p? =m?, py = +1/m? + p2. KoMMyTaImoHHEIe COOTHOIIEHNS — THIWYHbIE JJ1s 6030HOB:

[an (D), af ()] = dud(P—D'),  [ba(D), b (P)] = dud(p—Dp').  (65)

Tpu sexmopa noaspusayuu el’j(p) BBIOMPAIOTCS BEIECTBEHHBIMY, OPTOHOPMUPOBAHHBIMHU
4-BeKTOpaMH, OPTOTOHAJBLHBIMHA UMIYJIbCY Py,

er(p)e(p) = —6m, puel(p) = 0. (66)

[Tonesnyio GopMyay cymMMuposaHus no NOAAPUIGUUAM

> ep)elp) = —(gw—p;;g”) (67)

n=1,2,3

MOKHO BBIBECTH TaK: 00O3HaYas JIEBYI0 9acTh 4depe3 A, U IPHHEMAS I/ Hee aH3al]
Buga A, = Agu + Bpup, , n3 yesosuit (66) Haxomum

0=p,Apn = (A+m’B)p,, -3 = A, = 44+m°’B = A=-1, B=1/m’.

[Tosst (63),(64) ynopsersopsitor ypasHenuio Kieiina-I'opioHa u JOHONHATETHEHOMY
YCAOBUI NOTEPEUHOCTN ,

(0* +m*)Uulz) = (®+m*)Ups(z) = 0, 9uUu(z) = 8, Uj(x) = 0,  (68)
KOTOPbI€ MOXKHO TIOJAY4HTH (062 Cpasy) u3 JarpaHKuaHa
1 % % %
L = — (0.U; — 0,U) (0,0, — 0,U,) + m* U U, . (69)
HeiictBurenbHO, npuMeHsist o6mmii penent (16) , mpuxomum K
—9,(0,U, —0,U,) = m*U,. (70)

HeficTByst Ha 3TO PaBEHCTBO MPOM3BOAHOMN J, , moay4daem 0,U, = 0; moacTaHOBKa 3TOTO
coorrOmerusa obparao B (70) maer (02 + m?)U, = 0. VYcaoBue TONEPEIHOCTH HEOGXO-
JIMO Il YMEHBINEHNs IAC/Ia HE3aBUCUMBIX KOMIOHEHT 4-ekTopoB Uy, Uy, N0 Tpex, B
COOTBETCTBUHU CO 3HAUEHWEM CITMHA.

[Tosist (63) m (64) 5pMuUTOBO conpsizKeHBI APYT ApyTy. [lose njst HeRTPaTbHON YACTUIILL
civHa 1 ¢ HeHyleBON MacCo MONYYNTCs W3 HUX OTOXKJeCTBJeHWeM by, ¢ a, n U, ¢ Uy,.
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A BOT KBaHTOBOE ONHCAHWE 6e3Macco60( HeNTpaJbHON JacTuIbl co cimHoM 1 (dborona)
TpebyeT BBeJeHNS CHEIUAJBbHOTO TOJIS — 3AEKMPOMAZHUMHOZ0 :

1 dp

Au() = (27)3/2 2pg “u

(p) (e""*ax(p) + e™*af (D)) - (71)

DTO TOJIe IPMUTOBO. UeThIpe BEIECTBEHHBIX 4-BEKTOPA TOJSPU3AIAN eﬁ(p) HYMEPYIOTCS

4-mugekcom A = 0,1,2,3, st KOTOPOTO TPHHSTA JIOTOBOPEHHOCTD (1) 0 CyMMHpPOBAHMH.
CrpaBelyIUBHL CJIEYIONIME COOTHOIIEHUSI OPTOTOHAJTBHOCTH:

ex(P)es(P) = gw,  exp)eip) = gn- (72)

Macca boTona paBHa Hyio0, 03TOMY P> = 0, po = ++/p% = |p| 1 8?4, = 0. B cucreme,
I7le P HAIpPaBJeH BJIOJb TPeTheil ocu, To ecth p, = (po, 0,0, po), BEKTOPHI ef; (p) MOXKHO
BeIGpaTh B Buge € = (1,0,0,0) — spemennda monspmsamus, e, = (0,1,0,0) n e =
(0,0,1,0) — nonepeunas nonspusanus, u 5 = (0,0,0,1) — npodosvraa TOTAPH3AIML.
OmnepaTopsl pOXKJIeHNS W YHUUTOXKeHHA (POTOHOB Y/IOBJETBOPAIOT GO30HHBIM KOMMY-

TAaITMOHHBIM COOTHOIIECHUAM

S0 = —gndP-Dp). (73)

Heo6braHbBIM 371eCh sIBJISIETCS 3HAK MHHYC B npaBoil wactu. OH, ofHaKo, ¢ yueroMm (2)
TPEBPAIIAETCT B UTOTOBHIHM + jayist 3HadeHuit A = 1,2, 3, ocTaBasich MUHYCOM TOJBKO JIJIst
A = 0. DTa HEOOBIYHOCTH €CTh OTPAXKEHME HEKOTOPOil HECTAHJAPTHOCTH BCEH TEOPHUH
KBAHTOBOTO 3JIEKTPOMATHATHOTO TIOJIsl — KBaHTOBOM ssekTpojunavuku (KD/T) . Heobxo-
JINMble Pa3bICHeHNs OYIyT MaHbl MO3Ke, B X0/ N3JI0KEHNS KaJTHOPOBOYHON CUMMeTDHH;
TaM ke Oyzer mpuBeneH u jarpanxkmnal mons A,(z). Tloka ke OGyaeM HCIONB30BaTh
4-exTopHOe moste A, (r) ¢ KoBapuaHTHHIM 10 (opMe KOMMYTATOpoM (73) W 4eTHIPHMS
COCTOSTHUSIMH TIOJISTPU3AINH, N3 KOTOPBIX TOJBKO A = 1,2 COOTBETCTBYIOT (hU3NIECKN Ha-
6110/126MBIM (TIOTIEPEYHBIM) TIOJISIPU3AISIM PeadbHbIX poToHOB. Kak MBI yBUMM, B OKOH-
YaTeJbHBIX BHIPAYKEHUSX JJIs HAOIIOAeMbIX BEJWYMH BKJIAJHI OT BpeMeHHEIX (A = 0) u
npooabHEIX (A = 3) dboTOHOB B3aMMHO coKpamatorcs. [losromy “HempaBuiIbHBIA 3HAK
KOMMyTaTOpa ipu A = () He JIOJI2KEH HAC TPEBOXKUTDb: 3TO M3JIEPKKH TPUHATOTO crocoba
JIefiCTBUH, B OCTaJbHOM OY€Hb yI0OHOTO.

Ha srom MBI 3aBepmaeM mnepeuncienve (yHIAMEHTAJIbHBIX KBAHTOBBIX TOJel, 6O
MMEHHO TI0JIsI, TIPVBEJIEHHBIE BHITIE, COCTABIAIOT HEOOXOMUMBINH HAOOD A1 pacueToB dhu-
3MYECKUX TPOTIECCOB B PaMKax OOIMIEeNpUHATHIX Mojeselt ssemMeHTapHBIX yactuil. Ha ca-
MOM JieJie, IO B TAKUX MOJEJISIX MOTYT HECTH JOTOJHUTEIbHbIE WHJIEKCHI, OTBEYAIOIIHE
HOBBIM KBaHTOBHIM umcsiaM (mser, flavour, m T.1.), HO 5T0 HUCKOJIBKO He OCJIOXKHHT Da-
6oty ¢ Humu. [Ins onncannst 6€3MacCcOBBIX YacTHI cnnHa 1/2 (HeRTPHHO) HOBHIX HOJIEi
He BBOJSAT: BMECTO 3TOTO MIPUMEHSIOT MPOEKITMOHHBIE onepaTopsl Buja 1 + 75 . Hakonern,
B HeabeseBBIX KaJNOPOBOYHBIX Teopusx (Hampumep, B KX/I) npuxoauTcs BBOIUTH B pac-
cMOTpeHNe (DUKTUBHBIE ‘YacTHIB — 20cmbt . Ho BBUIY TOTO, 9TO OHM He MPUCYTCTBYIOT B
PeaJbHBIX COCTOSTHUSX, a TOSBJISIOTCS JIUITh BUPTYaJIbHO, BHYTpH nuarpamM Qeftamana,
JUIS. HUX He ToTpedyeTcss COOCTBEHHOTO ONEePaTOPHO3HAYHOTO KBAHTOBOTO TOJIS.

[G‘)\ (p)7 a
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2. Teopusa Bo3MymHieHU

[naBuoit popmysoit Beeit KBAHTOBOI TeOpUM TIOJST SIBJISIETCS COOTHOIIEHWE
M = <out|S |in>, S = Texp (z/dxf;(go(:v))) , (74)

BBIPAYKAIOIIee aMIIUTYAY 4 HEKOTOPOTO (DU3NIECKOTO TPOTIECCA YePe3 MATPUIHBIN 3J1e-
MeHT S-MAaTpHIH, a €€, B CBOIO 0Yepe/ib — depe3 T-3KCIOHEHTY OT JAarpDaHKWaHa B3au-
MojieticTBus 7 . JlarpaH:KMaHbI B3aWMOJIEHCTBHS CTPOATCA W3 KBAHTOBBIX TOJeH, yiKe
M3y9YEeHHBIX HaMu (IPHMEpH — HU¥XKe), a onepanus 1 pacCTaBiseT TH HOJs B HODSIKe
yObIBaHUS BPEMEHHOTO apryMeHTa Zo. Cpas3y BOSHMKAIOT TPW BOMPOCA: OTKY/a B3sJaCh
3Ta POPMYJIa; KAK BRIUUCIUTH 1 -9KCIIOHEHTY W MATPUYHBIE 3JIEMEHTH OT Hee; KaK mepedTn
OT aMILUTUTYJT K BEPOSATHOCTSIM W CEYEHHUSIM TpoTeccoB. VMeer cMbIC/ cCHadaJsa paccMOT-
PEeTb TOCJeTHIH BOTIPOC: OH JIEXKWUT HECKOJIBKO B CTOPOHE OT OCHOBHOM JIMHUY W3JI0XKEHUS,
M, 4B OTBET HA, HETO, MBI K ITOI TeMaTHWKe MOKeM OOJibIlie He BO3BpaImarhcsa. OTBeT Ha
nepBHiil Bompoc Gymer Kpatok: ¢dbopmyiay (74) MBI cuMTaEM MOCTYJIATOM KBAHTOBOH TeO-
pum noJsisg. Tem He MeHee, paji TOJHOTH OyJIeT TPUBEIEHO OETJIOE CPaBHEHUE C JIDYTUMHU
noaxonaMu. HakoHer, pa3BepHyTHIit OTBET HA BTOPOit BOTIPOC COCTABUT COJIEPIKAHUE BCETO
OCTAJIbHOTO TEKCTa JAHHOTO TOCOOW.

AMnnutyaa v BeposiTHOCTb. VI3 KBaHTOBOI TeOpWUM paCCesHUS W3BECTHO, UTO BEPOSIT-
HOCTb W mepexo/ia W3 HAYaJbHOTO COCTOSTHWS B KOHEYHOE MPONOPIIMOHAJIbHA, KBaJIPaTy
MOJIyJISI MATPUYHOTO 3JEeMEHTa S-MaTPUIbl (YHUTAPHOTO ONEPATOpa TEepexoja) MexKy
MU cocTossausIME. C y4eToM HOPMUPOBKH,

[<B|S|a>|?
T <B|B><ala>

Wa—)ﬂ == N1 . , (75)
7€ § — 9HuCJI0 (MyYKOB) YACTHUIL B HAYAJILHOM COCTOSIHUM | >, a N; — KOJIMYeCTBO YaCTHUIL
B 1-OM TIyukKe. Jle#icTBUTENLHO, €Cn {| 5} >} — TMOJIHBIH HAOODP OPTOTOHAJIHHBIX COCTOAHMIHA,
TO CJEJCTBHEM YHHUTAPHOCTH S-MaTPHIIBI ABJISIETCS COOTHOIIEHHE

<alStT[f><BIS|a> Z |<B|S|a>|?

<ala>=<al§*Sla> =) <B|B> <BlB>

B B

a 3HaYMT cyMMapHas (1o BceM [3) BeposTHOCTb mepexona npu N; = ... = N, = 1 oka-
JKeTcd PaBHOM eWHUIE, KaK M JOJKHO OBITh: NPHM HAJIWYUH POBHO OJHOTO SK3EMILISAPa
KazKJI0l U3 B3aUMOJEHCTBYIOINUX YaCTUI[ IPOIECC COCTOUTCH JUIIbL OAWH Pas3, U CO CTO-
TIPOIEHTHONW BEPOATHOCTBIO JIACT KaKOW-TO pe3yJbTar.

ITepeitnem K peasbHBIM |in> u |out> cocrostamsiM. Ilycrs

lin> = a™(p1)...at(pPs)|0>, [out>= a™(p})...at(p,)|0> . (76)
[Tosaras | > = |in> u paccyxas B ayxe (29), momyunv

VS

|<B|S]in>|*
(27’(’)35,

<B|B>

OrMeruM, 9TO beckoHeuHbie TIOTHBIE KOJIMIEeCTBa JacTul] N; 3aMEHWINCh HA, KOHEUHbLE
IPOCTPaHCTBEHHbBIE IIJIOTHOCTHU COOTBETCTBYIOIMUX IIYYKOB. HO IIOJIO2KUTDh TeIlepPb, 110 aHa-
qorum, u | B> = |out > 6b1I0 GBI HE COBCEM TIPABUIBHO, KO0 BEPOSTHOCTD MO%HO20 TIOTIA-
JIaHWS B 33/IaHHBIHI UMIYJIbC, OY€BUIHO, paBHa Hy/0. [losTOMy OyraeM cHadasa CYMTATH,

<a|la>= Woss = (2m)*ny...n, (77)
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9TO B 7-YaCTHYHOM KOHEYHOM COCTOSIHWHM | 3> MMIIYJIbCHI YACTHUIL MOTYT JIeXKATh BHYTDPH
MHGUHUTESIUMAJIBHOTO 37-MEPHOTO 3JIEMEHTa WMIYJIhCHOTO TPOCTPAHCTBA BOKPYT CPEJI-
HETO 3HAYEHMs, OTBEYAIOINIETO COCTOSIHUIO | out > :

|8> ~ dp}...dp.|lout>, <B|B8>= dp)...dp.. (78)

B o6osHauenusix (28) sro coorBercTBoBadO GBI byHKIMH ¢(P)...P.), PaBHO!N eqUHUIIE
BHYTPH 0ECKOHEYHO MAaJIOTO 37-MepHOTO MMIYJILCHOTO 00beMa W HyJIo BHe ero. MTax,

Wass = (2m)%ny...n, |<out|S|in>|* dp}...dp.. (79)

r

Yro4HEM Tenephb onpenenenne (74) 1S aMIUTUTY/IBL:
<out|S —1]in>, = i(2n)*§(Xp) A, |p>p = (27)%%/2pga™ (P)| 0>, (80)

TO €CTh MATPUYHBIN 3JIEMEHT TPeJIaraeTca OpaTh MEXKY PeAAmUueUu306aHHbLMU COCTO-
SHUSIMA THIA, |P >z . ODTO FapAHTHUPYET PEJISITHBACTCKYIO WHBAPMAHTHOCTH AMILIUTY/IbI
A W 3307THO WCKITIOYaeT W3 Hee PyTHHHEIe MEONKHTeTH (27)~%/2(2pg)~1/2, xapaxTepubie
JIUIST KBAHTOBBIX moJieli. Kpome TOTo, M3 aMILIATY/ Bl TPEBEHTHUBHO BhIJIEAeHa O-DYHKIHS
OT aJIrebpandecKoil CyMMbI 4-MMIIYJIbCOB BCEX YACTHII, YYACTBYIONIMX B JJAHHOM TPOIIECCe:
OHA PeaM3yeT 3aKOH COXPAHEHHsT YHEPTHU-UMIY/Ibca. B neBoii gactu (80) u3 S-marpuist
BHIUTEH €JIMHUYHBIA omepaTop. Tak OOBIYHO JeIaeTcs, YTOOB YUYUTHIBATH TOJBKO Tie-
pexonnl 3a cuem s3aumodeticmeus. OKoHuaTeabHas dbopmyia Aas duddeperuuasvrol
BEPOSTHOCTHU TIEPEXO0/Ia, OTHECEHHOW K €IMHUIE BPEMEHH W K eJUHUIE 00beMa, NMeeT BH/T

_ Wass 4 Ny ...Ng T dp;;
dw = g = Cn)0ED) g5 g, H(27r)32E;. ' (81)

3necy E; u E} — cooTsercTBylomue Heprum: p = (pg, p) = (E, p). Yernipexvepnas
d-byuknms u3 (80) mpu Bo3BeNeHNN B KBajpaT GblIa 06paboTaHa 10 CJIEYIONIEi cxeMe:

VT
(2m)*t

6(Xp)é(Xp) = d(Xp)6(0) = 6(Xp) (82)

B KOHKDETHBIX CATyanusx npuMeHeHust dopmynbl (81) -byHKIMs U3 HEe, KOHEUHO, WC-
4e3HeT (BMeCTe ¢ 4eTHIpbMs 13 31 MudHEePEHITAIOB) TIOC/Ie TOTO, KaK 3aKOH COXPAHEHUST
4-uvmmysibca 6yeT y4TeH B SBHOM BHJIE.

K ckazanHOMY MOXKHO J06aBUTH CJEAYIONIEe: €CJW MyYKH HAYAJbHBIX YACTHI] HE TO-
JIAPDHU30BaHbI, a IOJAPHU3AIMN KOHCEYHBIX YaCTUI HE U3IMEPAIOTCA, TO OJIAd HAXOXKACHHID
BEPOSITHOCTH TIPOTIECCA, CAEYET YCPedHumb KBAAPAT aMIUTUTYIBI TI0 HAYAJbHBIM MOJIAPH-
3aIUSM W NPOCYMMUPOSAMH TI0 KOHEIHBIM. B Takwx cayuasx nox |4 |? B (81) momxno
IIOHUMATBLCA COOTBETCTBYIOIEE IPOCYMMUPOBAHHOE B YCPEAHEHHOE 110 IPOEKIUAM CIIMHOB
BeIpaxkeHue. JlasbHeillee pacCMOTPEHNE BO3MOKHBIX TIpHJIOxKeHnit popmyssr (81) morpe-
GoBaJsio Ob Gostee JETATHHON MHMOPMAIINK O XapaKTepe TPOTecca (pacnaji YacTHUIH, Pac-
CesTHME W T.11.) W, KaK TPABHJIO, OBIIO OBl CBSI33HO C TIEPEXO/IOM K ONPE/IEJIEHHO crcTeMe
orcyera. COOTBETCTBYIOINME BHIKJIAJKH (BHIUACICHHE (1308020 065eMA) TIPECTABISIOT
co0oit, Io cyTH, yIpasKHEHUS B PEJATUBUCTCKON KWHeMaTuKe. [[Jis niesieit n3ydeHus Teo-
puHA 1OJId OHU ME€Hee MHTEPECHbI U IIO3TOMY B JaHHOM HOCO6I/II/I OIIYIICHBI.

15



T-akcnoneHta. Boseparumcs Temnepb kK dbopmyiae (74). C 3T0ro MOMEHTa OCHOBHBIM
00'bEKTOM HAIIETO BHUMAaHUs CTAHET ee BTOPOE PAaBEHCTBO. HeCcKobKO ympolrnasi, MOXKHO
TOSICHUTD €70 CTPYKTYPY CJAEJAYIONNM 00pa30M: JIOPEHI-WHBAPUAHTHOCTH JIATPAHXKHUAHA,
TaPAHTUPYET PEIATUBUCTCKYI0 WHBAPUAHTHOCTb TEOPHUH, €0 SPMHUTOBOCTH BKYTE C IKC-
TMOHEHIIMAJTBHOM (hopMmoit oneparopa S 00eCIeunBaAOT YHUTAPHOCTb, a 1 -yHmopsaodeHne
— mpuYHHHOCTH (Oy/IyIiee He MOXKeT BAMATH Ha Tpornuioe) . Hambosiee mocsenoBaTesb-
HBIA TOIX0M K OBOCHOBaHMIO KioueBoil (opmysbl (74) coCTOMT B HaJOXKeHWH TPeGO-
BaHUil PEJIATUBUCTCKON WHBADWUAHTHOCTH, YHUTAPHOCTH W TMPUUYMHHOCTH HA S-MaTPHILY,
B34TYI0 B BuJe (GOPMAJIHLHOTO Psjia 10 CTENEHSIM JArPaHKUAaHA B3auMOJIENHCTBUS. YI0B-
JIETBOPSIET BCEM 3THM OTDAHMYEHWSIM MMEHHO BbIpakeHwe (74), mpaBna, ¢ TOYHOCTHIO
JI0 HEKOTOPOTO OCTATOYHOTO TPOW3BOJIA, KOTOPHI HaM elle MPUTOIUTCS Ha, JTale mepe-
HOPMMPOBKH. YTIOMSIHEM TaKKe M3BECTHHIN crocob ‘BriBoma’ dopmynsl (74) w3 KBaHTO-
BOMEXaHMYECKNX COOOparKeHWil B paMKax npedcmasaeHus szaumodeticmsus . Brogures
onepamop ssoaoyuy S(t,t") Takoit, aro S = S(00, —00) . OH ya0BIETBOPSIET YPABHEHWIO
0:S(t,t") = —iH(t)S(t,t') (rme H — raMuIbTOHMAH B3aNMOJEHCTBHSI), PEIIEHNEM KOTO-
poro mpu nocrosaEoM H 61110 681 e ¢~ 1rpy amcnoo#t dymkmum H (t) — cooTBeTcT-
BEHHO, exp(—i ftf duH(u)), a Ipu omepaTOpHO3HAYHOM TamuiabroHuane H(t), 3HaueHUs
KOTOPOTO MOTYT HE KOMMYTHUPOBATh P PA3HBIX BpEMEHAX, BOSHUKAET 1 -yTopsiT0YeHHa s
skcroHenTa. Janee, 3amena H () vHa —Z7(¢(z)) npuBoaur k (74) .

Kakoro 6b1 B3mIsi/1a Ha mpobsieMy obocHoBaHust (popmysibl (74) MBI HE TIPHJIEPKUBA-
Jch (aBTOp TpeAmoYnTaeT 6paTh ee B KA4eCTBe MOCTYJIaTa) , IVIABHOM 33/1aueil Bce pABHO
OCTaeTCs sIBHOE BHIYMCJIEHNE MATPUYHBIX 3JEMEHTOB omepaTopa S. IIpexse Bcero orme-
THM, 9TO SKCIIOHEHTA B (74) 6ce20a TOHNMAETCH TOJBKO KaK (DOPMAJIBHBIN PsIJi TIO CIIETH-
aJbHO BBEJIEHHBIM B £ MapaMeTpaM — KOHCTAHTAM CBS3HM, HUMEIOIAM CMBIC] CHJIBI B3aH-
MOJIEMCTBUS ME¥KIY COOTBETCTBYIONIMMH YacTUIaMu. 1103TOMYy pesymbraraMu KBaHTOBO-
TOJIEBBIX pacueToB Oy/IyT, KaK TPABUJIO, JIWITh HECKOJbKO TEPBHIX YJIEHOB PIJIa MeEOPUL
803MYyuLeHUll, KOTOPbIE HAM M IPUXOATCS] CPABHUBATH C SKCIIEPUMEHTOM (M YIAMBJISITHCS,
9TO TIPH STOM HEPEJIKO TOJIYIAETCS BEChMa, BIEUATISIONIEE COTIIACHE) .

[IpuBeieM TpOCTHIE TPUMEDHI JATPAHKHMAHOB B3AUMOIEHCTRBUS :

9¢° % 99 Y ey A, (83)
[Tocaenunit cayuait orBevaer KO, nmpuyem e — 310 3apsia saekTpoHa. (OcrajgbHble KOH-
CTAHTHI CBSI3M 0003HAYEHHI MTPOU3BOJBHO. JIOPEHI-MHBAPUAHTHOCTb ¥ SPMUTOBOCTD JIBYX
TEPBHIX JIATPAH>KMAHOB OYEBMIHA, a JJS OCTAJbHBIX Oy/nerT nokaszaHa mo3xkKe. Jlarpan-
Kuanbl peasncruuecknx Mogeneit (KX, CrannapTHas MoJeb) CYIECTBEHHO CJIOXKHEE.
DaKTUYeCKH, B IAHHOM Kypce OHM HaM He ToHamobsaTcsa. Boobie, JarpaHKuaH B3auMO-
JIEHCTBUS MOXKET COCTOSITH U3 JIIOOOTO YHMCJIa, CIATAEMBIX, TPUYEM KadKJI0e U3 HUX JIOTKHO
COJIepzKaTh He MeHee TpeX IOoJIeH.
Yro6bl 3aBEPINTh HAYAJIbHBIH 3Tl 3HAKOMCTBa ¢ (opmysoit (74), HAM ocTAIOCh
YTOUHUTD OTIPEJieJieHne oTnepanuu 1-ynopsaaoduenns, win 1-npoussedeHus KBAHTOBBIX T0-
neit. B npocreiimem caydae aByx (a06bx) moseit

TA(z)A2(y) = 0(zo — yo) Ai(z)A2(y) £ 0(yo — 7o) A2(y) A1 () (84)
T = { A s &)

TJie 3HAK MWHYC OTBeuaeT 1-TPOW3BEJIEHUIO JABYX (PEPMHUOHHBIX TOJIEl; BO BCEX OCTAb-
HBIX CJaydasx (TmepecTaHoBKa 6030Ha ¢ GhepMHOHOM WM GO30HOM) CTABUTCS 3HAK ILIHOC.
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CooTBeTcTBeHHO, T-ynopsaodyenne Jr0O60T0 YUCIa TOJeH BHIOJHSAETCA TaK:

TAI(IEI) P An(IEn) = (—)GAZ'I (IEZI) P Aln (IEZn) Ipu IE?I > > IEO

in

(86)

3uakoBbIit MHOKHUTEND (—)7 B (86) HAKANIMBAETCS NIPU NIEPECTAHOBKAX HEPMUOHHHL TIO-
neit Mexty coboit B xone T-ynopsinodenns (0 — 9MCI0 TAKHX MEPECTaHOBOK) . 113 (86), B
JaCTHOCTH, CJIELYET, 9TO 10d 3HaKom T-TIpOU3BeIeHNS OEPATOPH MOYKHO CBOGOIHO mepe-
CTaBJISITh — MEHSIETCS JIMIIb OOINMi 3HAK NPH KaxKI0M HepecTaHOBKe (hbepMHUOHOB MEXKLY
co6oif, T. €. KaK ecJii Obl TIOJISI TOYHO KOMMYTHPOBAJIHN JIHOO aHTHKOMMY THPOBAJIN:

TA(z)As(y) = £TAs(y)A1(x). (87)

3ameTnM, 9TO B caMOM ompejiesieHun 1 -TpOW3BEIeHNS 3aJI0KEH MUCTOYHUK HEKOTOPHIX
Tpy/IHOCTEH KBAHTOBOI TEOpWH TOJs: omnepanus 1, O CyTH, He ONpEIesieHa TP COBIAa-
JIEHWW apTyMEHTOB ToJel. DToT (aKT, KAK BBHISICHUTCS, HTMEET CAMOE TPSIMO€e OTHOIITEHHE
K TpobsieMe yabTpaduOJIETOBBIX PACXOUMOCTEN M TIEPEHOPMUPOBOK.

BakyymHblie cpegHue oT T-nponssegennii. PaccMoTpuM 001y 1o cxeMy BBIYHCJIEHUS MaT-
PUYHOTO 3JIEMEHTa S-MATPHIILI Ha, PUMEpe CKajagproro nons (9) u £ = gy®. Bosbmem
Ha4YaJbHOE M KOHEYHOe cocTosiHus B ¢dbopme (76). Torma BKJIaJ 1-0ro MOPsIKa TEOPUH
BO3MYIIEHMIT UMEET XapaKTEPHBIH BUM 8aKYyyMH020 cpedHezo

Z.T;L—g!n <0la(p})-. .a(P'T)/d:vl oo dy TP (21) . 9% (x0) ¢ (1) ... (p,)[ 0> (88)

OT BHIPaXKeHMWsl, COAEPIKAINETO KOHEUHOE YHCJI0 OTIEPATOPOB @ M @ (YacTh M3 HAX — BHYTPH
noJsieit ). OT BCeX 9TUX ONEPATOPOB MOXKHO M30ABUTHCS 33 KOHEYHOE YHCJIO IIATOB.
JIst 3TOTO HAJI0 TIOC/IE0BATENLHO TIEPETACKUBATh ONIEPATOPHI ¢ HATIPABO, a a' — HAJIeBO,
ucnoJb3ys coorHormenns (10) u (27) . $IcHo, 9TO BCe HEHYJIEBBIE CJIATAEMbIE OCTABINETOCS
YHCJIOBOTO BHIPAXKEHUsT Oy/yT 0OSI3aHBI CBOMM TNPOUCXOXKJIEHHEM O-(DYHKIMH W3 MPaBOi
vacTu neporo pasencrsa (10). deficTBuresnbHO, ecym Obl 6ce KOMMYTaTOph B (10) Ol
PaBHBI HYJIIO, TO ¥ PE3yJbTAaT BhruncaeHus (88) Gbu1 ObI TAKAM Ke.

Ob6paTnM BHUMaHWeE, UTO TPH packpbiTuu dopmyssi (88) ynoMsiHyTas 0-byHKIHS MO-
JKeT TIOSBUTHCS KaK Pe3yJbTAT HETPUBHAJBHON KOMMYTAIIMM OIEDPATOPOB POXKJICHHUS U
YHUYTOXKEHUS B JIBYX PA3JNIHBIX CATYAIUSX: KOTJIA OJINH M3 HUX TMPUHAJIEKAT TOJIO O,
a JIPyTOoil — in- WM OUt-COCTOSTHUIO, MO0 KOT/a 003 OIepaTopa HaXOAATCs BHYTPH TOJEH.
Kasasoch 6bl, €CTh M TPEThsI BO3MOXKHOCTb: TIOJYYHTh 0-(DYHKIINIO 33 CUET MEPECTAHOBKH
in- u out-omeparopos Mexay coboit. OnHaKO TakWe BKIAbI (YACTHUIEA MPOJIETENIa MHMO,
daxTHUECKN He TPOB3aMMOJIEHCTBOBAB C MUIIEHBIO) MPUHATO UCKJIIOUATH; ITOH XKe 1T
CJIYKUT W BHIYMTaHWE eUHUIL n3 S-oneparopa B (80). Xom cobeITHII B IEPBOM Ciiyuae
TIOHSAATEH M3 STBHOTO BUJA, COOTBETCTBYIONIMX KOMMYTATOPOB:

eipw 4 e—ipw
[a(p), p(z)] = @2r) 2 /2pg [a™(p), p(2)] = ~ ) Jap, (89)

[TpuBeseM Tak»Ke TUNHYHBIE (4HTH)KOMMYTATODHI JJIS IPYTHX TOJIEH, HAIPUMED,

_ o)
[ar(P), ¥(2)]+ = @n)i 2 [ax(p), Au(z)] = WCEENTh (90)

Q6muit BLIBOJ OYeBH IeH i BCeX TUIOB KBAHTOBLIX TOJel cpa3y: IepecTaHOBKa, Olepa-
TOpa C TIOJeM TIOPOYK/IAeT, BO-TIePBHIX, CTaHMapTHEE MHOKHTen (27)%/2(2p) =12, yxe
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obcyxieHHble B KOHTEKCTE (bopMysabl (80), BO-BTOPHIX — KCIOHEHIMAJIBHbBIE (DaKTODHI
et ¥ B-TpeTbUX — CIMHODPHl WM TOJIAPU3AIMOHHEIE BEKTOPHI (B caydae CKaJISPHBIX
TOJIElt IM COOTBETCTBYET MPOCTO EJMHUIIA) .

YBUZETHh Cpa3y pe3yabTaT KOMMYTAINHN ONEPATOPOB, HAXOIAINXCS BHYTDHU ToJell, He
CTOJIb JIETKO u3-33 T-ymopsiouennsi. Ho ecTeCTBEHHO PEANONIONKATh (Mbl TIPOBEPHM 3TO
HHYKE) , YTO PE3YJIbTAT JIOJIKEH OBITh YHUBEPCAJEH JUIsl IAHHOTO THma mojeil. Ecam sro
TakK, TO HAWTH €r0 MOYKHO, PACCMOTpEB (CHAuYaJa JJIs CKAJISPHBIX TOJeH) TpocTeimii
caydail — BaKyyMHOe cpejiHee oT T-TpousBeieHns (WM ceéepmiky) JBYX MoJieit

e(@)p(y) = <0|Ty(z)p(y)|0> = —iD(z —y). (91)

DTy BarKHEHIIyIO JUist Beell Teopnu (DYHKINIO HA3BIBAIOT TAKXKe NpuxurHol dyHKImei
['puna, wIm nponazamopom CKalspHOTO Tonst, n obosHadator D [na ymobcTBa Aaiib-
HEWIMX BRIYMCJIEHUH GyneM MHOTIa pasOuBaTh KBAHTOBHIE TOJs (J11060TO THIA) HA JBA
ciaaraemeix, A(x) = AT (z) + A~ (z), Hanpumep,

)= e [ P O = o | €

“Pa(p).  (92)
ITo onpenenenuio, B AT comepkKarca TOJLKO ONEPATOPH POXKACHMS, a B A~ — TOJBKO

YHUYTOXKECHUA. BBe,ILeM BCIIOMOraTeJbHbIE CbYHKIH/II/I

¢ d_p P o)
(27T)3 2pgy ’

D@z —y) = ilp(x),¢()] = D"(z-y)-D (y—2z), D(-z) = —D(z). (%4)

13 (12) u (20) BBITEKAIOT UX CBOHCTBA,

D™ (x—y) = ilp (2),9"(y)] = i <0|p(x)e(y)|0> = (93)

(0*+m*)D™(z) = (?+m*)D(z) = 0, D(0,x) =0, 8J,D(0,x) = 6(x). (95)

Teneps mist ceeprkn (91) u3 (84) m (93) HaxXoqUM SIBHOE BEIDAsKEHHE

o(@)e(y) = —ib(zo —yo) D™ (z —y) —10(yo — To) D™ (y — 2) . (96)
na D¢ nosiydaeM, COOTBETCTBEHHO,
Dé(z) = 0(z9)D™(z) +0(—z9)D (—z) = D(-x). (97)
Beuay oueBmmuoro <0 |p(z)e(y) |0>=<0|¢ " (z)¢"(y) | 0> moxuo 3amucars D¢ Tak:

Dé(z —y) = i0(zo —yo) <Ol (x)™ () [ 0> + i0(yo — o) <O~ (y)™ (z)|0> .

OTciona CTaHOBUTCSA TIOHATHO, mModeMy D€ Ha3bIBAalOT NPHYHMHHON (QyHKIHMEH: pOXKIe-
HHME JaCTUIL B O0OHMX CJIaTaeMbIX HPOHCXOAUT DPaHbINE, YeM ee YHHUUTOXkKeHue. JIpyroii
WUTIOCTPaIAeil TPUYWHHOCTH sBJsteTcs (bakr obpamenns D(z) B myasp npu z2 < 0,
YTO O3HAUYAET, cOTIacHO (94), MOJHYI HE3aBUCHMOCTH TOJEH B TOYKAX, Pa3JIeNeHHBIX
IPOCTPAHCTBEHHO-TIOAOOHBIM HHTEPBAJIOM. Jl0Ka3aTeIbCTBO YIOMSHYTOTO (baKTa Tpe-
Gyer GoJiee TIIaTENBHOTO aHANMM3a cBoicTB GyHKmu D(z). Bmpouem, ero eme MOXHO
TIOHSATh W TakK: B TpeTheM paBeHcTBe dbopmyan (95) z? = —x? < 0, a dbynakuns D(z)
‘mOYTH’ JIODEHI-MHBADHAHTHA, T. €. 3aBHCHT (C HEGONBITAMA OTOBOPKAMHE) TOJIBKO OT 2.
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Mponaratopsl. ITosy4ennsie HamMu Bhipaxkenus (96),(97) njst CBEPTKHU M TpOIaraTopa
CKAJIIPHOTO TIOJS MOYKHO TIpUBECTH K Gojee ymoOHoMy Buay. [ sToro momeiicTByem
maddepenmanbabiM oneparopom Kaeitna-T'opiona ua paBencrso (97):

(0* + m®)D(z) = 0(z¢)(8* + m*) D™ (x) + 0(—x0)(8* + m*)D™(—x)
+ 2008(z0) OoD ™ (z) + 020(x0) - D™ (z) + 2008(—x0) ByD ™ (—x) + 830(—x0)- D™ (—1x)
= 2§(z0) (oD~ (z) — D~ (—x)) + o6(z0)(D™ (z) — D™ (—2x))
= 0(zg) 0o D(z) + 0y(d(z0)D(z)) = (o) 6(x) = 6(z). (98)

Mst ucnosnb3oBan (94), (95) n coornomenue §' = §. Urak, D¢(x) ects dynknus ['puna,
onepatopa Kieitna-Topmona 0% + m? . 3naunr, ee geTnipexmepHbIit dbypbe-06pa3 JoKeH
6brTh iponoprmonaten (m? — p®)~!. Ho wano yuecrs, uto dbynkums ['puna onpesenena
HEOJIHO3HAYHO, C TOYHOCTHIO JI0 pemeHuit ogHopoanoro ypasnenus (Kieitna-Topsona).
Tounoe dypbe-nipescrapienne aas De(x),

1 dp e~ P®

Dé(z) =
() (2r)t ) m?2 —p?—i0’

(99)

HaiizieM n3 conoctanyenus ¢ (97): GeCKOHETHO MaJiast TOOABKA B 3HAMEHATEJIE TIPH WHTET-
PHPOBAHUY TIO Py 337aeT 0OXOBI TIOJIIOCOB, PACTIONOKEHHBIX B TOUKAX pg = ++/p? + m?;
3HAK BEJWYUHBI T YKA3HIBAET, B KAKOH MOJIYIUIOCKOCTH — BepXHEH MJIM HUXKHEH — MOXKHO
3aMKHYTh KOHTYD, TIOCJEe Yero MHTETPaJ 1o Py CBOJUTCA K BHIUETY B OJHOM U3 TIOJIOCOB,
paBHOMY Kak pa3 mpasoii yactu (93) . Jobasum, uro B uaTerpase (99) dypbe-nepemennas
P, KOHEYHO, He CBA3aHa YCJIOBHEM p° = m?, T. e. He HaTo0umcA Ha MaCCOBOH TIOBEPXHOCTH.
ITpuBesieM Teneph BHIPAXKEHUS [JI CBEPTOK BCEX M3BECTHHIX HAM THIIOB KBAHTOBHIX
noJieit (y 3apsKEHHOTO M HEHTPAJbHOTO CKAJISIPHBIX TIOJIEH CBEPTKHM HE PA3IMYalOTCs) |

1 dp e~ P(==Y) )
<OITe@ ) 10> = o [ s = —iDe-y, )
<0 T B 0> = G [LEEZCE (g —impe—y), (10
<OTUE U 0> = o [LET Tl Bl IE) gy
<0|TAu(2)A, () |0> = (2::')4 / dp e;p:: I (103)

CaepTku moJIelt OAUHAKOBOTO 3aPd/1a, 10 TOHSITHBIM NMPUYAHAM PABHBI HYJI10, HATTPUMED,
<O[Te" ()¢ (y) [0> = <O0[Te(x) ¥(y) [ 0> = <O|TUu(z) Un(y) [0> = 0, (104)

M YK COBCEM OYEBHJHO OOpAaIleHWe B HYJb CBEPTOK TOJiell pasHbiXx ThmoB. CXema BbI-
Boza dopmya (100)—(103) rakosa: wcxonum u3 onpesenenus (84) mist T-npon3BeeHus;
BOBHUKAIOIIASA OT TIEPECTAHOBKH ONEPATOPOB d-DYHKIMSA CHUMAET OJHO W3 TPEXMEDPHBIX
MMIYJIbCHBIX MHTETPUPOBAHMIL; Jasiee HAO (KpoMe CIIydas CKAJAPHBIX T0JIeH) CIoIb30-
BaTh pasencrBa (60), (67) m (72); HAKOHel, CDABHMBAEM DE3YJIbTAT MPH KaXKJIOM 3HAKe
Pa3HOCTH Ty — Yo C COOTBETCTBYIONMM WHTETPAJIOM 1O dp, KakK TpH BbBOJE (99) .

HopmansHoe ynopspoderune. 3aBepimasi pacCMOTpeHHE BAKyYMHBIX CPETHUX OT IPO-
M3BEJIEHNH JBYX TOJIEH, BBEJIEM BAXKHOE TIOHATHE HOPMAALHO20 YNopadowerus (Man Hop-
MAADHO20 TPou3sedenus). ITa omepanus, obo3HaYaeMasi Napoil JBOETOUMH, TPUMEHS-
eTCd K TPOW3BEIEHUAM JIIOOBIX O0bEKTOB, COJEPKAIMNAX OTEPATOPHI POXKJIECHUS W YHUY-
TOXKEHUS, MeHCTBYeT TOJBKO Ha CAMM 3TH ONEPATOPHI, W PACCTABISIET UX B HOPMAALHOM
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TOpsJIKe, T.€. B TaKOM, KOTJ|a BCe OMEPATOPHI POKJIEHUS CTOSAT B MPOU3BE/IEHUN JIEBEE
ONEPATOPOB YHUUYTOXKEHNS, HATTPUMED,

s a1a4 azasas agad : = +aiadaaiazaqas, (105)

tA(@)A(y) - = AT(2)AT(y)+ A (2)A(y) + AT (2)A™(y) £ AT () A (z).  (106)

Kak u B (86), 3HaK IUIIOC COOTBETCTBYET YETHOMY, & MHHYC — HEYETHOMY HHCJY CIEJIaH-
HBIX TIPH 9TOM TIEPECTAHOBOK (DEPMHU-OTIEPATOPOB MeXK1y coboit. Anajormuno caydawo T-
MPON3BEJIEHNS WUJIN CBEPTKH, MO/ 3HAKOM HOPMAaJbHOTO MPON3BEJIEHNS ONEePaTOPhl MOYKHO
TIEPECTABJIATh, MEHsIsl JIWITh OO 3HAK TPH KaXKJO# TepecTaHOBKE ABYX (hePMHUOHOB.
Herpynno ybenuThest, 9To JJisl CKAJSIPHBIX TOJieil BHITIOJHEHB CJIETYIOINEe PABEHCTBA!

p(x)p(y) — p(x)p(y) : = [p™(2), ¢ (y)] = <0|p(z)p(y) |0>= —iD™(z—y), (107)

To(z)p(y) — o(x)e(y) : = o(@)ely) = <0|Te(z)e(y)|0>= —iD(x —y). (108)
AHaJIOI‘I/ILIHbIe COOTHOIIIeHN A CHpa,Be,ILJ'II/IBbI n aJid OCTaJIBHBIX THUIIOB KBAHTOBBIX HOJ'Ieﬁ.

Teopema Buka. Tenepb MBI IOCTATOYHO TIOJATOTOBJEHBI, YTOOBI CYIECTBEHHO MPOJIBH-
HYThCS K HAIlel TJIABHOW T€JIM HA JAHHOM STalle — MOJIyYeHWIO yJI00HOTO PETeNnTa pac-
KDBITHS BhIpaxkeHuit Tuna (88). Beiie ObI0 06eMaHo, 9TO PE3YJIbTATH MEPECTAHOBOK
OTIEPATOPOB, BXOJSIIHUX B COCTAB MOJEH, YIACTCH MPEJICTABATh B TepMUHAX (DYHKITMH BUIA
(91),(100)—(103) , To €cTh MOMAPHBIX CBEPTOK. VIHBIMHU CJIOBAMH, MBI TIPEJNOIATAIHA CY-
IECTBOBAHME HEKOTO 0BIIEro npasmiia, 0600mmatoiniero papercrso (108) Ha cayuyaii a060ro
gucsa nosieit. Takoe MpaBuiIO HOCHT Ha3BaHWe meopemo, Buka n dopmysmupyercs Tax:

TAy ... Ay = > (=) AyAiy A Ay i Ay, o A (109)

CymMma Gepercst M0 BCEM BO3MOXKHBIM BBIOOPKAM TOMAPHBIX CBEPTOK Tojeht A;...A,, a
3HAUNUT, K MOXKeT GBITh JI0OBIM uemHbim duciaom 0 < k < n. B mpasoit wactu (109)
00s13aTeNIbHO €CTh caraemMoe Boobiie 6e3 cBeprok (kK = 0), W, ecaum n YeTHOe, MOTYT
OBITH cJaraeMble, B KOTOPBHIX BCE TIOJIS TOMAPHO CBepHYTHL. llons, He BomemImMe Tox
3HAK CBEPTKH, TIOMEIIEHBI TI0J 3HAK HOPMAJIbHOTO MpOu3BeieHns. MHokuTesnb (—)7, Kak
Bcer/ia, Habupaercs 3a CUeT aHTUKOMMYTATUBHOCTH hpepMUOHHBIX ToJieit. 1Ipm sTom Hamo
YIUTHIBATh 6Ce PA3INIUs TOPSIJIKa CJIeI0BAHNs TIosieli B 3anmcu Jieoit uacru (109) u mpa-
BO#, npouumanHoti nodpad, 6e3 nejeHns Ha CBEPTOUYHYIO ¥ HOPMAJbHO yHIOPSAI0UYEHHYIO.
B ocHoBe j0ka3aTenbcTBa TeOpeMbl Buka JIeXKWT cienyioiee MpoCcToe HAOIIOAeHME:
nepexon or TA;...A, kK : A|... A, : B cuny cBoiictea A = AT+ A~ morpebyer, B Ko-
HEYHOM WTOT€, MEPECTAHOBKHM (KAKWX-TO) KOMIIOHEHT KAKJIOTO TOJIS € KaXKJBIM, 9TO H
TPUBEJIET K TOSIBJIEHWIO BKJIAIOB OT MOTAPHBIX KOMMYTATODPOB B JIIOOBIX BO3MOXKHBIX Ha-
6opax. Cnenuduka T-ynopsaodeHus Ha 3TO He CHJIbHO BJHMSET, TaK KaK MOXKHO CHa-
qaJIa, JIOKAa3aTh TeOpeMy Jijist (DUKCUPOBAHHOTO TOPSIIKA BPEMEHHBIX apTyMEHTOB TOJEH,
06061uB monyTHo u (107) o obpasny (109) — ToNbKO BMECTO CBEPTOK GYAyT BXOIUTD
dyukmmn —iD~, KOTOpble TOTOM, C TIOMOINIbIO f-byHKIMI, coOepyTcs B HY:KHBIE HAM
—iD¢. Crpykrypa Kaxmoro cjaaraemoro dopmyssr (109) Toxe mpospaduna: TOJ 3HAK
HOPMAJIbHOTO TPOW3BEJIEHNST BXOJSAT TIEJIMKOM TIOJIsl, OCTABITHECS BHE CBEPTOK, a HE WX
oTnenbHbIe AT-KOMTIOHEHTHI, MOCKOJIbKY HETpHBHAJbHBE (fatonmue D) mpaBble YacTH
KOMMYTaTOPOB JJIs 9TUX ToJjeit mpu (hOpMUPOBAHUHU JAHHOTO CJIATaeMoro He paboTaju:
WHAYe 9TU TOJs TPUCYTCTBOBAIN OBl B CBEPTKAX. A TpHM TPUBHAJBHBIX KOMMYTAIHAX
A*_KoMTIOHeHTH BefyT cebs OAMHAKOBO M B WTOTe CHOBA CKJIAJBIBAIOTCA B ToJe A.
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Mpasuna Peiiimana. Ilogcranoska dbopmyas Buka (109) B (88) pamnkanbHbM 06pa-
30M YIPOINAET CHTYAIMIO, BEJb OCTAloNMecs B mpanoil yacru (109) HOpMasbHO ymopsi-
JIOUEHHBIE TIOJIST MOTYT JIajiee YYacTBOBATb TOJBKO B (aHTH)KOMMYyTaTopax ¢ in- u out-
olepaTopaMu, TOpoxaas BKJAaAb Buaa (89),(90), mMOCKOJBKY JPYTr ¢ JPYroM STH TOJIS
TIEPECTABJIATL YK€ He HaJ0. B 1e0M, mporece BHIYUCIEHHs MATPUYHOTO 31eMenTa (80)
BBITJISIJIUT TENEeph TaK: PA3JI0KEeHNe SKCIIOHEHTH B (6ECKOHEUHBIH) psiji TEOPUH BO3MYIIE-
HHUIl 110 CTENeHsIM £7 TPUBOJINT K BAKYYMHBIM CpeTHUM Buja (88) ; MpUMeHeHHe TeopeMbl
Buka pa30uBaeT Kaxkjoe W3 HUX Ha KOHEUYHYI0 CYMMY BKJIAJIOB, B KOTODBIX OTNEPATOP-
HO3HAYHBIE TIOJIS OCTAIOTCS TOJBKO TOJ] 3HAKOM HOPMAJIbHOTO MPOU3Be/IeHus] (OCKOIbKY
CBEPTKH — 3TO YHUCJOBBIE (DYHKIMM), TPAYEM HEHYJIEBOH Pe3yJbTAaT MOIYT JIATh JIHMIIb
TaKWe BKJAJBI, B KOTOPHIX KOJUYIECTBO M THII TIOJEH TOI 3HAKOM : : COOTBETCTBYET THITY
1 00IEMy YHCJy YaCTHIl B in- W Out-COCTOSHMSAX; (aHTH)KOMMYTAITHSI TIOJIEH ¢ ONEpaTo-
paMmH, 33Ja0IIMHA 3TH COCTOsIHMS, 1o penentaMm (89),(90) u yder ycnoBus < 0|0 >=1
IPHUBOJAT K TOMY, YTO OIEPATOPOB, KaK W BAKyYMHBIX OOKJAJ0K, B HAIIHX BHIPAXKEHUIX
BOODIIE HEe OCTAETCS; TO/ICTAHOBKA (byphe-tipesacTapienuit (100)—(103) mist cBepToK 1 MH-
TerpupOBaHue 10 BCeM dI yCTPaHAeT BCE JKCIIOHEHTHI, 3aMeHdAd WX Ha O-QYHKIHU OT
CYMM 4-MMITYJIbCOB; HAKOHET, 9TH -YHKIMN ¥ WHTETPAJIbI 10 dp B OCHOBHOM (XOTS ¥ He
TIOJTHOCTHI0) UCTPEBIISIOT IPYT JPYTA.

Yro xe mosyumioch B urore? Hecsoxkubie COOOpaKeHUs W TOJCYETHI TO3BOJISAIOT
chOpMyJIMPOBATH OTBET HA 3TOT BOMPOC B (hOPME WCKJIOUUTEIBHO TOJE3HBIX NPa6UA
Detinmana. TacTb TUX MPABUI MOXKHO TIPEJICTABATL (MBICJIEHHO WK Ha Gymare) B BHJE
eme GoJiee 3HAMEHUTHIX duazpamm Detinmana. [eHCTBUTENHHO, OTIMCAHHAS BHIIIE POTIE-
JIypa BKJIIOYAET TPH OCHOBHBIX THIIA, OOEKTOB, KOTOPHIE MOKHO H300Pa3HTh ITpachuIecKH.
Bo-TiepBHIX, JIArPAaHXKHUAH: OH (TOYHEE, KAXKJI0e €0 CJIAraeMoe) MPeJICTABJSET CODOM TPO-
M3BEJIEHNe HECKOJbKUX TIOJIel, KOTOpoe M300parKaloT B BUJE 6ePUIUHDL — TOYKH, U3 KO-
TOPO# PACXOMATCS JIMHWA, OTBEUAIOIINE KaxKJIOMy TOJ0. JIMHUE GHIBAIOT JBYX COPTOB —
sHympenHue (OHH COOTBETCTBYIOT CBEPTKAM W COEJUHSIIOT BEPIIHWHBI) M 6HEULHUE, OTBE-
YaoIIue TeM TOJISM, KOTOpbie OBLIM 07 3HAKOM HOPMAJBbHOTO MPOU3BEICHWS U 3aTEM
KOMMYTHPOBAJI C in- ¥ out-OomeparopamMm: STH JIMHAM BHIXOAAT (M3 BEDINMH) BOBHE, HU
¢ 4eM GoJiee HE COCIMHAACH. IIPMHSATO PHUCOBATH JIMHUM JJIs PA3HBIX TUIOB TOJeEH To
Pa3HOMY: CILIOIIHBIMHA, TYHKTHPHBIMY, BOJHACTHIMM M T.J. JIMHUM 3apgK€HHBIX TOJeH
CHAGKAIOT CTPENKAMHU, YKA3BIBAIOIMMIA HAMPABJICHAE JBUKEHUS YACINUY; AHTUYACTUTIHE
JIBIKYTCS BPOMUE cmpeaok. B UTore, Kax oMy OTJIEJbHOMY CJAATaeMOMY BHIUMCISEMOTO
BHIpaXKeHHsl (Ha JTame Mocje IPUMEHeHUs] TeopeMbl BHKa M BBINIOJIHEHHSI TEPECTAHOBOK
TOJIel ¢ BHENTHMMH ONEPATOPAMM) CTABHUTCS B COOTBETCTBHE JUATPAMMA, YHUCJIO BEPIINH
B KOTOPO# paBHO TOPSAAKY TEOPHM BO3MYINEHWH, a YWCJO BHENTHHX JUHHH — cymMMap-
HOMY 9HCJIy YaCTHI[ B HAYAJIHHOM ¥ KOHEYHOM COCTOSTHUSIX (YMCJIO YK€ BHYTPEHHUX JIMHUI
MoeT ObiTb pasHbiM). Kaxkoii amarpamMme OTBedaeT ONpeJefeHHOe anarebpanyecKoe
BHIPaYKEeHNE, K ONHUCAHHUIO KOTOPOTO MBI M TIEPEXOJIAM.

ITo mocTpoennto, MATPUYHBIN sjeMeHT S-Marpuisl (74) sBasercs HEKOTOpO# hyHK-
el OT HMITYJIbCOB HAYAIHHBIX U KOHEUHBIX YaCTHIl. KaxKIblil 3 3TUX UMITYJIhCOB JIEXKAT
Ha (cBOel) MaccoBoit oBepxHOCTH P2 = m?2 (M, — Macca JaHHON YaCTHIH) , & UX aJred-
pamveckasi CyMMa JIOJKHA ObITh PaBHa HYJII0. Bbipakatomas 510T (akT (CoXxpaHeHme
4-nmmysibea) 0-yHKIHsI, 3apaHee BeTabjaeHHast B bopmyay (80), BOSHHKAET OT TOTO, UTO
KaKJ10€ MHTETPUPOBAHKE TI0 dZ TOPOXKIAET YeTHIPEXMEPHYIO0 d-DYHKIMIO — 3aKOH COXpa-
HEeHWs MMITYJIhCa B KaxKJ0# BepimmHe. B Wrore momydaercs, 4To MO KarxKI0# JIMHAM JWa-
IpaMMBbl, KaK BHYTPEHHEH, TaK ¥ BHEITHEH, TIPOTEKAET ONPEeIeHHBIH 4-HMIYJIbC, TPAYEM
B BEPIMMHAX, 4 3HAUAT W BO BCEM TIPOTECCE B TEJIOM, OH coxpaHsercs. HekoTopoe yTod-
HEHUEe: €CJH JUarpaMMa (KaK KapTHHKA) COCTOMT W3 OTIEJBHBIX KYCKOB, HE CBSI3aHHBIX
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MeXJy cobOH, TO 3aKOH COXpaHeHHd 4-MMIyJbca OyleT BHIIOJHATHCA JJIs KasKIO0TO Ta-
KOTO KycKa. MuI, BopodeMm, ybeauMcs HHKE, 9TO HECBI3HBIE JUATPAMMBI, KaK IPABUJIO,
He TPEJICTABJAIT CAMOCTOATEIbHOTO mHTepeca. Crejayer emme J06aBAThH, YTO HAJMYHNE
B JMarpaMMe 3aMKHYTHIX IMKJIOB, WJIH Nemeab, TPABOIAT K TOMY, YTO B OKOHYATEb-
HOM BHIPasK€HWM He BCe MHTErPUPOBAHUS 10 dp CHUMAIOTCH 0-PYHKIMAMU: MX OCTAHETCS
POBHO CTOJBKO, CKOJIbKO B JMarpaMMe HE3aBUCHMBIX IMKJIOB. Takue BHYTpPeHHHME WM-
MyJIbCHl MHTETPUPOBAHMs, KOHEIHO K€, He JIe’KaT Ha, MaCCOBOH MOBEPXHOCTH.

[Tepeuncanm Tenepb BKAAIB B AMIUVINTYAY ./ , BHOCHMBIE PA3JUYHBIMHA 3J€MEHTAMHA
muarpamM. Kaxk sicho u3 (89), BHEIIHMM JIMHUSIM CKAJSPHBIX ToJiel (HeATpaJbHBIX W
3aPAKEHHBIX) CJIeJIyeT COMOCTABUThH MPOCTO Wucao 1, m6o MmoxmTenn (27)~3/2(2py) =42
yke yurensl B (80). B caydae cOMHOPHBIX MJIM BEKTOPHBIX TOJIEH BOWJIYT €I1e M COIMHOPBI
(u,v,...) MGO BeKTOPHI TONApU3aTHA (€], ef;) KonkperHo, cimHOpHO# yacTuie (Ha-
TpPUMED, 3JIEKTPOHY) B HAYAJIBHOM COCTOSTHWH, MMEIOIIEH NMIYJIbC P W TOJASPU3AIMIO T,
COTIOCTABJISIETCST BKJIAJ] OT BHEITHEH JIMHWH, DABHBIN U, (P); TAKOM ¥Ke 9aCTHUIEe B KOHEUHOM
COCTOSTHUY — BKJI3]I U, (P); COOTBETCTBYIOIEH aHTUYACTHIE (MO3UTPOHY) B HAYAIHHOM CO-
crosiHu — U, (P), & B KOHEYHOM — v,.(P). BHEITHUM JIMHUSM BEKTOPHBIX YACTHIL BCETIA
COIOCTABJIAETCA MX BEKTOP HOJISPHU3AIIH, e;\t (p) mmbo e (p) -

BHyTpeHHUM JIMHUAM TI0JIeif CTABATCA B COOTBETCTBHE TIOABIHTEIPAJbHBIE BHIPAKEHUS
(6e3 sxcmonent) u3 (100)—(103) . OTnenabHoe 3aMeuanne KacaeTcss GepPMUOHHOTO MPOTIATa-
topa (101). Ecsam 3anuchiBaTh €ro ¢ SBHBIM YKa3aHUEM CIIMHOPHBIX WHIEKCOB, TO TIODS 0K
ToJIeH TOJT CBEPTKOH MOXKHO ObLIO ObI MEHSTD,

Z(ﬁ +m- l)ag

<O|Tathp|0> = — <0 |Tohgipe| 0> = 0 —m?

(110)
YnobHee, 0JJHAKO, MCIOJIb30BATH MATPHYHYIO (CTPOYHYIO, CTOJOIOBYI0) (HbOpMY 3alucH,
TpHUBO/Is Bee bepMHUOHHBIE cBepTKH K Bujy (101), BesencTBre 4ero B quarpammax ¢ dbep-
MHWOHHBIMH 3aMKHYTBHIMH IE€TJIAMHA BO3HUKAET ,ZLOHOJIHI/ITeﬂbeIﬁ 3HaK MUHYC IJ1d Ka)K,ZLOﬁ
CbepMI/IOHHOﬁ IIeTJIM, TaK KaK COOTBETCTBYIOIIad IIepeCTaHOBKa CIIMHOPHBIX moJieit BCerjga
HedeTHa. J[06aBUM K 3TOMY, UTO CJeJ OT TPOU3BEIEHMIT Y-MATPHUI], HeM30EKHO BO3HUKA-
IOIH# B TAKOTO POJIA METIAX, OEpPeTcs MPOTHB CTPEJIOK.

Bxnan B aMImmTy/ly OT KOHKDPETHOW BEDIIMHBI ONPEJEISIeTCS BUJIOM COOTBETCTBYIO-
IMEro CJAaraeMoro B JarpaHKuaHe B3amMmoielicTBus. [lompocty roBops, Haja0 B34Tb BCE,
KpoMe Tosielt (160 WX BKJIAJBL y2Ke YUTEHBI BbIIIE) | KOHCTAHTHI CBS3M, MATPHIIBL THIIA 7Y, ,
€CJI OHW MMEIOTCS B JIAHHOM CJIaTaeMoM, u T. 1. Kpome Toro, ecim B £ €CTh MPOU3BO/I-
HbIE 3,“ TO B UMIIYJILCHOM IIPEACTABICHUU OHHU IPOABATCA B BHAEC MHOXKHUTeJelt ’L.pu, rae
p — 4-mMmmyJsbc, BRIXOAATINI u3 naHHOM BepmwmHbl. [loykasyil, HamMeHee aBTOMaTHYeC-
KM JeficTBueM mpu pabore ¢ auarpammavu QeitHMaHa SBIASETCS HAXO0XKJEHUE OOIIETO
HOPMHPOBOYHOTO (baKTOpa W 3HaKa mepen HUM. He BaaBasch B 0OCYKJIEHWE CYIIECT-
BYIOIIMUX 34€Chb METOA0B, OCHOBAHHBIX Ha aHAJN3€ CUMMETPpHUU AWaArPaMM OTHOCHUTE/JIbHO
B3aMMHBIX II€PECTaHOBOK 3JJIEMEHTOB, 3aME€THM TOJIbKO, 4YTO YHUCJI0BOI KOSCbeI/IIH/IeHT n
3HaK HETPYJ/HO, KaK MPaBUJIO, OTCJIEIUTh U3 TeopeMbl Buka.

B wurore, mo nuarpammve @eitHMaHa CTPOUTCH AJrebpandeckoe BHIPAYKEHHUE, TTPEICTAB-
JItotee coboft MpOU3Be/IeHNe ONUCAHHBIX BHINE WHIPEJIMEHTOB, COOTBETCTBYIONINX BCEM
rpabuIecKuM 3j1eMeHTaM JIaHHO#H nuarpaMMbl. [loMuMoO cBoeit BHIUMCIWTENBHOMN TOJIE3-
HOCTH, TrarpaMMbl QeffHMaHa MOTYT CIYKUTh TaK2Ke M CBOETO POJIa HATJISTHON KapTHHOM
MPOUCXOIATIINX B3aUMOJIEHCTBUN MexXKay dacTuriamu. lIpm srom Hal0, KOHEYHO, UMETDH B
BHU/Iy, YTO BHYTPEHHNE JIMHUHN JUATPAMM WHTEPIPETUPYIOTCH KaK PACIPOCTPAHEHWE 8UP-
MYAADHBLL TACTUT] C KBAIPATOM 4-MMIYJIbCa, He 00S3aTEebHO PABHBIM KBaJPaTy MaCcChI
COOTBETCTBYIONIEH peajibHONH YaCTHUIIH.
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CymmupoBaHve no nossipusaumsam. AMIanTyna .4, BHIYMCICHHAS O JAATPAMMAM
DeitHMaHa, SBISETCS PEJISTUBACTCKAM MHBAPHAHTOM (JIOPEHIEBBHIM CKajsipoM) . Bce Jio-
PEHIIEBHl 4-WH/IEKCHI, TIOABJSBIIAECS B IPOIECCE COCTABJICHUS 3TOTO BHIPAYKEHUS IO TIPa-
ustam DeifHMaHa, CBEPTHIBAIOTCA APYT ¢ APYyroM. K JONOJHATEILHBIM YIPOIMIEHUSAM TI0-
JIy9EHHBIX BBHIPAYKEHWi TPUBOJAT CYMMUPOBaHue (MM YCPEeJIHEHHE) TI0 BO3MOYKHBIM CIIH-
HOBBIM cocTogHuaM. HauneMm ¢ BeKTOpHBIX Tosieit. [lycTh, HanpuMmep, B KOHEYHOM WJIH
HAYaJHHOM COCTOSTHUH mMeeTcst bOTOH ¢ nonspuszanueit \. Torma amMminTyna 4 MOXKET
6bITh TIpecTaBIeHa B BUAe A = A, €, . Tlocie B3ATHS KBaapaTa MOIYJIS, CYyMMHUPOBA-
HEs 110 pu3MIecKuM 3HadeHusM A = 1,2 (M yueTa B3aMMHOTO COKpAIeHus HebH3NIeCKuX
BKJIaI0B oT A = 0, 3), a Takke npnveneHusi opmynsl (72), TOJYyIUM BbIpaXKeHWe

DL = Y MMy = — M e = — M (111)

A=1,2 A=1,2,3

HE CoJiepKallee BEKTOPOB MOJSPH3AIMA. AHAJOTUYHO, ¢ WCHoab3oBanneM (67), obpa-
0aTHIBAIOTCS AMILIUTYILI TPOIECCOB C YUYAaCTMEM MACCHBHBIX BEKTODHBIX ToJjieit. 37ech
CYMMHUPOBAHHNE CPa3y OCYIIECTBJSETCS TOJBKO 10 (TpeM) (DU3MIECKUM MO PA3AIHSIM.

B caydae depMuoHOB ymaeTcss MOXOKUM 00Pa30M MCKJIOUWTH CHUHODPHI M3 KBAJIPa-
TOB MOJyJel KBAHTOBBIX aMILIUTYJ, TPOCYMMUPOBAHHBIX TI0 MPOEKIHUSAM CIWHOB. Eciwm,
nanpumep, # = u,(p)Nvs(q), tne N — 4 X 4-marpura, T0 yIATHBAS

M= M = (uTpNv)t = vTNTypu = 59N yu (112)

M IpuMeHsIst cBolicTBa cimHopoB (60) u (41) , mpuxoauM K

DL = Y u(p) Noy(a)vs(a) vo Ny ur(p)

r,s=1,2 r,s=1,2

= tr Z u(P)ur(P)N (G—m) o Nty = tr ((p+m)N(G—m)v Nty). (113)

r=1,2

Jlns yopolreHust mpaBoit 4acT MOXKeT ObITh MCIOJIH30BAHO COOTHOIIEHNE

YoV W)™ = YooV, (114)

BhITeKawoIee u3 (50) .

B sToM mecTe cienyeT mMOABECTH HEKOTOpbIe MTOTH. HaKOMJIeHHBIX HAMHU 3HAHUI 10O
KBaHTOBOI1 TEOPpHUH IIOJIA Y2Ke JOCTATOYHO AJ4d BBIMUC/IICHHA aMIJIMTYI U BepOHTHOCTeﬁ
TIPOTIECCOB B HU3IIEM TIOPSJIKe TEOPHH BO3MYINEHuH (B TAK HAZBIBAEMOM GOPHOGCKOM TIPH-
6J'II/I)KeHI/II/I) Ipy TOM YyCJIOBHH, YTO JiaI'DaH2KHaH BBa,I/IMOILeIL/iCTBI/IH BKJ/JIIOYa€T II0JA TOJBKO
HU3y4Y€HHbBIX HaMHW THUIIOB, U 4YTO OH IIOJHHOMMAJIEH IIO 3TUM IIOJIAM. IIpeHHTCTBHeNL Me-
IMaKIMUM IIPOABU2KCHUIO B CJICAYIOIIHE IIOPAIKH, OKa3bIBAKOTCA YIIOMHWHABIIHWECA BLIIIE
WHTETPAJIBI TI0 BHYTPEHHUM WMTIYJIhCAM — OHH, KaK TMPAaBUJIO, PACXOAATCS, IPUBO/IS K Oec-
CMBICJIEHHBIM OECKOHEYHBIM pe3yabTaraM. JIpyruM mpobesioM HAITEro M3JI0XKEHUs OBLIO
IIOKa 4YTO IIOJIHO€ HMIHOPHPOBaHHUE BaKHEUITIEro acIIeKTa TeoOpuu 0E3MaCCOBBIX BEKTOD-
HBIX ToJielt — mpucyimieit uMm KaanbpoBounoit cumMerpun. Ha ycTpaneHme yka3aHHBIX
HEJIOCTATKOB ¥ PeEIeHNe BOZHUKAIONINX TP 3TOM NpobJieM Temeph u OY/eT, B OCHOBHOM,
HANIPABJIEHO HAIlle BHUMAaHWEe. B YacTHOCTH, 3TO TMOTPEOYET CYIIECTBEHHOTO PA3BUTHUS
dbopmannaMa, UeMy ¥ TOCBSINEHa CIAEAYIONAs TIaBa.

23



3. KoHTmHyaJabHBII WHTErpaJ

lNpowseoasime cyHkumoHansl. PaccMoTpuM BakyyMHOe CpejiHee
Z(J) =<0 Texp(i/d:v [Li(p(2) + () J(z)])[0> = <0| Tl @D o> - (115)

Bnech J(z) — DyHKIMOHAIBHBIN aPTYMEHT, KOTOPHIi MPUHATO HA3BIBATH UCTMOYHUKOM .
Jas KaXk7aoro Tuma Tmojieil MCIOoJb3yeTcs CBOW WMCTOYHWK, CHAOKEHHBIH COOTBETCTBYIO-
IMAMY WHEKCAMH. VICTOYHWMK HE CONEP:KUT HUKAKHUX ONEPATOPOB, M CJAYKUT HAM IIPOCTO
KaK IapaMerp pasjioxkeHus B ¢opMasbHble (DYHKIMOHAJbHBIE pAabl. Vcrounukn ep-
MHUOHHBIX TI0JIEH CIUTAIOTCH aHTUKOMMYTUPYIonmMH dyHkImamu. COKpaIeHHYIo 3aIHuCh
Ge3 IBHOTO yKa3aHWsI WHTErpaJia, KaK B pasoii dactu (115) , Mbl 6y/1eM 4acTo IPUMEHSTD
B nasbHefimem. CpaBuuM Bhipazkenne (115) ¢ MarpudHbIM 351emenToM Buaa (74). B ana-
TPAMMHOM TIPEJICTABJIEHUH JIJIS TIEPBOTO M3 HUX OTCYTCTBYIOT BHEITHWE JUHUH ([OCKOJIbKY
in- ¥ out-COCTOSTHMSI TYCTHI), 3aTO MOSBHJICS HOBBIH JIEMEHT JMATPAMMHON TEXHHKH —
ncrounnk J (Tounee, ero dopmambHb byphe-06pa3 J(p)) — U, COOTBETCTBEHHO, HOBHIE
JIMATPAMMBI, B KOTOPHIX HEKOTOPHIE M3 BHYTPEHHUX JIMHUN COEIUHAIOT BEPITHHY C MCTOY-
HUKOM, 4 WHOTJA — JBa MCTOYHWMKA JPYT ¢ ApyroM. Bce Takoro poja JuHuE HaM OymeT
yno0Hee BOpPeb HA3BIBATH BHeMHNMH. QUEBUHO, YTO 410004 JAATPAMMA W3 PA3JIOKE-
Hus (74) Haiimer cBoit npororun B (115), TOJBKO BMECTO BKJIAJIOB OT BHENIHWX JIMHUI
nosBaTes crpykryph Tana [ dp J(p)/(p?* — m? + i0) u eit momo6HExX. PopmanbHb (7
TPOM3BOJIbHBII) XapakTep aprymenTa J u ero ¢bypbe-06pasa mo3BoJser BoobIne OmyCTHTD
3/16Ch MHTEIPUPOBAHKE TI0 P M COMOCTABJSATL AUATPAMMEI U3 (74), T7ie BHEITHUM JMHUSIM
COOTBETCTBYIOT CIIMHOPHI ¥ T. II., uarpamMmaM u3 (115), B KOTOPHIX Ha STHX MECTaX CTOST
MCTOYHWKH, IOMHOKEHHBIE Ha, TTPONATaTOPHl. 3aMeHa OJHOTO Ha, JPYToe He IPeICTaBIsger
TpyJa. MOMXKHO 3aKJIIOYNTh, 4TO npoussodsuut gynryuonas Z(J) (115) akkymysaupyer
BCI0 MHbOPMANHIO, 3aJ0KeHHYI0 B (74), KpoMe nHGOPMAIME 0 KOHKPETHBIX in- # out-
cocrostausix. Ilocsennsis Mo¥KeT OBITH Jierko Jobasiena (a dbypbe-06pa3bl NCTOUYHUKOB,
COOTBETCTBEHHO, CTEPTHI), W Mbl BOCCTAHOBHM BKJIaJI JII0O0# auarpavmbl u3 (74) 1o ee
npoobpa3y u3 (115). Bce 3T0 MO3BOJAMT HAM B JAJbHEHIIEM COCDPEJIOTOYNTHCS Ha W3-
yeHnn 06bekToB Tuna (115), TO €CTh YMCTHIX BAKYYMHBIX CPETHUX OT T-TPOM3BEJIEHMIA,
3abbIBast 1o in- u out-cocrosaus (76).

Pabota ¢ npousBoigmmMy (hyHKIHOHAJAME TPeGyeT MCTIOIb30BAHUS GAPUAUUOHHBIL
npouseodnwiz. Vines, sexalas B OCHOBE 9TOTO TIOHATHSI, COBEPIIEHHO TPO3PAYHA;

9 5
- = R = ) 11
sk = = g [ @ = e, 19

B kauecTBe 6a30BBIX OIpeIeIeHNH MOXKHO B3ATh

O J@) = bw-y), o (AB) = (-2 MB+A- B, (117)
6J(y) Y SIW) 0 (y) oJ(y)

OTKY/Ia JIETKO BBIBOJUTCSI BTOPOE paBeHCTBO B (116) m apyrue mosie3Hbie COOTHOIIEHHS,

J / 5, _ :
— [dx F(J(z)) = F'(J , eI = et/ dze@)I(=) (118
s [5FU@) = FUG), o) (118)

B mpuanume, 37ech MOXKeT BO3HWKHYTH BONPOC O TOPSJIKE CJEIOBAHUS OMEPATOPOB B
TOJIY YaIONIUXCS BhIpaykeHnsX. K cuyacThio, B HameM ciaydae mpasbie dacta (118) obs3a-
TeJbHO OyIyT TMOJ 3HAKOM 1-TIDOW3BEJNIEHMs, U BONPOC CHUMAaeTcs. BTopoe paBeHCTBO B
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(118) mpUBOIHUT K BeChbMa BaxKHBIM M WHTEPECHBIM CJIE/ICTBUSIM:

d d

<0|To(zy) ... o(x,) E1O+D 0> = (—z')"w(xl) ST Z(J), (119)
Z(J) = exp[i/dyf;(—i#;(y))] <0|Texp(i/d:vg0(:v)J(:v))|0> : (120)

Cootrromenne (119) mokasbiBaeT, 4To TOJS @ TOJ| 3HAKOM T-TIPON3BE/IEHNs] B TAKOTO POJIA
BBIDAYKEHUSIX MOXKHO TIOPOXKJIaTh BapbupoBanueM mo J. Ho Tornma m Bech JarpaHxKuaH
Z;(¢) MOXKeT GHITH CTeHEPUPOBAH MOAOOHBIM 00PA30M — TaK MBI IPUXOJAUM K hopmysie
(120) . Ee MOXKHO elle yIPOCTHTh, BEIYUCJINB BAKYYMHOE CpeJlHee B MpaBoil dactu. Pas-
JIOXKWM SKCIIOHEHTY B P M puMeHUM TeopeMmy Buka. Bkuan 2n-oro mopsijika cBOIUTCS
K 7-0ff CTETIEeHN €IWHCTBEHHOI BO3MOXKHOIN JMATPAMMBI — JIBa, MCTOYHWKA, COETMHEHHBIE
mpomaraTopoM. HedeTHble MOpsIKM BKJIAJI0B He jna0T. KomOuHaTtopHbIit dhakTop dop-
MEpPYyeTCs U3 Teia0poBckoro koaddurnmenta 1/(2n)! u umcaa BO3MOMXKHOCTEH CBEPHYTD
nonapHo 2n noseit, pasroro (2n — 1)(2n —3)...3-1 = (2n)!/2"n!. B urore nmeem

<0|Te®’ 10> = exp( %/d:v dy J(z)D(z — y)J(y) ) = exp( %JDCJ), (121)
Z(J) = exp|iZy(—i %)] eXp(%JDCJ). (122)

@opwmyna (122) gaeT KOMIAKTHYIO 3aMKUCh BCETO DsiJia TEOPUH BO3MYIIEHHH, CO BCEMHU €e
auarpamMMaMu. [Ipu 3ToM, KOHEYHO, JJId KaXKI0T0 THIA ToJIeit HeoOX0IUM CBO#M MCTOYHUK.

CBsi3Hble M CUIBHOCBSA3HbIE Anarpammbl. Passioxkenmne wcxogHoOro Bhipakenus (115) B
dopmanbHbIil psaa o J TpUBOIUT K

2J) = ¥ %/dwl ez Za(@r - 30) J(@1) - (@), (123)

rie koaddbunmentasie bynkimun Z, naworca Bbipaxkenuem (119), 3steim npu J = 0.
VX Ha3BIBAIOT N-LE0CMKAMU, TIOCKOJIbKY BakyyMmHoe cpennee (119) mpm J = 0 cocrout
M3 BCEBO3MOXKHBIX Juarpamu (6€3 UCTOYHHKOB) C 7 BHEITHUMU JIMHUSIMH, OTBEYAIONIMH
cBepTKaM moJielt ¢(x;) ¢ noasvu u3 £ . [Iponssopsimumit dysknmonan Z(J) mopoxaaer
BCE JIMATPAMMBI JIAHHOW TeopuH, B TOM 4HCJe W HecBa3Hble. (OKa3bIBAETC, BBIJIEINTH
c6A3HbE MATPAMMBI OUeHb JIETKO — UX MOpoxkKaaer dbyuknnonans W(J):

Z20) = M9 W) = Z;—n!/d:vl...d:van(xl...xn) J(1)... J(z). (124)

okazaTeapcTBO 3TOTO hbaKTa YNCTO KOMOMHATOPHOE — OHO OCHOBAHO HA CPDABHEHWH UNC-
JIOBBIX (DaKTOPOB COOTBETCTBYIONINX JUATPAMM M cOobpakeHUsAX cumMmeTrpun. [Ipuvepom
TAKOTO JIOKa3aTEeJbCTBA B TPOCTON CHTYaIlMH sIBJIsieTcst BBIBOA (opmyssr (121). Anre6-
panmdecKu, HeCBA3HasA JUarpaMMa sIBJIAeTCd IMPOU3BEeJeHNEM CBOMX CBA3HBIX KOMIIOHEHT.
[losromy HeymmBuUTENbHA Ta (DYHIAMEHTAJbHAA POJIb, KOTOPYIO B 00OIMEM JIUarpaMMHOM
aHasm3se urpator ¢ysknuonas W (J) u cBasusle n-xsocrku W, .

Bo MHOrEX caydasx (Teopusi EPEHOPMHUPOBOK, CIIOHTAHHOE HAPYIIEHNE CHMMETDHH)
BECHhMa BAaXKHBIMHU OKA3BIBAIOTCA W TAK HA3BIBAEMBIE CUABHOCBA3HbIE, OHU XK€ 00HOYAC-
MUYHO HENPUBOJUMbLE TAATPAMMBI, KOTODbIe HEJb3s C/IeJIaTh HECBI3HBIMU pa3pe3aHueM
o/tHOM smHNN. B cocTaBe MCXOMHON TeopnM BO3MYINEHNMIT TaKUX AMArPaMM CPaBHUTEIbHO
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MaJio: B TepMuHOsIOrHn (123) Bce OHM J0JKHBI ObITH 0-XBOCTKaMU (XOTs He Bce 0-XBOCTKH
CHUJIbHOCBSI3HBI!) , & BCE WX JIMHWU — BHYTPEHHNMH, OO TPUCYTCTBHE JaKe OJHON BHEII-
Hell TMHIM MCKJII0YaeT CWIbHYIO CBA3HOCTh. B n-xBocTkax ke ¢ n > (0 CHIBHOCBA3SHBIMA
MOTYT OKa3aThCd HE CAMH AWATPAMMBI, & JINIIb OTAEJbHbIE WX NMOATpadbl, MOJIyIeHHBIE
CTUpaHUeM BCeX BHEITHNX U HEKOTODHIX N3 BHYTPEHHMX JIMHU#. IHBIME cioBaMu, pa3io-
JKeHWe 10 J TJI0X0 MpuCrocoO/IeHO ISl TeHepalny CHIBHOCBA3HBIX AuarpaMM. [loaromy
BB€JIEM HOBBHI, aJbTEPHATHBHBIN NCTOYHUKY J, QYHKIMOHATHHBIN apryMeHT

W 1 6z i ,

OuennHo, P ecTh CBA3HAS 1-XBOCTKA, WM BAKYYMHOE CPEJIHEE TIOJSA © 6 NPUCYMCmeu
ncrounuka J. Jljia ynpoimenus gagbHedmmx HopMys IpaMeM, 9To 1-XBOCTKa 6 omcym-
¢meue UCTOYHNKA, T. €. Wi(z), pasua Hymo. Torma ®(z) = — [ dy Wa(z,y) J(y) + O(J?)
W, 3HAYWT, JIOOOH W3 JIBYX BBEJEHHBIX HAMH (DYHKIMOHAJBHBIX aAPTYMEHTOB MOXKHO, TIPH
JKeJIAHWH, TPAKTOBATh KAaK HE3aBUCAMBIH, & JPYTO# — pasnaraTh B GOPMAJBHBIN Pl 110
Hemy: ®(J) smbo J(P). Temeph MBI MOMNKEM ONPEJEJUTb TPOM3BOIAAIINN (DYHKIMOHAJ
JUIsl CHJTbHOCBSI3HBIX JIMArPaMM, IPUMEHssS mpeobpasoBanne Jlexkanpa,

(@) = W—/d:vJ(:E)@(:E) — Z;—n!/dxl...d:vnFn(:El...xn)@(xl)...@(:vn), (126)

M CTaHJAPTHBIM 06pa30oM BhIBeCTH hopMyiy, ayaibHyo K (125):

6—F = /d JUEIC) —/d:v 0J(z) O(z) — J(y) = =J(y). (127)

z
02 (y) 6J(z) §0(y) 62 (y)
BrinuimmeMm TakzKe BHIPAXKEHUI JJI9 B3AaUMHBIX Bapualuit GpyHKIIMOHAJBHBIX apryMEHTOB,
0o 82w 0J 82T
(z) _ = Wy, —(:E) = ————~———— = [y (128)
6J(y)  8J(y)dJ(z) 62 (y) 00 (y) 69 (x)
[TpaBusio 3aMeHBI BAPUAITMOHHOM TIEPEMEHHOM B 3TOH COKPAIEHHO 3aITNCH BBHITJIS AT TaK:
o W
— =6 = [dt 02 = W, 6 62 = —Ty 67 . 129
76 = % = | = e & = Teil. ()
N3 Hero, B 4aCTHOCTH, BHITEKAET COOTHOIIEHNE
dP(z)
§(z—y) = = -I,6/®@x) = -T 1
(z—y) ) yz 05 () v Wz 5 (130)

HoKa3bIBalollee, 4T0 BTOpble Bapmanuun Wy, u I'y, B3auMHO oOpaTHBI. ITOT pe3yib-
TaT, BepHBINt B npucyTcTBun J m P, KOHEYHO, OCTaHETCS B CWJIe W TIPM WX 3aHYJIEHWH:
[ dzTs(y, 2)Wa(z,2) = —6(z — y). Ha mumarpaMMHOM si3biKe CBsI3HAsl JBYXXBOCTKa W
JlaeTcd CyMMOt TeOMeTpHUYecKoit TPOTPECCHH,

D¢ 1

Wo = D4+ DSD¢+ DS DD +... = = = —I;'. (131
iWs + + + T —>De D) =% i, (131)

TPEJICTABJAS COOOI UTepaNy CUILHOCBI3HOTO spa 2. . B ciyuae TpeXXxBOCTKH

0 = 51{ 5(IE - y) = - 51{ (szrzy) = _Wuwzrzy - szWquvzya (132)

a 3HauUT Wyp = Wy Wy Wyl'y,, . llonaraga J = ® = 0, ybexxnaemcs, 9To cBA3HAA
TPeXXBOCTKA W3 COMEPKUT CHIIBHOCBA3HOE 1po ['3, K KOTOPOMY KpensiTcsi TP! CBSI3HBIX
JIByXXBOCTKM Wy, B TOJHOM COTJIACHM C JUATPAMMHOM wHTyunueit. Mbl orpanuaumcs
9TUMU WLTIOCTPANUSIMU U He OyJeM TPUBOJNUTH TOJHOTO JIOKA3aTEJbCTBA CHUIBHONM CBSI3-
HOCTH BCex KodbduinumenTHbx byHKIMIA mponsBoasiero dhyuknnonana (126).
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KoHTuHyanbHblii unterpan. BepHemcs k mcxomHOMy ompesenennto (115) mpowmssoss-
mero ¢yukuonaa Z(J) n nepenuimiem ero B bopMe CHMBOJMYECKOTO MHTETPAJIA TIO

Z(J) = <0|TelZilel+eD 0> = / Dy el D)1+Zile)+el) (133)

B mokasareJsie SKCIIOHEHTHI, KAK ¥ PAHBIIE, TI0/IPA3yMEBAETCH MHTETPUPOBAHUE TIO dI, TIPH-
9eM IKCIIOHEHTA TPaBOM YaCTH COJEPYXKUT HAPSIY C JarpaHKUaHOM B3aMMOJeHCTBUS £
eme v cBOGOHBIN Jarpankuad %y . C TaKuMu JIATPaHKUAHAME MBI YK€ BCTPEUAJUCh B
(13), (62) u (69). Ho camoe unTepecHoe B hopmydie (133) mpyroe: ecsn moj| 3HAKOM Ba-
KYYMHOTO CDEJTHETO CHMBOJI (¢ O3HAYAJ ONEPATOPHO3HAYHOE TI0JIe THIA, cKaxkeM, (9), To
B TIPaBOI 9aCTH ¢ €CTh MPOCTO TIEPEMEHHAs] WHTErpUpOBanus. 110 CyTH, B KOHMUHYAAD-
Hom unmezpase (133) mone p(x) cranoBATCS TaKUM XKe HOPMaANbHBIM (DYHKIIMOHATBHBIM
(HEOTIEPATOPHBIM) apryMEHTOM, KakK, HapuMep, UCTOYHuK J(z), mpuueM (epMuOHHBIE
TIOJISI CTAHOBATCS 2PACCMAHHOGbLMY, T.€. AHTUKOMMYTUPYIOIMMH, TepeMeHHbMH. [lo
TEPBOHAYATIBHOMY 3aMBICJY, BEJIWYMHA ©(Z) TPH KaXkKJIOM I JIOJKHA ObLIa PacCMaTpH-
BATHCS KAK HE3aBHCHMAas MHTEIDAIMOHHAS TEPEMEHHAas, a KPaTHOCTh mHTerpasa (133)
— PABHATHCS KOJMYECTBY TOUYEK (UYETHIPEXMEPHOTO) MPOCTPAHCTBA, OTCIOJA W HA3BAHWE
MHTETpaia — KoHmuhyaivHoil. OJHAKO HA TMYTH KOHCTPYKTHBHOTO TOCTPOEHWUS TAKOTO
POJIa MHTErPAJIOB BCTPETUJINCH CYIIECTBEHHBIE MATEMATHUYECKHE TPYJAHOCTH, ¥ B KOHIIE
KOHIIOB TIePBOHAYAIbHAS TIPOTPAMMa YCTYIIHIA MEeCTO 0oJiee aJIeKBATHOMY aKCHOMATHIEC-
KOMY TIOJIXO/y, B PAMKAaX KOTOPOTO HHTEIPHPOBaHHUE TI0 2 HOCUT CKOPEe CUMBOJNIECKHI
XapakTep, BIOJIHE, BIPOYEM, JOCTATOUHBIH JJis TieJiell KBAHTOBON TEOpUU TIOJIS.

[Tpusep:KMBasich MMEHHO 3TOU CTPATETHH, MBI COBMECTUM OGOCHOBAHWE BTODPOTO DPa-
BeHCTBA B (133) ¢ HEMOCPEICTBEHHBIM TIOCTPOEHNEM TIPABHIJ KOHTHHYAJIBHOTO MHTEIPHPO-
BaHWUs, NHITAACh TIPA 3TOM COXPAHUTH KaK MOXKHO OOJIbINE TOJE3HBIX CBOMCTB OOBIYHBIX
MHTErpasoB. IIpex e Bcero, mpw J060M pa3yMHOM ONpe/eieHnn uHTerpana (133) sapb-
MPOBAHUE 10 UCTOYHHUKY JIOJIXKHO BbIIaBaTh anajor ¢gpopmyssr (120),

Z(J) = /990 HLo(0)+Zr(0)+od) exp[i/dy.ff(—i#;(y))] /990 ei(ﬁo(@)-l—qu), (134)

TaK YTO HAM HaJI0 HAYUYNTLCA BRIYUCIATH 24YCCO6b, KOHTHHYAJIbHLIC MHTEIPAJILl BAIA
. . K
/9€0 ci(Lo(o)+e) /9€0 eiloTotel) (135)

rae siBHBI Buy anddepenimanbHoro oneparopa K 3asucur ot Tnna nons. Hampuwmep,
71 HelTpanbHOTro ckagsproro nous (9),(13) nonyunv K = —9% — m?, u . 1. Ilpenmo-
JI0KnM 06paTuMocTh onepaTopa K ¥ IpuMeM, 9TO KOHTHHYAJIbHBIH HHTErpaJl He JOJKEH
MEHSIThCSI TIPH CJBATE HEPEMEHHON WHTEIrPHPOBAHUS B IOABIHTETPAJHHOM BHIDAKEHAH.
BriGupast ¢ABHUT, ¢ y9€TOM M3MEHEHHUs TOPSIIKa OLEPATOPOB IIPU CONPSIKEHNH, B BHJIE

K K K K1
pyetel - (90—JK‘I)g(sO—K‘lJ)Jr(sO—JK‘I)J = pop—J =7, (136)

TPUXOJIMM K SIBHOM hOpMyJie JJist TayccoBa KOHTHHYAJIbHOTO MHTerpasa (135):
/9@ eilezotel) — e_%JK_lJ/@go e3¢ = (det K)~V/2e 5K (137)

Buieans ¢1BUTOM BCIO 3aBUCHMOCTD OT J, MBI HA TIOCJIEJTHEM IITare MOJIOKHUJIN OCTaBIMUiCS
waTerpas pasasim (det K)~'/2 mo ananoruw ¢ oGBIMHEIME WHTETDATAMHA CXOMHOTO BU/IA.
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Borancaus rayccos wHTErpast (137), Mbl (baKTHUECKH JIOKA3aJIM ¥ BTOPOE PABEHCTBO
(133), mbo, cormacuo (98), D¢ = (0% + m?)™! = —K~!, a smaunr npassie wactu (121)
u (137) copnamator. B komMenTapmu Hyxkjaercs juiib nosiBaenue det K. Ilpucyrcr-
BHE€ COOTBETCTBYIONIETO (PaKTOpa B ONpe/eSeHNN KOHTHHYAJbHOTO WHTETPAJa OKAXKETCH
y/TIOOHBIM TIO MHOTUM TPUIUHAM, HO 00pallieHne ¢ ToJ00HBIME JIETEPMUHAHTAMU TTOTPeHYeT
akKKypaTHocTH. JacTo, Kak M B cIydae rayccoBa WHTer'pajla, OHM OKa3BbIBAIOTCA PABHBIMU
HEKOTOPHIM ((PpopMaIbHO GECKOHEYHBIM) KOHCTAHTAM, W X MOXKHO TIPOCTO HTHOPUPOBAT.
Tor dakt, uro paBencTBo (133) yCTaHOBIEHO HAMM JIMIb C TOYHOCTHIO JI0 KOHCTAHTHOTO
MHOKHUTEJIS, He IPEJICTABIAET CePhe3HOi TPobJIeMbI, TOCKOIBKY TAKOTO POJ/Ia MHOMKHUTENH
BCe PaBHO TIOJIBEPTHYTCS PEBU3NH B PaMKaX MPOTEIYPHl TEPEHOPMUPOBOK.

[Toka 9TO MBI ONIPENENUIN TayCCOB KOHTHHYAJIbHBIM WHTErpaJ TOJIBKO /I HeHTpaTh-
HOrO ToJis. IlpsiMoe 0GoBIeHNe Ha Ciiydail HECAMOCONPSIKEHHBIX (3apsiXKEHHBIX) MOJIei
BBITVISTUT TIO PA3HOMY Jijist 6030HOB 1 (pepMUOHOB,

/9@*@@ ei((p*K(p+(P*J+J*<P) — (det K)—l e—iJ*K_lJ, (138)
/ DD PKITPII) = et K e MK, (139)

ITosiBsIeHNEe JleTEpMUHAHTA B TIOJOKATENbHOM creneHn B (139) 06ycsi0BI€HO aHTHKOMMY-
TATUBHOCTBHIO (PEPMUOHHBIX TIOJIelt U ABsIeTCS MPIMBIM 06001eHeM (hOPMYJT JIJIsT KOHEY-
HOMEDHHIX (He KOHTMHYAJbHBIX) HHTETPAJIOB 10 TPACCMAHHOBBIM MEPEMEHHBIM.
[Toneenem Hekoropbie urorn. CoorHomenne (134) npejcraniser coboit KOMIAKTHYIO
3aIMCh Psi/ia TEOPUN BO3MYINeHMIt Ha 93bIKe KOHTHHYAJbHBIX MHTEI'DAJIOB, 9KBUBAJEHTHYIO
dbopmyse (120) B onepaTopHOM TOAXOJE, MPHYEM MPOTATATOD, MMEBIIHI B TOM HOIXOJIE
BU/T BAKYYMHO! CBEPTKH TIOJIel, Teleph BOSHUKAET KaK Pe3yJIbTAT 0OpAIEeHNsT OTIepaTopa,
33JIA101Ero CBOOOHBIN Jarpankuan. Hampuwmep, muis caygas (62),
p+m

. -1 — (5 -1 _
K =ipdy—m = K@) =0@-m" = 57 5%

(140)
1 TaK JaJiee. O,ZLHI/IM U3 BaXKHBIX IIPEUMYIIECTB METOJa KOHTHHYAJIbHOI'O MHTEIPUPOBaA-
HUsSI OKA3BIBAETCA TO, YTO OH C CAMOTO HAYAJa MMEET JeJO C TOJHBIM JIarPaHKUaHOM
£ = %+ %, kKorophiii, ecTecTBeHHO, M Gosiee TIOJHO oTpaxkaeT crnenudnky (0coGeHHO
CHMMeETDHHbIE CBOHCTBA) KOHKPETHON Teopru. OTMETHM TaK¥kKe, YTO B KOHTHHYAJbHBIX
WHTErpaJiax TOJisl, PACCMaTpPUBaeMble KaK (DYyHKITMOHAJIbHBIE aPTYMEHTHI, HE SBJISIOTCS
permennsaMu ypaBHeHuWit nBm:kenms tuna Kneitrna-l'opnona, /Inpaka m T.1., TO ecTh He
HaX0O4dTCd Ha MaCCOBOM IIOBEPXHOCTH, B OTJIM4YHNE OT OIIE€PATOPHO3HAYHBIX KBAHTOBBIX II0-
geit. Ta nadopmanug 0 cBOOOAHBIX YACTUIAX, KOTOPasd B PAMKaX ONEPATOPHOTO MOIXOA
colepzKaJiaCb B ABHBIX BbIPa2KCHUAX IJIA HOJ'Ieﬁ, B CbOpMa,J'II/IBMe KOHTHHYAJIbHOI'O MHTEIr-
PHUPOBaHUS TOCTYTAET HAPIMYIO W3 CBOOOTHOTO JATPAHKUAHA 7 .

OcHoBHbIE CBOMCTBA KOHTUHYabHbIX uHTerpanos. Cumnrast dopmynsr (134),(137)—(139)
MCXO/IHBIM OTIPEJICJIEHNEM KOHTHHYAJbHBIX MHTErDAJIOB, PACCMOTPAM TeNePb HEKOTODHIE
ux cBoiicrBa. Tak, WHTerpaJ mo %y OT BaphaIWd 110 STOI »Ke IepeMeHHOH BCerna pa-
BeH Hy110, [DpdF(p)/6p = 0 (upaBmio unmezpuposarus no wacmsam). Ham Gyner
JIOCTATOYHO JIOKA3aTh 9TO M MOCJE/YIONHe PABHIA TOJIBKO JIsl TAYCCOBBIX MHTETPAJIOB,

/@w%ei(“’%“”’w) = i/@gp (Kp+J) eiezetel) o (K%—i—iJ) e 27K = 0 (141)

60 0OTIHit coryuait aBTOMATHYECKH BOCTIPOM3BOINTCS BapPbUPOBAHUEM TIO MCTOYHUKAM. B
TEOPUN BO3MYITIEHNI KOHTUHYAJbHOE WHTETPUPOBAHWE TO YAaCTIM TPUBOJUT K TOXKJECT-
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BaM IlIBuHTepa-/laiicona. Temeps Haiiyem dopmysy 3amMeHBl (DYHKIIMOHAIbHOMN TepeMeH-
HOM. ZIcHO, 9TO OT pPOCTOTO nNepeumerosaHuA TEPEMEeHHON NHTETPUPOBAHNS, TaKe KOH-
THHYaJbHOTO, HUYETO 3aBHUCETh He JOJDKHO, Hanpumep, [P (Ap) F(¢) = [P F(A™'y),
e onepatop A He comepxkut ¢ . HecsroxkHoe BbhIYHCIEHTE

/@(AQD) o5 ) <p+<pJ — /@go ei(<pA_112<A_1 p+pA~LT)
= = emdIKTY - detA/@gp eilezoted)  (142)

IIO3BOJIAET IMOJYYUTDL IIPABUJIO 3AMEHDL TLCPEM@HHO’[Z B KOHTHHYaJIbHOM HWHTErpaJe:
D(Ap) = Dy det A, 21(p) = Dy det f'(p) . (143)

Jloka3arenbCTBO OBINETrO Caydasi, T. €. BTOPOTO paBeHCTBa B (143), MBI omycKaeMm.
Koutunyaabtoe 06061enre §-yHKITHN TOX0XKeE HA ee (Pypbe-TPeICTABIECHHE,

=/%\e““" = F(¢ /990590 @) F(p). (144)

IIpoBepka BTOPOTO PaBEHCTBA He MPEJICTABISET OOJBIIOTO TPY/A:

/990 8o — @) gile5otel) _ /@)\ e—z’)\@/@@ iP5 Prip(J+X)

— (detK)_1/2 JK 1J/@)\ e )\K IA—iA(@+K 1)

= (et K)~'/* (det K)'/* e737K7 espHTKTDKGHITLD — (il7

e+l (145)

ITo coobparkeHusiM, M3JI0KEHHBIM BhIIe, MBI TpourHopuposasn det(—1). B kauecrse
HEMe/JIEHHOTO CJIeACTBUs mpasui (143) monydaem

6(p— A7)

det A ’ 6(f(p)) = M ecin f(po) = 0. (146)

det f'(¢o)

B wacTHOCTH, J71st 6030HOB U (bepMHOHOB, B comiacuu ¢ (138) u (139) , umeem

0(Ap — @) =

/@go*@go elo ke =/9g0 §(Kp) = (det K)™* /91/191/1 eVEY = det K . (147)

Jlokaxkem TiepBoe pasencTBo (146) 3amenoit mepemenubx o = A71A:

/9@ §(Ap— @) F /@ ATIN) (A= @) F(A))
— (det A)- / DAG(A— @) F(A~1)) = (det A)~ F(A~'g). (148)
Sa,MeTI/IM, qTO KOHTI/IHyaJIbH])Ie ,ILeTepMI/IHaHTbI, BBe€JE€HHBIE IIOKa YUCTO d)OpMaJIbHO, B
JaabHeimeM Gy1yT KOHKPEeTH3NPOBAHBI M HalilyT HETPUBUAJIbHBIE TIPAMEHEHNST, 0COOEHHO

B HeabeseBhIX KaIMOPOBOYHBIX TEOpHsX. B wacTHOCTH, mocjenHee paseHCTBO B (147)
MOCJTY2KUT OCHOBOM JIJI BKJTIOUEHWS B JIATPAHXKUAH JIOTIOJHUTEJBHBIX TOJIEH — 20CM08 .
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4. IIpeobpazoBanus moJieit u Teopema Hérep

NpeobpasoBanusi noneii. Bopockl ”HBAPMAHTHOCTH TEOPUY TPH MPEOOPAZOBAHUIX TI0-
Jieit UTPAIOT B KBAHTOBOI TeOpWH MOJIS YPE3BLIYAITHO BaXKHYIO poJib. [l0CTaTOYHO CKa3aTh,
YTO BCe TPHM OCHOBHBIX (HA CETOJIHSI) MOJIEJM B3aMMOJIEHCTBHIl 3JIEMEHTAPHBIX YACTHUIL —
K9/, KXJI n CranmapTHas MOJENb — ABJSIOTCT KAAUOPOGOUHLMY TEOPUIMH, TOPOK-
JIEHHBIMU OTPEJIEIEHHBIM THUIIOM TPYITHOBHIX Tpeobpa3oBaHuil moselt 1 WHBAPUAHTHBIMU
OTHOCUTEJbHO HUX. PaccMOTpUM CHadasa HEKOTOPhie O0IMMe acTeKTHl Tpeodpa3oBaHmit
noJieit. Bo-miepBBIX, BCe TOJIST, C KOTOPBIMU UMEET JIEJI0 KBAHTOBAS TEOPHS TOJIST, 0OST3aHBI
OBITh PEISITUBUCTCKUMY KOBAPHUAHTAMU, WU AOPEHU-MEHIOPAMY . DTO 3HAUUT, YTO TIPU
npeobpasoBanusx Jlopenna (5) (naxe Gosee MUPOKO — TPH TPeOOPA3OBAHUSIX TPYIIIIBL
[Tyankape) mosist IpeoGpasyoTcs MO MPEJICTABAEHUSIM TOH TPYTIIH,

T, = Awy = Alz") = S(A) A(z). (149)

In

CkaxeM, aas ckansproro noss S(A) = 1, aasa sekroproro — S(A) = A, a Bor mius
CTIMHOPHOTO Tosist BUJ, Marpunbl S(A) Ham eme mpegcront HaiiTn. JlpyrnM xXapakTep-
HBIM THTIOM TIPeoGpa30BaHuii ToJIeH ABISIOTCA TPEOOPA3OBAHUS 6HYMPEHHET CUMMEMPUL
A(xz) — A'(x), He cBsI3aHHBIE ¢ W3MEHEHNEM KOODAWHAT Z . [IpnMepoB TakuxX CUMMeTpHi
(M OTBEYAIOIUX WM T'PYIIN) HEMAJIO — H30TONNYECKasl, KAJTMOPOBOYHAS, KAPAJIbHAS, U T. JI.
Kak mpaBuiio, 3aKOH TpeoOpPa30BAHUS BBHITVISJAT OJWHAKOBO JJI KJIACCHYECKUX W
KBAHTOBBIX TIOJIei. MBI 3HaEM, OJTHAKO, YTO MPeoGPa30BaHNs KBAHTOBHIX 00HEKTOB JTOJIXK-
HbI GBITh YHUTAPHBIMA. DTO TO3BOJISET TIPEJICTABAT JII000e TPeobpa3oBanie K6aHM0o6020
1104151 B (hOpMe YHUTAPHOTO TIPeoOpa30BaHUs, KOTOPOE TIPUHSATO 3AMUCHIBATD B CJIEY IOIEM
YHUBEPCAJHLHOM BHJIE, IMHOM JJIsl JIOPEHTIEBHIX W BHYTPEHHUX CHMMETDHIA:

Alz) = UtA(z) U, Ut=U". (150)
Komburnpyst (149) n (150) , mosyunm 6a30Boe COOTHOIIEHNME
UtA()U = S(A) A(z), (151)

KOTOpOe MOXKHO TPaKTOBaTh KaK YCJIOBHE COTJIACOBAHWUS TEH30DHOTO W YHUTAPHOTO Xa-
pakTepa npeoOpa30BaHWi KBAHTOBOTO ToJid. [IOCKOJBbKY Te€H30pHasl CTPYKTypa ToJjei
TIOYTH BCETJ[a W3BECTHA, MOXKHO MCIOJIb30BATh PABEHCTBO (151) /Jist HAXOXK IEHWsI STBHOTO
Bu1a oneparopa U. Hanpumep, OTHOCHTEIHHO CBUTOB KOOPIUHAT JI060€ T0JIe CKAJISAPHO.
[TosTOMy JJIsT TPOM3BOJBLHOTO KBAHTOBOTO TOJIst A(Z) CpaBeyIMBO PABEHCTBO

Alz+a) = UA)UT, U =€, [P, A = —id,A, (152)
KOTOpO€ TIpoBepsieTcs pasaokenneM A(z + a) B psan Teitsopa ¢ yaerom bopmysibt
1 1
ePAe® = A+[B, A+ 5 (BB, All + 3 [B,[B,[B,A]]] + ... . (153)

3nech P, (reHepaTop IPOCTPAHCTBEHHBIX CIBHIOB) — 3TO KBAHTOBHII OIEPATOP, OTBEIAIO-
i 4-BEKTOPY SHEPIUA-UMITYJIbCA. Ero HyJeBo# KOMIOHEHTOU SIBJISETCS TAMUJILTOHUAH,
n xommyTaTop B (152) ectb mpocro KoBapuanTHas dopma (25). Bekope Mur BeBeneM P,
1 ero cpoiicTsa u3 reopeMbl Hérep. U3 (152) BhITEKaeT MOJE3HOE COOTHOIIEHHE

<P|F(A()) [p> = <p/| €77 F(A(0) e P*[p> = PP <p| F(A(0)) [p>, (154)

ClIpaBeJInBOC IJ1d MATPHUYHLIX 3JIEMEHTOB OT KOM6I/IHa,ILI/Iﬁ KBAHTOBBIX I10JIei MeXIay CO-
CTOAHHUAMU C OIIPpEeIe/IEHHBIM MMITYJIbCOM.
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MNpeobpazosanne cnuHopHbix noneii. Ilepexonss k GoJiee NEeTATHPHOMY PACCMOTDEHHIO
BOIIPOCOB, CBSI3aHHBIX C MPEOOPA30BAHUSIME TOJI€H, HAYHEM C BHISICHEHWS BWJIA, JIOPEHII-
npeobpasoBanus (149) B ciyuae cnmHOpoB. IIpsiMoil OTBET Ha 9TO JA€T TEOpHs TPEJ-
crapjennii rpynnsl [Iyankape, HO MbI, He YIIyOJssICh B MATEMATUKY, IPUJEM K TOMY K€
OTBETY KOCBEHHBIM 06pa3oM, n3 TpebOBaHWS KOBAPMAHTHOCTH ypaBHeHmsi Impaka (61).
He#ictBurenbHO, BBOsist MaTpuily S(A) co ciemyoinumu cBORCTBAMH,

—

P'(a) = SY(x), P () = @)™, wSTw =S, ST'WS = Aww, (155)

MBI COXpaHsIeM BUJ ypaBHeHHUs /mpaka,
(i'Yua;IL —-m)y'(z') = ((7Aw0, —m)S(AM)Y(z) = S(A)(#7u.0u — m)¢() (156)

a TaKsKe COTPSKEHHOTO eMy ypaBHeHWs, n jobuBaeMcs TOro, uTo KomGuramms ) (z)i ()
OKa3BIBAETCS CKAIAPOM, a (x)y,¥(x) — 4-BekTopom. fBHbrit Bug S(A) HaM He HOHAIO-
6urcs. JlokakeM elre TCEBIOCKATSIPHOCTH KoMOuHaImu (x)vs1(z) . Ucnoan3ys

?

75 = _ﬂ Euyaﬂ ’Y;L’YV’Ya’Yﬂ , Euyaﬂ Ap,p,’Al/V’Aaa’Aﬂﬂ’ = — det A Ell/y/alﬂl y (157)
IOJAYy4IUM
— 7 — B 3 B B
V(@)1 ¢'(@) = —57 (@) Emas ST WS ST NS ST VaS ST S P(x)

7 —
= =L (o) Sy Dyt M Koy 3 1(0)
i — _
= 57 det A () epvarp Yy Yoy () = —det A ¢(z) vsp(x). (158)

3Hak mepej1 IeTePMAHAHTOM HE JIOJKEH YUBJSATh: TOXKJIECTBEHHOMY NMpPeoOpa30BaHNIO B
IPOCTPAHCTBe MMHKOBCKOTO COOTBETCTBYET MATpuiua A, = g, , JeTEPMHHAHT KOTOPOH
paBeH —1, B TO BpeMs KakK MPOCTPAHCTBEHHAs WHBEPCHS Ty — Lo, X — —X, COTJIACHO
JIOTOBOPEHHOCTH O CyMMUpOBaHuM (1), OCYIECTBISIETCS €INHAYHON MATPUIIEH.

[Ipex/ie 9eM 3aKOHYUTH PA3TOBOP O JETEPMUHAHTAX MATPHI[ B TPOCTPAaHCTBe MUH-
KOBCKOTO, YCTAHOBUM €IIle OJIHY TIOJIE3HYIO JUIsl JadbHeiinero dbopmyy:

' ' Oz’ 2

T, = z,tefr) = di' = —(det %)d:v = dz(1+0,e,) +0(”). (159)
Bropoe paBeHCTBO ONpaBIaHO TeM, YTO B cuily comamenns (3) Beswunna — det(0,),)
ecTh OOBIYHBIN sikoOMaH. [lociennee paseHcTBO B (159) BEITEKAET M3 CJIEYIONIETO JIETKO
npoBepseMoro yreepxaerns: det(gu, + wuw) = —1 — wy, + O(w?).

Teopema Hétep. B xBaHTOBO#1 Teopum noss moj nmeHeM teopembl Hétep dpurypupyer
HabOp YTBEPKJIEHWH CJIEIYIONEro IUIaHa: WHBAPUAHTHOCTH (IIOJIHOTO) JIATPAHXKUAHA OT-
HOCHUTEJIbHO HEKOTOPO# HETPEPHIBHOM TPYIIHI Tpeobpa3oBaHmit 03HAUAET CYIIEeCTBOBAHNE
COXPAHSTIONTUXCS BEJINIHNH (HETEPOBCKUX 3aPSI/IOB) , KOTOPbIE OTHOBPEMEHHO OKA3BIBAIOTCS
W TeHepaTopaMu 3TuX npeobpazosanuit. Ha nepBoM sTame Mbl pacCMOTPUM HE CAMYIO 00-
Y10 CUTYallnio, a MpeoOpa30BaHNe THUTIA BHYTPEHHEH CUMMETPHH,

0a(@) = 0a(7) +pa(x), dpa(z) = Fi(@)wr, 6(0upa) = 0pap = 9u(6a). (160)
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Hieke a HyMepyeT KOMIIOHEHTHI TIOJI€H, a wy — TO MapaMeTphl mpeobpa3oBanus (OHH
MOTYT, B TIPUHIIATIE, 3aBUCETb OT KoopauHat z). Toraa

0% 3% 0% 3% 0%
6L = 5= Gpat S 0,(00a) = ( 5.~ O 8%7“)5% +a“(—a%,u 5%)
_0Z 0L\ . .
_ [ (a% 9, agDw)Fa — ,J" ]wk — JE B, (161)
T1€ BBEIECHBI Hémepoecnue moxu
0% 3%
(L k - _
Ju - 3€0a,u Fa (QO) 3601@,“ ) (162)

YHUCJI0 KOTOPHIX PABHO YHUCJIY IAPAMETPOB Wy, . KaK iblii ToK aBagerca 4-sekTopoM. IlycTh
JarpaHKuaH £ WHBAPHAHTEH OTHOCHTEJIbHO TpeobpasoBanmit (160) ¢ nocmoannomy (He
3aBHCAIIMMY OT Z) IapaMerpaMn wy . Torna u3 (161) creayer coxpanenue Tokos J,: (pa-
BEHCTBO HY/TIO WX 4-nuBeprennmii 0,.J%) na maccosoli noseprnocma , T.e. TDPH yCIOBHK
BBITIOJIHEHUST ypaBHeHWil JqBmkenns (16). Ormernm, 9To BHE MacCOBO MOBEPXHOCTH, TO
eCTh He Ha YPaBHEHUAX JBHKEHMs, 00pAINaeTcsa B HyJb BCA KBaApaTHAsA CKOOKa B IPaBOi
vactu (161), HO He MUBEpreHNMM TOKOB. Ecjm Teneph pa3permuTh mapaMeTpaMm wy, 3aBH-
CeThb OT T, TO TOCJIE/IHEE ciaraeMoe npaBoit yacty (161) craHoBATCH (€MHCTBEHHBIM) HC-
TOYHMKOM HEMHBAPUAHTHOCTH Jarpamxkuana .£. OTCiona W BHITEKAET BTOPOE PABEHCTBO
B (162). Caenyer mpeaynpeauTh, 9TO MpPH mepexose K Gosee o6InM Tpeodpa3sOBaHUIM
BCs bopmyaa (162) nperepnuT M3MeEHEHHS.
Hémeposckumu 3apsadamu HA3HIBAIOT MHTETPAJLL OT HYJEBHIX KOMIOHEHT TOKOB,

0L
Qr = /deé“(:v) = —/dxwaFf(go), mo(z) = os

(163)

ITpm KaxKJIOM 3HAUEHWH BpeMeHH () TaKO# MHTErpaj COOTBETCTBYET TOTOKY 4-BEKTODA
Jl’f 4Yepe3 TPeXMEPHYIO IOBEPXHOCTh, HEePIeHINKYIAPHO HEePeceKaIonyl OCh BPEMEHH B
TOYKe To. 1I0TOK depe3 3aMKHYTYIO MOBEPXHOCTDb OBLI ObI DABEH WHTETPAJY OT aqu’j o
(nexkaieMy BHYTpH) deThIpeXMepHOMY o0bemy. Ha ypaBHeHMsIX NBMKEHUS aqu’j =0.
[TosTOoMy, BHIOMpPad HOBEPXHOCTh B BUJAE JBYX OPTOTOHAJBHBIX BPEMEHHOH OCH THIIEPILIOC-
KOCTeii M 3aMblKasi ee OECKOHEYHO Y/AJEHHOM rpaHuieil (KoTopast BKJaJa B WHTETDAJIHI,
KaK MBI YCJIOBIJINCH, HE JIA€T), TIPUXOJINM K BBIBOJLY, UTO BETWYMHBI () , DOPMAIBHO 3a-
BHCAINE OT Ty, HA CAMOM JIeJIe TIPH PA3HBIX Ty COBHAIAIOT. Takum o6paszoM, 3apaabl @y,
OKa3bIBAIOTCS (HA YPABHEHUSIX JBUKEHWS) TEMU CAMBIMHU COXPAHSIONMMHUCS BEJINUNHAMH,
CyIIECTBOBAHUE KOTOPHIX yTBepXKaaeTca B Teopeme Hérep. Bosee Toro, B cuiy He3aBu-
CUMOCTH () OT BPEMEHH MBI MOXKEM BOCIIOJIb30BATHCA OJHOBPEMEHHEIMH KOMMYTATOPAMU
(20) ¢ oueBMAHBIME MOMMUKAIUAME TUNA [Ty, 4] ~ Jgp ¥ BBHIBECTH COOTHOIIEHHE

—iwk[Qk,%] = iwk/dx [7Tb,€0a] F”k(SD) = Ff W = 0@, (164)
KOTOPO€ TIOKA3BIBAET, UTO (J; SBJSIOTCS €Ile W TeHEPATOPAMHU ITUX NMPeoOpa30BaHMIi:

Qa(z) +00a(z) = ¢p(z) = Utpa(z)U, U = exp(iwpQy). (165)

B xadecTBe mpuMepa MOMKHO PaCCMOTPETh JIarPAHKMaH 3apSKEHHOTO CKaJSPHOTO
nosist (34). OH WHBApWAHTEH OTHOCHTEJHHO OJJHONAPAMETPUYECKON TPYHIBl mpeobpa-
30BaHN C IOCTOSHHBIM TTaPaMeTPOM W :

%

o = €Yo~ ptiwp, F=ip, ¢ = e Mo~ g —iwg*, F, = —ip*. (166)
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HérepoBckuii TOK ym06HO CTPOMTH € TIOMOIIBIO CAMOTO MPaBOTO BhIpaxkeHms: B (162),
JIONYCKasl CIeNHUaJbHO JJIA 3TOTO 3aBUCAMOCTD W OT T':

0L

Ju = “ow, i(@*Outp — Outp™ - ) . (167)

OueBUIHO, YTO €r0 4-TUBEPTEHIINS PABHA HYJI0, €CJIM Q U Q¥ TOMYMHEHB yPABHEHWIO
Kueitna-T'opona (12) . HérepoBckuit 3apsiji HAXOAMM TPSMON BHIKJIAIKOM

Q =i / dx (" 000 — Bo” - ) = / dp (a*(p) a(p) — b*(p) b(p)) (168

1 ybexk1aeMcsd, 9TO OH He 3aBUCAT OT BPEMEHH M JeHCTBUTEIHHO SABJSETCH TeHEPATOPOM
JIAHHBIX TIpeobpasoBanmii. JIpyruM IpAMepOM MOMKET CIAYKUTh CIHHOPHBIN JIarpaHKHAH
(62) , ”HBApMAHTHBINH OTHOCHUTEIBHO

b ey = gy, Fo=ip, § o e )= goiwh, F o= —ip. (169)

Tok m coorBeTCTBYIOMM#T 3aps ] UMEIOT BT

Jo =Y, Q= / dx (z) v (z) = / dp (af (p) ar(p) — 0} (p) br(P)) - (170)

I[Tpu BBIBOJIE TIOC/IETHETO PABEHCTBA HAM TOHAI00MINCH cBO#CTRa (58).

Tensop aHeprum-umnynsca. Kax Mbi 3HaeM, npeobpasoBanust (160) MoxkHO 0606mHTS,
MIPEIyCMOTPEB B HUX BO3MOYKHOCTb BapHWAIMN KOOPIWHAT:

0o(@) = @a(@) + 6pa, Opa = Fywr, O¢ay = 0u(00a), Oz, = Ewg. (171)

IHBapMAHTHOCTH TeOpHH OylET Teneph 3aBUCETh OT TOTO, H3MEHSETCS WIN HET KOMOWHA-
s dzr £ xak nenoe. Ilpuanvas Bo BHEUManue (159), 3amuimem

0de Z) = da' Z2(¢'(2)) — doZ(p(x)) = dz[L(¢ (7)) + (Ou b7, — 1)L (p(2)) ]
0L 0%

= dr [ == 6, + ——
dl 4 OPa,p

% 0u(60a) + (04L) 63, + L 8,(63,) | = dzdZ. (172)

Tak ompejenennoe 0.4 OTINYaeTCsl OT OJHONMEHHOTO BhIpaykeHms B (161) nBywmst mo-
CIIETHAME CJIATaeMBIMH, CYMMa KOTOPHIX ecTb 0y (-L0x,) = 0,(LE8 wy). B pesyasrare,
npasas wacmob (161) ocraercs BEPHBIM BHIDAYKEHWEM W JJIsi HOBOTO 0.Z , €CJIN JOJIKHBIM
06pazoM MOANGDUIMPOBATH ONpe/eeHne HETEPOBCKOTO TOKA!

0L
koo
J, = 30

Ff—2¢. (173)
a

@opMyaIupPOBKa, TeopeMbl HETep ocTaeTcs mpu 3TOM TIpexKHei: ec/in Teopus HHBAPUAHTHA,
(To ectb 6.Z = 0) npu wy, = const, 10 d,J} = 0 HA yPABHEHUSAX JTBIKEHUSL.

HamnGosiee M3BECTHHIM NMPUMEPOM TAKOW CHTYAIMM SBJIAETCH MPAHCAAUUOHHAA UHEA-
PUAHMHOCTS KBAHTOBOIM TEOPHHU TIOJIs, T.€. WHBAPHAHTHOCTH OTHOCUTEJHHO CIBHTOB KO-
opAWHAT Ha KoHCTaHTy. [lapaMerpsl mpeobpa3oBaHud 0003HAYNM W, , 3AMEHUB WHIEKC K
Ha 4-WHJEKC ¥, KOTOPbI#t OyjeM mucaTh BHU3Y:

&Eu = E;wwu = Wy, E;w = G, 6@(1 = “Par Wy, Fau = —Pau- (174)
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IIpeamocsie/iHee PaBEHCTBO CJIEAyeT W3 TOTO, YTO IPH CABHTAX BCE TOJISL CKAJISIPHBL, &
3HAUHT ) (T) = Qa(T — 0Z) =~ @a(2) — @ 07, . YerBepky HETEPOBCKHX TOKOB J B
JaHHOM CJIydae MPUHATO OObEIUHSTD B MEH30P IHEPLUU-UMNYALCA

0L

Ty = o
g OPa,pu

VHTepecHO, 9TO COXpaHEHWE ITOTO TEH30pa HA YPABHEHMSX JBUKEHUS TPOBEPSETCS He-
TOCPEJICTBEHHBIM JTu(hepeHnnpoBanneM, 6e30THOCUTEIBHO K BUJY JIATpAHKWAHA, £,

Qoa,u - Zg,w . (175)

0L 0¥ 0¥ 0L
aTu:a—au+—au_u—a+—a
o M(a@a,u) e OPa,u an = (a@a o Opa,x 4 ’)‘M)
0¥ 0L
= —Pav ( - au ) ’ (176)
O¢q OPa,u

IIOCKOJIBKY TPAHCJSIMOHHAS WHBAPHAHTHOCTH MMeeT MecTo mpu JiioboMm Z(p, O,p), He
3aBUCAIIEM OT & SBHO. VI3 3apsanoB (Y coCTaBsieM 4-6eKmop IHEP2UU-UMNYALCE

P, =/de0,, =/dx (Mo Pap—ZL 90w), FPo=H, P = —/dxwa(:v) aagoa. (177)

X

B nocneanem ciayuae cpaborasno npasuio (3). Ocrasoch nmpoBeputb KommyTaTop (152).
STO JIETKO CeJiaTh, BOCIIOJ/Ib30BaBIINCH ABHLIM BbIPpaK€HHUEM

P, = / dp p,.a* (p) a(p) (178)

JUISL CJTydas HEHTPAJhbHOTO CKAJSAPHOTO TIONA WJIM €r0 TPUBHAJBHBIME OOOCIIEHUSAMH Ha
npyrue nos. @opmyia (178) BeiBoguTCs HemocpeacTBenHo u3 (177). OHa Takke cBUIE-
TEJbCTBYET, 4T0 pe3yabrar (164) ocraerca B cuie: 3T0 GBIJIO HEOUEBHHO BBUIY YCJIOK-
HEHUSI CTPYKTYDH MCXOJHBIX mpeobpasosanmii (174) mo cpasuenmio ¢ (160). Boobime,
BBITIOJIHEHVE Ha YDABHEHWSIX JIBVXKEHUS KOMMYTAI[MOHHBIX cooTHOmenuit (152) maer oc-
HOBAHUS TPAKTOBATH (HE TOJBKO B CBOGOIHOM Teopun) HOPMaIbHBIE DEIEHAS ITHX yPaB-
Hennit Ay (z) Kax moJs B Tali3eHGEProBOM TpeJICTABJIEHAN, KJaJsl X B OCHOBY AJIbTEp-
HATHBHOTO TIOJX0/I3, K TMOCTPOCHWIO TEOPHH BO3IMYINEHmH. XapaKTepHOH 0COGEHHOCTHIO
9TOTO TIOAX0/Ia ABAAeTCS ucnob3oanue BMecto < 0| TA(z)A(y) ... €% |0> BakyymubIX
cpeqanx <0|TAp(z)Agr(y)...|0> or 2atisenbepeosviz nonelt Ay n 63 SKCIOHEHTHI.
Pamku ycnosuit (171) MOXKHO €Ie PaCITUPHTh, JIOMYCKas B HUX MPOU3BOTHBIE OT Wy :

0pa = FPwp+ xb, 0w, 0pau = 0,000.), 6z, = & wy. (179)

DTO HYXKHO, €CIM Mbl XOTHM HMETb [0 C A0KAAbHbMU (3ABUCSIINME OT Z) Hpeobpa-
30BaHUAMHU (Ha,HpI/IMep, Ka.HI/I6pOBOLIHbIMI/I) n ucCCjaea0BaThb A0KAADHYW WHBAPUAHTHOCTD.
Kpome Toro, Takme BKJIAJIB aBTOMATHYECKN MOSIBISIOTCS JJISL HECKAAAPHOL TOJEH IpH
capurax ¢ — z + w(z) . Oupenenss 6.2 kak B (172), a Tok — cormacHo (173), moayunm

5L = [(gi—auaii)zrf—aﬂ[j]wk
+ [—J,’j + g;f; Xk, + % a,,x’;u] Opr + [% ’;M] Oy Ouwy - (180)

Ecnu nannas TeOpUM A0%KQ.AbHO WHBAPWAHTHA, TO BCE TPUM BHIPAXKEHUS B KBAIPATHBIX
CKOOKax 00s13aHbI O6PATATHCH B HYJIb. OTMETHM, YTO MOCJ€E/IHEe paBeHCTBO B (162) Tenepn
yKe He TOJUTCS JJIsi BBIUYMUCJEHWS HETEPOBCKOTO TOKa, JaKe €CJM TMpeoOpa30OBaHUsS HE
3aTParuBaIOT KOOPINHAT.
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5. KanubpoBounasi cummeTpus

KoBapraHTHble npouseoanbie. V3yuenne KaanbpOBOUHBIX T€OPHi MBI HAYHEM C KBaH-
TOBOH JIEKTPOANHAMUKMH. Mur Yy2Ke€ 3HaKOMbBI C IIOJIAMH, U3 KOTOPBLIX IIOCTPOE€Ha JdaHHAL
MOJIesTb — 9TO CTIMHOPHBIE nons 1,4 (35),(36) m snexrpomaranTroe mose A, (71) — HO
TIOKa, HE TIOJIb30BAJUCH TeM, 9TO Jarpanxknal KO/l vHBApHAHTEH OTHOCHTENBHO A0KAAb-
HUT KAAUOPOBOUHBT NPeobpadosanul

bla) = (o) Fiew@yb(e), Do) = Bo)—iew(@B(@), Aule) = Aule)+d,u(a)

(181)
(3mech e — 3apsij| 9JeKTpoHa) . Bhiime ObLIO OTMEYEHO, UTO TPH NOCMOAHHOM W TAKOe
npeoOpa30BaHNe OCTABJISET WHBAPMAHTHBIM CBOGOMHBIA CIMHODPHBIH Jarpanxkuas (62).
[IpranHO# €ro HeuHsapUAHMHOCMU B CIydae w = w(Z) OKA3BIBAETCS MPOU3BOAHAS O, .
s Tpeo/ToJieHns 3TOM TPYAHOCTH M300PETEHA K08APUAHIMHAAL NPOUICOOHAA

Vb = (0, —iedy), Vup = (8 +ied,) v, (182)
KOTOpas ymoOHa TeM, 9TO MpeobpasyeTcs Mo TOMY Ke TIPABUILY, 9TO W CAMO TOJE:
Vb — (0, —ieA, —iedw) (1 +iew)y = (1+iew) Vo, Vb — (1—iew) V1.

[Tponeaypa MOCTPOeHUsT KaJuOpPOBOYHO-HHBAPHAHTHHIX JIATPAHKHAHOB TeNepb, 1O CYTH,
CBOJINTCA K 3aMeHe OOBIYHBIX TPOM3BOAHBIX Ha KOBAPDHAHTHBIE. B 4aCTHOCTH, MOJCTAHOBKA
V .4 Ha MecTO 0, B JarpanxuaH (62) 1o6aBiIseT K HEMY TO caMoe ciaraemMoe e ¥y, A, ,
KOTOPOE HIPAET B KBAHTOBOH 3JEKTPOJMHAMMKE POJIb JATPAHKUAHA B3aMMOJEHCTBUS.
[Tonusrit ke garpamkuan K9/[ BHTISIAT Tax:

1 — — —
z = _ZFIWFIW + Y0 — myYyY + ey A, , Fu = 044, —0,A, . (183)

OH He MeHseTcsa UpH KaInOPOBOUHBIX mpeobpasoBanusax (181), mockoabky TeHzop F,
OTHOCWTEJIbHO HUX WHBAPWUAHTEH. ITOT TEH30D, KAaK BHISCHIETCH, HANPSIMYIO CBI3aH C
KOMMYTAaTOPOM KOBAPMAHTHBIX TPOW3BOAHBIX, [V,,V,] ~ Fj,, a ero xBajpar 3aJaeT
cBOOOHBI JTarpaHkuad mond A, .

Tot ke TPUHIUT UCTOIB3YETCA TPU TOCTPOEHUH KAJHOPOBOYHO-UHBAPUAHTHOTO JIaT-
PaHKMAaHA 3aPIKEHHOTO CKAJSpHOTO ToJis. Vcxonuble mpeobpa3oBaHus UMEIOT BU/T

o = (1+iew) o, " = (1 —dew) ", A, - A+ 0w, (184)
a KOBAPHAHTHBIE TPOM3BOIHBIE 33IaHBI COOTHOUTEHUSIMH
Vg = (Ou—ied) e, V' = (0, +ied,) . (185)

B mrore, npuxonuM K JIATPAHXKWAHY CKGAAPHOT IAEKMPOOUHAMUKY :

1 \ .
Z = _ZF[IJ/F[IJ/—FVMQD VMQD—m2Q0 ¥
1 , . \ .
= —7FwFuw + 04" 0up — m*0"p + ie("0up — 049" - 9) Ay + €070 AL A, . (186)

OtmeTnM, 9TO 3/1eCh TOSTBUJIUCH TIEJIBIX B BKJIA/A B JIATPAHKNAH B3aUMOJIENHCTBUS, OTIH
W3 KOTOPBIX TPOTIOPIIMOHAJIEH 3apdy €, a APYToil — ero KBajapary.
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KannbpoeouHbiii napamerp. Bepremcsa k garpamxmnany K971 (183). B oramume or
CKAJIIPHOTO W CIIMHOPHOTO TIOJIeH, MpOonaraTop 3JeKrpoMarauTHoro noss (103) Henb3s
noJiy4uTh obpaiennem oneparopa K u3z Z(A) no obpasmy (140) mo Toit npocroit mpu-
4nHe, 9T0 y nond A, 3ToT oneparop HeobparnM. [leficTBuTe BHO,

£(4) = -

1
(Oudy =8, 4,0 = 5 OuAs 0,Au— 0,4, QuA) = S AKWA, | (187)

Ky = 9,0 —08,0, = K. = pupy — gupd” (188)

| =
DN | =

Besiencrsue nonepewnoti cTpyKrypsl Marpuna K, (p) UMeer HyJeBble MOJIBI, HALPHMED,
PuKw(p) = 0, a 3HAUNT OHA HeoOpaTHMa. DTO 3aKOHOMEpPHBIH 3 deKT KaInGpPOBOIHOM
cnvMeTpuu Jarpankunana Z(A), ubo dem Gosbine cMMMETPHM, TeM GOJbINe HyJIEeBBIX
Mo, Tak MOXKHO JIM BCe-TaK¥W NPUMEHSTh TEXHWKY KOHTHHYaJHHOTO WHTETPHPOBAHUA K
nonsm A, ? Jla, HO BecbMa HeTpHBHAJbHBIM IyTeM. CHadasa HAM HPHAETCS HAPYULUMY
MHBAPUAHTHOCTH JIATPAHKNAaHa, 100aBuB K %) (A) HOBOE, HEMHBAPDMAHTHOE OTHOCHTEIBLHO
kasmbpoBoYHOTO TIpeobpazosanusa A, — A, +0,w cnaraemoe —(9,4,)?/2c, Tne o — Tax
Ha3bIBAEMBIH KaAubposounuil napamemp . 3aro Tenepb Marpuna K, nveer o6paTHyio:

1 1
L(A4) = ——F, - % (aMAM)2 = EAMKIWAV ) K = 9w & + (0‘_1 —-1) 0u0y

_ g;wp2 + (CV - 1) pupu

. (189

Kuwp) = (1—a pupy — gwp®, Ku(p) =
IIpn o = 1 sro coorBercrByer mpomnararopy (103). Co BpemeHeM MbI MOKAyKeM, UTO
PU3HYECKN 3HAYNMBbIE BEJIUYUHBI OT IapaMeTpa « Ha, CaMOM Jejie He 3aBUcAT. llosromy
B KQueCTBE MPOIAraTopa 3JeKTPOMATHUTHOTO TOJs MOXKHO Oparh —K ;,} (p) ¢ m0O6BIM .
@opwmyna (103) Tem cambiM 0600ITAETCS HA CIyUall NPoU3BoAbHOT Q-KaAUGPOSKU |

— —1 —ip(z—y) Guv + (CV - 1)pMpV/p2
<O|TAEAW) 0> = G / dp e " Ca90)

Bamerum, uro cayuait o« = 0 (nonepewnas KaaumbGpoBKa), BIOJHE JOMYCTHMBIH € TOYKH
spenust dbopmysant (190), He ymaercs TpeACTABMTH B TepPMHWHAX JarpaHxkuaHa Zp(A).
ITepexon or (103) k (190) MoxkHO BocupuHHMATH Kak 3ddexT n3menenus nous A, Ha
BeJNYNHY, ponopnnoHaabayio 0,(0,A,) . [TockonbKy HaMm Teneph IPUXOIUTCS paboTaTh
¢ neunsapuaHmuoim Zy(A), Takoe M3MEHEHHWE, €CTECTBEHHO, OTPA3MJIOCH HA MPABHJIAX
DeitnMana, 1719 GOTOHHOTO MPONATraTopa. IIoABTOXABAS CATYAIMIO, MOYKHO CKA3aTh TaK:
CHMMETpPHsI MCXOJHOTO JiarpaHxkuaHa (183) sBuiach MpUYMHON HEKOTOPHIX TPYHOCTEIH,
B CBSI3M C Y€M MBI BHIHYKJEHBI TI0OKa MCIOJb30BaTh HEMHBAPUAHTHBIN JIATPAHAKHAH

1 1 _ _ _
¥ = -3 (0,4, —8,4,)% — 50 (0,4,)% + iy, 0,0 — maprp + ey, b A, . (191)

O/iHaKo, KaK CKOPO BBISICHUTCS, CAMMETDHS 8cell Meopuy, TPU STOM TIOTEPSHA He OyJIeT.

®usnueckue n Hecpusnyeckue hoToHbl. Pazobparmmuch co B3amMoJeficTBUEM U TIPO-
TaraTopaMy, Mbl JIOJKHBI Teleph NPOSICHUTH €Ile OJINH ACHEKT YCTAaHOBJEHHBIX DaHee
mpasui g1 K9OJI — cymMMupoBanue 1o BCeM YeTHIPEM HOJSApHU3anuaM (GOTOHOB, TPU TOM
4TO (PUBNIECKUMHA U3 HUX SBISIOTCS TOJIHKO JiBe. DDDHEKTUBHO YMEHBITUTH YHUCJIO CTETIE-
Hell cBOOOJBI MOKHO, HAIPUMED, C MTOMOIIbIO KaKOTO-HUOY/h JOTOJHAUTENHHOTO YCIOBUS.
[TomrpobyeMm, 110 aHAJIOTHH €O CJIyYaeM MACCHBHOTO BEKTOPHOTO moJist (68), HAJIOXKWUTH HA
nose A, (71) ycnosue 9,4, = 0. Ha maccosoit nosepxuocru 6?4, = 9*w = 0 oo Gyzer
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Jlarke KaJMOpPOBOYHO WHBAPUAHTHBIM. [l TOTO, 9TOOB MPOAHAJIM3NPOBATH €T0 CJIEJCT-

BHsT, cOPMUPYeM U3 BEKTOPOB TOISAPU3AINH €, 1 €5 1Ba Apyrux, ef = (1,0,0,1) ~ p, n

e, = (1,0,0,—1), u cornacro 3TOMy TepepasIoKnm mose A, (TomepedHble KOMIOHEHTH
KOTOpPOTO HE U3MEHUJINCH U IIOMEYECHBI 3HaAYKOM tr) .

+

M (ag Faz). (192)

N —

A, ~ egao —e3az — effatr =e

- tr _
u ap t+e,a_ — e, 0y, ar =

Ecmu 6v1 nose A, 651710 K1accudecknM, 1o yeaosue 0, A, ~ p, A, = 0 Biaexso Ol 3a coboit
a_ = 0 (mockombKy pye; = pyel] = 0), ocTaBnas B A, e dusuyeckne (MomepedHbIe)
¥ 07y HeW3WIeCKyIo CTeTleHb CBOGOMH €fa, ~ p,ay , OTBEYAIONIYI0 KaTuOPOBOTHOMY
nponssosy A, = A, + O,w. Ho g KBaHTOBBIX IOJIelt Takue yCJI0BUS He TOAATCS, nbo
OHM HECOBMECTHBI C KOBADMAHTHBIMH TIEPECTAHOBOYHBIME cOOTHOIIeHUsIME (73) . Tlosromy
HaKJ1aJ(iBaeTcst Gogee caaboe ycosue a_ | ®>= 0 Ha paspelnenHbie cocTosHuS. B cuiy

las,at]=[a_,a*] = 0, [as(p),a*(®)] = [a_(p),a}(p)] = 5 (p—P'), (193)
STHM YCJIOBHEM, TIO CYTH, 3alpeIaeTcs POXKJeHne KBaHTOB omeparopoM al . Taxk, Ha-
npumep, cocrosiane af(p)| 0> He paspemeno. B To xe Bpems, cocrosume af (p)|0> —
paspelieHHOe, HO C HYJIEBO HOpMOil. B WTOTe, MBI pa3pemmaeM Kak (pusuveckue TOTe-
pedHble, TaK W HEKOTOphle mepusuueckue (TOPOXKTaeMble omiepaTopaMu a’) cocTosHus,
KOTOpbI€ MO2KHO Ha3BaTb KaJII/I6p0B0‘{HbIMI/I, IIOCKOJIBKY MMEHHO B HUX TeIllepPb BOIJIOIIEH
KaTMOpoBOUHEIH Tponssost. Jleficreurennro, BBUAY [aF, A,] ~ p, omepatopwr a® aBmsa-
10TCsl, (DAKTUIECKH, TEHEPATOPAMYA KBAHTOBHIX KAJUOPOBOYHBIX TPEOOPA3OBAHMIA.

S-marpuma K9JI xamnGpoBouHo wWHBapuanTHa, [a®,S] = 0, M03TOMY MOXKHO CaesaTh
BBIBOJI, UTO OHA COCTOUT U3 (4 ¥ G_ , HO He BKJIIOUAET OTIEPATOPOB (.. , & 3HAYNT 3aITperneH-
HBIE€ COCTOSTHUSI HE MOTYT TIOPOXKJIAThCA S-MATPHIEH U3 MONEPeYHbIX. B CBOIO ouepen,
KaJMGPOBOYHBIE COCTOAHUA THTIA, a” | Dy > POXKIAIOTCA W3 HAX ¢ HYJNEBOH BEPOATHOCTHIO:

<P |Sat |®y>=<®} |atS|P,>= 0. (194)

TeMm caMbIM yCTaHOBJIEHA YHHTAPHOCTH TEOPHH B TOJAMPOCTPAHCTBE (DU3NUECKUX (UHUCTO
nonepequIX) COCTOJIHUI: €CcJiM B HAYAJIBHOM COCTOAHWU UMEJINCH JINIIHh IIorepevYHbie (1)0—
TOHBI, TO HUKAKWe JIDYTHe POJAUTHCA M He cMOTyT. HamomuuMm, 4T0 popMaabHAS YHUTAD-
HOCTBH S-MATPHUIHI B TIOJTHOM TPOCTPAHCTBE, BKJIOYAIONIEM (DOTOHBI BCEX YETHIPEX TMOJSI-
pU3aInii, BHITEKAJa, U3 SPMUTOBOCTH JiarpaHkuana. KannbpoBouHas WHBAPUAHTHOCTh S
MMeeT elne OJHO BaxKHOe ciejcTeue. Ilycrb | ¥ > — cocrosiuue 6e3 ¢oroHoB, a | P > —
moGoe paspemiennoe. BozbmeM atf| > B kauecTBe 0HOGDOTOHHOTO in-cocrogaus. Torma

<P[SafU>=<P|af S|¥>=0 = <®|Saf|[¥>=—<®|Saf|¥> . (195)

3HAYNT, KB IPATH MATPUUHBIX 3JIEMEHTOB OT MPO/IOJIbHBIX ¥ BPEMEHHEIX (DOTOHOB PABHHI,
9TO ¥ ABJIsieTCs 060CHOBaHNEM TpaBmia (111) cyMMUDPOBAHUS 1O TIOMSIPA3ATHSIM.

rak, Bce BBEJIEHHBbIE paHee MPaBUIa OOPAIEHUS C HJEKTPOMATHUTHHIM mojeM (71)
HAILIN OObSICHEHWE C TOYKM 3PEHUs KAJUOPOBOUHON CUMMETDHUM W B €€ PAMKaX TOMY-
YUJIN CBOE JaJibHeliee pa3puTne. B 3T0it ¢BS3M HAM elle 0CTaI0Ch TPOJIEMOHCTPUPOBATH
HE3aBUCHMOCTb (hm3mdecknx pe3yabtaroB KO/l or mapamerpa «, JOKa3aB TeM CAMBIM
u (y»Ke MCHOJB30BAHHYI0 HAMH) KAJMOGPOBOUHYIO MHBAPUAHTHOCTH S-MaTPHIBL. DTO Gy-
JIET CEJIAHO € TIOMOIIBI0 KOHTUHYAJbHOTO WHTETPUPOBAHUS B XOJie M3JIOKEHWS METOJIa
@anieeBa-IlonoBa B HeabeeBHIX KAIUOPOBOYHBIX TEOPHUSIX.
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ToxpaectBa Yopaa. Beime 6b110 0oTMedeHO 3HadeHWe TeopeMbl HéTep s amanmsa
CJeCTBUI CUMMETPUWHBIX TTpeobpasoBanuit moseit. O1HAKO B MOJIEJIIX CO B3aUMOIeHCT-
BUEM 3TH TIOJIXOJIHI, CJIMIITKOM TPUBSI3aHHBIE K (DOPMAJIbHBIM PEIEeHUSIM YPaBHEHWUI JTBU-
JKEHWS, OKa3bIBAIOTCS yKe He CTONb 3¢ dekTnBHbIMU. [[03TOMY B KaanmOPOBOYHBIX TEO-
pUSX Ha, TIepBbIe PO BBIXOJAT JPYTHE METOJbI, OCHOBAHHBIE H3, KOHTUHYAJbHOM WHTET-
pupoBaHuu u mostcdecmeaaxr Yopda . Ilox 3tnM HazBaHMEM OOBIYHO 00BEIMHSIOT PA3HO00-
Pa3HbIE COOTHOIIEHUS JJIs N-XBOCTOK, MPOUCTEKAOIINE U3 KAJINOPOBOIHOM JIMOO KAKOW-TO
Jpyro#t cuMMeTpuu JaHHOM Mojean. O0Imas cxeMa TMOJydeHnd TOXKIECTB YOpP/aa TaKoBa:
npeobpazoBaHue @ — ¥ ~ ¢ + §,p TPAKTYETCT KaK 3aMEHA TEPEMEHHBIX B KOHTHHYAJIb-
HOM mHTerpaJie (133), KoTopasi, eCTECTBEHHO, HE MeHSIeT ero 3HaueHus. [losromy

5 ) 5 . . 0(0w) \ i
- w UL (V) +eT) ad (L) +ed) _
50 (z) /@go e ~ 0@ /@go (10, L+iJd,p+tr 9y )e 0,
(196)
TJIe MBI BOCTIOJIb30BAJIMCh W3BeCTHOM bopmydoii det M = exp tr (In M) :
De” = Dy detai detai = exptrln(l-i—M) ~ 1+trM. (197)

dp ’ Oy Oy Oy

[Tonaras (mocse Bapmanmu) w = 0, Mb Gyem mosydarh mo cxeme (196) Hekme COOTHO-
IIEHNs, KOTOPhIE OKA3BIBAIOTCA OCOOGEHHO WHTEPECHBIMA B TEX CJAyYasx, Koraa (TOJHbIH)
JarpanKuaH £ VHBADWAHTEH WM TIOYTH WHBAPHAHTEH NIPH JIAHHBIX TPe0GPa30BAHALAX.

TIpoMJLTIOCTPUPYEM TEXHUKY BBIBOJIA TOXKJECTB YOpP/ia Ha JBYX NPAMEPAX W3 KBAHTO-
Boit ajekTpomHaMukn. B oboux caydasx mepa P¢ He OyleT MEHSTHCA, 8 BMECTO UC-
TOJIb30BaHHs HCTOYHUKOB MBI Cpa3y TIOMECTHM Hy’KHBIE HaM TIOJIS MO/ 3HAK MHTErpaJa.
[TepBhiii TIpEMep: PACCMOTPHM JIOKAJIbHOE MPEOOPA30BAHUE MOALKO CIUHOPHBE NoAel
P — e¥1h, ) — e~ B koruTHHYATHHOM HHTErpane [ D) Dp DA (z) P(y) exp(ifdzL)
¢ narpanxkuanoM (191). EAuHCTBEHHBIM HCTOYHWKOM HEMHBAPHAHTHOCTH B .£ OKa3bIBa-
eTcst caraemoe i1)y,0,1), a HTOTOBBIM DE3YJITATOM TpeoGpa3oBaHis CTAHET TOSBJEHNe
vEOKHITeNS exp i|w(z) — w(y) + [dz w(2) 0, (y,1) | mOA 3HAKOM KOHTHHYATHHOTO WHTET-
pasia. Bapuanus mo w(z) IpUBOJAT K TOXKJIECTBY Yopia

[ 7696248 - 2) - 8- ) + A[HE]) ¥ B ¥ = 0, (199

KOTOpOEe B KOHEYHOM WTOTE YJAeTCsl TPEJCTABATH B (hOpPMe COOTHONICHWS] MEXKIY CHUJIb-
HOCBSI3HBIMU JIBYX- W TPEXXBOCTKAMH. B MMIYJILCHOM TPOCTPAHCTBE OHO MPUHAMAET BHJ
Lo(p) — Talg) = (p — ¢) % (p,q) 1 cBaA3BIBaeT Mexay coGOH PEPMUOHHYIO ABYXXBOCTKY
['s ¢ TpexxBocTkoit I's Tuna doron-dpepmuon-depmmoH.

Bropoit npumep: kaanbposodHoe mpeobpazosanne (181), Ha 9TOT pa3 MONHOE, TPO-
W3BOJMTCA B KOHTHHYaJbHOM mHTerpate [Py Pvp DA A,(z)exp(i[dz£). Vavenenns
B JIATPAHXKMaHEe 00YCJIOBIEHBI TOJBKO KAJMOPOBOYHO HEMHBAPUAHTHBIM CJIATAEMBIM C Tia-
pamerpoMm «. J[lo6aBKa TepBOTO TOPSJKA 1O W PaBHA KOHTHHYAJLHOMY WHTETDAJTY OT
Ouw(z) — i Au(z) [dz 8, A, (2) 0%w(z) ¢ Becom exp(i.Z) . ToxknectBo Yopaa mveer BAJ

_ 9 i >
/ G P DA[ 5 bz~ )~ A POAL)] ¢4 = 0. (199)
I

13 nero caeyer, uTo mpw J1060M ¢ CHIbHOCBsI3HOE si1po Y (131) boTOHHOM IBYXXBOCTKH
B MMITYJIbCHOM TIPEJICTABJICHAN MMEET TOTIEPEYHYI0 CTPYKTYDPY: %, (D) ~ uwp® — Dubyv -
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6. Tocter m BRST

Heabenepbl kannbpoBouHbie npeobpasoBanus. KanmnbpoBouHbIE TEOPWUH, OCHOBAHHBIE HA,
HeabeseBbIX (HEKOMMYTATHBHBIX) TPYIIAX, HMEIOT CBOIO CrenudnKy 1 TPeGYIT OTIeTb-
HOTO PacCMOTpeHusi. B 4acTHOCTHM, TPW U3YyUYEHWW ITUX TEOPHil BIEPBbie PEAJTHHO TOHA-
JI00ATCA KOHTHHYAJbHBIE JIETEDMUHAHTH. PaccMoTpmM MoJienh, copepsKaiyo 6e3macco-
BLIEe BEKTOPHBIE TIONA B (KaAubposounvie noas W 2ar00mui) n hepMuonst ¥; (rkeapru) .
[Tocaenavre mpeobpa3yioTcss MO0 HEKOTOPOMY TIPEJICTABIEHNIO HeabeseBO# IPYNIBI C TeHe-
paTopamu t* ¥ aHTHCHMMETPHIHBIME CTPYKTYPHEIME KOHCTaHTaMH f ¢,

'(/}i - '(/}z =+ zg wat?j'(/}j : [ta, tb] — ,L-fabctc : fabCfade =+ fabdfaec =+ fabefacd = 0. (200)

31ech g — KOHCTaHTa CBsA3M (3apsin), a w(Z) — JOKaJbHBIE TAPAMETPHl KAJTHOPOBOYHBIX
npeoGpasoBanmii. llons By npeobpasyioTcs HECKONBKO CIOXKHEE,

BY — (Bo)Y = Bi+0,w"+gf"™Biw". (201)
Cocrapnennbiit n3 HUX TeH30p F l‘fy OPHUHAJIEZKAT NPUCOETUHEHHOMY IIDEACTABJIEHUIO,

a a a abe Rb Rc a a abe b | ¢

F,, = 0,B;,-0,B,+gf"B,B,, Fo, — Fo,+gf"F,w, (202)

(mpm J0Ka3aTebCTBE MCHOJB30BAHO TpaBoe paBeHcTBO B (200) — moosrcdecmeo Sxobu) ,

a KannbpOBOYHO WHBapWaHTHas KomOmnamumsa Fj Fi, , kax m B KO/, urpaer poJab Jar-

pPaHKMaHa BEKTOPHOTO TOJIs, KOTOPHIH Ha 3TOT pa3, KpoMe CBOOOIHOM YacCTH, BKIOYAET
TaKKe CJaraeMble, OTBEYAIOIINE B3aMMOIEHCTBUIO TIIIOOHOB:

2(B) = —Fo e, — 19,89 = ~L@,B2 - 8,82~ L (9,B%)

T 4T g VRTRS T RT 20 " K

2
— £ 1"(9, B — 8,B;) BLB — L f** BL B BBS . (203)

BakoH npeobpasoBanus KaJnOpoBoUHBIX moJieit (201) obecneunBaeT Hy:KHBIE TPaHCGHOD-
MAaIlMOHHBIE CBOWCTBA KOBApPUAHTHON TTPON3BOTHOMN

Vup = (0, —igBot*)p — (0, —ig(BL)“t%) (1 +igw®t®) ¢
= (0, —1igB;t" —igt® 0, w" — ig2f“chl‘ft“wc) (1+igwt)y
= (1+igw'’) (0, —igBit) ¥ = (1+igw’t’)V,e, (204)

a ero ycJoxkHenme no cpaBHermnio ¢ K9/1 obycyioBiieHo, KOHEYHO, HEKOMMYTATHBHOCTHIO.
KomMyTaTop KOBapMaHTHBIX TIPOU3BOJIHBIX, KakK BCET/Ia, CBA3aH € TeH30poM Fj,

V,.,V,] = —ig(8,B*—0,BYt* —¢?B°B°[t*,t"] = —ig F t°. 205
B uy 7 g v

Meton PappeeBa-llonoea. B KBaHTOBO#l /IEKTPOIMHAMUKE MbI CTOJKHYJHUCH C TPO-
6emoit Heo6parnmocTn oneparopa K B %5(A) (187) u pemnim ee, BBeAs B JIarpaHKNaH
HEMHBAPMAHTHOE CJIATAEMOE C TapaMeTpoM . AHAJOTMYHOE CJIaTaeMOE€ MBI, C TEMU K€
nenstMu, ¢pa3y Bkiounm u B .2 (B) (203) . OHaKo 0Ka3bIBAETCS, 9TO B HEAOETIEBOM CJIy-
4ae 3TOTO MaJo: TOTpebYIOTCS U IpyTHe N00aBKH K JIarpaHKuany. MeTosa ux nosydenns,
npemioxKennbt @angeeBbiM u [10OBBIM, OCHOBAH Ha Wjiee MCKJIIOYEHUs “JIUITHEro” WH-
TErPUPOBAHUS TIO TIOJISIM, CBSI3aHHBIM JIPYT € JPYTOM KAJMOPOBOYHBIM TPE0OPA30BAHUEM.
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Bynem rosoputs, uro ycaosue f(B) = 0 gurcupyem xaaubposky , €Cam OHO HAPYIIA-
eTcd KaJuOpOBOYHBIM TpeoOpasoBanmeM B — BY 1o ecth ecam w® # 0 Bieuer 3a coboii
f(BY) # 0. PeanbHO MBI OTPAHUYMMCS TIPOCTERITIMY KAJTMOPOBOYHBIMY YCIOBUSIMH THIIA,
f(B) =0,B; =0. [Iponenaem cegyomnyio KIOUeByIO BHKIa/KY:

/@B =/939f(B“)6(f( /93@w det 2/1B%) af(Bw) 5(F(B*)
/@w/@Bé F(B*)) A[B /936 ASB]. (206)

Cuavasia MBI BBEJIW JIOTIOJIHUTE/ILHOE WHTETpUpOBaHue 1o 3HadeHusM dbynknuu f. [lo-
CKOJIbKY OHH CKOPPEJHUPOBAHLI CO 3HAYEHUAMH W, TO Ha BTOPOM Iare cAejaaHa 3aMeHa
KOHTWHYAJbHOI TlepeMeHHO# f — w. BBemennsbrit Ha cienyiomem mare GhyHKITNOHAT

Af[B] = det [%L_O —  A7(B] = / Dw 6(f(B%)) (207)

ompesiesieTcs BUAOM f U IO TMOCTPOEHHIO KannbpoBodHO nHBapuanTeH, Af[BY] = A¢[B].
Cuwnras, 9T0 TAKUM K€ CBOWCTBOM 006J1a/IaeT W KOHTHHyaJbHasg Mepa B, MBI MOXKeM
KaJMOPOBOYHOM 3aMeHOU TpeBpatuTh BY B B B mpeanocjenHeM WHTerpaje (hopMyJIbl
(206) . Torna maTErpaIms M0 Yw JACT MPOCTO YUCJIOBOH MHOXKHUTENh (00beM KaJnbpo-
BOYHOI TPYTIIBI) , KOTOPHIH MbI, KAK BCETJIA, OMYCKAeM. B MTOre MOJIydYaeTcs CJeIy o
penentT KOHTHHYAJIbHOTO WHTETPHPOBaHAs 10 mojsaM By :

/93 B(B) = /@B 5(f(B)) As[B] &(B). (208)

Bneck ®(B) — m1060ii KaMOPOBOYHO WHBAPMAHTHBIN OOBEKT. JIWIIHWE TOJIsS W3 MHTET-
pajia ycrpasensl ycsosreM f(B) = 0; B BUJjie TUIATH 33 3TO MPHIILIOCH BHECTH TIOJ 3HAK
nHTerpasa BesqudanHy A¢[B]. Bech nHTErpas Kax 1esoe, KOHEYHO JKe, OT [ He 3aBHCHT.
Jns naxoxnenust A¢[B]| na nosepxuoctn f(B) = 0 HY»KHO yMeTh BBIYACIATH JETEP-
MUHAHT W3 TIepBoTo pasencTsa (207) npn w = 0. Iycrs f(B) = 0,B; = 0. Torna

f(Bw) — aM(Bz)w — a2wa+gfacbaM(Bﬁwb) — a2wa+gfachzaMwb — Mabwb,

b = 00 +gf*’Bd,, Ag[B] = detM = / P¢ Dc exp(ic® M), (209)

PyxoBomcrBysich (147) , MBI IpeJICTABUIN UCKOMBbIH JIETEDMUHAHT B BHJIe KOHTHHYAJIbHOTO
MHTErpasia 1o @epmuonnsm monsm ¢,c. Bsemenme dbynkunonana Aj[B] oka3aaoch B
JIAHHOM CJIy4ae 3KBUBAJEHTHBIM JI0OABJIEHUIO K JIATPAHKUAHY JIBYX HOBBIX CJIATAEMBIX,

L = —0,80, " + gf*PE BB = 8,80 — gf "D, B, (210)

OTBEYAIOIINX TOJAM 20¢mo6 . Cpasy BUJHO, 9TO MPOMATATOP TOCTOB PaBeH (€ 06paTHHIM
3HAKOM ¥ MHOKATeTeM d%) mponaraTopy CKaJsapHOTO TIOJNs, 4 BepIIMHA B3auMO/IeHCTBA
CBA3BIBAET TOCTHI ¢ TuooHaMu. ONHAKO B in- W OUt-COCTOSHUSAX TOCTHI, TIO OTpe/eJie-
HUI0, TPUCYTCTBOBATDH HE JOJIXKHBI, 3TO YACTUTIH (PUKTUBHBIE U CYTYOO BUPTYAJbHBIE, WX
CINHCTBEHHAA POJIL B AUarpaMmMax — O6pa,30BbIBa,Tb 3aMKHYTbIC TIE€TJIN. KCTa,TI/I, MOZKHO
6b110 M3HAYANBHO cBecTH Af¢[B] K 9TMM CaMBIM HETJISM, ecn packphiBath det M He mo
dbopmyae (147), a ¢ nomorpio det M = exp tr (In M) . CrpykTypa JarpaHKnuaHa TOCTOB
L (1 maxke caM (akT MX HAJTUYMS) CYIIECTBEHHO 33aBHCAT OT BHJ3 KaJInOPOBOYHOTO
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ycJioBud, 3a1aBaeMoro ¢yuknueit f. Ormernm, uto orcyTcrBre TocToB B K91 00bacHgd-
eTcs TPUBHAJLHOCTHIO omepaTopa M = §%5? B sToM caayuae.

Ham ocTasioch BHITIOJHHTH jJaBHee obelnanne — JI0Ka3aTh HE3aBUCUMOCTb WHTETDAJIOB
BuJia (208) or kanubpoBoYHOTO apameTpa « . st 3Toro MoauduUIMpyeM KaJnOpoBOIHOE
ycnosue, nosoxus f(B) = 0,B; — b*. Qymknmonan Af[B] ynobuo sammcats B dopue
Af[B] = det(4%9” 4 gf** 9, - BS), onumaxoBoit mpu moGom BriGope dymkmun b*(z).
®opwmyne (209) sto me mpormsopeunt, u6o J, - B = Bj0, + 0,B. Bonee Toro, 0ba
npezcTaBiennst 1ast Ay[B] 5KBUBAJEHTHH NpH J000M B B CHJIy OYE€BHHOTO PABEHCTBA
tr In(1 + MN) = tr In(1 + NM), a coorBercrBylomue uM Beipaxkenus (210) mis BkIaaa
TOCTOB B JlarpaHxkuan — B cuny 05 D(x —y) = —04D%(z — y) . Cam unrerpan (208) mo
TIOCTPOEHMIO HE MOXKET 3aBUCETh OT [, a 3HAUAT W OT b, MOTOMY €CJIM MBI TIOJBEPTHEM
€ro JIONOJTHATEJ]HHOMY WHTErpHpoBaHmio o Pb ¢ Becom exp(—ib*h®/2¢), sro mpuseaer
JIMIIH K JIOMHOXKEHHIO Ha, HECYIECTBEHHBIH 9MCI0B0#H dakTop:

/@B B(B) = /@B 58,8 — 1°) A[B] 8(B)
N / DB Db §(0,B° — ) A[B] B(B) exp(—% )
_ / 9B DeDcd(B) expi(Lyp — % (0,B2?). (211)

NTak, MBI BOCIIpOM3BEJIH CJIaraeMoe ¢ KaJHOPOBOYHBIM IapaMeTPOM (¢ W TOKAa3aJH, 9TO
KOHTHHYyaJIbHbIe MHTerpassl Bua (208) or Hero He 3aBucAT. IIpu 5TOM MHTErpasbl OT Ka-
JIMGPOBOYHO HEMHBAPHAHTHBIX BEJINYNH (HATPHUMED, N-XBOCTKH) BIIOJHE MOTYT 3aBHCETH
or . OTmernMm, 9TO B CIydae momepedHoi Kaamoposku o = 0, xoraa exp(—(0,B%)*/2a)
He CYTecTBYeT, BMECTO Hero Kak pas mossnserca §(0,B}) B KORTHHyalbHOM WHTerpaJe:
3Ty d-pYHKINIO MOXKHO YCJIOBHO TPAKTOBATh KaK IpeJieJl 3KcIoHeHTs! mpn o — 0. Ocra-
JIOCh CKa3aTh, YTO BMECTE C (-HE3aBHCHMOCTHIO MHTErpasioB (208) HaMM yCTaHOBJIEHA W
KaJInOpOBOYHAs WHBAPHAHTHOCTH S-MaTpuIllbl. BrimmimeMm Temepbh OKOHUYaTeJbHOE BHIPA-
JKeHre 715 JarpaHxKnaHa HeabeseBoil KaJMmOpPOBOYHOM TeOpHHU KBAapPKOB U TJIIOOHOB:

1 _ 1
L, B) = —F,F, +1/’(Z'Yuvu—m)¢+$gh_ﬂ(auBuy

_4 wvt py
1 — 1 —
= —Z(GMB,‘/‘ - 3,,BZ)2 + 1 (17,0, —m) Y — 0,8°0,¢" — % (aMB;)2 + gV Bty

2

g g
+9f* B0y — 5" (0uB] — 0, By) BuBy — S [ f*“B B BBy . (212)
Metoa BRST. BoJiee obmuii B3I Ha TPOMCXOXKJIEHHE M POJb TOCTOB BO3MOXKEH B
pamkax memoda BRST, nazannoro mo nmenam aBTopoB — Becchi, Rouet, Stora, Tiorun
— ¥ IMUPOKO TPUMEHSEMOTO B TEOPHH KAJUOPOBOUYHBIX ToJiell u c¢TpyH. LleHTpasbHBIM

00'bEKTOM JAaHHOTO METO/Ia, ABJISEeTCS HUJIBIIOTEHTHBIN onepaTop d . PaccMorpuM cHagasa,
€ro IMPOCTENRTITYI0 PeaAIN3aInIo,

i 0 )
d = Citi_gfijkcicja—cka [ti,t;] = ifiete, cic; = —cici, (213)

r7€e t; — TeHepaToOphl HEKOTOPOW TPYMIbI, & ¢; — FPACCMAHHOBBI NepeMeHHbe (Bymymume
rocts) . HumbnorenrHOCTh ¢ (CBOMCTBO 2 = () MOKA3BIBAETCS MPSAMBIM BHIYHCICHHEM.
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Hampuwmep, ecsin reHepaTopsl ¢; AefCTBYIOT Ha (¢, TO JOCTATOYHO TPOBEPUTH
7 7 1
§%p = d(citip) = _Efjki cicklip + cjcititip = _Efjki cicglip + 5 CiCi tj tile = 0,

7 1
8%c; = _Efjki d(cjer) = Efjkifmnk cjicmCn = 0.

[TocnemHee paBEHCTBO €CTh CJIEICTBUE TTUKJINYECKOH CTPYKTYPHI TOXKIECTBA AK0OOH.

Teneps 3amummemM omeparop ¢ B TOM BHJIE, B KOTOPOM OH OOBIYHO WMCIOJIB3YETCS B
KaJauGPOBOYHBIX TEOPHsX, 100aBuB K (213), He HApPYINasi HUIBIOTEHTHOCTH, GHIMUZOCIIbL
C; (TOXKe IPACCMAHHOBBI) M BCIIOMOTATEJbHbIE DO30HHBIE OIS b; :

. ) 0 0 9
0 = ¢ty — 2fwk CiCj Be +bz36i , 0= 0. (214)

CooTBeTrcTBylomme mpeobpa3oBanua nojeit Hocar HaszBauue BRST-npeobpasosarud :
1
(SQD = ¢t;p, 5Ci = —Efijk CiCk , (5@' = bz ) (sz =0. (215)

Temneps t; — 9TO TeHEPATOPH KaAUGPO804HOT TPYNIBI; OHA JEHCTBYIOT Ha BCe MO (),
M3 KOTOPBIX CTPOMJIACH MCXOHAST TeOPHsT (IUTIOOHBI, KBAPKH ¥ T.J1.) , IPOM3BO/A HaJl HUMA
KaJInOpOBOYHbBIE Tpe00Pa30BaHus COIVIACHO THITY KasKJA0TO HoJsA. B mpuBEIYHBIX HAM 000-
3HAYEHMSX TEPBbIe COOTHOMEHNA n3 (215) umesn GBI B

oY = igc't™p, OB, = 3M0“+gf“chch, dc* = —gf“bccbcc. (216)

OTMeTnM, 9TO TOCTHI ¥ AHTUTOCTHI BHICTYTAIOT B JAHHOM TIO/IX0/E KaK HE3aBUCUMBIE TIOJIS,
x0Ts B Jarpanxkuane (210) sro He 6pocasoch B I1a3a; B 4aCTHOCTH, peobpasoBanus (215)
y HUX COBEPINIEHHO PA3JIUYIHHI.

Urak, vb BBesiu BRST-mipeoOpa3zoBanns Kak KaJauOpPOBOYHBIE, HO C TOCTaMU B Ka-
yecTBe mapameTpoB. llepedopmynupyem temnepb meron PanmeeBa-llomosa ma BRST-
s3eike. Hazoem BRST-unsapuarmuvim obbekT P, ynosaerBopstiomuii yeaopuio 0P = 0.
Ecau BBHIOpaTh TOTHBIN JIATpAaHKNAH KBAHTOBOM HeabeseBoit TeOpUHM B BUJE CYMMBI

2L = Ly +0A (217)

MCXOJTHOTO KaJMOPOBOYHO MHBAPHAHTHOTO JIATPAHXKHUAHA Ly (), COAEPIKAIIETO TOJBKO
noJist ¢, u nobasku A ¢ HemuBapmanTHEIM A(y, ¢, C,b), To Bech Jarpankunan £ Gynaer
BRST-unBapuanren. Ilycrs kaambposka dukcupyercs yeaosusvu f;(¢) = 0. Bosbmem

A = (fz + %bz) C; —— ¥ = va -+ Cjtjfiéi + fzbz + % bzbz . (218)

Torna KOHTHHYaJIbHOE WHTETPHPOBAHUE TIO ¢, € BbIAAET AeTepMuHaHT det(t; f;) MaTpuis
KaJNGPOBOYHOTO TIPeobPA30BAHNS YCIOBHA f; , KOTOPHIA B TOYHOCTH COOTBETCTBYET (DyHK-
nnonany A¢[B] (207). Unrerpuposanne no mosnsm b mopoxnaer exp(—if;fi/2¢), a mpn
«a = 0 — coorBercTBEeHHO, §(f), Bocpon3Bo/s Jarpamkuan (212).

OcobeHHO TPO3PaYHBIM CTAHOBUTCH B 3TOM TOAXOJE J0KA3aTEIHCTBO HE3aBUCAMOCTH
TEOPHN OT HEMHBAPUAHTHOW (dukcupyrormeil kaanGpoBky) mnobaku A . JleficTBUTENBHO,
KOHTWHYaJbHbIH wHTErpas tuna (211) ¢ naBapunanTHbiM P,

/ D DE De Db © exp i Loy + A) = / DU B expi( Loy +6A),  (219)
Ipu MaJbIX U3MEHEHUAX A CaM MOXKeT UN3MEHUTBHCA TOJBKO Ha BeﬂI/ILII/IHy BH A

/9\11@ 0X expi( Ly +0A) = /5(@\11 ® X expi( L +0A)) = 0, (220)

PABHYIO HY.JII0, TOCKOJbKY WHTETrpaJ He MeHsIeTCd MPH 3aMeHaX TlepeMeHHBIX.
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7. Perynapuzanusa

Pacxogumoctu. IlogBoast MTOTM HAITETO PACCMOTPEHUST HEAOEJEBHIX KAJTUOPOBOUHBIX
Teopuit, MOXKHO CKa3aTh, YTO TeNepb HAM W3BECTEH WX MOJHBIN KBAHTOBBII JarpaHKNaH.
Emme panbie MBI TO3HAKOMHUJINCH C HEKOTOPHIMHU JIDYTUMH TIPUMEPAMU JIATPAHKNAHOB,
BKJIIOYATOIINX TIOJIsI W3YYE€HHBIX HAMM TUIIOB, a TakxXKe ¢ npasuiaamn (Deiinmana) cocras-
JIEHUS JUarpaMM U BBIYUCJEHUS aMILIUTY/ 0 33JaHHOMY JarpaHKnaHy B3anMo/1efiCTBuU4.
B uacTtHOCTH, OBLJIO OTMEYEHO, YTO 3aMKHYTHIM TETIASM B JUATPAMMAX COOTBETCTBYIOT
mHTerpanuu mo dp. Bekope MBI yBUAMM, YTO 3TH WHTETPAJIB YaCTO OKA3BIBAIOTCS PACXO-
JIATIIMUCS, TO €CTh B MCXOJHOM CBOeM BHUJe OeCCMBICJIeHHBIMU. J[Jish mpeooieHns 3Toi
TPY/IHOCTH B KBAHTOBO# TEODPWHW TOJS pa3padOTaHa, TOCTATOYHO HETPUBUAJILHAS TPOTIE-
JIypa, COCTOSAIIAdA W3 JIBYyX OCHOBHBIX ITANOB — PE2YAAPUIAUUY U neperopmuposky . 1lpn
3TOM OKaXKeTCs, UTO JOOTPeAeseHNe PACXOIANNXCI UHTETPAJIOB, C NEJAbI0 PUJAHNS UM
CMBICJIa, 3aMeYATEJHbHBIM 00Pa30M YKJIJIBIBAETCS B PAMKH TOTO OCTATOYHOTO TPOU3BOJIA,
KOTODHBI# OBLT HAMHU YIIOMSHYT B KOHTEKCTE TOCTPOEHUS T-3KCTIOHEHTHI.

Haunem wmccienoBanme mpobJieMbl PacCXOIUMOCTel KBAHTOBOIOJIEBBIX WHTETPAJIOB C
MPOCTOTO TIPUMEPA, OTBEYAIONIETO BKJAJIY OJHOTETIEBON JMArpaMMbl ¢ 6€3MacCOBBIMU
CKaJIAPHBIMA TPOTATaTOPaMU. ZIBHBIN BHJI MHTEPECYIONIET0 HAC WHTETPAJIa, TAKOB:

oy pldpl |,
/(P2+i0)((k—p)2+z'0) N/ [ Inoo. (221)

st Tpy6oit OTIEHKW PACXOIMMOCTH JAHHOTO WHTETPAJIA MBI BBEJW PAIUAJBHYIO IEPEMEH-
Hy1o |p|. TlockonbKy Takoro poja 3aMeHa BHITJIsIENa Obl Gosiee eCTECTBEHHOM B IBKJIHJIO-
BOM TIPOCTPAHCTBE, TPOM3BEJEM B WHTETPAJIE BUIA

d'pf(p,--) _ [dpodp f(p,...)
ot |

2 [ +40 pE—p2—1+i0

TOBOPOT KOHTYDa MHTETPUPOBAHUS 10 dpy B COTJIACUH C PACIIONIOXKEHNEM TOJIIOCOB,

/ dpy —)/ dpo =—i/ dp4=z'/ dp, = dip = i/d4ﬁ, (223)

cuuTas, 9T0 (hyHKIUA f ITOMYy He MernaeT. MbI BBeJM 37€Ch 3BKJIUJOBHI IEPDEMEHHBIE

Ps = Pg, p = (P,p4), PP =p'+p; = —po+p’ = —-p°. (224)

C HUX HOMOHJ;bIO qupreXMeprIe HCGB,ZLOSBKJ‘II/I,ZLOBBI I/IHTeI‘pa,.)'IbI lema
o0
/ d'p F(p?) = in? / dp® p* F(—p?) (225)
0

CBOJIATCS K OJTHOKPATHBIM, B3SITHIM 10 (KB3/IPATY) PATUATHHON IBKIIUIOBOI EPEMEHHOI.

[TpuMeHnM 3TOT peBy.J'IbTaT Juist GoJiee JeTaJIbHOTO aHaJu3a wHTerpata (221). C mo-
MOIIBI0 cooTHOMERus (ab) ™! fo dz[az + b(1 — z) |72 u cnBura nepemenHo# p — p + xk
€ro MOYKHO TIPeoOpa30BaTh CJAEAYIONIAM 00Pa30M:

/2( / / 1—:E)+(kdx—2kp+p /dw/~ ~—2kp:v+:vk2]
/d:v/ +k2 T - m/dx/ k2x(1—x)]2' (226)
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Koneuno, mHTErpas 0CTAJCS PACXOAIINMCS, HO TEEePh €r0 MOYKHO PETYJISIPU30BaTh, 06~
pe3aB pajJnajbHoe HHTeTPHpPOBaHNe Ha BepxHeM Tpejese M2 :

/% = ”/d””/wp - 212—x>]

. — k2 (1—x) k*z(1 — z)
= ir? 1 —1-
o /0 dw[ n —k%2z(1 — ) M? — k?z(1 — x)
M? 1 M? k2 1

Mbl BBeJIM HOBBIH TapaMeTp (i, YTOOBI PA3HECTH TO OTAEJbHBIM CJATAEMBIM BEJIMYUHY
In(M?/u?), BobpaBITyIo B ceba BCIO CHHTYJIAPHOCTH (402apU@GMUHECKYI0 PACXOTAMOCTD)
MCXOJHOTO MHTErpaja, GopMaJbHO COOTBETCTBYIOIEro mpeneay M — oo, W peryJsp-
ubiit k-saucuMbrit Bkaay In(k?/p?). Uro6b He OTBIEKATHCS HA PACCMOTDEHHE JPYTHX
BO3MOYKHBIX OCOGEHHOCTEH MOMMMO PACXOAMMOCTH MHTEIPAJIa HA BEPXHEM IIpejiesie, MBI
BCErJa JIONYCKAeM HyKHbBIH 3HaK y k° W He jesaeM pasHuns Mexay Ink? m In(—k?) .

PasmepHas perynspuzaums. OmnucaHHas BHIIE PETYJSPU3AINS BeCbMa HAIVISIHA, HO
mpu OJIMKANIITEM paCCMOTPEHNT Y Hee OOHAPYKUBAETCS PsiJI CYIIECTBEHHBIX HETOCTATKOB.
[TosToMy MBI cefrdac TOAPOOHO M3IOKKUM, U Oy/IeM B JaJbHENIIEM MCTIOIB30BATh, APYTOi
Meton peryaspusanun. OH HOCHT Ha3BaHWe pasmeprot (dimensional) peryasipusanum u
MMEET TIUPoYaiiiime TpuMeHeHnsl, 0COOEHHO B KaJMOPOBOYHBIX Teopusix. Vaes merona
COCTOUT B TOM, 4TOOBI CJIETKA YMEHBITUTb KPATHOCTh WHTETPAJIOB, TIepeiifs OT pa3Mep-
HOCTH 4 K n = 4 — 2¢. [I1d 3TOTO HaM He TPUJETCS CTPOUTH TOCJETOBATEIbHYIO TEOPHUIO
HETIEJIOMEDPHBIX TPOCTPAHCTB: MOCKOJBKY KPYT HYXKHBIX HAM TOJIBIHTETPAJBHBIX BHIPaKe-
HUit JIOCTATOYHO OTPAHWYEH, TO BCE (DAKTHMUECKW CBEJIETCS K 3aMeHe TeJ0TO YUCa 1M B
dopmysie A8 0OBITHOTO M-MEPHOTO 3BKJINJI0BA TPOCTPAHCTBA,

7_‘_m/2 00 7.‘_m/2 o0 m
/dmﬁf($2) = %/ﬂ dr ™ f(r?) = W/o dyy> "' f(y), (228)

Ha Heresnoe n = 4 — 2e . Paqu ynobersa mpu sroum eme qomuHoxkawoT Ha 7°(1 —¢€) . Torna,
B COUETAHWHU C NMPOBEJEHHOMW paHee 3BKIHAM3aIMel, 6a30Boe onpeaeeHne pa3sMepHO pe-
TYJA4dPpHU30BaHHOT'O UMITYJIbCHOTO MHTEr'paJa IIpUMET BU

-2 [oe]
/ d'p F(p?) — / d"p F(p?) = i / d"p F(—p?) = — / dy y' = F(—y). (229)
0

1—¢

VmeHHO TIOSIBJIEHME HETEJION CTETIeHN TIO/, MHTETPAJIOM U 00eCTIeYNBAET PETYJISPU3AIINIO.
s nanbrefiielt paborsl HaMm noHagobutcs pan dpopmyia. Haunem ¢ I'-pynknun:

[(z) = /Oood:v " te™?, /Od:v 211 —2)f! = % = /Ow%a (230)

D(z+1)=20(z), T[(1)=02)=1, T[m+1)=m, TI[(1/2)=vr, (231)

I'(l1+e) = e expz %(—E)m = e (1+ —24( 2) - 2—3C(3) +0(e")), (232)
v R 0577,  ((2) = %2 ((3) ~ 1202, ((m) = ) lim (233)



lajiee nayT COOTHOITEHNS, IPEBPAIAIONTNE HECKOJIbKO 3HAMeHaTes el B OJINH,

1 TD(a+8) /1 dr zo71 (1 — )5t (234)
a¥® — T()T(B) Jy [az+b(1 - g)]o+F’

_ 1 _ F(a1++am)/1dx1dxm x?l_l_..:Egnm_lé(l_xl_...—xm),

at ... a%m C(ar)...Tlam) Jo [a1z1 + ..+ QT |21 O
(235)

a TakKe (JIJIs CIPAaBOK) SKBUBaJIEHTHBIE UM ¥ (229) dbopMyasl a-npedcmagieru :

1 A e A1 _iaA n, i(ap?+2kp) —im?T'(1 —¢) —ik%/a

E:F()\)/Odaa et /dpe” pzTe . (236)

13 (229), (230) u (234) Ge3 Tpyaa BHIBOJATCS MOJI€3HBIE paboune hbOPMYJIbl pa3MepHOi
peryJsapusalini, KOTOpbIe TOCAYKAT OCHOBON BCEX NAJIbHENINNX HAIMWX BBIYUCJIEHWN:

/ dp (p?)?  in?T(a—-B—-2+¢e)T(2+—¢) (237)
(p? +m2)e (m?)e-f=2te (1-e)(e) °
d"p Tl —-e)T(a+p-2+e)I2-—a—e)T(2-F—¢) (238)
/ (P ((k—p)2)F (k2)otb=2+e D(a) D(B) I'(4 — a = B — 2) '
Tak, MOXKHO Cpa3y HAWTH Pa3MEPHO PEryJsipU30BaHHOE BhIPaKeHNe I MHTerpada (221):
d"p _am? T(e)I3(1 —¢)
72 = W re-m (259

ITpu € # 0 0HO KOHEYHO, HO HETIOCPEJICTBEHHOTO TIepexo/ia K mpejenay € — () He TOTMycKaer,
tak kKak [-pyukmnusa B Toukax 0, —1, —2 u . 1. mmeer noJoca. Hampumep,
I'l+¢ I'(e I'l+¢
fe) = T0+E)  pyag = L6 _ _T0+e)
£ —1+4¢ g(l —¢)

(240)

Mur BEIMM, 9TO B pa3MePHO#l Peryispu3aliii CHHTYJASPHOCTH WHTETPAJIOB MPUHUMAIOT
BH/JI OTPUIATEJBHBIX cTeneHeill mapamerpa €. Ormernm, uro nosiBjaenue I'(—1 + €) Bo3-
MOXKHO B CJIy4ae keadpamuyHoti PacXoIUMOCTH HHTEIPAJIOB, KOTOpas B TEPBOH peryJis-
pU3AIAA TIOPOXKAaIa Obl BRI ~ M2, Yno6Ho 06e3pasmMepuTsh WHTETpa (239) J0MHO-
xenneM Ha dakrop (pu?)¢ . Tenepb MOKHO PA3/IOKUTH OTBET IO CTETIEHAM € |

2\e 2 n 2
(1) = exp(—¢ln k—2) : (,u2)6/% = in’ (1 — lnk—2 +2)+0(). (241)
p p*(k —p) e p
CpapHenue ¢ (227) mOKa3bIBaeT, YTO k-3aBUCHMOCTH PE3YJIbTATA B JBYX DPETYJISPH3AIAIX
TOJTY YWJIACH OJIMHAKOBOM, 8 KOHCTAHTHBIE BKJIA b, B TOM YHCJIE CHHTYJISIPHBIE — PA3HBIMH.
BaskHeiiiee 3HaUeHNE JIJIsT TPEJICTOSIIENR TPOTIEAYPHI TIEPEHOPMHUPOBKY OYJIET UMETb TOT
dakT, 9TO B 00eUX PETYASIpU3AINAX KOIDMUIIMEHTH TPH CUHTYISPHBIX BETMYMHAX, T. €.
npu In(M?/p?) u 1/€ cOOTBETCTBEHHO, HE 3aBUCAT OT BHEITHETO MMITYJIbCA, k .

BHITIOJTHUB TIEPBBIN KOHKPETHBIH PACYET B TEXHUKE PA3MEPHON PEryJISIpU3AINH, JTOBE-
JIEM Temephb JI0 KOHMA (GHOPMYIUPOBKY ee GA30BBIX MPHUHIHMIOB. K pa3MepHO peryssipu-
3yEMBIM MHTETPAJIaM MPUHSITO OTHOCHTH T€, YbH TIO/BIHTErPAJIbHbIE BHIPAYKEHUS YIAETCST
TPUBECTH K KAHOHWYECKOMY BHIY (229) ¢ moMombio anrebGpamdeckux NpeoOpa30BaHMi,
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HaIpUMep, MHTETPAJbHBIX TapaMerpusarnumii Tuna (234)—(236), a Takike CIABATaMH HM-
IIyJIbCOB MHTEIPUPOBaHust. B pasvepHoit peryaspmsanmu jonyckaercs auddbepeHmupo-
BAHNE TI0 BHEITHAM MMITYJILCAM, MacCaM ! JAPYTHM MapaMeTPaM:

0 0 0
"y — b)) = = " "y — ) = 0. (242
[ergtok ) = o [eiek ), [erg s =0 @)

BTopoe paBeHCTBO, 3KBHBAJEHTHOE MHBAPHAHTHOCTH OTHOCHTENHHO CIBHTOB, JAeT BO3-
MOKHOCTb WHTETPUPOBaTh 10 uacTsM. Juddepennnposannem coornomenuit (237),(238)
BBIBOJATCA (POPMYJIBI JIJIE MHTEIPAJIOB ¢ KOMIIOHEHTAMH HMIYJIbCA, B IUCJIATEIE:

d*p pupy 0*)° _ G im* T(a =B -3+¢)T(3+ 8 —¢)
[ = S aemaarw 09
/ d"p p, _ ik, T(1l—e)T(a+B8—-24&)TB—a—¢e)['(2——¢)
(p*)* ((k = p)?)? (k2)etf=2te L(a) D(B) I'(5 — a — B — 2¢) (2’44)
/ d™p pupy _ 2 T(1 — ¢) kkF(a—i—ﬂ—2+5)F(4—a—5)F(2—,6—5)
(p?) ((k—p)?)? — (k?)eth=2re [T (o) T(B)T(6— o — § —2)
guwk® T(a+8-3+e)IB3—a—-¢)T3-pF—¢) (245)
> (@) T(B) T(6— o — B — 22)
IIpusesem (Ge3 BHIBO/IA) elle OJIHO MHTEPECHOE COOTHOIIEHME,
dp _ 2 d(a—n/2) _ 27’ d(a—-2+4¢)
/(pQ)a - lesmd) o ~ 0. (246)

[Tostienue d-byHKIMM oTpazkaer TOoT (aKT, 4TO PEryaspu30BaHHbIN mHTErpana (229) He
mpu Bcex F' koHeueHn. OHAKO HA TPAKTHUKE MPABYIO YaCTh MOYKHO BCETJA CUNTATDH HYJIEM.
Hakonemn, TeH30p g,,, ¥ MATPHUIIH 7Y, B PAMKaX MeTO0/1a pa3MepHO#i pery1apu3alnnn IpeBpa-
matoTcs B (popMaJibHbie CUMBOJIBI, HAJIEIIEMbIE CAMOCOTJIACOBAHHBIM HAOOPOM CBOMCTB:

Guw = 9Gvu, GuPv = Dy, Gup = 4 —2¢ ’ trl = 47 (247)
VYo T VoV = 2 G 5 YuVu = 4—2¢, Yu WY = (2 €— 2) Yo (248)
VYo V8V = —26%Y8 T 4008,  VuVaVEINVu = 267N~ 2MVeVa - (249)

PasmepHas peryagapusanus J0CTATOYHO YI00HA B 0OPAIeHUH U TIO3BOJISET BHIYUCIATh
(amasmTHaecku) u GoJiee CJI0XKHBIE WHTETpaJbl, 4eM (237),(238). Ho rmaBHbIM mpenmy-
IIECTBOM 3TOH PETYJIAPHU3AINH OKA3HIBAETCH €6 MHBAPUAHTHOCTh OTHOCUTEIBHO TMTHPOKOTO
KJIACCa, CUMMETPHIA, BaXKHEHIMMMH W3 KOTOPHIX SBJISIOTCS, KOHEYHO, KaJuOpoBoYHbE. Ta-
Kasl MHBAPUAHTHOCTh OODBSICHSIETCS TEM, UTO JIAHHASA PEryJIsSpHU3aliis HE MCKAXKAET BUJA
TIOJTHIHTETPAJIbHBIX BHIPAYXKEHWI 1, BI0OABOK, COXPAHSIET TPAKTHIECKH BCE CBOWCTBA 0OBIY-
HBIX WHTETpaJoB. Biaromaps sToMy, TOXKIECTBA YOpP/a, BHIPAKAIOIINEe CAMMETPHIO TEO-
PHH, KaK TPABUJIO, BHITIOJHSIIOTCA TOXKJIECTBEHHO 110 £ . VICKTI0ueHne peICTaBIsIOT coboi
CHMMETPHH, CYIMECTBEHHO MPUBI3aHHBIE K KOHKPETHOW Pa3MEepPHOCTH MPOCTPaHCTBA. Tak,
BBECTH B PA3MEPHON PETYJIIPU3AINK AHAJIOT MATPHITH Y5 VIAETCA JHUIIb TEHOW 0TKa3a OT
PaBEHCTBA [V5,Vy]+ = 0, 9TO BeAeT K HAPYIIEHNWIO KUPATbHON CHMMETPUY U BOSHUKHOBE-
U0 anoMmanit. Cxoxue MpobJeMbl IMEIOTCI ¥ BO B3aMMOOTHOIIEHUAX Pa3MepPHOH pery-
JSPU3AIAN U CYNEPCUMMETPHH (YTO HE TIOMEIAJIO, OHAKO, YCIEITHOMY OCYIIECTBIIEHUIO
PsJ1a MHOTOTIETJIEBBIX PACYETOB B CYNEPCUMMETPUYHBIX MOJIEJISIX ) .
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8. IlepenopmMmpoBKa

CTpyKkTypa CMHrynsipHOCTell ogHoneTneBbIx agmarpamm. Ha craaum peryaspusamnud Mbl
M30aBUJINCh OT SBHBIX OECKOHEYHOCTEH, 3aMEHMB WX CHHTY/JISPHBIMA BEeJUYNHAMY THUIIA
In(M?/p?) m 1/e. Ho uro ¢ amvu nenath gambme? OTBET Ha STOT BOMPOC MOJCKAKET
aHAJIM3 CTPYKTYPHI CUHTYJISPHOCTEH MHTETPAJIOB, OTBEYAIOIINX OJHONETIEBHIM JTHATPAM-
MaM. Mbl yxKe obpaia/im BHUMaHUE Ha TOT (DaKT, 9TO CHHTYJISIpHBIe dacTu (227) u (241)
0Ka3aJ1Ch KOHCTAHTAMH — OHM HE 3aBUCAT OT UMIyJbca k. IIpmamHa 3Toro GymeT BuaHA
u3 cJeyromero npuMepa. Pacemorpuv 06061enne uaTerpana (239) Ha cayuait m # 0,

/ d"p (250)

®? —m?)((k —p)2—m?)’

nprYeM Hac 6y/IeT WHTEPEeCOBATh HE TIOJHOE AHAJMTUIECKOE BHIPAKEHNE (OHO HECKOJIBKO
TPOMO3/IKO) , & TOJILKO €r0 CHHTYJISpHAs 4acTh, nMmeonas sug A/e. Cpasy cranoBuTcs
SICHO, 9TO KO3(pdunuenT A He MOXKeT 3aBHCETh HM OT k, HH OT 77, TOCKOJBKY audde-
PEHIMPOBAHYE TOBIHTErPATBHOTO BBIPAXKEHNsI N0 K, WM 10 m? JejaeT WHTErpaJl CXo-
JSIIUMCSI, TO eCTh HECHHTYJISIDHBIM, a 310 o3Hauaer 0A/0k, = 0A/Om? = 0, dro u
YTBEPKIAJIOCh. Eciau Tenepb MOMeCTTh B 4ACUTENDb (250) HEKOTODHIH TOJMHOM TIO P,
TO TIOCJIE HECKOJBKHUX (KOHEUHOTO YMCJa) aHAJOTMIHBIX judbdepenmpoBannii mHTerpa
TOXKE CTAHET CXOAATIAMCH. MBI IPUXOIUM K BasKHOMY BBIBOJY: CHHTYJSIDHOCTH OJTHO-
TETJIEBHIX MHTETPAJIOB MOTYT 3aBMCETh OT MACC ¥ BHEITHHX HMITYJIbCOB MOJAHOMHAAILHO
(cTeneHb MOJIMHOMA OTIPEJIEISETCS PA3SMEPHOCTBIO HHTErPaJia) Jubo He 3aBUCETh BOOOIIE.

Dyphe-06pa3oM KOHCTAHTHI ABJAETCH O-(DYHKIHSA, a TOJUHOMA — TMPOU3BOJHAA KO-
HEYHOTO TIOPS/IKA OT Hee. Kcuim 3amucaTh BKJAJ OJHONETIEBOH JUATPAMMBI (CKaXKeM,
TpexxBocTKH) B T-skcnonenty kak G = [ dzdydz o(z)e(y)e(2)F (2,y,2), Tae moast ¢
OTBEYAIOT BHEITHMM JHHUSM, TO (bypbe-o6pas F(p,q, k) bysxmun F(z,y, ) MoxHO Gy-
JIET, KAK MBI TOJBHKO UTO BBHISICHAJIM, TIPEJCTABATH (C YI€TOM COXDAHEHWs MMIYJIbCA) B
Bujsie 6(p+q+k)[A/e + O(1)], a cunrynsapuyo gacts camoit bynkiun F(z,y, z) — B BUJIE

A o A
;/dp dg dk eP* YRS (p 4 g+ k) ~ " Sz —2)0(y — 2). (251)

CaeoBaTesbHO, CHHTYJISAPHAS 4acTh G OKa3bIBACTCA 00HOKPAMHbIM WHTETPAJIOM BHJIA
Ae ' [ d*z ¢*(z) (ecom A — KOHCTaHTa; eCJH e CHHTYJIAPHOCTH F' Ghi1a OJHHOMHEATLHA,
10 UMIIyJbCaM, TO IIOJ 3HAKOM HMHTEr'paJia IMOABATCA IIPOU3BOJHLIE OT QD) . Ha sTom ocHo-
BaHWH TIPHHATO HA3HIBATH CHHTYJIADHBIE YACTH OJHOTETIEBHIX JUATPAMM A0KAALHbIMI ,
IIOHUMaAd IIOJ 3THM B MMIIYJILCHOM IIpeACTaBJIEHUHU MX IIOJHMHOMUAJIBHOCTDL, a B KOOpAHU-
HATHOM — TO, YTO BHITIOJHAETCA 00HO WHTETPUPOBAHUE OT A0KAALHOZ0 TIO T BHIPAYKEHWS.
KoreuHo, TosiHOe (BKJIIOYAIONIEE W PETyJAPHYIO YacTh) Bhipaxkenue 1y G He GyjneT Jo-
KaJIbHBIM HH B P-, HU B Z-TIIPEJCTABJICHNN.

Penopmupyemble n HepeHopmupyemble Teopun. VITak, CHHTYASIpHBIE BKJIQIbI OHOIIET-
JIEBBIX IMATPaMM JIOKAJbHBI, & 3HAYAT TI0 CBoeil popMe MOTYT COBIAIATh CO CAATAEMBIMHU
(mnTerpana or) sarpanxkuana [ dz.Z = [ dx(% + ). Ho umeercst im 31ech TouHOE
coorBeTcTBHe?! Takasg MOCTAaHOBKa BONPOCA JEJUT BCE MOJIENM KBAHTOBOHM TEODWH TIOJIA
Ha JBa KJjlacca — Ha PEHOPpMUpYembie U HepeHopmupyemovie. B pEHOPMUDPYEMBIX TEOPHUIX
CHHTYJITPHOCTH O/THOTIETJIEBBIX JTUATPAMM B TOYHOCTH COOTBETCTBYIOT CTPYKTYPaM MCXOJI-
HOTO Jarpankuana. Hanpmvep, B Mosiesm hg* s10 crpykTypht (0,¢)2, 02, p?, m amkakmx
WHBIX TUTIOB CHHTYJISIPHOCTEH OHOTETJIEBBIX JMarpaMMm B 3Toi# Mojenan HeT. K peHopmu-
pyeMbIM TeopuaM oTHocaTca Takxke KOJI, KX/ u pan apyrux. Mojesab go3 Ha3bIBaIOT
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JIAXKe CYNep-peropmupyemoti 3a T0, 9T0 y Hee MeHbIIe CHHIYISPHOCTE!, YeM CJIaraeMbIX
B JarpaHxuame. VHTepecHLIH TIpuMep aBJISeT cobot Mosienmb gy b . Jlmarpamva B BHe
bepMHIOHHO} TIeTIIN ¢ YeTHIPbMST CKAISPHBIMHA BHEITHIMH JMHUSIME PACKO/IUTCS, 1 €€ CHH-
TYJISPHBIN BKJIAJ], €CTECTBEHHO, TIPOTIOPIMOHAJIEH () XOTS TaKo# CTPYKTYPHI B HCXOJHOM
narpamkuane HeT. OJHAKO B JIAHHOM CJIydae CHTYAIMIO JIETKO MONPABUTH, IIPOCTO 1062~
BYB K JIATPAHKUAHY 3Ty HEJOCTAIONIYI0 CTPYKTYPY: Moaeab £ = g Yi+he* yxe 6yaer
peHopMupyemoit. IIpumep HepeHOPMUPYEMOl TEOPUH AT MOJIEITh YeTHPEX(DEePMHUOHHOTO
B3ammoieticus g(11))%: 37ech OHOTET/IeBas MeCTHXBOCTKA TOPOYK/AET CHHTY/ISPHBIH
BRI ~ (¥1))3, u T. 1. TIOMBITKA BKIIOYATEL TAKOTO POJIA BKIAJH B JATPAHKHUAH TOTBKO
ycyry06JIsier TPYIHOCTH — MOSIBJISTIOTCH BCE HOBBIE M HOBBIE THITH CHHIYJISIPHOCTEN.
Yo6HOE MHEMOHWYECKOE TPABUIIO MO3BOJISIET CPA3y Y3HATH, SIBJSIETCS JIN TEOPUS Pe-
HOPMHUDYEMO! WJIM HET, MCXOJsl W3 Pa3MEPHOCTH KOHCTAHT CBsi3U. IIOCKOJIBKY MHTer-
paa [dz.Z , crosumit B moKa3aTese KCIOHEHTHI, 00s3aH OBITH Ge3pasMepHO BesndH-
HOM, TO JIETKO HalTH pa3MEPHOCTH (B €IMHUIEAX MAaCCH) BCEX OOBEKTOB, BXOAMAIINX B
COOTBETCTBYIOIMH JIATPAHKMAH. DTHM CIOCOGOM HAXOMUM (B YETHIPEXMEDHOM IIPOCT-
paHCTBe) pa3MepHocT: mojedt, [¢] = [A,] = 1, [¢] = 3/2, a 3aTeM U KOHCTAHT CBSI3H:
OHM OKa3BIBAIOTCS PABHBIMH HYJIO JIUIST BCEX PEHOPMUDYEMbIX Mojeneit, +1 — mis cymep-
peHopMupyemoit Mogsienn (g¢®), 1 ompuyamesvrvMy — 11 HEPEHOPMAPYEMBIX. VICKJTIo-
YEHMEM M3 9TOT0 YHUBEPCAJIHHOTO NMPABIJIA BBIVISIUT IPHUMED MACCUBHO20 BEKTOPHOTO
IOJIsI, TaK KaK MOJEIN ¢ TAKAMHU TOJISIME MOTYT OBITH HEPEHOPMHDYEMBIMH, HO HeE 33
cyeT B3aMMOJIEHCTBUs, a B CHIy cuenududeckoro Buaa npomnararopa (102), cmocober-
BYIOIIETO TOSIBJIEHMIO pacxogmMmocteit. K c9acTpio, cka3aHHOE He OTHOCHTCH K CJIydalo,
KOT/]a BEKTODHbIE TIOJIST IPHOGPETAIOT MACCY 33 CIET CROHMAHHOZ0 HAPYUEHUL CUMMEM-
puu; B 9acTHOcTH, CTaHAAPTHAS MOJIENb OKa3bIBAETCS peHopMmupyeMoit. OTMernM erme,
9TO B Pa3MEPHOMN PETyNsipU3aIUN PAa3MEPHOCTH KOHCTAHT CBSI3M HEMHOTO M3MEHSIOTCS I
(B peHOpMUpPYEMBIX MOJIEJISIX) PMHAMAIOT XapakTepHoe 3Hadenue [h] = [¢%] = [e?] = 2¢
(8 K91 u KX]I meopusi BO3MYIEHNH DA3BUBAETCS TIO CTENEHIM K6aOPaMOs 3apsjioB €
n g). OTCona M BO3HMKAET TOT CAMbBI MHOXKUTeS b (u?)®, KoTOphI#A TosBuiIcsa B (241):
M3HAYaJIbHO OH 3aJyMaH JIsi o0e3pa3MepMBaHMsl KOHCTAHT CBsI3H, a 3GbQEKTHBHO 3TO
IIPABOJIAT K JIOMHOMKEHHIO HA COOTBETCTBYIONMMIA (haKTOp KasKJI0ro MHTErpaJa mo d"p.

Bbluntannsa n koHTpunenbl. MBI yCTaHOBMIIN, YTO CHHTYISPHBIE BKJIA bl OTHOTIETIIEBHIX
JIMarpaMM TOBTOPSIOT CTPYKTYPY HUCXOTHOTO JIATPAHXKNAHA: MOXKHO CUMTATh, YTO OHM KaK
661 nobaBasoTes K HeMy. Ho Torna BO3HWKaeT caenyiomas ujes: HeJIb3s JIU Telepb 6bi-
Yecmdb ITU BKJIAJBI, YTOOB M30ABUTHCS XOTS OBl OT OTHOTIETJIEBBIX CHHTYJISPHOCTEH! IDTO
TPEI0OKEHNE OTHOCUTCS, KOHEYHO, TOJIHKO K PEHOPMUPYEMBIM TEOPHUSIM, Ha, KOTOPHIX MBI
TeNEePh TOJHOCTHIO U COCPEOTOUNMCS, TIOCKOJIbKY B HEPEHOPDMUPYEMBIX, KK MbI BUJIEJIH,
CUHTYJISPHOCTH PA3MHOXKAIOTCS HEKOHTpOJIMpyeMbiM obOpa3om. [Ipexkne uem pa3BuUBaTh
JIAHHYIO WJE0 JTaJbIle, OPOCUM B3IVISAJT HA PACXOJUMOCTH CJEAYIONNX TOPSIIKOB TEOPHH
BO3MYIIEHHH, PpacCMOTpeB IpUMep ABYXIeTIeBOr0 MHTeTrpaa B Mojenn

d"p dq 1 5 1. k?
2\2¢ _ 41 = - _ = -
() /pQ(k e (252 T 2 ) o) (252)

ITpm ero BbrUMCIeHHH ObLIA JBAXK/H MCTIOJIb30BaHa (opmyia (238), Tak KaK pe3y/abTaT
TIEPBOTO WHTETPUPOBAHASA TI0 d"q IOy IHIICS TPOTIOPIMOHATLHBIM (p?) ~¢. VHTepecHeimeit
0CODEHHOCTBIO OTBETA, SIBJSIETCS TIOSIBJIEHUE HEAOKAAbHO20, HO CUHZYAAPHO20 CIIATAEMOTO
~ e In(k?/u?). OHO BHO He BIMCHIBAETCS B CTPYKTYPY (JIOKAJBHOTO) JIATPAHKUAHA, W
ero TIpPOCTO TaK He BHYTEIb. Ho mporcxoauT 3aMedaTesbHAs BEIb: €CIM OBl MBI BCE K€
ClleJIaJA B JIATPaHKHAAHe BHIYATAHNSA, HEOOXOAUMBIE 71T YCTPAHEHUST 00HONEMACEbIL CHH-
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TYJISPHOCTEH, TO 3000H0 ¢ HUMU UCIe3TI0 OBl U 9TO (IBYXIET/IEBOE) HEJOKATIbHOE CHHTY-
JISIPHOE cylaraeMoe. Y6eUThCs B 9TOM MOYKHO M 6€3 PHCOBAHUS AUArPAMM (M HAXOXKIEHUST
MX KOMOMHATOPHBIX MHOXKHTEJIE!) , IPSIMO 110 MHTErpaJty (252): 9acTh €ro MoBIHTErpab-
Horo Bhipaxkenusi, d"q/q*(p — ¢)?, orBeuaer paczodawemycs nodepady, CUHTYISIPHOCTD
KOTODPOTO, coriacHo (241), ects i7% /e . Boruwras 3 maTerpama (252) sty odnonemaesyro
HOPACXOUMOCTD, MBI I€IaeM Pe3yIbTUPYIOIYI0 CHHTYJIAPHOCTD JIOKAJILHOM,

DTO BIOJIHE JIOTHYHO, TTOCKONIBKY JTuddeperimpoBanne jiepoit yactu (253) mo BHeINTHEMY
UMIyabCcy k ybnBaeT pacxoJUMOCTh WHTETPAJIA 110 P , TOT/a KaK BhIpaskeHne B KBaIPATHBIX
CKOOKaX PeryJsipHO 110 TOCTPOEHWIO: B COBOKYITHOCTH 3TO M O3HAYAET, YTO CHHTYJISPHOCTD
BBIYTEHHOTO MHTerpaja (253) He JIOIKHA 3aBUCETH OT K .

OrpaHPYMBIIACH 3TUM TOJIE3HBIM TPUMEPOM, TIepeiifieM K OOIIUM YTBEDXK/IEHUAM me-
OPUU NEPEHOPMUPOBOYK . YCTpaHEeHNe OECKOHEUYHOCTEN MPOMCXOANT TO CJeAYIoNel cxeme:
BBOJISI CHHTYJIIDHBIE TOOABKM B JIATDAHXKWAH JIJIST KOMIEHCAIINN O/THOTIETJIEBBIX PACXOIH-
MocTelt, MBI TIONYTHO J00WBaeMcs JOKAJbHOCTH JBYXIETIEBBIX CHHTYJISAPHBIX BKJIAJIOB;
KOMIEHCHUPYS WX HOBBIMH J0OABKAMH — JI€JIA€M 330/THO JIOKAJbHBIM TPEXTETJIEBOH BKJIA/I,
n T. 1. Ha a3bIke gumarpamMm 3ta mporeaypa CBOIUTCS K TOCJIEIOBATEIbHBIM BEIYUTAHUAM
CUHTYJISIPDHBIX dacTefl pacxongamuxcsd noArpados u HocuT Ha3Banme R-oneparuu. B nar-
paHKMaHe el COOTBETCTBYET BBEJIEHNE KOHMPUAEHOE — KOMIIEHCUPYIOMINX CHHTYJISIPHBIX
nobaBok. VX cyMMa 10 BceM TOpPSIKaM TEOPHH BO3MYIIEHUT SKBUBAJEHTHA, IOMHOXKEHHUTO
KaKJIo# CTPYKTYpHl Jarpanxkuana % (tuna (0¢)?, ¢* u T.11.) Ha HEKOTODYIO KoHCMaAHMY
nepeHopmuposry 7 . 'Takme KOHCTAHTHI MMEIOT BUJT (POPMATBHBIX DPSIJIOB TIO CTETEHSIM
KOHCTAHTHI CBS3M M 00paTHLIM cTemeHsM & . Hanpumep, B Mogemu hep!

Ah  Bh®* Ch?

1
Zh,e ") =1+ —+—F+—+0{F°) = 1+
(h,e™) St O

+0(=

Aw) | B

. 2 ). (254)

U3 Z cocraBasioTes cuneyaapnvie 3apan hg = hZyZy > m macca m%y = m2Z, Z; " :
2

Mmp
2

Zy

Zs 5 M Zy
2

1
%) — O+ hZyp' = 3 (8¢")? —

() +he(e), ¢ =V 2. (255)
Beuny [ Do " expiZ(¢') = Z;"ﬂf Dy " expiL(p), mepexon K monam ¢’ JOMHO-
JKAET N-XBOCTKU Ha Ly "2 a B AMIUIATYJaX TEPEHOPMHPYET in- M OUt-COCTOSHHS, HUTO,
cormacto (75), He BAMseT Ha HabmOMaeMble BeMunHbl. Bruouast (u®)° B onpesesenne
hp , 9T00BI cenaTh h 6e3pa3MepPHBIM, MBI TPUXOJIUM K (PUHATHLHOMY PE3YJIbTATY

ZF(h ’ 5_1) ) F({kz}7 hB(:u27 h, 5_1)7 mQB(m27 h, 5_1)7 5) —0> Fren({ki}a /1*27 h, m2) ) (256)
e—

2 3 3
he = (W) (h+ % + bEiQ + % +0(Y)), my = m*(1+ % +O(R%)), (257)
CMBICJI KOTOPOT'O B TOM, 9TO TIOCJI€ BBEJIEHNsI KOHTPUWIEHOB (IKBUBAJIEHTHO: TIOC/IE 3aMEHBI
HUCXOMHBIX 3aPAI0B U MACC Ha, CHHTYJSADHBIE, & TaKxKe, BO3MOXKHO, IOMHOXKEHUS Ha KOH-
craury Zp, ecan F' He dusnueckas HabMogaeMas BEINUYAHA, 8 CKAYKEM, 7i-XBOCTKA) MBI
MOXKeM, HaKOHEIl, iepeiiTu K mpeseny € — 0, To ecTb cHAM®D pe2ysapu3aryuro. 1omKHBIM
obpasoM 1oo0paHHble CHHTYJISPHOCTH KOHTPUJEHOB COKPATAT CHHTYISPHOCTH, HUIYIIMHE
M3 PACXOAANIMXCSA TUATPAMM, U NEPEHOPMUPOSAHHAA BeJININHA Flo, OKaKeTCs KOHEUHOM.

49



9. Penopwmrpynmna

[Tompo6yem m3006pa3suThb UCTOPHUIO BOPHOBI C PACXOIUMOCTIMH B BHJIE CXEMBI:

M—oo

F(k,g,m) =% Fuglk,M,g,m) 222 Fren(k,p,9,m) — Fonys(k,A,m).  (258)

3nech k ycaoBHO 0603HAYAET BCE UMMIYJIbCHBIE APTYMEHTHI, (4 MOYKHO TIOHUMATDh KaK P,
u T. 1. Cmbicha 370t nuarpamMvbl Takoit. CHadasa, elre He 3Has HU O KAKWX PaCXOTHAMOC-
TSIX, MBI MOTJIH OKHJATh, YTO HeKas WHTepecyolnas Hac pyHKus F' GyaeT 3aBUCETh OT
BHEITHUX UMIYJIbCOB k , KOHCTAHTHI CBA3M ¢ M Macchl m . Ho BMenmamnch 6eCKOHEYHOCTH,
¥ HAM TIPHUIUIOCh BBecTH peryisipm3anuio (M). Jo6aBuB B JarpaHKWaH CHHTYJISIPHBIE
KOHTPYJIEHBI, MBI CMOTJIH TiepeifiTi K mpeneay M — 00 ¥ TOJYIUTh TEPEHOPMUPOBAHHYIO
dbyuknuo Fre, , cBOGOmHYIO OT GeckoHedHOCTelH (3apaboTaB, MpaB/a, MPH ITOM HOBBII
MapaMeTp [i; TAKOTO POJA PEHOPMUPOBOUHBLT NAPAMEMD ¢ HEM3OEKHOCTHIO TOABIAETCS
npu Jo6oii peryasipusanun) . Ho Ha mocaenanem mmare (oH erme He ¢/ieJiaH) Mbl (baKTH-
YeCKH 0CBOOOUMCH M OT L4, W00 Ha, caMoM jene Fre, okaxkercd (pyHKIme 0T HEKOTOPO
kombuHanmu A(u, g) , BoOpaBimeit B cebs BCIO 3aBUCUMOCTH OT 4 ¥ ¢ . Tem cambim, adbdex-
THBHOE YHMCJIO aPTYMEHTOB (hyHKIUM F' BEpHETCS K MPEKHEMY 3HAYEHHIO, TOJBKO BMECTO
Oe3pa3MepHOTo 3apsaaa g Oyner GpUTypupoBaTh pasMepHas BeJWYMHA, A .

DTOT OCTABIMUICA IMAT OCHOBAH HA UAEAX PEHOPMZPYNNbL U TECHO CBI3aH C BOIMPOCOM
00 OHO3HAYHOCTH ompeneneHnsa (GyHKIUH Fro, B mpoliecce nepeHopMupoBku. C ogHOM
CTOPOHBI, CHHTYJISIPHbIE KOMIEHCHPYIOIINe BKJIAIb (KOHTPUIEHBI) TPOM3BOJBLHO MEHSITh
HeJIb3s1, WHaUe He COKpaTaTcsa pacxomumoctu. Ho ¢ fpyro#t — HUKTO He MeInaeT, HAPSIY
C CHHTYJSPHBIMH, J00ABJIATH K JIATDAHXKHAHY W KOHEUYHBIE TIOMPaBKH, TeM 0ojiee 9TO
TaKue JeHCTBUS BIIOJHE YKJIIBIBAIOTCA B PAMKHU MPOU3BOJIA, N3HAYATHHO 3aJI0KEHHOTO B
onpesesnenne T-skcnonedTol. C pu3ndeckoit ke TOUKH 3peHns, 100aBIeHe KOHTPUJIEHOB
(KOHEYHBIX 1 JlayKe OECKOHEYHBIX) MOYKET OBITh ONPABJIAHO TEM, UTO UCTHHHbIE 3HAYEHUST
g, m W JPYTUX BO3MOMKHBIX MAPaMETPOB JATPaHKMUAHA & Priori Bce paBHO HEM3BECTHHI, U
BBISICHAIOTCS TOJIBKO TI0 PE3YIbTATaM CPABHEHWUS TPEICKA3aHWIH TEOPHUH C SKCTEPHMEHTOM.

dbcpekTuBHbLIN 3apag n S-cbyHkums. B oCHOBE pEHOPMIPYIITIBL JIEKUT CJIE Ty FOITHi Dy H-
JTAMEHTAJIbHBIN NPUHYUN PEHOPM-UHBAPUGHMHOCTNY, SKBUBAJIEHTHHIH YTBEPKJEHUIO O TIe-
PEHOPMUPYEMOCTH TeOpHH: J106aBJIeHNE JIOOBX KOHEYHBIX (HECHHTYJSPHBIX) KOHTPUJIE-
HOB B TOYHOCTM KOMTEHCHUDPYETCS KOHEYHBIM M3MEHEHWeM Macc u 3apsyioB. l[lom TouHoit
KOMTIeHCATMel UMeeTcsl B BUJY HEM3MEHHOCTD 41006l (DU3NIECKUX BEJIMYWH, BHIYUCJTISTE-
MBIX B JIAHHOMW Teopuu (Hegusureckue BEJIMUNHBI THIIA N-XBOCTOK MOTYT TPH STOM TIPH-
o6peTaTh JOMOJHUTENbHBIH MHOXKHUTENDb) . PaccMOTpEM OoueBWAHBIH (XOTS W He caMmblii
obIuil) prMep BBeJieHWsI KOHEYHBIX KOHTDUYJIEHOB — M3MEHEHNe 3HAYEHUs] PEHOPMHUPO-
BOYHOrO mapamerpa 4 — i’ . OTBedaroniee eMy KOHEYHOE M3MEHEHHE 3apsiia

u k k k !

99 =3(0) = (0 =19 = f(;,ﬁ(%,g)) (259)

nojbupaercss Tax, 9roObl (usuka (B sune Ge3pazmMepHoil GyHKIME f) ocTaBasach HEM3-
mennoit. @yuxmmsa g(u'/u,g) — sfdexmusnui 3apad Waa Ge2yusas KOHCMAHMG CEA3U
(running coupling) — 3amaer npeobpasoBanue 3apsaa ¢ — ¢' B seHOM Buje. (s mpoc-
TOTHI M3JI0KEHUS MBI 3a0BIBAEM TPO MACCHI; B ODIEM CJydae HAJAO €Ie BBOAUTDL dfdek-
mueHyto maccy M) . VICXOTHO, TEDMUH pEHOPM2PYNNG OTHOCHIICS MMEHHO K 9TO# OJIHOTA-
paMeTpuuecKoil rpymnme npeobpasoanmii i — ', g — ¢'. Ilo cyTu, peun uaer o GyHKIH-
OHAJILHOH 3aBucuMocTH g(u) , HastaraeMoil TpeGoBaHneM (bHU3MYECKOH MHBAPHAHTHOCTH W
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peasmzyemoit pynkimet g. OueBHUIHOE YCJIOBUE COTJIACOBAHUS JJIS ¢,

n n n 7

g = ?(%,g) - a(%,g’) - ﬁ(%,ﬁ(%,g)), (260)

BHIParKaeT TOT (HakKT, 9TO MyTh i —> i’ — p” MOXKHO TPOWTH ¥ 34 OJUH IIAT, U 33 JIBA.
IlenTpasbHOe MECTO B amlliapaTe PEHOPMIPYIIBI 3aHUMAET [-PyHKyus — CKOPOCTH
M3MEHEHNUs 3apsijia, ¢ B OTBET Ha W3MEHEHHUe [, MHAYe TOBOPS — MPOU3BOIHAS (DYHKIHH G :

Blg) = dg -

din K ¢dm3 = const

J _ o

dlnp'|,_,

C ee MOMOIIBIO PEHOPMIPYIIIOBYIO 3aBUCHMOCTD (1) MOKHO TPEJICTABATH B BUJIE

dnp=2_= ayg) = =0, wg)= [ L, Aug) =pner®. 262)
B(9) ’ By W

Toukam Ha TWIOCKOCTH {4, g}, CBSI3aHHBIM MPEOOPA3OBAHNSAME PEHOPMIPYIIIBI, COOTBET-
CTBYeT OJIHA ¥ Ta ¥Ke (PU3MKa, M OJHO M TO XKe 3HaueHue A(y,g). DTO M 03HAYAET, UTO
HabJII0jaeMble BeJIMIMHBI PEAJBHO 3aBUCAT OT A, a HE OT 4 M ¢ TIO OT/AEJbHOCTH.

Heckoabko €J10B 0 METO/IMKE MPAKTUYIECKOTO Bhiuucaenus [(-pynknmit. Kak BugHO U3
(256) , pEHOPMTPYTIIOBYIO0 3aBUCHUMOCTD ¢( /1) MOXKHO 3a/JIaBaTh HE TOJIBKO B hopme (262) ,
HO ¥ YCJIOBHEM gp = const. 3HauuT, ompejesnenne (261) MOXKHO TiepenucaTh 1 Tax:

dg Ogp/0In

Blg) = = - 263
( ) dln'u gp=const agB/ag ( )

Hanpumep, B M-peryaspu3anyn CHRTYISPHBIA 3apsaj, ecTh (POPMAJbHBIN P BAAA

M M M M
gp(ln—,9) = g+alg)ln— +b(g)In* — +O(In* —), 264
p(ln =) (9)In = +blg)n* = + O(In* ) (264)
HO3TOMY
a(g) + 2b(g) In(M/u) + ... M M

Blg) = (9) (g) In(M/n) = a(g) + [2b(g) — a(g)a'(g)] In — + (’)(ln2 —) )

1+a(g)In(M/u) + ... 7 W

Bce cuHTynspHOCTH B BbIpaskeHnu Jyist 3(g) 0OsI3aHBI COKPATHTHCS, TAK YTO M3 TPABOii
YaCTH MBI M3BJEKAEM He TOJBKO OTBeT A (-hyHKIMHA, HO U ABHBIE (DOPMYJIBLI, BHIParKa-
folmue depe3 Hee KoddbduiuenTHbie DYyHKINKM TPK JIOOLIX cTapmmx crenensx In(M/u):

Blg) = alg), blg) = 1a(g) a(g) = %ﬂ(g)ﬂ’(g), (265)

2
AHaJIOI‘I/ILIHoe BBIYUCJIEHHUE B E—peI‘yﬂHpI/IBa,HI/H/I nMeeT Ty OCO6eHHOCTb, qTO B OHpeILeJIeHI/II/I
(263) masto eme B3AThH mpejien € — 0

Ogp/0lnp (g2 —1)a(g). (266)

g = us(g+@+(’)(%)), B(g) = —lim 5

€ =0 0gp/0g

HecMmoTpst Ha HEKOTOPOE Pa3nyme MPAaBUJ HAXOXKIEHUS [S-(QYHKIIMM B 3TUX JABYX MOIXO-
nax, obiuit mpuaEn sicen: B(g) ompenensiercss koabdunuenTHol dbyHKIMeH Tpu camoii
MAGOWel CAHTYJIAPHOCTH, a KO3(DDHUIMEHTH TPH BCEX CTAPITHX Yepe3 Hee BHIPAXKAIOTCA.
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YpasHenusi penopmrpynnel. Ilepemurmem yeaosus (259),(260) B Gogaee yao6HOM BHjie

flat,g) = f(z,9(t,9)), glat,g) = g(z,9(t9), 91,9 = g. (267)

Hnddepennupyst BTopoe U3 3TUX PABEHCTB 1O & B TOUKE T = 1, 1 IpUBJIEKas OMPe IeJIeHNe
B-bynkiun (261) , moayunM peHOPMIPYINIOBOe ypaBHeHue Jyuist §(1, g)

+2 3(t,9) = Blalt.9)). (268)

Boipasurh t-3aBucuMocTh GyHKIMH g(t,g), CUATasg g MPOCTO TAPAMETPOM, MOXKHO H B
BHJIE CJIEJIYIONIUX COOTHOIEHWH, SKBUBAJEHTHHIX ypaBHEHHIO (268):

dg(t, 9)
B(g(t, 9))

Ananornuno, muddepeHnupys JBa NePBHIX paBeHCTBa B (267) 10 ¢ ipu ¢ = 1, a MoTOM TIE-
peobo3Hauas T uepe3 t, MPUXOANM K aJIbTEPHATUBHOM (pOpMe ypaBHEHUIT PEHOPMTPYIIIIH:

(1~ o) )atts) = 0, (b5 - B0 )f(tg) = 0. (200)

9(t,g) du
dint = = W(@thg), Int = Pt g) —dlg) = / S (269

fcHo, UTO ¢ yueToM HadaJgbHOro ycaosus g(1,g) = g addexrusnniit 3apsan g(t, g) omaHO-
3HAYHO BOCCTaHABAMBaercs 1o GbyHKmu S(g) ¢ moMorrsio Jwoboro n3 ypasaenuii (268),
(270) — B 5TOM CMBICJIE OHM SKBUBaJIEHTHBI. JlaJiee, mojcTanisis GOpMaIbHOE PAsIOKeHne
g(t, g) mo crenensiv Int B mepBoe pasencrso (270), mosyuaem

g(t,9) = g+B(g)Int+b(g)*t+..., blg) = ;898 (9), - (271)

1 IPUXOIUM K CJIeIyIOIIeMy BHIBOAY: 3Has KoahHUIMEeHT IpH NepBoil crenenu Int, T.e.
dbyuknmo 5(g), Mbl 3HaeM u Bech paj (271). Ipyruvu cJioBaMH, PEHOPMIPYIITIA BOCCTA-
HABJMBAET BCe JorapugMUUecKre BKIAIbl TI0 CAMOMY MJIAIIIEMy U3 HUX.

OcobeHHo BasKHO, YTO NIPH 3TOM MBI MHOT/IA, ©MeEM BO3MOXKHOCTD YJIYUIIaTh CBOMCTBA
psAJI0B T€OpUY Bo3MyIeHuit. [IycTs ¢ B mepBoM n3 paBeHCTB (267) nMeeT CMbICI GOJIBITOTO
N0 BeJWYMHE UMIYJIbCHOTO apTryMeHTa (TOuHee, GOJBIIOT0 MHOKUTENS, PASHOMEPHO YBE-
JIMYUBAIOIIETO 6¢€ NMITYJIbCHI, NO0 HE0OHOPOOHHIE ACUMITOTHKY YACTO BHIXOAAT 38 PAMKH
BO3MOXKHOCTEl PEHOPMIDYNIEL) . MBI BHJMM, 9TO aCHMITOTHYECKAS 3aBHCHMOCTH f OT
AMITyJIbca 3PpPEeKTUBHO Mepelnia B 3apgl, ONpaBasBasd HasBanue GyHKIME g. Ecam xe
g(t, g) mpu GOJIBITHX ¢ eIlle M CTPEMUTCS K HYJIIO, TO JIEHCTBUTEIBHO MOYKHO TOBOPHTD 00
YJIYUIIEeHUA TEOPUH BO3MYIIEHUH: BMECTO UCXOTHOTO 3apsiia ¢ (MAJBbIM TapaMeTpoM, BO3-
MOKHO, HE SIBJISIONIEr0Csi) Mbl TIOJY9aeM TPaBO MCIOJIb30BATh ACHMITOTHYECKH MAJYIO
BeJmunHy g(f,g) B Ka4ecTBe HOBOTO MApaMeTpa DPA3JIOXKEHHs. Takasl CHTyalusi HOCHT
HA3BAHUE ACUMNMOMUYECKOT c60000b, W OCYIIECTBISETCS TIPH OMPUUAMEALHOM 3HAKE
oHOTIETNIEBOTO BKAana B S-pyukmuio: S(g) = ag? + O(g3), a < 0. OrpannumBasgch sTAM
npubsmkenneM st $(g) , MOAyYNM W3 PEHOPMIPYIIIIOBOTO ypaBHeHus (268)

g 1

—_— ~ 272
1—aglnt la|Int’ (272)

0 _
t59(tg) = ag’(t,g) = gltg) =

TO ecTh 3¢ DEKTUBHBIN 3aps B 3TOM cJiydae Jorapudmudecku yObBaeT npu 60ab1uX 1 .
[Io cyT, e TMHCTBEHHBIM TPUMEPOM ACUMITOTHYECKM CBOOOIHON Teopmm cayxkut KX]I,
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B KOTOpO# @ ~ (=11 + 2ny), Te ny — 9MCIO COPTOB KBAPKOB. 110 COBpEMEHHBIM IIpej-
CTaBJIEHUSAM Ny = 6, 61arogaps 9eMy @ OKa3bIBAETCS OTPUIATETbHBIM.

Kak 6B1J10 OTMEUEeHO BHIINIE, y 7-XBOCTOK M MM TIOJI00HBIX 00beKTOB (0603HaunM nx I')
3aKOH PEHOPMTPYIIOBOTO Mpeobpa3oBanns orandaercsa ot (267) va dakrop Zr:

F(Ibt, g) = Zfl(t,g)r(:v,ﬁ(t, g))? Zp(:Et,g) = ZF(ta g)Zp(:E,ﬁ(t, g))? ZF(lvg) =1. (273)

HnddepernupoBanneM moaydaeM OTCIOa YPaBHEHWST PEHOPMTPYILL s Zr u [':

0 _ 0 0
tonZr(t,9) = w(@tg), (i3 - (g)a—g+7r(g))F(t,g) = 0. (274)
Brenennyto 31ech HYHKITHIO
. 0
1lg) = 5 Mzt 9) |, (275)

HA3BIBAIOT QHOMAABHOT pasmeprocmobio . Ee, kak n §(g), BEIYUCASIOT 10 TEOPHX BO3MY-
mennii. Pemenust ypaBrennii (274) moxHO, ¢ omotpio (269), 3anncarsh B Buje

tdu 9(t,9) uwyr(u
Zrlt,g) = exp / 2 e(@9) = exp / %()) (276)
9(t,9) uwyr(u
D(at,g) = T(z,3(t,9)) exp [— / %())] , (277)

9TOGHI 3aTeM pa3iararh (B CJydae acCHMITOTHYECKOR ¢BOGO/H!) 10 creneHsM §(t, g) .

CxemHas 3aBucumocTb. Ham ocTajioch 0OBICHUTDH, KaK OCYIIECTBISETCS TEPEXo] K
aprymenty A. CoBMecTHM 3TO ¢ M3ydeHHEM TPOOBIEMBI 3aBUCHMOCTH PEHOPMIPYMITOBBIX
BEJINYWH OT CXEMbI IEPEHOPMHUPOBKH. 10, YTO PA3JIMYHbIE BAPUAHTHI TPOTIETY PHI TIEPEHOD-
MHPOBKH (HAIPHUMED, OCHOBAHHBIE HA PA3HBIX PETYJSPU3AIMNSX) TPUBOJASIT K PA3IAYHBIM
BBIDAYKEHUAM I S-DYHKIIMM M MHOTHX JPYTUX OOBEKTOB, He yaAuBUTEIbHO. (IHAKO
¢dpuznyUecKre BeJIMUWHBI HE JIOJIXKHBI, TIO UJiee, 3aBUCETHh OT 3Tor0. CHOBA TEPENNCaB KJTI0-
4eBoe cooTHoImenune (259), Ha 3TOT pa3 B dhopme

C0) = 10,36 9) = ®(ny), (278)

MOXKHO OXKHJATh, 9TO CXeMHAs 3aBHCAMOCTD, €CJH OHA €CTh B (DYHKIHAX [ U §, JOJKHA,
KaKUM-TO 00pa30M COKpaTuThed. [Ipm 3ToM BHIACHHTCH, 9T0 QyHKIHS P OT mEpeHOpMH-
POBOYHOM CXeMbl TPAKTHYECKH HE 3aBHCHT.

CoryiacHO IPUHIAIY PEHOPM-HHBAPHAHTHOCTH, PA3HbIE CIIOCOOHI IEPEHOPMUPOBKH MO-
TyT OTJINYAThCA JIUITH Ha KOHEYHBIE KOHTpYJIeHB. Ecam ycnoBuThea B 06enx cxemax 060-
3HAYATh PEHOPMUPOBOYHBIH TapaMeTp Yepes i, TO BCE Pa3Judhe CXeM JOJ¥KHO CBECTHChH
K Tepeorpesiesiennio 3apsia g — §(g) (Maccs Mbl He paccMaTrpuBaeM). COOTBETCTBEHHO,
quist pusnaeckux (f) n vHebnsnueckux (I') 06beKTOB HOPMYJIBI IEPEXO/IA UMEIOT BHT

k ~ k k -k
_ = — . a I'(— = I'(—.¢q . 279
f(ﬂ ,9) f(ﬂ ,3(9)) (u ,9) = a(9) (M,g(g)) (279)
Janee, IpSMBIME CJIEICTBUSIME OTpeeJeHnii (262) sBJSIOTCS PABEHCTBA
dg i dg
2= { = dlnp = d = —, 280
By = WO np = dy(j) 50 (280)
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KOTODBIE TOBOPAT O TOM, 9TO BECh CXeMHBIH TIPOM3BOJ B 1)(g) CBOAUTCH K 8 IUTHBHOM, a
B A — K My/JIbTHIUINKATHBHON KOHCTaHTe (He 3a6ucAuiel, OT g):

$(G(9)) = v(g)+const, A(u,d(g)) = pexp(—¥(d(g))) = Alu,g)-const. (281)

Bripouewm, mpu BHUMATEILHOM PACCMOTPEHUH (HOPMYJT (262) CTAHOBUTCA ACHO, YTO UMEHHO
TaKue JOMYCKW ObLIM TIPETyCMOTDPEHH YK€ B omnpesenenusx 3tux ¢yukmmit. [Ipusegem
TakKe BhITeKatomee 3 (280) mpapuiio mepecuera S-hYHKIMA B IPYTYIO CXEMY, a 3a0,THO
7 aHAJIOTUYHYIO (DOPMYNIy JJis aHOMAJbHOI pa3sMepHOCTH:

. dg(g) dIng(g)

N  (5(0)) — _ _ 9282
B(G(g9)) = Blg) il Ar(g(g)) = rlg) — Bly) a7 (282)

[Tpumensist popmyay st 5 B CTAHJAAPTHOW CHTyaIuu

Blg) =ag? +bg® +cg'+..., Blg)=ag*+bg*+ég"+..., Glg)=g+Ad+...,

HaOJII0aeM JIIOOOTBITHHIN 3 deKT: nBa mepBHIX KoddduimenTa S-QyHKIMN He 3aBUCAT
OT CXEMBI, 3aBUCUMOCTb HAUYMHAETCSA TOJBHKO C TPEThero, & =a, b=10, ¢ # c.
Yro6bl HAWTH CBsI3b MKy § U A, a Takxke sBHBIH B @, 0o6benuanM (269) u (278):

_k k k. _ _ _
1/1(9(;,9)) = 1/1(g)+ln; =t =1L, g=9¢7(0), [f(L,9) = &(L). (283)
Urak, nus nepexofa K (6osnee dbusnueckomy) aprymenty L Hamo obpaTuth DYyHKIHIO 1).
ITocsie sroro, moncranoBka pesysabrata B f gact ®. Ilpuvenum (279) jisi BHISICHEHUS
cxXeMHO# 3aBucuMOocTH GyHKIun P :

e(P(2)) = f(l,2) = f(Lg(@) = 2((§(2))) = 2((x) + const). (284)

OHa, KaK BUJUM, MCUEPILIBAETCH BO3MOXKHOCTHIO CJIBUTA aPTYMEHTa, HA KOHCTAHTY, UTO
KaK pa3 COOTBETCTBYET MYJBTHILIHKATHBHOMY TMPOW3BOJY B A Win 8 TuTUBHOMY B L .

fBHoe HaxoXJeHre 1)(g) TmoTpedyeT pPa3IoKEHUs MOJIHTEIPAJIBHOTO BHIDAYKEHHS U3
onpesenenns (262) B dpopmanbHbil psaj. TunudHb B OTBETa TAKOB:

Blg) = ag®+bg°+0(g") = ¢(9) = —a—lg—%lng-i-const—i-(’)(g). (285)

Obparnaa dynkmusg 1 ~!, Hy:KHag HaM 1714 3aMeHHI § Ha L, Toxe umerca B Buae op-
MaJbHOTO pa3jokeHus. OKOHUATESbHBIE PE3YAbTATH OOBIYHO BBHITVISIAT MTPUMEPHO TaK:

1 bInL c In? L
- _1 _ - T e
g = ’(/} (L) - al a3 L2 +L2 +O( I3 )7 (286)
k B A BlmnL C n?2r In™ L
f(;,g) = fLg) = L) = I+7+— +5T0(—5) = §mn A= - (287)

[TpenmyiectBo passoxennit mo 1/L Buga (287) Haj psgaMu yuIydIIeHHOH TEOPHUH BO3-
MYIIEHWH TI0 CTENEeHdIM ¢§ 3aKJ0YaeTcd B MX NPAKTUYECKOH HE3aBUCHMOCTHM OT CXEMBI
HepeHOpMUPOBKHU. TouHee roBops, HAOOPH K03(hMUIEHTOB A,,, B IBYX Pa3HHIX CXeMaxX
MOTYT TOHAYAJY Pa3JudaThCs, HO OJHA-eINHCTBEHHAA ONepanus — CABUT L Ha HaJiexKa-
Y10 KOHCTAHTY — 3Ty PA3HMILY TIOJHOCTHIO YCTPAHIET.

o4



