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Картинки 



Эксперимент 



Эксперимент 



Фуллерены, нанотрубки, 

конуса, корзинки 



Carbon nanostructures 



Нобелевская премия по химии 

(1996) 

• English chemist Sir 

Harold Kroto was 

corecipient with 

Richard E. Smalley 

and Robert F. Curl, 

Jr., for their joint 

discovery of the 

carbon compounds 

called fullerenes. 



Pentagons (why twelve?) 

Σ(6-x)nx=12(1-g) 



Euler’s theorem 

    Euler's theorem relates the number of vertices, edges 
and faces of an object 

 

        ...2n4+n5-n7-2n8... = ∑(6-x)nx = 12(1-g) 

 
    nx is the number of polygons having x sides, g is the 

genus. For sphere g=0, n5=12. Thus, these microcrystals 
can only be formed by having a total disclination of 4π. 
According to the geometry of the hexagonal network this 
means the presence of twelve pentagons (60º 
disclinations) on the closed hexatic surface. 

Important: Disclinations are generic defects in closed 
carbon structures 

 
 



Топологические дефекты 



Дислокации и дисклинации 



Pentagons and disclination 

buckling transition 

By its nature, the pentagon in a graphite sheet is a topological defect.  

Actually, fivefold coordinated particles (pentagons) are orientational 

disclination defects in the otherwise sixfold coordinated triangular lattice. 

 



Defects, Curvature  

   The pentagon (positive curvature) and  the 
heptagon (negative curvature) in the hexagonal 
graphite lattice 



Experimental observation of the pentagon 

by STM (scanning tunneling microscopy) 

 
 

 

B.An et.al, Appl.Phys.Lett. 78, 3696 (2001): the enhanced charge density localized at 

each carbon atom in the pentagon was experimentally clarified. Typical images of the 

conical protuberance by STM: (a) Top view of the apex, (b) Bird's-eye view, (c) Cross 

section along line AA'. Five bright spots are clearly seen. 

 



Cone geometry 

   Due to the symmetry of a graphite 

sheet only five types of cones can 

be created from a continuous 

sheet of graphite. The total 

disclinations of all these cones are 

multiplies of 60º, corresponding to 

the presence of a given number (n) 

of pentagons at the apices.  

     Important: carbon nanocones with 

cone angles of 19º, 39º, 60º, 85º, 

and 113º have been observed in a 

carbon sample  

     A. Krishnan et al., Nature 

(London), 388, 451 (1997). 

 







A presence of sharp resonant states in 

the region close to the Fermi energy 

   Computed tight-binding 

LDOS for a single graphene 

layer (a), and nanocones 

with one (b), two (c) and (d), 

three (e), four (f) and (g), and 

five (h) pentagons, 

respectively. The Fermi level 

is at zero energy. 

J.-C. Charlier and G.-M. Rignanese, Phys. Rev.Lett. 86, 5970 (2001) 

The strength and the position of these states with respect to the Fermi level was 

found to depend sensitively on the number and the relative positions of the 

pentagons constituting the conical tip. In particular, a prominent peak which appears 

just above the Fermi level was found for the nanocone with three symmetrical 

pentagons (which corresponds to a 60˚ opening angle or, equivalently, to 180˚ 

disclination). 

 



Nanohorns  

    Carbon nanohorn structures with a total disclination 

angle of 5(π/3), containing five isolated pentagons at the 

terminating cap. Structures (a)–(c) contain all pentagons 

at the conical ‘‘shoulder,’’ whereas structures (d)–(f) 

contain a pentagon at the apex.  

Source: S. Berber et al., Phys.Rev.B 62, R2291 (2000) 



Graphite plane  

Real space 

 

Reciprocal space 

Important:  

•there are two atoms per unit cell;  

•there are to generate Bloch eigenstates at the Fermi 

point.  

J.C. Slonczewski and P.R. Weiss, Phys.Rev. 109, 272 (1958) 



Lattice, spectrum 

Energy-band structure of the bands of a 

two-dimensional graphite layer. 

 

Two degenerate eigenstates which provide 

the basis set for the kp trial wave function.  



Dirac equation 

2

1

f

f

Step1: the effective-mass approximation, which is equivalent to the kp expansion 

about the K point in the Brillouin zone 

 

Step2: put it in the Schroedinger equation and diagonalize the secular equation for  

functions fi. As a result, 

The most important fact is that the electronic spectrum of a single graphite plane 

linearized around the corners of the hexagonal Brillouin zone coincides with that 

of the Dirac equation in (2+1) dimensions 



DOS in 2D 

g = 4 –degeneracy of electronic  

states 

For linear (Dirac-type) spectrum 

Linear in energy E 

Local DOS for arbitrary surface 



Педагогический пример 













Actually, a general solution must include a homogeneous term  

The stress tensor takes the form 

yields 

The stretching energy of 

the membrane 



Генерация метрики 

калибровочным полем 
1. Поверхность вкладываем в R3 

2. Метрика  

3. Требуем инвариантность относительно локальных  

вращений – генерируется новая метрика  

инвариантна относительно вращений вектора R  

(группы SO(3))  



Пример 

Плоскость 

плюс 
дает метрику конуса 



Back to the Dirac equation 



The Dirac equation on an arbitrary surface  in the presence 

of the gauge field ab and the external magnetic field with the 

vector potential Ab is written as 

with 



Geometrical characteristics 

Spin connection coefficients: 

Metric connection coefficients 

Spin connection term 

Covariant derivative 



                
              

 

 

 

 

 

 
• The principally new model 

was formulated and applied 

to study the structure of the 

low energy electronic states 

of flexible graphene 

membrane with a 

topological defect. 

 

• E.A. Kochetov, V.A. Osipov, and 

R. Pincak, J. Phys.: Condens. 

Matter 22 (2010) 

 SEM images of a carbon disk (top left image) and free-standing hollow  

carbon  nanocones produced by pyrolysis of heavy oil  

Elastic membrane 

http://en.wikipedia.org/wiki/Scanning_electron_microscope


Schematic densities of states for a small patch near the 

apex of a cone at zero magnetic field and K0 → infinity 

However, a cone with a point-like apex is a mathematical abstraction 

since in a real situation the media has a finite stiffness, which would 

inevitably result in a certain smearing of a conical singularity. 



Nanocones: another geometry 
Upper half of a two-sheet hyperboloid 

is suitable  for the description of cone-like structures with pentagons 

situated at a smoothed apex. The most appropriate model for nanohorns 

with five pentagons at the tip. 



However, one cannot incorporate finite elasticity into the theory by simply 

replacing a cone by a smooth surface that asymptotically approaches a 

cone far away from the origin. This would simply eliminate the defect.  

To illustrate this, consider an upper half of a hyperboloid as an 

embedding 

The components of the induced metric can be written as 



which gives for the spin connection coefficients 



To incorporate flux we suggest the following metrics 

with 

This metric generates the spin connection term 

and now 





The zero-energy mode 



Landau states 

where the energy is measured in units of ħvF/lB with the 

magnetic length lB =(ħc/eB)1/2. 



Landau levels 

      

(a) обычные (b) в графене 



Electronic structure 
Carbon nanotubes (closed) 

metallic 

 

semiconducting 

 

Far from the cap (top), near (middle), in the cap (bottom) 





Electronic structure 
Spherical and spheroidal fullerenes 

Zeeman 

splitting 

 

The first electronic level 

 

The second electronic level  

B 



Поликристаллический 

графен 









Field emission 

graphite  

carbon nanotubes  

few-layer graphene 



GRAPHITE NANOTUBES 

EFFECT OF BAND STRUCTURE ON 

              FIELD EMISSION 

Analytical 

expressions  

explain numerical 

calculations.  

Field 

emission law 

for graphite 

in two 

orientations.  

3D 
2D 

Both cases were  

reduced to 1D problem. 

Katkov V.L., Osipov V.A.: J. Phys.: Cond. Matt. 20 (2008) 035204 



quantity of  emitted electrons 

vs 

energy of emitted electrons P(E) 

(can be experimentally measured) 

 

number of layers N Quantum 

Size 

Effect 

V.L. Katkov and V.A. Osipov, JETP Letters 90,  p. 304 (2009)  

FLG 
FEED QSE 

Energy distribution of  field emitted electrons from carbon 
nanosheets: manifestation of  the quantum size effect 







Наши расчеты 

Схематическое 

изображение  устройства 


