QUANTUM CHROMODYNAMICS
PERTURBATIVE ASPECTS

A.V. Nesterenko

Bogoliubov Laboratory of Theoretical Physics

Joint Institute for Nuclear Research, Dubna, Russian Federation

Tenth DIAS—-TH Winter School on Theoretical Physics
Dubna, Russian Federation, 30 January — 6 February 2012



LECTURE OUTLINE

@® Perturbative QCD running coupling

For details see Chapter 3 of [1] and references therein

@® Electron—positron annihilation into hadrons

For details see Chaps. 1, 2, Sects. 4.1, 4.2 of [1] and references therein

[1] A.B.Hectepenko, Teoperudeckoe onucanue pyHKIuu Ajjiepa u 3JeKTPOH—T103U-

TPOHHOU aHHUTWJIAOUU B aapoHbl. Jlyorna: OUAN, YHII-2011-49, 144 c., 2011.
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PERTURBATIVE QCD RUNNING COUPLING

The QCD running coupling o,(1?) = ¢%(u?)/(47) satisfies the
renormalization group equation

d In[g*(1i)]

T Bg(p?))-

Within perturbative approach, assuming o (u?) being suffi-

ciently small, one can approximate the S—function by
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ﬁ(g(,LLQ ) = pert(g<:u2)) — = 60 4+ ...

The perturbative f—functionis known up to four—loop level.
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One—loop level
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't Hooft (1972); Gross, Wilczek (1973); Politzer (1973).
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Two—loop level

38

Caswell (1974); Jones (1974); Egorian, Tarasov (1979).

Three—loop level
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Tarasov, Vladimirov, Zharkov (1980); Larin, Vermaseren (1993).

Four—loop level
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van Ritbergen, Vermaseren, Larin 1997; Chetyrkin, Kniehl, Steinhauser (1997).
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In these equations n; is the number of active flavours and
((x) denotes the Riemann (—function, ((3) ~ 1.202.

The one— and two—loop coefficients (5) and (3;) are scheme—
independent, whereas the expressions given for (3 and (3

correspond to MS scheme.

For practical purposes it is convenient to deal with the
so—called “couplant” a(y?) = a(u?)Fy/(47). In this case the
{—loop renormalization group equation for QCD running

coupling takes the following form:

dnfa(1?)] 0¢ 275+ _ B
dln,u2 __ZB [as (:u )} 3 B; =
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One—loop level

The renormalization group equation for running coupling:

d1 (1(,,2
2] _ —Byal" (1?), By = 1.
d In p?

After the separation of variables
da’ (1)
N 2

as” (12)]

and integration of this result in finite limits, one arrives at

1 1 | Q)?
— = In| = |.
a'(Q?)  ad(Q3) Q;
This equation can be solved explicitly:

0GP — (@) |
s 1+ (@) n(Q?/Q5) fo/ (4r)
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FEquivalently, one can absorb all the dependence on ozél)(Q%)

and Q(Q) into the so—called QCD scale parameter:

2
! ; = In (Q—>, A? = Q% exp[—ZM : ]

aél) (QQ A2 5y &él)(Q%)
In this case the one—loop QCD running coupling reads
4 1 Q)?
M(O?) = _ 2 _ 2
o — 2 1. 0 2= 9 = —q~ > 0.
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Two—loop level

The renormalization group equation for running coupling:

d In[a?(p?)] 2 o
: = —a?(p°) = By [al (7)), By=1, B ==
d In ,u2 ( ) [ ( )] ﬁ%
Similarly to the one—loop case, after separation of variables
da®? 2
B g (,LL ) —dln ,LL2

2
[0 (12)]” [1+ By ad? (12)]
and integration of this result in ﬁnite limits, one arrives at

1 i 1 oL
Q) T B @) ()

where

ir 1  14r 1
A2:,u26><p — + B1In| 1+ .
Bo ol (1?) By By ol (1?)
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The obtained equation for two—loop running coupling can

be solved explicitly in terms of the Lambert W —function:

Ar 1 1 Q)?
2
0 Br14woy{—exp[-(1+ B nz)]]
Wi(z) exp|[Wi(z)] = « B tIm Q’
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OO N O <o) 0 x
L
WI(X)|\ ‘2"2
\_1__3
A | 1 In(ln 2
aéQ)(QQ) = 3 [1 — By (2 >]7 QQ — 00
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Three—loop level

In z In? 2

a9(Q2) ~ 47t { 1 _Blln(lnz)Jr

B
+ L [32 (m (In 2) — In(In 2) — 1) + 32]}.
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Four—loop level
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QCD running coupling world average
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Figures taken from: S.Bethke, EPJC64, 689 (2009); arXiv:1110.0016 [hep-ph];
See also Chap. 9 of Review of particle physics, JPG37, 075021 (2010); http://pdg.lbl.gov
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ELECTRON-POSITRON ANNIHILATION

e No need in phenomenological hadronization models
e Tests of QCD and entire Standard Model
e Constraints on “New physics” beyond Standard Model

e Rather accurate experimental data
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DELPHI Collaboration
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OPAL Collaboration

Run:event 4093: 1000 Date 930527 Time 20716Ctrk(N= 39 Sump= 73.3) Ecal (N= 25 SumE= 32.6) Hcal (N=22 SumE= 22.6)
Ebeam 45.658 Evis 99.9 Emiss -8.6 Vtx ( -0.07 0.06, -0.80) Muon(N= 0) Sec Vtx(N= 3) Fdet(N= 0 SumE= 0.0)
Bz=4.350 Thrust=0.9873 Aplan=0.0017 Oblat=0.0248 Spher=0.0073
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Cross—section of ete~ — hadrons

The corresponding Feynman amplitude reads
. g
My = iv(p, 09) ey U(%Ul)% (T[J%(q)]0),
ngo
where ¢° = (p; +p2)? =5 >0 and J, = Zfil qr Qv ay:-

The total cross—section takes the form
2

0(e+e_ — hadrons: 5) = 8r? &—eén LywHyy,
S
where {
Lyw =5 {qﬂqu — guwq” — (p1 — p2)u(p1 — pz)u} ,
Hyu(q”) = (2m)" > 6(p1 + p2 — pr){01Ju(—q) D)) Ju(q)]0).

I

The latter can be represented as H,,,(¢%>) = 2ImTl,,,(¢*), with
,(q%) =i / Az (0| T{T () T, (0)} [0) = — 5 (0~ 9uwg* ) (g?).
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Hadronic vacuum polarization function

Cauchy integral formula:

o) = b [0 g
C

E—=x

Function II(¢%) has the only cut ¢° > 4m2:

(¢”) = H(gg) + QLM (4" — q0) /(€ - qr;)(é) —2%
%

Eventually, dispersion relation for II(¢°) acquires the form

O

R(s
(q”) = Tl(g5) + (¢° —qg)/ 2( ) 5 ds,
(5= @)(s — qp)
where dmi
| 1
R(s) = 5 lim |T1(s + i) — TI(s is)} =~ Im lim TI(s +ic).
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R-ratio of e"e~ — hadrons
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Figure taken from: Review of particle physics

JPG37, 075021 (2010); http://pdg.1bl.gov
R(O)(s) = N. Z;f_l Q?c, S — 00.
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Adler function

For practical purposes it proves to be convenient to deal
with the Adler function

oY
D<Q2) _ _dH( @ )

dlnQ?

Dispersion relation for D(Q?) has the following form

2N A2 ! R(s)
D(Q>Q4/2 (3+Q2)2d87

whereas inverse relation between D(Q?) and R(s) reads

R(s) =5 lim /D

7T’L €—>O_|_
S+ie

Adler (1974); Radyushkin (1982); Krasnikov, Pivovarov (1982)
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Perturbative Adler function

pert(QZ) N Z Q

A.V .Nesterenko

q+k

DIAS-TH Winter School 2012

18




Theoretical Prediction for R—ratio

In what follows massless limit

4 Im¢
will be assumed and the factor A
NCZ Qf will be omitted. g
S—1€E
R(s) = — lim / D(— I i
7TZ €—>O_|_ 0 s—ig
S+1e
D(Q%) = 1+d(Q)
R(s)=1+r(s),
where
T |
r(s) = / (o) 7" plo) = 5 lim |d(—0 —iz) — d(0 + i) .
S
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Calculation of D(Q?) and R(s) at the one—loop level

DUL@) =1+ —al(@),  of(@) =

}

4 1
Bo In(Q?/A?)

pert

_5027 T

B.Schrempp, F.Schrempp (1980); A.V.Radyushkin (1982).

In the ultraviolet asymptotic s — oo

2
e 1 1 S
ai(s) = al'(]s]) - +C’)< ) W=

3 Indw In® w

1 1
Rl()le)rt(s) ~ 1+ ;aél)(\s\) - O( 3 ), s — 00.

In° w
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Adler function and R—ratio at the €—100P level
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dymrms D R () + T () ol C(5) (T +
|~ + () — 55.2(3) + Src(s) + ro(n)| +
e - e S+ 50— 52| +
+ n? —% -+ g C(3) + %C(S)] [ incomplete result |
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