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Introduction



Waves

amplitude and phase in space and time

Linear waves: superposition, interference, phase coherence

E, components of the
transversal electric 5
(TE) wave in a \

e.g. o \
optical fibres ;
microwave cavities

atomic Bose-Einstein condensates
guantum billiards
guantum dots
superconducting networks
molecules, solids




Nonlinear waves?

high intensities - qualitatively new properties:
nonlinear response

waves interact with each other
resonances

dynamical chaos

instability

rogue waves ... tsunami ...




Lattice waves WO,
O'\\\\“\o"’////, ‘\\\\\‘\O"”//oo :
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= = o g Rerre,
~\e~9
discretize space — introduce lattice
one oscillator per lattice point

oscillator state is defined by amplitude and phase
add interaction between oscillators

T/Ty

anharmonic potential = nonlinear wave equation
intensity increase changes frequency
in qguantum world energy levels NOT equidistant

(3, (deg)

Typical excitations in condensed matter, optics, etc



Linear waves
In localizing potentials



Waves in localizing media

i = ey — P11 — YPr—1

Yy = Ajexp(—iAt) ANA; = ¢ A; — AZ—H — A;_1

e uncorrelated random potential: Anderson localization
e quasiperiodic potential: Aubry-Andre (Harper) localization
* dc bias g(l)=E:| : Wannier-Stark localization (Bloch oscillations)

e guantum kicked rotor: localization in momentum space,
loosely similar to quasiperiodic potential case

In all cases all (or almost all) eigenstates are spatially localized,
with finite upper bounds on the localization length / volume.



Wannier-Stark ladder Wannier (1960)

Zwl _ lel L ’lpl_l_l L wl_l Superexponential localization

o

N=Ev A" =AY A" = j2/F) A

[— o0

[+u /!

Eigenfunctions
Localization volume
103_” E X —[E . lnE]_l

Bloch oscillations for E=0.05
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Aubry-Andre model Aubry,Andre (1980)

O
z% = (cos(2mal) -y — Y1 — Y1 a=(/5-1))2

Self duality: Y = Zk €2makl¢k

Roop
z% = 2cos(2wak) - ¢y — gd)kﬂ — gcf)k_l

1L
;ﬁ Metal insulator transition: C = 2

1033

1023

Exponential localization.

1013 L Localization length =1/In[ {/2]

10%5‘2 CTT ™ 50 adapted from Aulbach et al (2004)




Anderson localization Anderson (1958)

el

vl = e — Y41 — Y1 {e} in [-W/2,W/2]

Eigenvalues: )\, € [_2 — %’ 2+ %}
Width of EV spectrum: A =4+ W

Al/l ~J e_l/E(AV)

Eigenvectors:

Localization length: £(A,) < &(0) = 1()()/T/V2

Localization volume of NM: L —_/@»\

Krimer,SF (2010)

‘ 100



Anderson localization Anderson (1958)

)\Al — GlAl _Al—l _Al+1 {El} in [—W/2, W/2]

Eigenvalues: )\, € [_2 — %’ 2+ %}
Width of EV spectrum: A =4+ W

Ayl ~J e_l/E(AV)

Eigenvectors:

Localization length: £(A,) < &(0) = 1()()/T/V2

Localization volume of NM: L

10°E

Krimer,SF (2010)

‘ 100



Anderson » Lattice - tight binding model

Model

» Onsite energies & - random

 Hopping matrix elements tij

&
1] - .
| and g are nearest
‘W/2 < & <W/2 neighbors
uniformly distributed otherwise
ANCESONENSItGN
t<t I
Insulator Metal
All eigenstates There appear states extended

are localized all over the whole system



Anderson Transition

all states are
\ localized

- mobility edges (one particle)



Localization of single-particle wave-functions.

Continuous limit:

| — €F wa(r) — goﬂpa(r)

Ao (x) extended

[N e T
TH=rme:

gz” S Zloc
_—\A—;AfMAAAr\ /\MAA[A‘MM} d >2: Anderson transition
"V\/V\/\]V\/\/\/\/V\]\JV\/VV'\/V"3j

localized

=1: All states are localized

=2: All states are localized
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Eigenvalue ! C
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Eigenmodes of a disordered lattice, N=99

OO (}@ 0B s006



Wave packet evolution

e Exciting a single site as an initial condition

Ordered lattice Disordered lattice Disordered lattice - averaged




Experimental Evidence for Wave Localization

Ultrasound: Weaver 1990

Microwaves: Dalichaoush et al 1991, Chabanov et al 2000

Light: Wiersma et al 1997, Scheffold et al 1999, Pertsch et al (1999),
Morandotti et al (1999), Stoerzer et al 2006, Schwartz et al 2007,
Lahini et al 2008

Atomic dermity (atoms pm-Y
3 -

BEC: Moore et al (1994) Anderson et al (1988), Morsch et al (2001),
Billy et al 2008, Roati et al 2008

PR NP 1
-0.8 -04 0.0 0.4 08

z (mm)
Figure 1| Observation of exponential localization. a, A small BEC
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R PHYSICAL REVIEW LETTERS ok éaka

Anderson Localizution of Expanding Bose Linstein Condensates in Random Polentials

14 et 0 SORR il e S0000 nature

Direct observation of Anderson localization of matter
waves in a controlled disorder

' wr-Pabmcia ’




Observation of the signature of AL

BEC parameters : N=1.7 104 atoms, (p,,=220Hz)

k__ [ k.=0.63+/-0.09
Weak disorder : Vg /y,,=0.12 << 1 ‘ max’ ™c

"é‘" L
410 £
o %o _
— 390 5 [ el —Exponential fit
= v | . SLLLTE |
= 1 A E */ Disorder exp(-2[z|/ L, )
n T = |
g 0= BEC (=0 "0 Expalnsiun )
T time (s) Semilog plot
> 40
= 10"
&
a 20
10°
0.8 -0.4 0.0 0.4 0.8 -0.8 -04 0.0 0.4 0.8
Zz (mm)

— Exponential decay of the density in the wings : L, =830 +/- 80 um



An optical one-dimensional waveguide lattice (Silberberg et al ’08)

/

» Evanescent coupling between waveguides
* Light coherently tunnels between neighboring waveguides
* Dynamics is described by the Tight-Binding model

oU_
0z

p,— waveguide’s refraction index /width
C.n+1 — Separation between waveguides

i :/Bnun +Cn,ni1[U +Un—1]

n+1
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e

Variable Upper view in visible light
Filter NN PP 4 g

CCD
Cylindrical Camera
Telescope- —

Detector
%é% /— IR Camera
40X _
N2 Rotating Sample Polarizer
Waveplate glass
window

e Injecting a narrow beam (~3 sites) at different locations
across the lattice

o | ——

)
(b)
(c)

(a) Periodic array — expansion
(b) Disordered array - expansion
(c) Disordered array - /localization



Nonlinear waves
In localizing potentials



Defining the problem

« adisordered medium
* [inear equations of motion: all eigenstates are Anderson localized
« add short range nonlinearity (interactions)

* follow the spreading of an initially localized wave packet

i = ey — Y141 — Y11



Defining the problem

« adisordered medium
* [inear equations of motion: all eigenstates are Anderson localized
« add short range nonlinearity (interactions)

* follow the spreading of an initially localized wave packet

it = et + Bl P — i — i



Defining the problem

« adisordered medium
* [inear equations of motion: all eigenstates are Anderson localized
« add short range nonlinearity (interactions)

* follow the spreading of an initially localized wave packet

Will it delocalize?  Yes because of nonintegrability and ergodicity

No because of energy conservation —
spreading leads to small energy density,
nonlinearity can be neglected,
dynamics becomes integrable, and
Anderson localization is restored



Equations in normal mode space:

i ‘ E pE L
L@Qy — )\y Oy + ‘3 If,f._f/l wa,vs3 Py PrsPrg

V,V/92,1/3

Ifz,r,fl,ug.,f/g — E AI/._IAU;L,IAI/Q,IALJQ,,I
[

NM ordering in real space: XV — Zl ZAIQ, [

Characterization of wavepackets in normal mode space:
2 = |oul?/ ZM@L’Q V=),V

Second moment: 12 = ZL,(V — 5)221/ > location of tails

Participation number: P — 1/ ZU 2;3 = number of strongly excited modes

P2

Compactness index: - —
mo _I—> K adjacent sites, every second empty

or equipartition: =3

_|-> K adjacent sites equally excited: C: 12



Frequency scales W=4 :

 Eigenvalue (frequency) spectrum width: A = W +4 8

L : 2 :
* Localization volume of eigenstate: V = 360/W ~18 (sites)

» Average frequency spacing inside
localization volume: d =A/NV 0.43

- Nonlinearity induced frequency shift:  d; = G|y ‘2

10"

Three expected evolution regimes: o  Sclf-Trapping -

Weak chaos :0<d 0
Strong chaos d<d<?2
(partial) self trapping : 2< °

Weak Chaos
SF Chem Phys 2010, TV Laptyeva et al EPL 2010

-2 1 1
10 2 4 6 g



wW=4

Wave packet with 20 sites

Norm density =1

Random initial phases
Averaging over 1000 realizations

J Bodyfelt et al PRE 2011

T T T
o Self-Trapping

Weak Chaos

-2 | 1
10 2 4 6

50

1, lattice site index
1
o
l.




Asym pto“c regime Of Weak Chaos SF et al PRL 2009, Ch. Skokos et al PRE 2009

We averaged the measured exponent |d = 0.33 £ 0.02 (DNLS)
over 20 realizations: oa=033+0.05 (KG)

Strong chaos and crossover to weak chaos TV Laptyeva et al EPL 2010

d(log ms)
dlogt

Averaging over 1000 realizations, measuring «(logt) =

DNLS, W=4 KG. W=4

' T - T T
5 T T T B | ,

i T

0.3 Self-Trapping

0.2

Weak Chaos

0.1

10°

2

“ i 1 " | i 1




Chaos in wave packet generates nonlinear diffusion:

SF ChemPhys 2010

Bt1/2, An/d > 1 (strong chaos)

Mo ~ . o
d=2/33/3¢/3 Bn/d < 1 (weak chaos)

Generalizations: higher dimensions, nonlinearity exponent o:

iy = ey — Bl Vi — S Y D ~ f2n%(2(pn"/?))?

meD(I)

m, ~ (*t)7, strong chaos,

1

m, ~ (f*t)%P, weak chaos.




Generalizations: higher dimensions, nonlinearity exponent o:

iy = ey — Bl — Y Y

meD(I)
D=1,0<o0<4: D=2, 0=2:
N d ].l I I I I— T ! T I T II II| I|I II II T II Tl
1.0 Dephasing 6 -
0.8/ N, £ ° \"_"“H 1
\\ \\ o ) IR I.I\‘-. ]
T NN B [
\\ i | | | | | | | | | | | I‘ﬂ
S 0.6 L \\ 0.0 1?0 20 30 Ao -
| \ I o | 1 |
0.4 i N 0.75_ -
- E % } E E ;LF E ’ o) .
021 } E E _
| | | I | | | 1 025:1——1-— —— ——.l- —
0.0 1.0 20 3.0 2 3 4 5 6 71 8
) log |t
Ch Skokos et al PRE 2010 TV Laptyeva et al, EPL 2012

Related results by M Mulansky



Restoring Anderson localization? A matter of probability and KAM!

MV Ivanchenko et al PRL 2011
E : total energy

L : size of initial wave packet

i T T T T

T \\ : _ 3k E\2L
121 506 o KG Q) — 1__
10_ b FSW \ | 8 ( L )

02

‘?.’_ L % 05
) E 6KE
I — —OK
6 j) oo e
4_
= Generalizing:
0 01 02 03 04 05 06 07 08 09 I d: dimension
i/N, V: volume of wave packet
Y. =20
KyEy/Z—l 2Vd
—— ?V =|1-
yv/2-1

vt Related results by Aubry,Johansson



The emerging picture

Anderson Localization

T T ' T T T3
o Self-Trapping 3

Weak Chaos

2 1 1
10 2 4 6 3

LUl
11111 >
A A A
0
d=A/NV o)
KAM
Weak Chaos Strong Chaos Selftrapping, part of

SF,Krimer,Skokos (2009)

Shepelyansky and Pikovsky (2008)

Molina (1998)

SF (2010)

Bodyfelt,Lapteva,Krimer,
Skokos,SF (2010)

packet IS spreading

Kopidakis, Komineas,
SF, Aubry (2008)

_/

~

In all cases subdiffusive spreading



Quasiperiodic potentials (Aubry-Andre): M Larcher et al, arXiv1206.0833

i% = — (Vi1 + 1) + Vib; + Bl 2,

Vi = Acos(2mag + )

55k 10 - ! ! == 10

Pecularities:

* spectrum with gaps

* subgaps etc

» fractal properties

» gap selftrapping

* hierarchy of level spacings
» strong and weak chaos
ca=1/3




Nonlinear Wannier-Stark ladder D Krimer et al PRE 2009

l\Ifn == (\Ifn.+1 + \Pn—l) + nE‘Pn + /B‘qfn‘z\lfn

Pecularities:

3\

e spectrum is equidistant
» exact resonances

» absence of universality
10" 10" (10 0" 100 10° ¢ 10° 10" » exponents depend on E

_m
o-—

g

3 o

g 220 E=2, p=8.15
= 260 iw;:@—z:._«v winmies lo2
300! H .
T T e 1 0.15
100100 Te 0t 10'
250 01
8 255, 0.05

Baso, | R aC
E=2, B=8, ..., e e

2 200 E=0.2, p=52

= 0.08
9 400 :
T Taer el 2 0.06
10° ___-----10* Te 10%~__ 10°
ST TSesg 0.04
220}

o R
s a da X ]

300
Te Time [f]  Tg*300



1st experimental confirmation from Firenze

wed

PRL 106, 230403 (2011) PHYSICAL REVIEW LETTERS 107

Observation of Subdiffusion in a Disordered Interacting System

E. Lucioni,"* B. Deissler,' L. Tanzi,' G. Roati,' M. Zaccanti,""" M. Modugno.zﬁ M. Larcher,’
F. Dalfovo,* M. Inguscio,' and G. Modugno'*

Bose-Einstein condensate of 3°K atoms

0.6
04| I
(]
s b
0.2} °
00}e ®
| 1 ] 1 ] 1 ] 1 ] 1
0 1 2 3 4 5



Many body localization?

(what I will not further talk about)



Localization of one-particle wave functions in disordered potentials

V2
Y U - EF] Pa(r) = Eatba(r)

A%(w)

delocalized
> <y

d=1: All states are localized
d=2: All states are localized

&

"F -ﬂ f% \iczoc d >2: Anderson transition
i
Disorder strength

lokalisiert

Interacting Fermions:

| —more or less understood

? —not really : Interaction strength

Fermi liquid Wigner crystall




Basko, Aleiner, Altshuler (2006):

- all single particle states are localized
* N0 phonons
* short range interaction only

Average level spacing of single particle
states within one localization volume:

e critical temperature for MIT

*in the metallic phase fermions
need a minimum number of excited
partner particles

in the limit of large localization length
and weak disorder:
Tc — 0, classical MF description?

62 fﬁ ﬁ

d—2
Cloc

1
d¢ =
d
v loc
ho(T) & & ¢
NI A N
Insulator | |
- Tl : Metal : >
'Tc .T(-iflj .T(ej')



Interacting qguantum particles
In disordered chains



) ’ . 9 Ur+rsnon
%E%o+ %im, %int — Z[Eaz a ada,|,
/

’ i s o ~ N4 A
o = Z[EJCH a,+Va,,a,+a;a,,,)],
/

{Gl} random uncorrelated from  [—W /2, W /2]

Model describes interacting bosons in one dimension



G /hD = y@?:'//’f—ﬂ‘:‘:
/n> = L (07)" /o>
Jur /



One particle

Real space basis: |[> — aﬂ()) with / = 1, ees N

Eigenstates = normal modes: |V> = ZNA(V)V)

Eigenvalue problem: ?“\;AEV) — ,A(V) + V(A(V)l _|_A(V) )

Single quantum particle identical with classical linear wave equation.

Here: Anderson localization



Two particles

Real space basis: ,m) = afa,mo) /(J1T+0,,)

Eigenstates = normal modes: ‘C]> — ngm EQ,LV m)
Eigenvectors: Efiqu? — <[j m|q>

Indistinguishable particles: ZS m

PDF of particle number: B ( Z if[ o Z cgfm /]
A+A
pi=1{q4la,a)q) /2 . i



. /}?"fiz*'h) > H A+
.f
(' I H [ rm) = <7 o wie

P ’.r/ /‘M,J:'{:;) VA P N




N particles in one dimension are equivalent to one fictuous particle in N dimensions



Unfolding irreducible space into full two-dimensional plane:




Noninteracting eigenstate basis:

Iolu, v) = (A, + 1)1, v)

)
Eigenstates = normal modes (NM): ‘C]) — Zf}lﬁ\/ (q vl V)

7\, (I)(C]) — HV(I)(C])+2UZ MV (C]l 7\‘“\/ — 7\'}1 + 7\'\/

I = 1Y /+8,JT+5,.)

= Y A4 A 4]



* The overlap integrals are same as in classical nonlinear wave theory

e connectivity is L*L (instead of L in classical theory)

* phase space is 4*N*N (instead of 2*N in classical theory)

« differential equations are linear (instead of nonlinear in classical theory)
- width of spectrum: A, =2A,

- average spacing of connected eigenstates: d = AQ/L2

d

- energy mismatch = effective disorder in NM space: W
- effective hopping: T/ = 2U<]>
- weak disorder: £./¢ ~ 100V /W = 400U*(D)’L"/A>

«U>W +V:bound states separate into narrow band, loc length small,
separation into strongly localized bound states and spinless fermions

* small U: perturbation regime, strong disorder in NM space: U[O =d

- relevant regime: A/ L <= U=V.



« Analytics boils down to getting control over the overlap integrals |

* Shepelyansky / Imry: neglecting phase correlations in eigenvectors

(Iygy ~ L7/?

» Schreiber / Roemer: depends how to average, (])R ~ L7

* Krimer / Flach: subset of Is conserving momentum: <[>~ 1/L

restofls: ()¢ ~In(L)L™?

100 T T T T T T LI B B

<]

10

_6_/ 1 | | I I T I | 1 | I I I | 1 1 \III\I_
10 1 10 100

Inconclusive, needs further and more intelligent studies



Direct computation of the new localization length

Choose eigenstates with centers close to the diagonal, and
maximum NM contribution from state with both single particle energies
close to zero

Pt —
10" F / \\ 20 @
L, \
) / \ g Exponents
10 o 1.3..14
W=2,U=0; 0.2 \
{ I I 10
~100 0 100
“ | am o ' ll 2 O 10 40
100 - 30
:7/’}3—‘—
\ znw- e W=2.5,U=0; 2
sob N ! ! ) ; v
\ o 100 100

80

80

80 100 80 100




Conclusions?
* previous estimates probably wrong

* numerics of direct localziation length calculation is not
getting into the relevant scaling regime so far

* question remains completely open



Two (and more) interacting particles in a Wannier-Stark ladder

Interaction induced fractional Bloch and tunneling oscillations

250 T S O ——
.\\~
150 e <

- ‘(f —

/_.,_,,*t. -

Time

i —
20 40 60 80 100

Sites
250
(b) (d)
200
o 150
=
=~ 100
50
0 4
0 60 0 10 200 5 10
Sifes

U=3, E=0.05, N=1,2,3,4



80 60 40 m 20 0 55 50 45 m 40 35

Two particles form a bound state and Bloch oscillate
with double frequency



Effective model for bound state dynamics with n particles:

n
U—1(n—1)!

8

7:;{m’“ﬁX:[m(ﬁTL ﬁj+}§jf§ 1) +nkj }% }%j].

Pi(t) = ZA A‘uA A“(JHIE{,{/E V)t

v, U

Al = v—p[Ztn/(nE)]

P



Resonant tunneling

4 = . | . | . | | ]
- @ r 3000
U=19.8 | E
3L . 12000 Two on top |
o - 1000
—1
= - - 0 |
327 35 40 45 | ]
- sites a ||
/N |
1 - -—*’/ .'I III Two adjacent| |
~— i _/,."I \ |
—_—
0 5 10 15 20 25
u
T
n—WOU=dE, d=q—p Tun = —nEd‘l(d - 1)!

NG



Two interacting particles in a quasiperiodic potential

A n U~~~ «
H Z j+1 j+1 —|—€jb;_bj + Eb;_b;_bﬂbj
basis:
+ 3+
S £ 1m), z,m>zM
m,l<m T Olm
pdf of particle density:
r g _ N N
@ (qlb bilg) 1 (q)2 (q)2
Paq — 32 :E Z ﬁz,q;e T Z L-n?a,l
kl<k m,l>=m

M.V. lIvanchenko

R. Khomeriki

S. Flach

EPL 98 66002 (2012)

Participation number of density pdf: Pq — 1/ Z;V(pl(Q))Q



Results: eigenfunctions

=9
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Participation Number P

o

-5 0 2 10
Eigenvalues kq

U=7.9and A\=2.5

(b)

100 200 o !

(d)

MMLLLM

200 o ! 0 100 200
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M.V. lIvanchenko

R. Khomeriki

S. Flach

EPL 98 66002 (2012)
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Results: PDF of spreading of wave packet with A=2.5 and N=2500
and two particles initially at adjacent sites

Time

1000 1500 500 1000 1500 2000 2500
Sites Sites



Results: the complete picture from spreading wave packets:
square rooted 2" moment for 60 different realizations

3

Insulator . 1160
C 140
26 1120

Depth of potential, 2
N N
N RSN

N
1
I
1

1.8

Interaction constant, U



