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Part I Prefa
eNeutrino as a keystone of (astro)parti
le physi
s
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e0.1 Neutrinos on the Earth and in the Heavens
Energy range or average energy Source Local flux

(eV) (1/ cm2 s)

1.7 10-4 Big Bang (relic or CνB) 1013

10 3 107 Sun 6.5 1010

10 3 107 Terrestrial radioactivity 7.5 106

10 3 107 Man-made nuclear reactors 7.5 106

10 9 1012 Man-made accelerators <106

>108 Cosmic rays (atmospheric) <106

>1012 Astrophysical objects (e.g. AGN) <10-6

>1016 10 -12

Neutrino & antineutrino fluxes on Earth (tentative)

−

−

−

−

UHECR+ CMB (cosmogenic)γ

x

x

x

x



Part I Prefa
eA tentative representation of the (anti)neutrino �uxes on Earth.

[Constru
ted from the data of L. M. Krauss, S. L. Glashow, and D. N. S
hramm, �Antineutrino astronomy andgeophysi
s�, Nature 310 (1984) 191�198 (left panel) and A. M. Baki
h, �Aspe
ts of neutrino astronomy�, Spa
eS
i. Rev. 49 (1989) 259�310 (right panel).℄



Part I Prefa
eReli
 neutrinos (�CνB�) 
ompose a small part of invisible (nonluminous) matter in the Universe.

Cosmi
 Coin
iden
e Problem: why this 
ake is almost a pound
ake today?
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e

The Standard Models of parti
le physi
s and 
osmology make a (more or less) robust predi
tionthat the number density of reli
 neutrinos is ≈ 112 
m−3 per spe
ies. This result implies thatmassive neutrinos 
onstitute the following fra
tion of the total matter density in the Universe:

fν =
Ων

Ωm
=

∑
mν

93Ωmh2 eV
≃ 0.08

∑
mν

1 eV
[Ωmh

2 = 0.134 (WMAP-7 best �t)]Here and below Ων = ρν/ρc, Ωm = ρm/ρc, the today's Hubble expansion rate is parameterizedas H0 ≡ 100h km s−1Mp
−1 (h is the normalized Hubble rate) and the 
riti
al density is

ρc =
3H2

0

8πG
≈
{
1.88× 10−29h2 g/
m3 ≈ 0.98× 10−29 g/
m3

1.05× 10−5h2 GeV/
m3 ≈ 0.54× 10−5 GeV/
m3
[h = 0.72± 0.08]
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�èñ. 1: The predi
ted solar neutrino energy spe
trum at 1 AU. Line �uxes are in 
m−2s−1and spe
tral �uxes are in 
m−2s−1MeV−1. The verti
al arrows point on the energy thresholdof the H2O dete
tors Kamiokande (K) and Super-Kamiokande (SK), D2O dete
tor at SudburyNeutrino Observatory (SNO), liquid-argon dete
tor ICARUS (I), s
intillation dete
tor Borexino(B), and Indium-based dete
tor LENS (L).[VN, Phys. Part. Nu
l. Lett. 8 (2011) 683�703. The data are taken from J. N. Bah
all et al., Astrophys. J. 621((2005)) L85�L88 and L. C. Stonehill et al., Phys. Rev. C 6 (2004) 015801.℄
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�èñ. 2: Left panel: νe energy spe
tra of the 
andidate events (data), the total expe
tation (thinsolid bla
k line), the total ba
kground (thi
k solid bla
k line), the expe
ted 238U (dot-dashedred line, the expe
ted 232Th (dotted green line), and the ba
kgrounds due to rea
tor νe (dashblue line), 13C(α, n)16O rea
tions (dotted brown line) and random 
oin
iden
es (dot-dashedviolet line). The inset shows the expe
ted signal extended to higher energies.Right panel: νe energy spe
tra of the 
andidate events substru
ted by the total ba
kgrounds[From A. Suzuki (for the KamLAND Coll.), AIP Conf. Pro
. 815 (2006) 19�28.℄
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�èñ. 3: Upper limits on an astrophysi
al muon (anti)neutrino �ux with an E2 spe
trum alongwith theoreti
al model predi
tions of di�use astrophysi
al muon neutrinos from di�erent sour
es.The atmospheri
 νµ measurements shown are from AMANDA-II, the I
eCube 40-string (IC40)unfolding measurement, and IC40 Atmospheri
 νµ.[From R. Abbasi et al. (I
eCube Coll.), Phys. Rev. D 84 (2011) 082001 [arXiv:1104.5187 [astro-ph.HE℄℄.℄
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tra in several a

elerator experiments (a.u.).[A. Bodek, K. S. Kuzmin & VN (unpublished). The data are 
olle
ted from many sour
es.℄
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apture 
ross se
tions for gallium and 
hlorine (left), CC and NCindu
ed neutrino 
ross se
tions for deuterium (middle), and neutrino�ele
tron s
attering 
rossse
tions (right) vs. neutrino energy.[VN, Phys. Part. Nu
l. Lett. 8 (2011) 683�703. The data are taken from J. N. Bah
all et al., Phys. Rev. C 54 (1996)411�422, J. N. Bah
all, Phys. Rev. C 56 (1997) 3391�3409, S. Ying et al., Phys. Rev. C 45 (1992) 1982�1987,and J. N. Bah
all et al., Phys. Rev. D 51 (1995) 6146�6158.℄
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�èñ. 9: Measured and 
al
ulated slopes of the muon neutrino and antineutrino total 
rossse
tions at high energies. Three main 
ontributions and their sums are shown.[K. S. Kuzmin et al., Phys. Atom. Nu
l. 69 (2005) 1857�1871 and hep-ph/0511308 (updated).℄
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�èñ. 10: Comparison of the slopes of the total 
ross se
tions for νeN , νµN , and ντN (toppanel) and νeN , νµN , and ντN (bottom panel). The main 
ontributions are also shown.[K. S. Kuzmin & VN (unpublished).℄
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11�èñ. 11: Comparison of the νe(νe) total 
ross se
tions on ele
tron and nu
leon targets atsuper-high energies. The pi
ks in rea
tions 1-3 are due to the W boson resonan
e formed in theneighborhood of Eres

ν = m2
W /2me ≈ 6.33 PeV (�Glashow resonan
e�).[K. S. Kuzmin et al. (for the ANTARES Coll.), �Implementation of tau lepton polarization into ANTARES neutrinogenerator,� ANTARES-Soft/2005-001.℄



Part I Prefa
e0.3 Modern neutrino toolkit

• A

elerator ν/νs [ANL, BNL, CERN, FNAL, IHEP, KEK, LAMPF, J-PARC,...℄Examples of the LBL experiments

�èñ. 12: S
hemati
 layout of the MINOS experiment [FNAL � SOUDAN℄.
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�èñ. 13: S
hemati
 layout of the OPERA experiment [CERN � LNGS℄.[Figures 12 and 13 are borrowed from G. Brunetti,�Neutrino velo
ity measurement with the OPERA experimentin the CNGS beam,� PhD thesis, in joint supervision of the Universit�e Claude Bernard, Lyon-I and Universit�adegli Studi di Bologna (May 2011), N◦ d'ordre 88-2011, LYCEN�T2011-10;<http://amsdottorato.
ib.unibo.it/3917>, <http://tel.ar
hives-ouvertes.fr/tel-00633424>. ℄
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�èñ. 14: S
hemati
 layouts of the K2K [KEK (Tsukuba) � Super-Kamiokande℄ and T2K [J-PARC (Tokai) � Super-Kamiokande℄ experiments. [From relevant websites℄.
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• Rea
tor νs [Angra, Braidwood, Bugey, CHOOZ & Double CHOOZ, Daya Bay, Gosgen,JOYO, KASKA, KNPP-GEMMA, KamLAND, Krasnoyarsk, Kuo-Sheng, Palo Verde,RENO, Rovno, Savannah River Site, SONGS, TEXONO,...℄Examples of the rea
tor antineutrino experiments

�èñ. 15: Default 
on�guration of the Daya Bay experiment (left panel) and the power stationsaround the KamLAND experiment (right panel). [From Daya Bay & KamLAND Proposals.℄
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�èñ. 16: The Daya Bay (left), Reno (middle), and Double Chooz (right) dete
tor layouts. The
ommon design is an evolution of the CHOOZ dete
tor.[From T. Lasserre, �Os
illation Parameters with forth
oming Rea
tor Neutrino Experiments�, in: Pro
eedings ofthe Workshop `European Strategy for Future Neutrino Physi
s', Geneva, Switzerland, O
tober 1�3, 2009, editedby A. Blondel & F. Dufour, CERN-2010-003, pp. 33�40.℄
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• Underground Laboratories for terrestrial and extraterrestrial neutrinos[BNO, DUSEL, Homestake, Gran Sasso, Kamioka, KGF, Modane, Mont Blan
,Pyh�asalmi, SOUDAN, SNO,...℄Examples of the underground experiments

�èñ. 17: Gran Sasso underground laboratory (INFN). Most relevant neutrino experiments areBorexino, I
arus, LVD, MACRO, OPERA.[From <http://www.lngs.infn.it>.℄
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�èñ. 18: Water Cherenkov dete
tors. �èñ. 19: Tra
king 
alorimeter dete
tors.

�èñ. 20: Liquid s
intillator dete
tors.
Figures 18�20 show the park ofunderground dete
tors (as it was on1989) 
apable to 
at
h atmospheri
neutrinos. Only the Baksan teles
operemains in operation till now (2012).[Borrowed from A. M. Baki
h, �Aspe
ts of neutrinoastronomy,� Spa
e S
i. Rev. 49 (1989) 259�310.℄
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The light is
detected by
photo sensors
that line the
tank, and
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digital image.

Electronics
trailers

Control
room
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(2 km)
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Mt. Ikena Yama

Mountains filter out other signals
that mask neutrino detection.

University of Hawai'i media graphic

A few neutrinos interact
within the huge tank of
super pure water, generating
a cone of light

About once every 90 minutes, a neutrino interacts in the detector

chamber, generating Cherenkov radiation. This optical equivalent

of a sonic boom creates a cone of light that is registered on the

photomultipliers that line the tank. Characteristic ring patterns tell

physicists what kind of neutrinos interacted and in which direction

they were headed.
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�èñ. 22: Inside of the Super-Kamiokande dete
tor during water �lling.



Part I Prefa
eFigures 23 and 24 showtwo real (not Monte Carlo)events re
orded in the Super-Kamiokande-I dete
tor.[From Tomasz Barsz
zak webpage<http://www.ps.u
i.edu/~tomba/sk/ts
an/pi
tures.html> (UC).℄A real multiple ring event(found by Brett Mi
haelViren, State University ofNew York at Stony Brook) isshown in Fig. 23. ⊲This event re
orded on24/09/1997, 12:02:48 wasone of the 
lose 
andidatesfor de
ay p→ e+ + π0 butdid not pass analysis 
uts.The π0 meson would de
ayimmediately into two gammaswhi
h make overlapping fuzzyrings. Positron and π0 would�y in opposite dire
tions.Time 
olor s
ale spans 80 ns. �èñ. 23: Multiple ring event re
orded in the Super-Kamiokande dete
tor on 24/09/1997, 12:02:48.
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eIn Fig. 24, an upward-goingthrough-going muon eventre
orded on 30/05/1996,17:12:56 is shown. ⊲The muon entered throughthe �at 
ir
ular part of thedete
tor near the bottomof the pi
ture where purpleearliest PMT hits 
an beseen. It exited through the
ylindri
al side wall in themiddle of the pi
ture.Time 
olor s
ale spans 262 ns.

The Sun in neutrino light. �èñ. 24: Through-going muon event re
orded in the Super-Kamiokande dete
tor on 30/05/1996, 17:12:56.
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�èñ. 25: S
hemati
 view of the Hyper-Kamiokande dete
tor, a megaton water Cherenkovdete
tor, proposed as a su

essor to Super-Kamiokande; to be lo
ated at To
hibora, a fewkilometers from the Kamioka site, 648 m ro
k (1,750 m w.e.) overburden.[From K. Abe et al., �Letter of Intent: The Hyper-Kamiokande Experiment � Dete
tor Design and Physi
s Potential�,arXiv:1109.3262 [hep-ex℄.℄
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eÒàáëèöà 1: Hyper-Kamiokande dete
tor parameters of the baseline design.Dete
tor type Ring-imaging water Cherenkov dete
torCandidate site Address To
hibora mine, Kamioka town, Gifu, JapanLatitude 36◦21′08.928′′ NLongitude 137◦18′49.688′′ EAltitude 508 mOverburden 648 m ro
k (1,750 m w.e.)Cosmi
 Ray Muon �ux ∼ 2.3× 10−6 se
−1
m−2O�-axis angle for the J-PARC ν 2.5◦ (same as Super-Kamiokande)Distan
e from the J-PARC 295 km (same as Super-Kamiokande)Dete
tor geometry Total Volume 0.99 MegatonInner Volume (Fidu
ial Volume) 0.74 (0.56) MegatonOuter Volume 0.2 MegatonPM tubes 99,000 20-in
h φ PMTs 20% photo-
overageOuter dete
tor 25,000 8-in
h φ PMTsWater quality light attenuation length > 100 m � 400 nmRn 
on
entration < 1 mBq/m3
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• Underwater/i
e neutrino teles
opes[AMANDA, ANTARES, Baikal, I
eCube, NEMO, NESTOR,..., 7−→ KM3NET℄

�èñ. 26: A map of underwater/i
e Cherenkov neutrino teles
ope proje
ts.[From Fran
is Halzen web-page <http://i
e
ube.wis
.edu/~halzen/>℄.
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�èñ. 27: Overall view of the NT-200 
omplex in Lake Baikal.[From V. A. Balkanov et al. (Baikal Coll.) Appl. Opt. 33 (1999) 6818�6825 [astro-ph/9903342℄.℄
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�èñ. 28: Baikal NT-200 and NT-96 s
hemati
 view.[From Ch. Spiering et al. (Baikal Coll.), Prog. Part. Nu
l. Phys. 40 (1998) 391 [astro-ph/9801044℄.℄
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(a) (c)(b)�èñ. 29: Three neutrino 
andidates re
orded in NT-96.[From V. A. Balkanov et al. (Baikal Coll.) Yad. Fiz. 63 (2000) 1027�1036 [Phys. Atom. Nu
l. 63 (2000) 951�961℄.℄
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�èñ. 30: The I
eCube Neutrino Teles
ope is made up of 86 strings with a total of 5,160Digital Opti
al Modules that are used to sense and re
ord neutrino events. Although theteles
ope is 2,820 meters tall, the average hole is 2,452 meters deep.[Image by Danielle Vevea & Jamie Yang, taken from the I
eCube NO webpage <http://i
e
ube.wis
.edu/>℄.
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�èñ. 31: Two typi
al neutrino events 
aptured by the I
eCube Neutrino Observatory.[From <http://i
e
ube.wis
.edu/>℄.
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• Arrays and methods fordete
ting UHE neutrinos

⋆ Radio dete
tion[ANITA, AURA-ARA, CODALE-MA, ELVIS, FORTE, GLINT,GLUE, GMRT, Ooty RT, HAS-RA, I
eRay, LOFAR, LOPES,LORD, LUNASKA, RESUN,RICE, SalSA, SKA, TREND,WSRT NuMoon,...℄

⋆ Soni
/a
ousti
 dete
tion[ACoRNE, AMADEUS, AUTEC,SAUND, SPATS+HADES,...℄
⋆ Fluores
en
e dete
tion[JEM-EUSO, S-EUSO, EUNO,OWL, KOSMOTEPETL Proje
t(KLYPVE, TUS),...℄

AMANDA

FORTE’03

RICE’03

Active galaxies

Topological Defects

GZK maximal

GLUE

Z burst

2322

18

17

16

14                     19                     24�èñ. 32: Model neutrino �uxes & upper limits fromexperiments AMANDA, RICE, GLUE, and FORTE.[From P. W. Gorham et al., Phys. Rev. Lett. 93 (2004) 041101[astro-ph/0310232v3℄.℄
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Part II Neutrino Masses in SM1 Intera
tion Lagrangian and weak 
urrentsIn the Standard Model (SM), the 
harged and neutral 
urrent neutrino intera
tions aredes
ribed by the following parts of the full Lagrangian:
LCCI (x) = − g

2
√
2
jCCα (x)Wα(x) + H.
. and LNCI (x) = − g

2 cos θW jNCα (x)Zα(x).Here g is the SU(2) (ele
tro-weak) gauge 
oupling 
onstant
g2 = 4

√
2m2

WGF , g sin θW = |e|and θW is the weak mixing (Weinberg) angle (sin2 θW(MZ) = 0.23120).The leptoni
 
harged 
urrent and neutrino neutral 
urrent are given by the expressions:

jCCα (x) = 2
∑

ℓ=e,µ,τ,...

νℓ,L(x)γαℓL(x) and jNCα (x) =
∑

ℓ=e,µ,τ,...

νℓ,L(x)γανℓ,L(x).The 
urrents may in
lude (yet unknown) heavy neutrinos and 
orresponding 
hargedleptons. The left- and right-handed fermion �elds are de�ned as usually:

νℓ,L/R(x) =

(
1± γ5

2

)
νℓ(x) and ℓL/R(x) =

(
1± γ5

2

)
ℓ(x).



Part II Neutrino Masses in SMNote that the kineti
 term of the Lagrangian in
ludes both L and R handed neutrinos andmoreover, it 
an in
lude other sterile neutrinos:

L0 =
i

2
[ν(x)γα∂αν(x)− ∂αν(x)γαν(x)] ≡ i

2
ν(x)
←→
∂ ν(x)

=
i

2

[
νL(x)

←→
∂ νL(x) + νR(x)

←→
∂ νR(x)

]
,

ν(x) = νL(x) + νR(x) =




νe(x)
νµ(x)
ντ (x)
.
.
.



, νL/R(x) =




νe,L/R(x)
νµ,L/R(x)
ντ,L/R(x)

.

.

.




=
1± γ5

2




νe(x)
νµ(x)
ντ (x)
.
.
.



.

Neutrino 
hirality: γ5νL = −νL and γ5νR = +νR.The Lagrangian of the theory with massless neutrinos is invariant with respe
t to the globalgauge transformations

νℓ(x)→ eiΛℓνℓ(x), ℓ(x)→ eiΛℓℓ(x) with Λℓ = 
onst.This leads to 
onservation of the individual lepton �avor numbers Lℓ (ele
tron, muon, tauon,et
.). It is not the 
ase for massive neutrinos.There are two types of possible neutrino mass terms: Dira
 and Majorana.



Part II Neutrino Masses in SM2 Dira
 neutrinosThe Dira
 mass term has the form

LD(x) = −νR(x)MDνL(x) + H.
.,where MD is a N ×N 
omplex nondiagonal matrix. In general, N ≥ 3 that is the 
olumn νLmay in
lude the heavy a
tive neutrino �elds as well as sterile neutrino �elds whi
h do not enterinto the standard 
harged and neutral 
urrents.An arbitrary 
omplex matrix 
an be diagonalized by means of an appropriate bi-unitarytransformation. One has

MD = ṼmV
†, m = ||mkl|| = ||mkδkl||,where V and Ṽ are unitary matri
es and mk ≥ 0. Therefore

LD(x) = −ν′
R(x)mν

′
L(x) + H.
. = −ν ′(x)mν

′(x) = −
N∑

k=1

mkνk(x)νk(x),where the new �elds νk are de�ned by
ν
′
L(x) = V

†
νL(x), ν

′
R(x) = Ṽ

†
νR(x), ν

′(x) = (ν1, ν2, . . . , νN )T .The matrix Ṽ is out of play...



Part II Neutrino Masses in SMIt is easy to 
he
k that the neutrino kineti
 term in the Lagrangian is transformed to
L0 =

i

2
ν ′(x)

←→
∂ ν

′(x) =
i

2

∑

k

νk(x)
←→
∂ νk(x).Hen
e, one 
an 
on
lude that νk(x) is the �eld of a Dira
 neutrino with the mass mkand the �avor LH neutrino �elds νℓ,L(x) present in the standard weak lepton 
urrentsare linear 
ombinations of the LH 
omponents of the �elds of neutrinos with de�nitemasses:

νL = Vν
′
L or νℓ,L =

∑

k

Vℓkνk,L.The matrix V is sometimes referred to as the Ponte
orvo-Maki-Nakagawa-Sakata(PMNS) neutrino (va
uum) mixing matrix.

Quark-lepton 
omplementarity (QLC): Of 
ourse the PMNS matrix it is not the same as theCKM (Cabibbo-KobayashiMaskawa) quark mixing matrix. However the PMNS and CKMmatri
es may be, in a sense, 
omplementary to ea
h other.The QLC means that in the same parametrizations the (small) quark and (large) lepton mixingangles satisfy the empiri
al relations:
θCKM12 + θPMNS

12 ≃ π/4, θCKM23 + θPMNS

23 ≃ π/4.



Part II Neutrino Masses in SM2.1 Parametrization of mixing matrix for Dira
 neutrinosIt is well known that a 
omplex n× n unitary matrix depends on n2 real parameters.The 
lassi
al result by Murnaghama states that the matri
es from the unitary group U(n) areprodu
ts of a diagonal phase matrix

Γ = diag(eiα1 , eiα2 , . . . , eiαn

)
,
ontaining n phases αk, and n(n− 1)/2 matri
es whose main building blo
ks have the form

(
cos θ sin θ e−iφ

− sin θ e+iφ cos θ

)
=

(
1 0

0 e+iφ

)(
cos θ sin θ
− sin θ cos θ

)

︸ ︷︷ ︸Euler rotation (
1 0

0 e−iφ

)
.

Therefore any n× n unitary matrix 
an be parametrized in terms of
n(n− 1)/2 �angles� (taking values within [0, π/2])and

n(n+ 1)/2 �phases� (taking values within [0, 2π)).The usual parametrization of both the CKM and PMNS matri
es is of this type.aF. D. Murnagham, �The unitary and rotation groups,� Washington, DC: Sparta Books (1962).



Part II Neutrino Masses in SMOne 
an redu
e the number of the phases further by taking into a

ount that theLagrangian with the Dira
 mass term is invariant with respe
t to the transformation
ℓ 7→ eiaℓℓ, νk 7→ eibℓνk, Vℓk 7→ ei(bk−aℓ)Vℓk,and to the global gauge transformation

ℓ 7→ eiΛℓ, νk 7→ eiΛνk, with Λ = 
onst. (1)Therefore 2N − 1 phases are unphysi
al and the number of physi
al (Dira
) phases is

nD =
N(N + 1)

2
− (2N − 1) =

N2 − 3N + 2

2
=
(N − 1)(N − 2)

2
(N ≥ 2);

nD(2) = 0, nD(3) = 1, nD(4) = 3, . . .

• The global symmetry (1) leads to 
onservation of the lepton 
harge
L =

∑

ℓ=e,µ,τ,...

Lℓ
ommon to all 
harged leptons and all neutrinos νk. HoweverThe individual lepton �avor numbers Lℓ are no longer 
onserved.

• The nonzero phases lead to the CP and T violation in the neutrino se
tor.



Part II Neutrino Masses in SMThree-neutrino 
aseIn the most interesting (today!) 
ase of three lepton generations one de�nes the orthogonalrotation matri
es in the ij-planes whi
h depend upon the mixing angles θij :
O12 =



c12 s12 0
−s12 c12 0
0 0 1




︸ ︷︷ ︸Solar matrix , O13 =



c13 0 s13
0 1 0
−s13 0 c13




︸ ︷︷ ︸Rea
tor matrix , O23 =



1 0 0
0 c23 s23
0 −s23 c23




︸ ︷︷ ︸Atmospheri
 matrix ,

(where cij ≡ cos θij , sij ≡ sin θij) and the diagonal matrix with the Dira
 phase fa
tor:
ΓD = diag(1, 1, eiδ).The parameter δ is 
ommonly referred to as the Dira
 CP-violation phase.Finally, by taking into a

ount the Murnagham theorem, the PMNS mixing matrix for theDira
 neutrinos 
an be parametrized asa

V(D) = O23ΓDO13Γ
†DO12

=




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


 .aThis is the Chau�Keung presentation advo
ated by the PDG for both CKM and PMNS matri
es.



Part II Neutrino Masses in SM3 Majorana neutrinosThe 
harge 
onjugated bispinor �eld ψc is de�ned by the transformation
ψ 7−→ ψc = CψT , ψ 7−→ ψc = −ψTC,where C is the 
harge-
onjugation matrix whi
h satis�es the 
onditions

CγT
αC

† = −γα, CγT
5 C

† = γ5, C† = C−1 = C, CT = −C,and thus 
oin
ides (up to a phase fa
tor) with the inversion of the axes x0 and x2:
C = γ0γ2 =

(
0 σ2

σ2 0

)

Reminder. The Pauli matri
es:
σ0 ≡ 1 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.The Dira
 matri
es:

γ0 = γ0 =

(
σ0 0
0 −σ0

)
, γk = −γk =

(
0 σk

−σk 0

)
, k = 1, 2, 3, γ5 = γ5 = −

(
0 σ0

σ0 0

)
.Clearly a 
harged fermion �eld ψ(x) is di�erent from the 
harge 
onjugated �eld ψc(x).



Part II Neutrino Masses in SMBut for a neutral fermion �eld ν(x) the equality

νc(x) = ν(x) (2)(Majorana 
ondition) is not forbidden.a Everything whi
h is not forbidden is allowed...Majorana neutrino and antineutrino 
oin
ide.In the 
hiral representation

ν =

(
φ
χ

)
, νc = CνT =

(
−σ2χ∗

+σ2φ
∗

)
.A

ording to the Majorana 
ondition (2)

φ = −σ2χ∗ and χ = σ2φ
∗ =⇒ φ+ χ = σ2 (φ− χ)∗.(The Majorana neutrino is two-
omponent, i.e. needs only one 
hiral proje
tion). Then

νL =

(
1 + γ5

2

)
ν =

(
φ− χ
χ− φ

) and νR =

(
1− γ5

2

)
ν =

(
φ+ χ
φ+ χ

)
= νcL.

⇓
ν = νL + νR = νL + νcL.aThe simplest generalization of Eq. (2), νc(x) = eiϕν(x) (ϕ = 
onst), is not very interesting.



Part II Neutrino Masses in SMNow we 
an 
onstru
t the Majorana mass term in the general N -neutrino 
ase. It is
LM(x) = −1

2
ν
c
L(x)MMνL(x) + H.
.,where MM is a N ×N 
omplex nondiagonal matrix and, in general, N ≥ 3.It 
an be proved that the MM should be symmetri
, MTM = MM.If one assume for a simpli�
ation that its spe
trum is nondegenerated, the mass matrix 
an bediagonalized by means of the following transformation

MM = V
∗
mV

†, m = ||mkl|| = ||mkδkl||,where V is a unitary matrix and mk ≥ 0. Therefore
LM(x) = −1

2

[
(ν′

L)
c
mν

′
L + ν ′

Lm(ν ′
L)

c] = −1

2
ν′mν

′ = −1

2

N∑

k=1

mkνkνk,

ν
′
L = V

†
νL, (ν′

L)
c = C

(
ν ′
L

)
T , ν

′ = ν
′
L + (ν′

L)
c.The last equality means that the �elds νk(x) are Majorana neutrino �elds.Considering that the kineti
 term in the neutrino Lagrangian is transformed to

L0 =
i

4
ν′(x)

←→
∂ ν

′(x) =
i

4

∑

k

νk(x)
←→
∂ νk(x),one 
an 
on
lude that νk(x) is the �eld with the de�nite mass mk.



Part II Neutrino Masses in SMThe �avor LH neutrino �elds νℓ,L(x) present in the standard weak lepton 
urrents arelinear 
ombinations of the LH 
omponents of the �elds of neutrinos with de�nitemasses:

νL = Vν
′
L or νℓ,L =

∑

k

Vℓkνk,L.Of 
ourse neutrino mixing matrix V is not the same as in the 
ase of Dira
 neutrinos.There is no global gauge transformations under whi
h the Majorana mass term (in itsmost general form) 
ould be invariant. This implies that there are no 
onserved lepton
harges that 
ould allow us to distinguish Majorana νs and νs. In other words,Majorana neutrinos are truly neutral fermions.3.1 Parametrization of mixing matrix for Majorana neutrinosSin
e the Majorana neutrinos are not rephasable, there may be a lot of extra phasefa
tors in the mixing matrix. The Lagrangian with the Majorana mass term is invariantwith respe
t to the transformation
ℓ 7→ eiaℓℓ, Vℓk 7→ e−iaℓVℓk



Therefore N phases are unphysi
al and the number of the physi
al phases now is
N(N + 1)

2
−N =

N(N − 1)

2
=

(N − 1)(N − 2)

2︸ ︷︷ ︸Dira
 phases + (N − 1)︸ ︷︷ ︸Majorana phases = nD + nM;

nM(2) = 1, nM(3) = 2, nM(4) = 3, . . .In the 
ase of three lepton generations one de�nes the diagonal matrix with the extraphase fa
tors: ΓM = diag (eiα1/2, eiα2/2, 1
)
, where α1,2 are 
ommonly referred to asthe Majorana CP-violation phases. Then the PMNS matrix 
an be parametrized as

V(M) = O23ΓDO13Γ
†DO12ΓM = V(D)ΓM

=




c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13





eiα1/2 0 0

0 eiα2/2 0
0 0 1


 .

Neither Lℓ nor L =
∑
ℓ Lℓ is 
onserved allowing a lot of new pro
esses, for example,

τ− → e+(µ+)π−π−, τ− → e+(µ+)π−K−, π− → µ+νe, K+ → π−µ+e+, K+ → π0e+νe,

D+ → K−µ+µ+, B+ → K−e+µ+, Ξ− → pµ−µ−, Λ+
c → Σ−µ+µ+, et
.No one was dis
overed yet but (may be!?) the (ββ)0ν de
ay (Heidelberg-Mos
ow experiment).



Part II Neutrino Masses in SM4 See-saw me
hanism4.1 Dira
-Majorana mass term for one generationIt is possible to 
onsider mixed models in whi
h both Majorana and Dira
 mass terms arepresent. For simpli
ity sake we'll start with a toy model for one lepton generation.Let us 
onsider a theory 
ontaining two independent neutrino �elds νL and νR:




νL would generally represent any a
tive neutrino (e.g., νL = νeL),
νR 
an represents a right handed �eld unrelated to any of these orit 
an be 
harge 
onjugate of any of the a
tive neutrinos (e.g., νR = (νµL)

c).We 
an write the following generi
 mass term between νL and νR:
Lm = − mD νLνR︸ ︷︷ ︸Dira
 mass term− (1/2) [mL νLν

c
L +mR ν

c
RνR]︸ ︷︷ ︸Majorana mass term +H.
. (3)

⋆ As we know, the Dira
 mass term respe
ts L while the Majorana mass term violates it.

⋆ The parameter mD in Eq. (3) is in general 
omplex but we'll assume it to be real (but notne
essarily positive).
⋆ The parameters mL, and mR in Eq. (3) 
an be 
hosen real and (by an appropriaterephasing the �elds νL and νR) non-negative, but the latter is not assumed.

⋆ Obviously, neither νL nor νR is a mass eigenstate.



Part II Neutrino Masses in SMIn order to obtain the mass basis we 
an apply the useful identitya
νLνR = (νR)

c(νL)
cwhi
h allows us to rewrite Eq. (3) as follows

Lm = −1

2
(νL, (νR)

c)

(
mL mD

mD mR

)(
(νL)

c

νR

)
+ H.
. ≡ −1

2
νLM (νL)

c
+ H.
.If (for simpli
ity) CP 
onservation is assumed the matrix M 
an be diagonalizedthrough the standard orthogonal transformation

V =

(
cos θ sin θ
− sin θ cos θ

) with θ =
1

2
arctan

(
2mD

mR −mL

)
.and we have

VTMV = diag(m1,m2),where m1,2 are eigenvalues of M given by
m1,2 =

1

2

(
mL +mR ±

√
(mL −mR)2 + 4m2

D

)
.aA parti
ular 
ase of a more general relation ψ1Γψ2 = ψ

c
2CΓ

TC−1ψc
1, where ψ1,2 are Dira
 spinorsand Γ represents a produ
t of the Dira
 γ matri
es.



Part II Neutrino Masses in SMThe eigenvalues are real if (as we assume) mD,L,R are real, but not ne
essarily positive.Let us de�ne ζk = signmk and rewrite the mass term in the new basis:
Lm = −1

2
[ζ1 |m1| ν1L (ν1L)

c
+ ζ2 |m2| (ν2R)c ν2R] + H.
., (4)The new �elds ν1L and ν2R represent 
hiral 
omponents of two di�erent neutrino stateswith �masses� m1 and m2, respe
tively:

(
νL
νcR

)
= V

(
ν1L
νc2R

)
=⇒

{
ν1L= cos θ νL − sin θ νcR,

ν2R= sin θ νcL + cos θ νR.Now we de�ne two 4-
omponent �elds
ν1 = ν1L + ζ1 (ν1L)

c and ν2 = ν2R + ζ2 (ν2R)
c
.Certainly, these �elds are self-
onjugate with respe
t to the C transformation:

νck = ζkνk (k = 1, 2)and therefore they des
ribe Majorana neutrinos. In terms of these �elds Eq. (5) reads

Lm = −1

2
(|m1| ν1ν1 + |m2| ν2ν2). (5)We 
an 
on
lude therefore that νk(x) is the Majorana neutrino �eld with the de�nite(physi
al) mass |mk|.



Part II Neutrino Masses in SMThere are several spe
ial 
ases of the Dira
-Majorana mass matrix M whi
h are of
onsiderable phenomenologi
al importan
e, in parti
ular,(A): M =

(
0 m
m 0

)
=⇒ |m1,2| = m, θ =

π

4

(maximal mixing)two Majorana �elds are equivalent to one Dira
 �eld;(B): M =

(
mL m
m mL

)
=⇒ m1,2 = mL ±mD, θ =

π

4

(maximal mixing);(C): M =

(
0 m
m M

) or, more generally, |mL| ≪ |mR|, mD > 0.A generalization of 
ase (A), |mL,R| ≪ |mD|, leads to the so-
alled �Pseudo-Dira
 neutrinos�and to the νL (a
tive) ↔ νR (sterile) os
illations with almost maximal mixing (tan 2θ ≫ 1).4.2 The see-sawThe 
ase (C) with m≪M is the simplest example of the see-saw me
hanism. It leads to twomasses, one very large, m1 ≈M , other very small, m2 ≈ m2/M ≪ m, suppressed 
omparedto the entries in M. In parti
ular, one 
an assume
m ∼ mℓ or mq (0.5 MeV to 200 GeV) and M ∼MGUT ∼ 1015−16 GeV.



Part II Neutrino Masses in SMThen m2 
an ranges from ∼ 10−14 eV to ∼ 0.04 eV. The mixing between the heavy and lightneutrinos is extremely small: θ ≈ m/M ∼ 10−20 − 10−13 ≪ 1.

m  ~ m /M<<  m <<  M2
2

m  ~ M ~ M1 GUT

ν2

ν1

If one of the eigenvalues mi goes up, the other goes down, and vi
e versa. This is the reasonwhy the name see-saw was given to the me
hanism. [Too witty for so simple idea...℄



Part II Neutrino Masses in SM4.3 More neutral fermionsA generalization of the above s
heme to N generations is almost straightforward butte
hni
ally rather 
umbersome. Let's 
onsider it s
hemati
ally for the N = 3 
ase.
⊲ If neutral fermions are added to the set of the SM �elds, then the �avour neutrinos 
ana
quire mass by mixing with them.

⊲ The additional fermions 
an bea

• Gauge 
hiral singlets per family (e.g., right-handed neutrinos) [Type I seesaw℄, or
• SU(2)× U(1) doublets (e.g., Higgsino in SUSY), or
• Y = 0, SU(2)L triplets (e.g., Wino in SUSY) [Type III seesaw℄.
⊲ Addition of three right-handed neutrinos NiR leads to the see-saw me
hanism with thefollowing mass terms:

Lm = −
∑

ij

[
νiLM

D
ijNjR − 1

2
(NiR)

cMR
ijNjR + H.
.] .

⊲ The above equation gives the see-saw 6× 6 mass matrix
M =

(
0 mD

mT
D MR

)
.Both mD and mR are 3× 3 matri
es in the generation spa
e.aType II seesaw operates with an additional s
alar triplet.



Part II Neutrino Masses in SMWhen MR is nonsingular and its s
ale M is mu
h larger than that in mR,a one gets
mν ∼ −mDM

−1
R m

T
D.All the neutrino masses are automati
ally suppressed due to the large s
ale M ∼MGUT in

MR. One gets the following mass hierar
hy for a diagonal MR:
m1 : m2 : m3 ∝ m2

D1 : m2
D2 : m2

D3.Here mDk are eigenvalues of mD. As long as these eigenvalues are hierar
hi
al, the Majorananeutrino masses also display the hierar
hy. The mass eigen�elds are surely Majorana neutrinos.

aA large M is natural in, e.g., grand uni�ed SO(10) theories.
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Part III Neutrino Os
illations in Va
uum5 Quantum me
hani
al treatmentLet us introdu
e two types of neutrino eigenstates:

• The �avor neutrino eigenstates whi
h 
an be written as a ve
tor
|ν〉

f
= (|νe〉, |νµ〉, |ντ 〉, . . .)T ≡ (|να〉)Tare de�ned as the states whi
h 
orrespond to the 
harge leptons α = e, µ, τ . The
orresponden
e is established through the 
harged 
urrent intera
tions of a
tive neutrinos and
harged leptons.a In general, the �avor states have no de�nite masses. Therefore, they 
anhave either de�nite momentum, or de�nite energy but not both.

• The neutrino mass eigenstates

|ν〉
m

= (|ν1〉, |ν2〉, |ν3〉, . . .)T ≡ (|νk〉)Tare, by de�nition, the states with the de�nite masses mk, k = 1, 2, 3, . . ..Sin
e |να〉 and |νk〉 are not identi
al, they are related to ea
h other through a unitarytransformation

|να〉 =
∑

k

V̂αk|νk〉 or |ν〉
f
= V̂|ν〉

m
,where V̂ =‖ V̂αk ‖ is a unitary (in general, N×N) matrix.aTogether with the standard νs, |ν〉

f

may in
lude also neutrino states allied with additional heavy
harged leptons, as well as the states not asso
iated with 
harge leptons, like sterile neutrinos, νs.



Part III Neutrino Os
illations in Va
uumTo �nd out the 
orresponden
e between V̂ and the PMNS mixing matrix V we 
an normalizethe �f � and �m� states by the following 
onditions

〈0|ναL(x)|να′〉 = δαα′ and 〈0|νkL(x)|νk′〉 = δkk′ .From these 
onditions we obtain

∑

k

VαkV̂α′k = δαα′ and ∑

α

VαkV̂αk′ = δkk′ .Therefore

V̂ ≡ V
†and

|ν〉
f
= V

†|ν〉
m
⇐⇒ |ν〉

m
= V|ν〉

f
. (6)The time evolution of a single mass eigenstate |νk〉 with momentum pν is trivial,

i
d

dt
|νk(t)〉 = Ek|νk(t)〉 =⇒ |νk(t)〉 = e−iEk(t−t0)|νk(t0)〉,where Ek =

√
p2ν +m2

k is the total energy in the state |νk〉. Now, assuming that all N states

|νk〉 have the same momentum, one 
an write
i
d

dt
|ν(t)〉

m
= H0|ν(t)〉m, where H0 = diag (E1, E2, E3, . . .). (7)



Part III Neutrino Os
illations in Va
uumFrom Eqs. (6) and (7) we have

i
d

dt
|ν(t)〉

f
= V

†
H0V|ν(t)〉f . (8)Solution to this equation is obvious:

|ν(t)〉
f
= V

†e−iH0(t−t0)V |ν(t0)〉f
= V

† diag(e−iE1(t−t0), e−iE2(t−t0), . . .
)
V |ν(t0)〉f . (9)Now we 
an derive the survival and transition probabilities

Pαβ(t− t0)= P [να(t0)→ νβ(t)]= |〈νβ(t)|να(t0)〉|2

=
∣∣∣
∑

k

VαkV
∗
βk exp [iEk(t− t0)]

∣∣∣
2

=
∑

jk

VαjVβk (VαkVβj)
∗ exp [i(Ej − Ek)(t− t0)].In the ultrarelativisti
 limit p2ν ≫ m2

k, whi
h is undoubtedly valid for all interesting
ir
umstan
es (ex
ept reli
 neutrinos),
Ek =

√
p2ν +m2

k ≈ pν +
m2

k

2pν
≈ Eν +

m2
k

2Eν
.



Part III Neutrino Os
illations in Va
uumTherefore in VERY good approximation

Pαβ(t− t0) ≈
∑

jk

VαjVβk (VαkVβj)
∗ exp

[
i∆m2

jk(t− t0)
2Eν

]
.Before MINOS and OPERA there was now way to measure t0 and t in the same experiment.But it is usually possible to measure the distan
e L between the sour
e and dete
tor. So wehave to 
onne
t t− t0 with L. The standard and almost �evident� approximation is

vk = pν/Ek ≈ c = 1,from whi
h it follows that t− t0 ≈ L and �nally we arrive at the following formula

Pαβ(L) =
∑

jk

VαjVβk (VαkVβj)
∗ exp

(
2iπL

Ljk

)
, (10)where

Ljk =
4πEν

∆m2
jk

(11)are the neutrino os
illation lengths. Just this result is the basis for the �os
illationinterpretation� of the 
urrent neutrino experiments.



Part III Neutrino Os
illations in Va
uum

5.1 Simplest example: two-�avor os
illationsLet us now 
onsider the simplest 2-�avor 
ase with i = 2, 3 and α = µ, τ (the most favorabledue to the SK and other underground experiments). The 2× 2 va
uum mixing matrix 
an beparametrized (due to the unitarity) with a single parameter, θ = θ23, the va
uum mixing angle,
V =

(
cos θ sin θ
− sin θ cos θ

)
, 0 ≤ θ ≤ π/2.Equation (10) then be
omes very simple:

Pαα′(L) =
1

2
sin2 2θ

[
1− cos

(
2πL

Lv )] ,
Lv ≡ L23 =

4πEν

∆m2
23

≈ 2R⊕

(
Eν

10 GeV)(0.002 eV2

∆m2
23

)
.Here R⊕ is the mean radius of Earth and 10 GeV is a typi
al energy in the (very wide)atmospheri
 neutrino spe
trum.Sin
e Earth provides variable �baseline� [from about 15 km to about 12700 km℄, it issurprisingly suitable for studying the atmospheri
 (as well as a

elerator and rea
tor) neutrinoos
illations in rather wide range of the parameter ∆m2

23 at not too small mixing angle θ.



Part I Prefa
e5.2 The os
illation parameterplot (
urrent status)The regions of neutrino squared-masssplitting (∆m2 = |∆m2
ij| = |m2

j−m2
i |) andmixing angle favored or ex
luded by variousexperiments. Contributed to RPP-2010 [J.Phys. G 37 (2010) 075021, Fig. 13.10℄ byHitoshi Murayama (University of California,Berkeley).[From URL http://hitoshi.berkeley.edu/neutrino/℄Figure shows the most rigorous 
urrent results;it does not in
lude the new data of BOREXINOand neutrino teles
opes Baikal and AMANDA.Also the data from many earlier undergroundexperiments (BUST, NUSEX, Fr�ejus, IMB,Kamiokande, MACRO, SOUDAN2), areignored. However, all these very weakly a�e
tthe global analysis.
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CP

V =




c12c31 s12c31 s13
−s12c23 − c12s23s31 c12c23 − s12s23s31 s23c31
s12s23 − c12c23s31 −c12s23 − s12c23s31 c23c31


 .

∆m2
ij = m2

j −m2
i

∆m2
12 (7.59± 0.21)×10−5 2 (7.1÷ 8.3)×10−5 2

|∆m2
23| (2.43± 0.13)×10−3 2 (2.1÷ 2.8)×10−3 2

sin2 2θ12 0.861+0.026
−0.022 30◦ < θ12 < 38◦

sin2 2θ23 > 0.92 36◦ < θ23 < 54◦

sin2 2θ31 0.086± 0.051 3.75◦ < θ31 < 11.8◦
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ν
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Part III Neutrino Os
illations in Va
uum

5.3 Summary of the standard QM theory.The standard assumptions are intuitively transparent and (almost) 
ommonly a

epted.[1℄ The neutrino �avor states |να〉 asso
iated with the 
harged leptons α = e, µ, τ (that ishaving de�nite lepton numbers) are not identi
al to the neutrino mass eigenstates |νi〉with the de�nite masses mi (i = 1, 2, 3).Both sets of states are orthonormal: 〈νβ |να〉 = δαβ , 〈νj |νi〉 = δij .
⇓They are related to ea
h other through a unitary transformation V = ||Vαi||, VV† = 1,

|να〉 =
∑

i

V ∗
αi|νi〉, |νi〉 =

∑

α

Vαi|να〉.[2℄ Massive neutrino states originated from any rea
tion or de
ay have the same de�nitemomenta pν [�equal momentum (EM) assumption�℄. aTo simplify matter, we do not 
onsider exoti
 pro
esses with multiple neutrino produ
tion.

⇓The �avor states |να〉 have the same momentum pν but have no de�nite mass and energy.aSometimes � the same de�nite energies [�equal energy (EE) assumption�℄.



Part III Neutrino Os
illations in Va
uum[3℄ Neutrino masses are so small that in essentially all experimental 
ir
umstan
es theneutrinos are ultrarelativisti
. ⇓

Ei =
√

p2
ν +m2

i ≃ |pν |+m2
i /(2|pν |).Moreover, in the evolution equation, one 
an safely repla
e the time parameter t by thedistan
e L between the neutrino sour
e and dete
tor. [Everywhere ~ = c = 1.℄The enumerated assumptions are enough to derive the ni
e and 
ommonly a

epted expressionfor the neutrino �avor transition probability [Ljk are the neutrino os
illation lengths℄:

P(να → νβ ;L) ≡ Pαβ(L) =
∑

jk

VαjVβk (VαkVβj)
∗ exp

(
2iπL

Ljk

)
,

Ljk =
4πEν

∆m2
jk

, Eν = |pν |, ∆m2
jk = m2

j −m2
k.Just this result is the basis for the �os
illation interpretation� of the 
urrentexperiments with the natural and arti�
ial (anti)neutrino beams.The QM formula satis�es the probability 
onservation law:

∑

α

Pαβ(L) =
∑

β

Pαβ(L) = 1.



Part III Neutrino Os
illations in Va
uum

5.4 Some 
hallenges against the QM approa
h.
� Equal-momentum assumptionMassive neutrinos νi have, by assumption, equal momenta pi = pν . But this keyassumption is referen
e-frame (RF) dependent and thus unphysi
al. Indeed, if pi = pν ina 
ertain RF, then in another RF moving with the velo
ity v,

E′
i = Γv [Ei − (vpν)], p

′
i = pν + Γv

[
Γv(vpν)

Γv + 1
− Ei

]
v,

⇓
p
′
i − p

′
j =

(
E′

j − E′
i

)
v = Γv (Ej − Ei)v 6= 0.Treating the Lorentz transformation as a
tive, we 
on
lude that the EM assumption
annot be applied to the neutrinos arising from a non-monoenergeti
 beam of parentparti
les (the 
ase in the real-life experiments).

∗ Similar obje
tion is against the alternative equal-energy assumption. Indeed, in this 
ase

E′
i − E′

j = Γv (pj − pi)v 6= 0,
∣∣p′

i − p
′
j

∣∣ =
√
|pi − pj |2 + Γ 2

v [(pi − pj)v]
2 6= 0.

∗ Can the EM (or EE) assumption be at least a good approximation? Alas, no, it 
annot.Let νµ arise from πµ2 de
ays. If the pion beam has a wide momentum spe
trum � fromsubrelativisti
 to ultrarelativisti
 (like that of CR), the EM 
ondition 
annot be valid evenapproximately within the whole spe
tral range of the pion neutrinos.
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� Light-ray approximationThe propagation time T is, by assumption, equal to the distan
e L traveled by theneutrino between produ
tion and dete
tion points. But, if the massive neutrino
omponents have the same momentum pν , their velo
ities are in fa
t di�erent:

vk =
pν√

p2
ν +m2

k

=⇒ |vk − vj | ≈
∆m2

jk

2E2
ν

.

One may naively expe
t that during the time T the neutrino νk travels the distan
e
Lk = |vk|T ; therefore, there must be a spread in distan
es of ea
h neutrino pair

δLkj = Lk − Lj ≈
∆m2

jk

2E2
ν

L, where L = cT = T .

∆m2
jk Eν L Lkj |δLkj |

∆m2
23 1 GeV 2R⊕ 0.1R⊕ ∼ 10−12 
m

∆m2
23 1 TeV RG ∼ 100 kps 100R⊕ ∼ 10−4 
m

∆m2
21 1 MeV 1 AU 0.25R⊕ ∼ 10−3 
mThe values of δLkj listed in the Table seem to be fantasti
ally small.But are they su�
iently small to preserve the 
oheren
e in any 
ir
umstan
e?
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� Can light neutrinos os
illate into heavy ones or vise versa?[Can a
tive neutrinos os
illate into sterile ones or vise versa?℄The naive QM answer is Yes. Why not? If, at least, both να (light) and νs (heavy) areultrarelativisti
 [ |pν | ≫ max(m1,m2,m3, . . . ,M), ℄ one obtains the same formula for theos
illation probability Pαs(L), sin
e the QM formalism has no any limitation to theneutrino mass hierar
hy.Possibility of su
h transitions is a basis for many spe
ulations in astrophysi
s and 
osmology.But! Assume again that the neutrino sour
e is πµ2 de
ay and M > mπ. Then thetransition να → νs in the pion rest frame is forbidden by the energy 
onservation.

⇓There must be some limitations & �aws in the QM formula. What are they?

� Do reli
 neutrinos os
illate?The lightest (standard) reli
 neutrinos are most probably relativisti
 or evenultrarelativisti
 while the heaviest ones 
an be subrelativisti
. The QM approa
h 
annotoperate with su
h a set of neutrinos.
� Does the motion of the neutrino sour
e a�e
t the transition probabilities?To answer these and similar questionsone has to unload the UR approximation & develop a 
ovariant formalism.
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illations in Va
uumIn the QFT approa
h: the e�e
tive (most probable) energies and momenta of virtual νis arefound to be fun
tions of the masses, most probable momenta and momentum spreads of allparti
les (wave pa
kets) involved into the neutrino produ
tion and dete
tion pro
esses.In parti
ular, in the two limiting 
ases � ultrarelativisti
 (UR) and nonrelativisti
 (NR):

Ultrarelativisti
 
ase

(|q0s,d| ∼ |qs,d| ≫ mi)





Ei= Eν
[
1− nri − mr2i + . . .

]
,

|pi|= Eν

[
1− (n+ 1) ri −

(
m+ n+

1

2

)
r2i + . . .

]
,

vi= 1− ri −
(
2n+

1

2

)
r2i + . . . < 1,

Nonrelativisti
 
ase

(|q0s,d| ∼ mi ≫ |qs,d|)





Ei= mi +
miv

2
i

2

(
1 +

3

4
δi + . . .

)
,

|pi|= mivi

(
1 +

1

2
δi + . . .

)
,

vi≈
̺il

1 + ̺0i
≪ 1,

p
s
i p

s
f

p
d
i p

d
f

q  = p  - p
d
f

d
i

d

ν
i

q  = p  - ps
f

s
i

s

Eν ≈ q0s ≈ −q0d, ri =
m2

i

2E2
ν

≪ 1 (UR),
̺µi =

1

miR

[
ℜ̃µ0

s

(
mi − q0s

)
+ ℜ̃µ0

d

(
mi + q0d

)
− ℜ̃µk

s qks + ℜ̃µk
d qkd

]
, |̺µi | ≪ 1 (NR).
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� De�nite momentum assumptionIn the naive QM approa
h, the assumed de�nite momenta of neutrinos (both να and νi)imply that the spatial 
oordinates of neutrino produ
tion (Xs) and dete
tion (Xd) arefully un
ertain (Heisenberg's prin
iple).

⇓The distan
e L = |Xd −Xs| is un
ertain too, that makes the standard QM formula forthe �avor transition probabilities to be stri
tly speaking senseless.In the 
orre
t theory, the neutrino momentum un
ertainty δ|pν | must be at least of theorder of min(1/Ds, 1/Dd), where Ds and Dd are the 
hara
teristi
 dimensions of thesour
e and dete
tor �ma
hines� along the neutrino beam.
⇓The neutrino states must be some wave pa
kets (WP) [though having very small spreads℄dependent, in general, on the quantum states of the parti
les [or, more exa
tly, also WPs℄whi
h parti
ipate in the produ
tion and dete
tion pro
esses.In the QFT approa
h: the e�e
tive WPs of virtual UR νis are found to be

ψ
(∗)
i = exp

{
±i(piXs,d)−

D̃2
i

E2
ν

[
(piX)2 −m2

iX
2
]
}
, X = Xd −Xs,where pi = (Ei,pi) and Xs,d are the 4-ve
tors whi
h 
hara
terize the spa
e-time lo
ation ofthe ν produ
tion and dete
tion pro
esses, while D̃i are 
ertain (in general, 
omplex-valued)fun
tions of the masses, mean momenta and momentum spreads of all parti
les involved intothese pro
esses. [D̃i/Eν and thereby ψi are Lorentz invariants.℄
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illations in Va
uum5.5 The aims and 
on
epts of the�eld-theoreti
al approa
h.The main purposes:To de�ne the domain of appli
ability of the standardquantum-me
hani
al (QM) theory of va
uum neutrinoos
illations and obtain the QFT 
orre
tions to it.The basi
 
on
epts:

• The �ν-os
illation� phenomenon in QFT is nothingelse than a result of interferen
e of the ma
ros
opi
Feynman diagrams perturbatively des
ribing thelepton number violating pro
esses with the massiveneutrino �elds as internal lines (propagators).
• The external lines of the ma
rodiagrams are wavepa
kets rather than plane waves (therefore thestandard S matrix approa
h should be revised).
• The external wave pa
ket states are the 
ovariantsuperpositions of the standard one-parti
le Fo
kstates, satisfying a 
orresponden
e prin
iple.

x 1

x 2

π  +

n

τ  −

µ  +

p

ν 
i
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6 Wave pa
kets in quantum me
hani
sLet |k〉 be the eigenstate of the on-shell (with mass m) 4-momentum operator P̂ = (P̂0, P̂):
P̂µ|k〉 = kµ|k〉 (µ = 0, 1, 2, 3).

k2 = k20 − k
2 = m2 =⇒ P̂ 2|k〉 = m2|k〉.So the proper Lorentz transformation k 7−→ k′ = Λk transforms the state |k〉 into |k′〉:

|k〉 Λ7−→ |k′〉.Notation : k0 = Ek =
√

k2 +m2,Normalization : 〈q|k〉 = (2π)32Ekδ(q− k),

∣∣∣∣∣ =⇒
∫

dk

(2π)32Ek

|k〉〈k| = 1.

Let now |a〉 be an arbitrary ¾one-parti
le¿ spinless state. It 
an be de
omposed into the fullset {|k〉} that is represented as a wave pa
ket:
|a〉 =

∫
dk

(2π)3
√
2Ek

ψk|k〉, ψk =
〈k|a〉√
2Ek

.
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illations in Va
uumBut |a〉 
an be de
omposed in the eigenve
tors of any other self-adjoint operator, e.g. � theposition operator X̂ = (X̂1, X̂2, X̂3):

X̂i|x〉 = xi|x〉, (i = 1, 2, 3); 〈y|x〉 = δ(y − x) =⇒
∫
dx|x〉〈x| = 1.Therefore

|a〉 =
∫
dxψx|x〉, ψx = 〈x|a〉.Sin
e the operator P̂ in x representation is −i∇x then

k〈k|x〉 = 〈k|P̂|x〉 = 〈k|(−i∇x)|x〉 = −i∇x〈k|x〉, =⇒ 〈k|x〉 =
√
2Eke

ikx,

|x〉 =
∫

dkeikx

(2π)3
√
2Ek

|k〉, |k〉 =
√
2Ek

∫
dxe−ikx|x〉.Therefore the wavefun
tions ψk and ψx are Fourier transforms of ea
h other:

ψx =

∫
dk

(2π)3
e−ikx

ψk, ψk =

∫
dxeikxψx.The norm of the state |a〉 is

〈a|a〉 =
∫

dk

(2π)3
|ψk|2 =

∫
dx|ψx|2.



Part III Neutrino Os
illations in Va
uum6.1 Spa
e-time lo
alization (lo
al limit).

• If the state |a〉 is lo
alized in the point xa that is |a〉 = 
onst |xa〉, then
ψx = 
onst δ(x− xa) ⇐⇒ ψk = 
onst eikxa .Of 
ourse, su
h a state 
annot be the state of a real physi
al parti
le, sin
e its momentumis absolutely un
ertain. Moreover, parti
le 
annot be lo
alized in a region smaller than itsCompton length ∼ 1/m. It is however important that in this mathemati
al limit,wavefun
tions ψx and ψk depend expli
itly on the spatial 
oordinate xa.

• In Real World, any physi
al (�parti
le-like�) state |a〉 is lo
alized within a �nite spa
eregion S. More formally: the probability density |ψx|2 vanishes well beyond S.In general S 
an be des
ribed by some equations, inequalities, or by aset of 
oordinates. Let's limit ourselves to the simplest 
ase when it 
anbe 
hara
terized by a single 3-ve
tor xa (the simples example is a spherewith the 
enter in xa). Then
ψx must be a fun
tion of xa ⇐⇒ ψk must be a fun
tion of xa

• Similarly, if the state |a〉 has a �nite lifetime, ψx and ψk must be fun
tions of x0a.

• In a more general 
ase of a spa
e-time lo
alization the wavefun
tions depend on xa & x0a.

• Sin
e any Lorentz boost entangles the spa
e-time variables, the wavefun
tions ψx and ψkmust depend on a 4-ve
tor xa = (x0a,xa), whi
h des
ribes the evolution of the state inthe 
on�guration spa
e.
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uum6.2 Momentum lo
alization (plane wave limit)
• Let's assume that the state |a〉 has a de�nite 3-momentum pa: |a〉 = 
onst |pa〉. Then

ψk = 
onst (2π)3√2Ekδ(k− pa) ⇐⇒ ψx = 
onst√2p0ae
−ipax.This state is also unphysi
al sin
e it is fully delo
alized in spa
e.However, just su
h kind of states are used for des
ription of the asymptoti
ally free parti
les inthe quantum s
attering theory. Sometimes the plane waves are astonishingly asso
iated withpoint parti
les... Fortunately su
h �interpretation� does not (usually) a�e
t the 
al
ulations ofthe mi
ros
opi
 s
attering amplitudes.

• In Real World, any physi
al (�parti
le-like�) state |a〉 is lo
alized in some �nite region ofthe momentum spa
e. Considerations similar to the above ones allow us to 
on
lude that

ψk must be a fun
tion of pa ⇐⇒ ψx must be a fun
tion of paNote: the energy variable p0a (in 
ontrast with the time variable x0a) is not independent sin
e inthe PW limit it be
omes √p2
a +m2.Finally we may 
on
lude that the simplest wave pa
ket |a〉 suitable for des
ription of theparti
le states lo
alized in both the 
on�guration spa
e and momentum spa
e must depend onthe spa
e-time variable xa and momentum variable pa:

ψk = ψk(pa, xa) and ψx = ψx(pa, xa).
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uum6.3 Quasistable wave pa
ketsThe foregoing qualitative 
onsiderations do not provide us with the exa
t physi
al meaning ofvariables xa and pa. Let us pre
isely spe
ify the latter for the spe
ial 
lass of the states.De�nition: The quasistable pa
ket (QSP) is the state whose norm does not dependon xa in any inertial referen
e frame.
• For QSP, the 4-ve
tor xa 
an enter the fun
tion ψk only through a phase fa
tor

exp[if(xa)], where f(xa) is a real fun
tion.
• Sin
e f(xa) is dimensionless and (by assumption) does not depend on any dimensionparameters, it 
an only depend on the dimensionless 
ombinations of the 
omponents ofthe 4-ve
tors k, pa (k2 = p2a = m2) and xa.
• Due to Lorentz invarian
e of the norm 〈a|a〉, the fun
tion f(xa) is also a Lorentzinvariant. Therefore it is a fun
tion of the s
alar produ
ts (kxa), (paxa), and m2x2a only.

• The fun
tion f(xa) must satisfy the aforementioned limiting 
ases, namely, it must
ontain the term kxa in the lo
al limit (|a〉 → 
onst |xa〉) and does not depend on xa inthe plane wave limit (|a〉 → 
onst |pa〉).It is easy to see that the simplest 
hoi
e of the fun
tion f(xa), whi
h satis�es the aboverequirements is

f(xa) = (pa − k)xa.If we wish to des
ribe the states whi
h are su�
iently well lo
alized in both the momentumspa
e and 
on�guration spa
e, than this form is intrinsi
ally unique.
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uumTherefore our quasistable state is of the form

|a〉 ≡ |pa, xa〉 =
∫

dk

(2π)32Ek

ei(pa−k)xaφ(k,pa)|k〉,where the �form fa
tor� φ(k,pa) does not depend on xa and the extra fa
tor in thedenominator is added to simplify at most the form fa
tor's properties.a From above we �nd:
〈pa, xa|pa, xa〉 =

∫
dk

(2π)32Ek

|φ(k,pa)|2.Therefore |φ(k,pa)|2 is a Lorentz s
alar. Without loss of generality, we require that
φ(k′,p′

a) = φ(k,pa) (k′ = Λk, p′a = Λpa).

m

|pa, xa〉 Λ7−→ |p′
a, x

′
a〉 (p′a = Λpa, x

′
a = Λxa),Clearly, the wavefun
tions ψx(pa, xa) and ψk(pa, xa) are not Lorentz s
alars:

ψk(pa, xa) =
1√
2Ek

ei(pa−k)xaφ(k,pa),

ψx(pa, xa) = eipaxa

∫
dk

(2π)3
√
2Ek

e−i[k(x−xa)+k0x0
a]φ(k,pa).aAnd also for better a

ommodation to the QFT 
ase.
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uum6.3.1 Further properties of QSPParti
ular 
ase of the Lorentz invarian
e is the invarian
e of φ(k,pa) relative to rotations
k 7−→ k

′ = Ok, pa 7−→ p
′
a = Opa.

⇓
• ψk(pa, xa) and ψx(pa, xa) are rotation invariants:

ψk′(p′
a, x

′
a) = ψk(pa, xa), ψx′(p′

a, x
′
a) = ψx(pa, xa) (x′ = Ox, x′a = (Oxa, x

0
a)).Sin
e |ψxa(pa, xa)| does not depend on xa, the latter 
an be identi�ed with the 
enter ofsymmetry of the pa
ket; we'll 
all it the 
enter of the pa
ket.

• |ψx(pa, xa)| is invariant relative to spatial translations is spa
e but not in time.
• |ψx(pa, xa)| → 0 as |x0a| → ∞ (the pa
ket spreads with time in the 
on�guration spa
e).

• The form fa
tor φ(k,p) 
an be fun
tion of the only Lorentz invariant quantity

(k − p)2 = 2[m2 − (kp)] = (Ek −Ep)
2 − (k− p)2.

=⇒
◦ φ(k,p) = φ(p,k), φ(p,p) ≡ φ0 does not depend on p;

◦ φ(k, 0) = φ(0,k) = φ̃(k0) is a rotation-invariant fun
tion of k0 = Ek;

◦ the norm 〈pa, xa|pa, xa〉 does not depend on xa and pa.

• The states |pa, xa〉 form a 
omplete ve
tor set:
|pa〉 = 2p0a

φ0

∫
dxa|pa, xa〉 =⇒

∫
dpdxdy

Ep

4π3|φ0|2
|p, x〉〈p, y| = 1.
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uum6.3.2 Physi
al meaning of the ve
tor pa.From the de�nition of the QSP |pa, xa〉 it follows that
|〈k|pa, xa〉|2 = |φ(k,pa)|2.So |φ(k,pa)|2 de�nes the weight with whi
h the state |k〉 enters into thewave pa
ket state |pa, xa〉.It is natural to adopt that the fun
tion |φ(k,p)| has the only maximum in thepoint k = p (at that |φ|max = |φ0| > 0) and drops rapidly as |k− p| → ∞.

⇓
[∇k|φ(k,p)|]k=p

= [∇p|φ(k,p)|]p=k
= 0.For the form fa
tors φ(k,pa) of su
h 
lass, the physi
al meaning of the ve
tor

pa is 
lear:The ve
tor pa is the most probable 3-momentum of the state |pa, xa〉.Note: After this, the transition to the lo
al limit be
omes impossible and we 
an forget aboutthis �strut� (whi
h is in any 
ase absent in QFT).
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uum6.3.3 Mean 4-momentum and mass of QSP.

• The mean 4-momentum P =
(
P 0,P

) of the pa
ket is de�ned by the standard QM rule:
Pµ = Pµ(p) =

〈p, x|P̂µ|p, x〉
〈p, x|p, x〉 =

1

2mV⋆

∫
dkkµ|φ(k,p)|2

(2π)32Ek

.Here and below the index a is dropped for short; the positive 
onstant
V⋆ =

〈p, x|p, x〉
2m

=
1

2m

∫
dk |φ(k,p)|2
(2π)32Ek

=
1

8π2m

∫ ∞

m

dk0

√
k20 −m2 |φ̃(k0)|2has dimension of volume. The mean 4-momentum is the integral of motion.

• P(0) = 0 due to the evenness of the fun
tion φ(k,0). Therefore the mean (e�e
tive) massof the pa
ket, m, is the mean energy P 0 in RF:
m = P 0(0) =

∫
dk|φ(k,0)|2
4(2π)3mV⋆

=
1

8π2mV⋆

∫ ∞

m

dk0k0

√
k20 −m2 |φ̃(k0)|2,

=⇒ m

m
=

∫ ∞

m

dk0k0

√
k20 −m2 |φ̃(k0)|2

[∫ ∞

m

dk0m
√
k20 −m2 |φ̃(k0)|2

]−1

≥ 1;the equality m = m only holds in the PW limit.The QSP is heavier than its plane-wave 
onstituents.
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This very general e�e
t is a manifestation of thenonadditivity of the relativisti
 mass.In our 
ase: the transversal to p 
omponents of themomenta of the states |k〉 do not 
ontribute to themean momentum (p×P = 0), but do 
ontributeto the mean energy.Some analogy:The mass of a gas in a bulb in
reases under(uniform) heating: the bulb does not get an extramomentum, but internal energy of the gas grows. Proposal of an experiment.Note that the mean value of the squared mass P 2 is equal to m2 and thus

P
2 ≥ P 2 = m2.One 
an prove that P 0 = (m/m)Ep, P = (m/m)p. So, in the mean, QSP is on-shell:

P
2
= PµP

µ
= m2.The mean velo
ity P/P 0 
oin
ides with most probable velo
ity vp = p/Ep.



Part III Neutrino Os
illations in Va
uum6.4 Mean position of QSP. Meaning of the spa
e-timeparameter.Let us inquire the exa
t physi
al meaning of the spa
e-time dependen
e of the state |p, x〉.Consider the mean value of the position operator X̂:

x = x(p, x) =
〈p, x|X̂|p, x〉
〈p, x|p, x〉 =

1

2mV⋆

∫
dyy|ψy(p, x)|2

=
1

4mV⋆

∫
dyy

∫
dkdq

(2π)6
√
EkEq

ei[(q−k)(y−x)+(q0−k0)x0]φ(k,p)φ∗(q,p)

=
1

4mV⋆

∫
dy(y+ x)

∫
dkdq

(2π)6
√
EkEq

ei[(q−k)y+(q0−k0)x0]φ(k,p)φ∗(q,p).

⇓

x = ξ(p, x0) + x, where ξ(p, x0) =
1

2mV⋆

∫
dyy |χy(p, x0)|2 and χy(p, x0) ≡ ψy(p, x)|x=0

.Due to the rotation invarian
e of ψy(p, x), the fun
tion χy(0, x0) is even fun
tion of y. Thus

ξ(0, x0) = 0.Sin
e ξ is a 3-ve
tor, and the last equality is valid for any x0, it is equivalent to the following:

ξ⋆ = 0.Here and below, the star symbol (⋆) is used to denote the rest-frame quantities.
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uumLet ξ0 be the 0-
omponent of the 4-ve
tor ξ = (ξ0, ξ). The Lorentz boost 
onne
ting RF withlab. frame (LF) 
an be written as

ξ⋆ = ξ + Γp

[
Γp(vpξ)

Γp + 1
− ξ0

]
vp,where

vp = p/Ep, Γp = Ep/m, and ξ = ξ(p, x0).So we obtain the equation

ξ =
Ep

m

[
ξ0 − Ep(vpξ)

Ep +m

]
vp,whi
h has the only solution

ξ(p, x0) = vpξ0.Next, it is easy to prove that |χy(p, 0)| is even fun
tion of y. Hen
e ξ(p, 0) = 0 that is

ξ0 = 0 as x0 = 0.Therefore ξ0 must be identi�ed with x0 and we have
x(p, x) = x+ vpx0.Con
lusions:

• In the mean, QSP follows the 
lassi
al traje
tory, with the most probable velo
ity vp.

• In RF, the mean position of the pa
ket is just its 
enter, x.

• The parameter x0 is the time 
ounted from the moment when the mean position of thepa
ket has been 
oin
ided with its 
enter x in LF.
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illations in Va
uum6.5 E�e
tive volume of QSP.Whi
h is the area of lo
alization of a wave pa
ket inthe 
on�guration spa
e?Making the perfe
t de�nition of the size or volumeof a wave pa
ket (an in�nite quantum obje
t) isan almost as thankless job as de�ning the size of a
loud. Nevertheless, we have to have a quantitative
hara
teristi
 of the degree of lo
alization of thepa
ket, allowing to 
ompare the e�e
tive sizes ofdi�erent pa
kets. Clouds over So
hi 
ity (April 1, 2011)Simple example: Let ρ(x) be the spheri
ally symmetri
density distribution of some quantity, say mass, with the
enter in the point x = 0. Let both the full mass
∫
dxρ(x) =Mand the 
entral density ρ0 = ρ(0) are �nite. We mayde�ne the e�e
tive spatial volume V as the volume ofa uniform ball of mass M with density ρ0:
V = M/ρ0.

E�ective

E�ective size

volume

This de�nition, being no better and no worse than any other, is the most appropriate sin
e it
an easily be translated to the 
ovariant quantum language.
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uumBy following the above example, we de�ne the e�e
tive spatial volume of QSP in RF as
V(0) =

1

ρ⋆

∫
dy |ψy(0, x)|2 .Here, the analog of the 
entral density is the 
entral value of the fun
tion |ψy(0, x)|2(proportional to the probability density in RF), ρ⋆, taken at the moment x0 = 0:

ρ⋆ ≡ |ψx(0, x)|2
∣∣
x0=0

=

∣∣∣∣∣

∫
dk φ̃(k0)

(2π)3
√
2k0

∣∣∣∣∣

2

=
1

8π2

∣∣∣∣
∫ ∞

m

dk0

√
k0(k20 −m2) φ̃(k0)

∣∣∣∣
2

.This is just a 
onstant. It's easy to see that
∇y|ψy(0, x)|2

∣∣
y=x, x0=0

= 0.Hen
e ρ⋆ is the extremum of the density fun
tion
|ψy(0, x)|2 =

∫
dkdq

2(2π)6
√
k0q0

ei[(q−k)(y−x)+(q0−k0)x0]φ̃(k0)φ̃
∗(q0).One more (the last) restri
tion: φ̃(k0) > 0 or, equivalently, arg[φ(k,p)] = 0.This 
ondition, un
laimed till now, is 
onne
ted with the same PW limit, in whi
hthe phase of the fun
tion φ(k,p) is zero. So it is su�
ient to put arg[φ(k,p)] = 0.In this 
ase, it is obvious that ρ⋆ is the absolute maximum of |ψy(0, x)|2.
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illations in Va
uumBy using the de�nition of the norm 〈p, x|p, x〉 = 2mV⋆ we obtain

V(0) = 2mV⋆/ρ⋆.Taking into a

ount the Lorentz transformation law for the volume,we �nd the e�e
tive volume of the pa
ket in LF:

V(p) =
V(0)

Γp

=
1

Γpρ⋆

∫
dy |ψy(p, x)|2.In the PW limit:

φ(k,0)→ 16π3mδ(k) =⇒ ρ⋆ → 2m =⇒ V(0)→ V⋆ →∞.Thus, for the pa
kets well lo
alized in the momentum spa
e, one 
an put approximately

V(0) = V⋆, V(p) = V⋆/Γp.The above de�nition of V(p) is formally appli
able to any form fa
tor. It is therefore instru
tive to
he
k its self-
onsisten
y also in the lo
al limit. While in this (unphysi
al) 
ase, the integrals de�ningthe 
onstants V⋆, ρ⋆ diverge at the upper limit of integration in k0, their ratio vanishes =⇒ V(p) → 0as it should be. Formally this fa
t 
an be proved by the standard regularization of the integrals in k0:

V⋆

ρ⋆
∝ lim

M→∞

∫M
m dk0

√
k20 −m2 |φ̃(k0)|2

∣∣∣∣
∫M
m dk0

√
k0(k20 −m2) φ̃(k0)

∣∣∣∣
2
= lim

M→∞

(∫ M

m
dk0k0

√
k20 −m2

)−1

= lim
M→∞

3

M3
.

The e�e
tive size of QSP in RF is naturally de�ned as the diameter of a ball of volume V(0).
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illations in Va
uum7 Wave pa
kets in quantum �eld theory.7.1 Fo
k states.The S-matrix formalism of QFT usually deals with the one-parti
le Fo
k states (FS) as theasymptoti
ally-free states of the spin-s �elds. The FS are 
onstru
ted from the va
uum state:
|k, s〉 =

√
2Ek a

†
ks|0〉, aks|0〉 = 0, (Ek = k0 =

√
k2 +m2),and provide the QFT realization of the abstra
t QM states |k〉 with the �xed 3-momentum.

• The 
onventional (anti)
ommutation relations for the 
reation/annihilation operators hold:

{aqr , aks} = {a†qr, a†ks} = 0, {aqr, a†ks} = (2π)3δsrδ (k− q).

• The Lorentz-invariant normalization of FS is therefore singular sin
e
〈q, r|k, s〉 = (2π)32Ekδsrδ (k− q).

• The proper Lorentz transformation indu
es the unitary transformation of FS:

k 7−→ k′ = Λk =⇒ |k, s〉 7−→ UΛ|k, s〉 = |k′, s〉,assuming that the axis of spin quantization is oriented along the boost or rotation axis.

• This is equivalent to the following unitary transformation of the operators a†ks and aks:

a†ks 7−→ UΛa
†
ksU

−1
Λ =

√
Ek′/Ek a

†
k′s, aks 7−→ UΛaksU

−1
Λ =

√
Ek′/Ek ak′s.
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illations in Va
uum7.2 Wave-pa
ket states.By the same, as above (QM), arguments referring to the lo
alization of the state in the
on�guration spa
e and momentum spa
e, we 
an build the QFT wave-pa
ket (WP) as alinear 
ombination of the Fo
k states. The most general 
onstru
tion is
|p, s, x〉 =

∫
dk

(2π)32Ek

∑

s′

Φss′ (k,p, x;σ) |k, s′〉,In general, the fun
tion Φss′(k,p, x;σ) depends not only on the momentum, spa
e-time, andspin variables, but also on a (�nite or in�nite) set of parameters (
onstants)
σ = {σ1, σ2, . . .},governing the shape of WP. All momenta are, by de�nition, on-shell [
an be avoided in future℄.Corresponden
e prin
iple:The wave pa
ket state passes into the Fo
k state in the plane-wave limit:

|p, s, x〉 PW7−→ |p, s〉.Sin
e the parameters σi 
an always be de�ned in su
h a way to approa
h the PW limit as

σi → 0 (∀i), we 
an formulate the 
orresponden
e prin
iple in the following way:

lim
σ→0

Φss′ (k,p, x;σ) = (2π)32Epδss′δ(k− p).
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uumBelow, we'll only interested in the quasistable WP very 
lose to FS that is very narrow in themomentum spa
e (⇐⇒ all σi are small). Then the 
orresponden
e prin
iple suggests that
• fun
tions Φss′ must be Lorentz invariants (s
alars),

• the x dependen
e of |Φss′ | 
an be negle
ted,

• |Φss′ | ≪ |Φss| for s′ 6=s.These requirements 
an be a

umulated in the following simple ansatz:
Φss′ (k,p, x;σ) = δss′e

iς(k−p)xφ(k,p;σ),in whi
h φ(k,p;σ) is a spin- and 
oordinate-independent Lorentz-invariant fun
tion, su
h that

lim
σ→0

φ(k,p;σ) = (2π)32Epδ(k− p)(so φ(k,p;σ) is a �smeared� δ-fun
tion), and ς is the sign whi
h will be �xed in a short while.Finally, the quasistable QFT wave pa
ket [abbreviated as above by QSP℄ 
an be written as

|p, s, x〉 =
∫
dk eiς(k−p)x

(2π)32Ek

φ(k,p)|k, s〉, (12)[Here and below the argument σ is dropped for short, but is implied.℄From (12) it is in parti
ular follows the (expe
ted) transformation rule:

|p, s, x〉 Λ7−→ |p′, s, x′〉 (p′ = Λp, x′ = Λx),where again the axis of spin quantization is oriented along the boost or rotation axis.
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illations in Va
uum7.2.1 The most general properties of QSP.The fun
tion φ(k,p) has exa
tly the same properties as its QM analog.Thus, the major properties of QSP 
an be summarized without derivation:
◦ the form fa
tor φ(k,p) 
an be fun
tion of the only quantity (k − p)2;
◦ φ(k,p) = φ(p,k);

◦ φ(p,p) ≡ φ0 does not depend on p;

◦ φ(k,0) = φ(0,k) = φ̃(k0) is a rotation-invariant fun
tion of k0 = Ek;
◦ the norm 〈p, s, x|p, s, x〉 = 2mV⋆ is a 
onstant and, moreover, theinner produ
t 〈q, r, y|p, s, x〉 = δsre

i(qy−px)D(p,q;x− y) is de�ned by thenonsingular and relativisti
-invariant fun
tion
D(p,q;x) =

∫
dk

(2π)32Ek

eikxφ(k,p)φ∗(k,q) [for ς = +1].

• As in the QM 
ase, we require that the fun
tion φ(k,p) is positive de�nite,has the only maximum at k = p, and drops rapidly as |k− p| → ∞. Hen
eThe ve
tor p is the most probable 3-momentum of the state |p, s, x〉.Te
hni
al 
ondition [ensues from the 
orresponden
e prin
iple; not ne
essary but pra
ti
al.℄

∫
dk

(2π)32Ek

φ(k,0) = 1.
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uum
• The mean 4-momentum, P , of QSP is the integral of motion.
• In the mean, the QSP is on-shell: P 2

= m2, but P 2 = m2.
• The QSP is heavier than its Fo
k 
onstituents: m > m.The relevant formulas remain formally the same as in the QM 
ase.7.2.2 A nuisan
e (metaphysi
al notes).Treating the QSP as a physi
al quantum state, 
reated in 
ollisions or de
ays of other parti
les

κ, one may expe
t that the fun
tion φ(k,p) depends parametri
ally (through the set σ) on the4-momenta Qκ of both primary and se
ondary parti
les parti
ipated in the 
reation pro
ess.Moreover, in the most general 
ase the set of the progenitor and a

ompanying parti
les mayin
lude ones from the whole net of the rea
tions whi
h led to the produ
tion of the pa
ket.
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illations in Va
uumThe 4-momenta Qκ 
an enter the s
alar fun
tion φ(k,p) only through the s
alar produ
ts
(Qκk), (Qκp) and (QκQκ

′). Owing to the required properties of φ(k,p), it satis�es the
onditions

[
∂φ(k,p)

∂kl

]

k=p

=

[
∂(k − p)2

∂kl

∂φ(k,p)

∂(k − p)2
]

k=p

+
∑

κ

[
∂(Qκk)

∂kl

∂φ(k,p)

∂(Qκk)

]

k=p

=
∑

κ

Q0
κ

(
pl

p0
− Ql

κ

Q0
κ

)[
∂φ(k,p)

∂(Qκk)

]

k=p

= 0 (l = 1, 2, 3).The last equations are satis�ed identi
ally only in the unphysi
al 
ase, when the velo
ities ofall parti
les κ, are equal to ea
h other, Qκ/Q
0
κ
= p/Ep. Thus, from the arbitrariness of the4-momentum 
on�gurations {Qκ}, we 
on
lude that [∂φ(k,p)/∂(Qκk)]k=p

= 0. Similarly weobtain [∂φ(k,p)/∂(Qκp)]p=k
= 0. Hen
e the dependen
e of φ(k,p) upon (Qκk) and (Qκp)must vanish, at least in the vi
inity of the maximum of φ(k,p). Sin
e only this vi
inity is reallyimportant for the smeared δ-fun
tion, it is safe to negle
t this dependen
e everywhere.The remaining s
alar produ
ts (QκQκ

′) 
an be then �absorbed� into the de�nition of theparameters σi. In other words, σi 
an be, in general, the s
alar fun
tions of the 4-momenta ofthe �network parti
les� κ rather than 
onstants. As a result, the WP 
omposed by identi
alone-parti
le Fo
k states but produ
ed in di�erent rea
tions (or rea
tion 
hains) are not,generally speaking, identi
al. To avoid this serious 
ompli
ation we will be for
ed to sa
ri�
ethe generality in some stages of our study, assuming voluntary that σi are still 
onstants.A note in ex
use: this problem is not spe
i�
 to the 
ovariant approa
h...
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uum7.3 Wave pa
ket in the 
on�guration spa
e.Consider, as a representative example, a spin- 1
2

free-�eld operator
Ψ(x) =

∫
dk

(2π)3
√
2Ek

∑

s

[
aksus(k)e

−ikx + b†ksvs(k)e
ikx
]
.The 
oordinate representation of FS is a plane wave uniformly distributed over the spa
e-time:

〈0|Ψ(x)|p, s〉 = us(p)e
−ipx,So, the QFT analog of the QM wavefun
tion ψy(p, x) in x representation is the spinor fun
tion

ψy(p, s, x) = 〈0|Ψ(y)|p, s, x〉 =
∫

dk

(2π)32Ek

us(k)e
−i[ky+ς(p−k)x]φ(k,p). (13)Moreover, in the S-matrix perturbation theory, just this fa
tor will provide the modi�edFeynman-rule fa
tor for any Feynman diagram with the 
orresponding in
oming fermion leg.It is natural to demand that |ψx(p, s, x)| does not depend on x in RF be
ause, in this 
ase,the point x 
an be identi�ed with the symmetry 
enter of the pa
ket.

ψx(p, s, x) = 〈0|Ψ(x)|p, s, x〉 = e−iς(px)

∫
dk

(2π)32Ek

us(k)e
−i(1−ς)(kx)φ(k,p).

⇓The requirement is ful�lled for any form fa
tor φ(k,p) only if ς = 1.
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uumSo instead of Eqs. (12) and (13) we �nally obtain

|p, s, x〉 =
∫
dkφ(k,p)ei(k−p)x

(2π)32Ek

|k, s〉, (14)
ψy(p, s, x) = e−ipx

∫
dk

(2π)32Ek

us(k)φ(k,p)e
ik(x−y). (15)The opposed (in 
omparison with the QM WP) sign in the exponent in Eq. (14) is 
aused bythe identi�
ation of the fun
tion ψy(p, s, x) with the matrix element 〈0|Ψ(y)|p, s, x〉 (what iswith the in wave pa
ket) rather than with its 
omplex 
onjugate. Indeed, quite similarly it 
anbe 
onstru
ted the wave fun
tion for the wave pa
ket related to the outgoing fermion line:

ψy(p, s, x) = 〈p, s, x|Ψ(y)|0〉 = eipx
∫

dk

(2π)32Ek

us(k)φ
∗(k,p)eik(y−x). (16)Obviously,

ψy(p, s, x) = ψ
†
y(p, s, x)γ0,and hen
e, for de�niteness, below we will only dis
uss the in
oming wave pa
kets.Clearly, the same 
onstru
tions 
an be released for the free �elds of arbitrary tensor stru
ture.This �nalizes the 
onstru
tion of QSP. However we'll need to do some simpli�
ations.
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illations in Va
uum7.4 Narrow QSP approximation.From this point we'll 
onsider only very narrow (in the momentum spa
e) pa
kets, for whi
hthe fun
tion φ(k,p) is strongly peaked at the point k = p. In this 
ase, 
onsidering that theDira
 spinor us(k) is a smooth fun
tion of k, we 
an write

ψy(p, s, x) = 〈0|Ψ(y)|p, s, x〉 ≈ e−ipxus(p)ψ(p, x− y), (17)where we have introdu
ed the Lorentz-invariant fun
tion
ψ(p, x) =

∫
dk

(2π)32Ek

eikxφ(k,p) = ψ(0, x⋆).satisfying the Klein-Gordon equation: (�x −m2)ψ(p, x) = 0. [Therefore it is a relativisti
wave pa
ket in terms of 
onventional s
attering theory.℄The approximation (17) is valid under the 
ondition
|i∇y lnψ(p, x− y) + p| ≪ 2Ep, (18)whi
h is fully 
onsistent with other approximations in the subsequent analysis.The relations analogous to (17) 
an be obtained for the free �elds of any spin, providing uswith the modi�ed Feynman-rule fa
tors for the external legs of any diagram. In parti
ular, it ispertinent to note that the equality

〈0|Φ(y)|p, s = 0, x〉 = e−ipxψ(p, x− y)is exa
t for the s
alar and pseudos
alar �elds Φ(x).
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uumFrom de�nition of ψ(p, x) and the 
orresponden
e prin
iple it follows that
lim
σ→0

ψ(p, x) = eipx and lim
σ→0

ψy(p, s, x) = e−ipyus(p) = 〈0|Ψ(y)|p, s〉.
⇓An in�nitely narrow wave pa
ket in the momentum spa
e 
orrespondsto a plane wave in the 
on�guration spa
e and vi
e versa.

• The e�e
tive spatial volume 
an be de�ned in the full analogy with the QM 
ase:
V(p)

def

=

∫
dy
ψ†

y(p, s, x)ψy(p, s, x)

ψ
†
x(p, s, x)ψx(p, s, x)

=

∫
dx|ψ(p, x)|2 =

∫
dk

(2π)3
|φ(k,p)|2
(2Ek)2

=
V(0)

Γp

.

• In a similar way, we 
an de�ne the mean position of the pa
ket:
x

def

=

∫
dyψ†

y(p, s, x)yψy(p, s, x)
∫
dyψ†

y(p, s, x)ψy(p, s, x)

=
1

V(p)

∫
dyy|ψ(p, x− y)|2.By using the properties of the fun
tion ψ(p, x), it 
an be proved that

x = x+ vp(y0 − x0).So, in the mean, the pa
ket follows the 
lassi
al traje
tory, with the most probablevelo
ity vp.
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uum7.5 Commutation fun
tion.It is useful to introdu
e the auxiliary operator (wave-pa
ket 
reation operator)
A†

ps(x) =

∫
dkφ(k,p)ei(k−p)x

2(2π)3
√
EkEp

a†kr. (19)Then the state |p, s, x〉 
an be written in the form similar to the Fo
k state:
|p, s, x〉 =

√
2EpA

†
ps(x) |0〉.Clearly A†

ps(x) passes into a†ps in the limit σ → 0. It 
an be easily proved that under theLorentz transformation p 7−→ p′ = Λp and x 7−→ x′ = Λx the operator (19) is transformed as

A†
ps(x) 7−→ UΛA

†
ps(x)U

−1
Λ =

√
Ep′/EpA

†
p′s(x

′).The following (anti)
ommutation relations 
an be derived:
{
aqr, A

†
ps(x)

}
= δsr (4EqEp)

−1/2 ei(q−p)xφ(q,p),

{Aqr(y), Aps(x)} =
{
A†

qr(y), A
†
ps(x)

}
= 0,

{
Aqr(y), A

†
ps(x)

}
= δsr (4EqEp)

−1/2 ei(qy−px)D(p,q;x− y).
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uumHere we have de�ned the Lorentz- and translation-invariant 
ommutation fun
tion
D(p,q;x− y) =

∫
dk

(2π)32Ek

φ(k,p)φ∗(k,q)eik(x−y).From the last (anti)
ommutation relation it follows that

〈q, r, y|p, s, x〉 = δsre
i(qy−px)D(p,q;x− y).It provides, in parti
ular, the invariant and non-singular (assuming σ 6= 0) normalization of thewave-pa
ket states:

〈p, s, x|p, s, x〉 = D(p,p; 0) = 2mV⋆ ≈ 2EpV(p). (20)7.5.1 Plane-wave limit.In virtue of the 
orresponden
e prin
iple, we have for arbitrary (smooth) fun
tion F (p):

lim
σ→0

∫
dpD(p,q;x− y)

(2π)32Ep

F (p) = lim
σ→0

∫
dkφ∗(k,q)

(2π)32Ek

eik(x−y)F (k) = eiq(x−y)F (q),

⇓
lim
σ→0
D(p,q;x− y) = (2π)32Epδ(p− q)eip(x−y),

⇓

lim
σ→0

{
Aqr(y), A

†
ps(x)

}
= (2π)3δsrδ (p− q), lim

σ→0
〈q, r, y|p, s, x〉 = (2π)3δsr2Epδ (p− q).
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illations in Va
uum7.5.2 Behavior of the 
ommutation fun
tion in the 
enter-of-inertia frame.Certain properties of the 
ommutation fun
tion be
ome espe
ially transparent in the
enter-of-inertia frame (CIF) of the two pa
kets (p∗ + q∗ = 0) in whi
h
D(p∗,−p∗;x∗ − y∗) =

∫
dk

(2π)32Ek

φ(k,p∗)φ
∗(k,−p∗)e

ik(x∗−y∗).

• Due to the assumed behaviourof φ(k,p) in the vi
inity of thepoint k = p, one may expe
tthat |D(p∗,−p∗;x∗ − y∗)| has asharp maximum at p∗ = 0.

• On the 
ontrary, the fun
tion
|D(p∗,−p∗;x∗ − y∗)| vanishesat large |p∗|, sin
e the maximaof the fa
tors |φ(k,p∗)| and
|φ(k,−p∗)| in the integrand arewidely separated in this 
ase andthus |φ(k,p∗)φ

∗(k,−p∗)| ≪ 1for any k. xk

yk

|φ(k,−p )|
*

|φ(k,p )|
*

0

• Fun
tion D(p∗,−p∗;x∗ − y∗) must vanish when the points x∗ and y∗ are widelyseparated in spa
e (that is |x∗ − y∗| is large) be
ause the phase fa
tor e−ik(x∗−y∗) in theintegrand rapidly os
illates in this 
ase.
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uum7.5.3 Summary of kinemati
 relations.To 
ome ba
k into the laboratory (or any other) frame we have to express the asteriskedvariables in terms of the non-asterisked ones.

• The Lorentz-transformation rules:

x0∗ = Γ
(
x0 − vx

)
, x∗ = x+ Γ

[
Γ

Γ + 1
(vx)− x0

]
v,

• The velo
ity and Lorentz fa
tor of CIF in the lab. frame:
v =

p+ q

Ep + Eq

, Γ =
1√

1− v2
=

Ep + Eq

Ep∗
+ Eq∗

• The energies and momenta in CIF:
Ep∗

= Eq∗
=

1

2

√
(p+ q)2 ≡ E∗, |p∗| = |q∗| = 1

2

√
−(p− q)2 ≡ P∗.It is seen from the last relation that P∗ vanishes as p→ q and grows with in
reasing |p− q|.[Hen
e from the above 
onsideration it follows that the fun
tion |D(p,q;x− y)| rea
hes itsmaximum at p = q and vanishes at large values of |p− q|.℄

• Useful identities:
2E∗x

0
∗ = (p+ q)x, 2p∗x∗ = (q − p)x, vx∗ = Γ

(
vx− v

2x0
)
,

x
2
∗ =

[(p+ q)x]2

(p+ q)2
− x2 = Γ 2

(∣∣x− vx0
∣∣2 − |v × x|2

)
, x∗ = 0 ⇐⇒ x = vx0.
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illations in Va
uum7.6 Multi-pa
ket states K.[This item is important as a �prearrangement� for an extension of the formalism to in
lude thee�e
ts of 
oherent forward neutrino s
attering from the matter ba
kground parti
les.℄Let's de�ne the ket-state (and 
onsequently bra-states) of n identi
al wave pa
kets by
| {p, s, x}n〉 ≡ | p1, s1, x1;p2, s2, x2; . . . ;pn, sn, xn〉

= Ã†
p1s1(x1)Ã

†
p2s2(x2)· · ·Ã

†
pnsn(xn)|0〉

= (±1)n(n−1)/2Ã†
pnsn(xn)· · ·Ã

†
p2s2(x2)Ã

†
p1s1(xn)|0〉,

〈{p, s, x}n | ≡ 〈p1, s1, x1;p2, s2, x2; . . . ;pn, sn, xn |
= 〈0|Ãpnsn(xn)· · ·Ãp2s2(x2)Ãp1s1(x1)

= (±1)n(n−1)/2〈0|Ãp1s1(x1)Ãp2s2(x2)· · ·Ãpnsn(x1),where the sign �+� (�−�) is for bosons (fermions) and
Ã†

ps(x) =
√
2EpA

†
ps(x), Ãps(x) =

√
2EpAps(x).It is easy to see that this state is fully (anti)symmetri
 relative to permutation

(pi, si, xi)←→ (pj , sj , xj) for any 1 ≤ i, j ≤ n (i 6= j).
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uumTo determine the normalization of the multi-pa
ket states we de�ne the n×n matrix
Dn = D

(
{q, r, y}n , {p, s, x}n

)
=
∣∣∣
∣∣∣δsirj (∓1)i+jD(pi,qj ;xi − yj)

∣∣∣
∣∣∣.It 
an be proved by indu
tion (not so easy, see Appendix 16 K) that

〈{q, r, y}n | {p, s, x}n〉 = exp

[
i

n∑

i=1

(qiyi − pixi)
]
det (Dn).

D(p,q;x− y) = D∗(q,p; y − x) =⇒
{
D
(
{p, s, x}n , {p, s, x}n

) is Hermitian,
〈{p, s, x}n | {p, s, x}n〉 is real.Examples

〈{p, s, x}1 | {p, s, x}1〉 = 2mV⋆,

〈{p, s, x}2 | {p, s, x}2〉 = (2mV⋆)
2 ± δs1s2 |D(p1,p2;x1 − x2)|2,

〈{p, s, x}3 | {p, s, x}3〉 = (2mV⋆)
3 ± 2mV⋆

∑

1≤i<j≤3

δsisj |D(pi,pj ;xi − xj)|2

+2Re ∏

1≤i<j≤3

[
δsisjD(pi,pj ;xi − xj)

]
.
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uumSimplest reper
ussionsNon-overlapping regime: If the spa
e-time points

x1, x2, . . . , xn (n ≥ 2) are well separated and/or the 3-momenta p1,p2, . . . ,pn essentially di�er from ea
h other,the n-pa
ket matrix element is approximately equal to
(2mV⋆)

n.Overlapping regime: If the wave pa
kets having the same spinproje
tions strongly overlap in both the momentum and the
on�guration spa
es, the n-boson matrix element tends to
n!(2mV⋆)

n, while the n-fermion matrix element vanishes.The behaviour of the n-parti
le matrix element in the overlapping regime is merely amanifestation of the e�e
ts of Bose attra
tion and Pauli blo
king for identi
al bosons andfermions, respe
tively.It is less trivial that the wave-pa
ket formalism reprodu
es another intuitively evident resultthat the identi
al non-intera
ting bosons (fermions) with the same momenta and the samespin proje
tions do not 
ondense (may well 
oexist) if they are separated by a su�
iently largespa
e-time interval. This result 
annot be understood within the framework of the plane-waveapproa
h.We will return to this 
on
eptually important issue in order to 
larify the exa
t meaning of the words�su�
iently large spa
e-time interval�.
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uum7.7 Relativisti
 Gaussian pa
kets (RGP).In further 
onsideration we will use a simple model of the QFT WP state � relativisti
Gaussian pa
ket (RGP), in whi
h the form-fa
tor fun
tion φ(k,p) is of the form
φ(k,p) =

2π2

σ2K1(m2/2σ2)
exp

(
−EkEp − kp

2σ2

)
def
= φG(k,p), (21)where K1 is the modi�ed Bessel fun
tion of the 3rd kind of order 1.

K1(z) = z

∫ ∞

1

dte−zt
√
t2 − 1

(
| arg z| < π

2

)
.One 
an 
he
k that the fun
tion (21) has the 
orre
t plane-wave limit and satis�es thenormalization 
onditions.In what follows we assume σ2 ≪ m2. Then the fun
tion (21) 
an be rewritten as anasymptoti
 expansion:

φG(k,p) =
2π3/2

σ2

m

σ
exp

[
(k − p)2
4σ2

] [
1 +

3σ2

4m2
+O

(
σ4

m4

)]
.In the nonrelativisti
 
ase, (|k|+ |p|)2 ≪ 4m2, and only in this 
ase this form fa
tor 
oin
ides,up to a normalization fa
tor, with the usual (non
ovariant) Gaussian distribution:

ϕG(k− p) ∝ exp

[
− (k− p)2

4σ2

]
.
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uumBut it is not the 
ase at relativisti
 and espe
ially ultrarelativisti
 momenta, when thefun
tions φG and ϕG signi�
antly di�er from ea
h other.7.7.1 Example: ultrarelativisti
 
ase.In the UR limit (p2 ≫ m2, k2 ≫ m2) the fun
tion φG(k,p) behaves as
φG(k,p) ≈ 2π3/2

σ2

m

σ
exp

[
−m

2 (|k| − |p|)2
4σ2|k||p| − (1− cos θ) |k||p|

2σ2

]
≡ φURG (k,p),where θ is the angle between the ve
tors k and p.In parti
ular, for θ = 0 and π/2 we have

φURG

∣∣∣
θ=0
∝ exp

[
− (k− p)2

4σ2ΓkΓp

] and φURG

∣∣∣
θ=π/2

∝ exp

[
−|k||p|

2σ2

]
.In the �rst 
ase, the relativisti
 e�e
t 
onsists in a widening of the pa
ket (in 
omparison withthe NR 
ase) in the momentum spa
e (�renormalization� of the WP width):

σ 7−→ σ
√
ΓkΓp.This e�e
t is essential for the neutrino produ
tion and absorption pro
esses involvingrelativisti
 parti
les.
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illations in Va
uum7.7.2 Plane-wave limit. KTo illustrate the importan
e of the 
orre
t normalization it is useful to verify that the limit of φG(k,p)as σ → 0 is indeed ∝ δ(k− p). To do this it is su�
ient to prove that for any smooth fun
tion F (k)

lim
σ→0

∫
dkφG(k, 0)

(2π)32Ek

F (k) = F (0). (22)The left part of the latter equality 
an be transformed to the following form
lim
σ→0

m

(4π)3/2σ3

∫
dΩk

∫ ∞

0
d|k| k

2

Ek

exp

[
−m2

2σ2

(
Ek

m
− 1

)]
F (k)

= lim
σ→0

(
m2

4πσ2

)3/2 ∫
dn

∫ ∞

0
dt exp

(
−m

2t

2σ2

)√
t(t+ 2)F

(
m
√
t(t+ 2)n

)
,where n = k/|k|. In order to estimate the integral in t one 
an use the famous formulaa

∫ ∞

0
dtta−1e−νtf(t) ∼ ν−aΓ(a)f(0) [1 + o(1)] (a > 0, ν → ∞), (23)whi
h is valid for arbitrary 
ontinuous fun
tion f(t), t ∈ [0,∞). Sin
e in our 
ase

a =
3

2
, ν =

m2

2σ2

and f(t) =
√
t+ 2F

(
m
√
t(t+ 2)n

)
,the identity (22) be
omes evident.As a result we see that the fun
tion φG(k,p) a
tually represents the simplest model ofthe form fa
tor satisfying all the 
onditions imposed to the generi
 fun
tion φ(k,p).aSee, e.g., Ì. Â. Ôåäîðþê. Ìåòîä ïåðåâàëà. Ì.: Íàóêà. 1977.
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illations in Va
uum7.7.3 Fun
tion ψG(p, x).The fun
tion ψ(p, x) in the RGP model is

ψ(p, x) =
K1(ζm

2/2σ2)

ζK1(m2/2σ2)

def
= ψG(p, x).Here we have de�ned the dimensionlessLorentz-invariant 
omplex variable

ζ =

√
1− 4σ2

m2
[σ2x2 + i(px)];

|ζ|4 =

[
1− 4σ4x2

m2

]2
+

16σ4(px)2

m4
,

ϕ = arg ζ = −1

2
arcsin

[
4σ2(px)

m2|ζ|2
]
.It 
an be proved that for any p and x

|ζ| ≥ 1 and |ϕ| < π/2.

x  /m2 0

| |
G

x  /m2 3

A 3D plot of |ψG(0, x⋆)| as a fun
tion of σ2x0⋆/mand σ2x3⋆/m [assuming that x⋆ = (0, 0, x3⋆)℄. The
al
ulations are done for σ/m = 0.1.
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σ x  /m2 0

|ζ|

σ |x  |/m2

σ x  /m2 0

ϕ

σ |x  |/m2

π
4
−

π
4

−−

π
2
−

π
2

−−

0

3D plots of |ζ| and ϕ = arg ζ as fun
tions of σ2x0⋆/m and σ2x3⋆/m [assuming that x⋆ = (0, 0, x3⋆)℄.The 
al
ulations are done for σ/m = 0.1.
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illations in Va
uumTraining KIt is useful to as
ertain that the fun
tion ψG satis�es the Klein-Gordon equation. Taking intoa

ount that

K′
0(z) = −K1(z) and K′

1(z) = −K0(z)−K1(z)/z,we �nd

∂µ

[
K1(z)

z

]
= −

[
K0(z) +

2

z
K1(z)

]
∂µz

z
, where z = m2ζ/(2σ2),

⇓

�

[
K1(z)

z

]
=

[
K0(z) +

2

z
K1(z)

]
�z

z
−
[
3

z
K0(z) +

(
1 +

6

z2

)
K1(z)

]
(∂µz)(∂

µz)

z
. (24)Next step:

∂µz = −m
2

σ2z

(
σ2xµ +

i

2
pµ

)

⇓

�z = −∂µ∂µz =
3m2

z

and (∂µz)(∂
µz) = −m2.Substituting these identities into Eq. (24) and taking into a

ount the expli
it form of ψG wesee that

(�−m2)ψG = 0.
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illations in Va
uum7.7.4 Nondi�uent regime. Contra
ted RGP (CRGP).An analysis of the asymptoti
 expansion of ln [ψG(0, x⋆)] in powers of σ2/(m2ζ) provides thene
essary and su�
ient 
onditions of the nondi�uent behavior.Due to the inequalities

|ζ| ≥ 1, |ϕ| < π/2, and σ2 ≪ m2,one 
an use the asymptoti
 expansion

K1(z) ∼
√

π

2z
e−z

[
1 +

3

8z
+

15

2(8z)2
+O

(
1

z3

)] (
| arg z| < 3π

2

)
, (25)whi
h gives

ψG(p, x) =
1

ζ3/2
exp

[
m2(1− ζ)

2σ2

] [
1− 3σ2

4m2

(
1− 1

ζ

)
+

3σ4

32m4

(
1− 1

ζ

)(
11 +

5

ζ

)
+O

(
σ6

m6

)]
.This formula is valid for any p and x, but it is still too involved for our aims. Under additionalrestri
tions the above expression 
an be essentially simpli�ed by using an expansion of thevariable ζ in powers of the small parameter σ2/m2. In the rest frame of the pa
ket we obtain

ln [ψG(0, x⋆)] = imx0⋆

[
1 +

3σ2

m2
− σ4

m4

(
2m2

x
2
⋆ −

3

2

)]

−σ2
x
2
⋆ −

3σ4

m2

[
(x0⋆)

2 + x
2
⋆

]
+O

(
σ6

m6

)
.

(26)

We see that |ψG(0, x⋆)| depends on time only in the O (σ4/m4
) order.
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uumAn elementary analysis suggests that the asymptoti
 series (26) 
an be trun
ated by negle
tingthe O (σ4/m4
) terms under the following (ne
essary and su�
ient) 
onditions:

σ2(x0⋆)
2 ≪ m2/σ2, σ2|x⋆|2 ≪ m2/σ2. (27a)They 
an be rewritten in the equivalent but expli
itly Lorentz-invariant form:

(px)2 ≪ m4/σ4, (px)2 −m2x2 ≪ m4/σ4. (27b)Under these 
onditions ψG(p, x) redu
es to the very simple and transparent result:
ψG(p, x) = exp

(
imx0⋆ − σ2

x
2
⋆

)

= exp
{
iE (x0 − vpx)− σ2Γ 2

p

[
(x− vpx0)

2 − (vp × x)2
]}

= exp
[
iE (x0 − vpx)− σ2Γ 2

p

(
x‖ − vpx0

)2 − σ2
x
2
⊥

]

= exp
{
i(px)− (σ/m)2

[
(px)2 −m2x2

]}
.

(28)

Some properties of CRGP:1. The mean 
oordinate of the pa
ket follows the 
lassi
al traje
tory (CT) x = vpx0.2. |ψG(p, x)| = 1 along the CT and |ψG(p, x)| < 1 with any deviation from it.3. |ψG(p, x)| is invariant under the transformations {x0 7−→ x0 + τ, x 7−→ x+ vpτ}.4. The nonrelativisti
 limit of (28) is ψ(NR)
G (p, x) ≈ exp

[
im (x0 − vpx)− σ2 |x− vpx0|2

]
.



Part III Neutrino Os
illations in Va
uum
.

.

.

.

.

.

.
.

.

.

.

.

.

.

.

.

σ x  /m2 0

|ψ  |
G

σ x  /m2 3A 3D plot of |ψG(0, x⋆)| in thesmall vi
inity of the maximumas a fun
tion of σ2x0⋆/m and

σ2x3⋆/m [assuming that x⋆ =
(0, 0, x3⋆)℄. The 
al
ulations aredone for σ/m = 0.1.

The CRGP model permits to 
he
k the validity of the
ondition (18) ne
essary for the appli
ability of the fa
torizationformula (17) � an essential element of the formalism. As is followsfrom the expli
it form of ψG(p, x) in the CRGP approximation,
i∇x lnψG(p, x) = p+ 2i

σ2

m2

[
(px)p−m2x

]
.Therefore the 
ondition (18) 
an be written in the form

∣∣(pX)p −m2X
∣∣ ≪

(
m2/σ2

)
Ep, (29)where X = (X0,X) = (y0 − x0,y − x). Then the elementaryalgebra yields

∣∣(pX)p −m2X
∣∣2 = (pX)2p2 − 2m2(pX)(pX) +m4X2

= (pX)2E2
p +m2

[
(pX)2 +m2X2 − E2

pX
2
0

]

≤ (pX)2E2
p +m2

(
p2X2 +m2X2 − E2

pX
2
0

)
.As a result we have proved that

∣∣(pX)p −m2X
∣∣ ≤ Ep

√
(pX)2 −m2X2.Therefore the inequality (29) is not an independent 
ondition but is satis�ed automati
ally in theCRGP approximation.It 
an be also proved that the quantum 
orre
tion to the 
lassi
al momentum vanishes on the 
lassi
altraje
tory X = vpX0.
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illations in Va
uum7.7.5 Fun
tion DG(p,q;x) KOne 
an derive the expli
it formula for the 
ommutation fun
tion:
D(p,q;x) = 2mV⋆

K1(zm
2/σ2)

zK1(m2/σ2)

def

= DG(p,q;x),

z =
E∗

m

√
1− σ2

E2
∗
[σ2x2∗ + 2iE∗x0∗] =

1

2m

√
(p+ q)2 − 4σ2 [σ2x2 + i(p+ q)x].The module and phase of z are determined by

|z|4 =
1

4

(
1 +

pq − 2σ4x2

m2

)2

+

[
σ2(p+ q)x

m2

]2
, arg z = −1

2
arcsin

[
σ2(p+ q)x

m2|z|2
]
.From these relations it 
an be proved that

|z| ≥ E∗/m ≥ 1 and | arg z| < π/2.Owing to these inequalities and 
ondition σ2 ≪ m2, we 
an write the asymptoti
 expansion:

DG(p,q;x) =
2mV⋆

z3/2
exp

[
m2(1− z)

σ2

] [
1− 3σ2

8m2

(
1− 1

z

)

+
3σ4

128m4

(
1− 1

z

)(
11 +

5

z

)
+O

(
σ6

m6

)]
.
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uumThe self-
onsisten
y demands to write down the approximation of this formula whi
h would bea

ordant with the CRGP approximation for the fun
tion ψG(p, x).
z =

E∗

m

(
1 +

σ4x2
∗

2E2
∗

)
− iσ

2x0∗
m

(
1− σ4x2

∗

2E2
∗

)
+O

(
σ8

m8

)
.

⇓

ln

[DG(p∗,−p∗;x∗)

2mV⋆

]
=

3

2
ln

(
m

E∗

)
− m(E∗ −m)

σ2
− mσ2x2

∗

2E∗
+

3σ2(E∗ −m)

8mE∗

+imx0∗

{
1 +

3σ2

2mE∗

[
1 +

σ2

4mE∗

(
1− 4

3
m2

x
2
∗

)]}

− 3σ4

4m2E2
∗

{
m2 [(x0∗)2 + x

2
∗

]
− P 2

∗

4m2

}
+O

(
σ6

m6

)
.It is now seen that, under the 
onditions [equivalent to those for the fun
tion ψG(p, x)℄

σ2(x0∗)
2 ≪ E2

∗/σ
2 and σ2

x
2
∗ ≪ E2

∗/σ
2, (30)one 
an retain only the four leading terms in powers of σ2/m2, �nally obtaining:

DG(p∗,−p∗;x∗) =
2mV⋆

Γ
3/2
∗

exp

[
imx0∗ −

m2 (Γ∗ − 1)

σ2
− σ2x2

∗

2Γ∗

]
, (31)where Γ∗ = E∗/m (Lorentz fa
tor of CIF) and V⋆ = [π/(2σ2)]3/2 (e�e
tive volume).
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uumHen
e, as expe
ted, DG(p∗,−p∗;x∗) qui
kly vanishes when either |p∗| or |x∗|(or both) are large enough.Some s
ar
ely foreseeable features:

• The dependen
e of |DG| on variables x0 and x disappears for the 
lassi
al traje
tories
x = vpx0;

• |DG|/(2mV⋆) exponentially vanishes at sub-relativisti
 energies (Γ∗ − 1 ∼ 1)and is nearly independent of x∗ at ultrarelativisti
 energies (Γ∗ − 1≫ 1).
• For the nonrelativisti
 energies one gets (after transforming into the lab. frame)

DG(p,q;x) ≈ 2mV⋆ exp

[
im (x0 − vx)− m2

8σ2
|vp − vq|2 − σ2

2
|x− vx0|2

]
,

[
vp = p/m, vq = q/m, v = 1

2
(vp + vq), |vp| ≪ 1, |vq| ≪ 1

]The term ∝ (m2/σ2) yet 
an be large (if vp 6= vq and σ is small enough).The 
orresponden
e prin
iple:All these ni
e features fade away in the plane-wave limit sin
e (as it 
an be proved),

lim
σ→0
DG(p,q;x) = (2π)32Epδ(p− q)eipx.
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illations in Va
uum7.7.6 Multi-pa
ket matrix elements (examples).Consider the ME 〈{p, s, x}n | {p, s, x}n〉 with equal momenta (pi = p, ∀i) for n = 2 and 3.In the CIF, whi
h 
oin
ides now with the rest frame (the same for all 1-pa
ket �sub-states�)
〈{p, s, x}2 | {p, s, x}2〉 = (2mV⋆)

2 [1± δs1s2 exp
(
−σ2|x⋆

1 − x
⋆
2|2
)]
,

〈{p, s, x}3 | {p, s, x}3〉 = (2mV⋆)
3

[
1±

∑

i<j

δsisj exp
(
−σ2|x⋆

i − x
⋆
j |2
)

+2δs1s2δs2s3δs3s1 exp

(
−σ

2

2

∑

i<j

|x⋆
i − x

⋆
j |2
)]

.So the e�e
ts of Bose-Einstein attra
tion and Pauli repulsion, appearing when
si = sj for any pair (i, j), are only essential at short distan
es satisfying

σ2|x⋆
i − x

⋆
j |2 . 1.In other words, both e�e
ts are essential when the spatial distan
e betweenthe identi
al one-pa
ket states (measured in their 
ommon rest frame) is
omparable with or shorter than the pa
ket's dimension.In the lab. frame the �attra
tion/repulsion regions� is restri
ted by the following 
ondition:

∣∣xi − xj − v
(
x0i − x0j

)∣∣2 − |v × (xi − xj)|2 . V2/3(p) (v = p/Ep).
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illations in Va
uum7.7.7 E�e
tive dimensions & momentum un
ertainty of CRGP.In the CRGP approximation, the e�e
tive volume is expli
itly 
al
ulated to be
V(0) ≈ V⋆ =

2π2mK1(m
2/σ2)

σ2 [K1(m2/2σ2)]2
≈
( π

2σ2

)3/2
.In the RF of the pa
ket, one 
an de�ne its e�e
tive size as thediameter d⋆ of a ball of volume V⋆,

d⋆ =

(
6V⋆

π

)1/3

≈
(
9π

2

)1/6
1

σ
≈ 1.555

σ
.Then, in the lab. frame, the e�e
tive size of the pa
ket alongits momentum p is d⋆/Γp. The pi
torial model of the pa
ketis therefore an oblate spheroid with the transversal diameterof about 1.555/σ and e

entri
ity of 1/Γp.The volume density di�eren
e between the 
enter and e�e
tive edge of any wave pa
ket doesnot depend on mass and spread and is exp[(σd⋆)2/2] = exp[(9π/16)1/3] ≈ 3.350.The momentum un
ertainty 
an be evaluated as follows:





|δpT |2 =
2

3
|δp⋆|2 ≈ 4 ln 2σ2,

|δpL|2 =
1

3
|δp⋆|2Γ 2

p ≈ 2 ln 2σ2Γ 2
p ,

=⇒ |δp| ≈
√

2 ln 2 (Γ 2
p + 2) σ.
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illations in Va
uum7.7.8 The range of appli
ability of CRGP.The inherent (probably ina

essible in reality) �upper limit� for the pa
ket dimension, dmax
⋆ , foran unstable parti
le is of the order of its de
ay length cτ (whi
h is ma
ros
opi
 for long-livedparti
les), while the �lower limit�, dmin

⋆ , is just the size of the parti
les 
omposing the pa
ket:
∼ 1 fm for hadrons and ∼ 1/m (the Compton wavelength) for the stru
tureless parti
les(leptons, gauge bosons). Any rate, due to the general restri
tion σ2 ≪ m2, the permissible inthe formalism dimension of the pa
ket must be mu
h larger than dmin

⋆ .But, for unstable parti
les, the 
onditions of appli
ability of the CRGP approximation (27)impose an additional and rather strong restri
tion to the maximum permissible value of theparameter σ. These 
ondition should be valid during at least the life of the parti
le that is for

0 ≤ |x0⋆| . τ = 1/Γ.Therefore the following 
ondition is ne
essary: σ4τ2 ≪ m2. So σmax =
√
m/τ =

√
mΓ is theabsolute upper limit for the permissible in CRGP values of σ. Correspondingly, the value

dmin
⋆ =

(
9π

2

)1/6
1

σmax
=

(
9π

2

)1/6 ( τ
m

)1/2is the lower limit for the spatial dimension of the pa
ket. Next, sin
e we 
onsider just thequasistable pa
kets, σ must be mu
h larger than Γ (or, more pre
isely, σ2 ≫ Γ2).Finally the 
ombined range of appli
ability is given by
Γ2 ≪ σ2 ≪ mΓ≪ m2.
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uumTable: Maximum permissible values of σ (σmax =
√
mΓ), the ratio

Γ/σmax =
√

Γ/m and minimum permissible e�e
tive dimensions

dmin
⋆ ≈ 1.55/

√
mΓ in the CRGP approximation for some parti
les.Parti
le σmax (eV) Γ/σmax dmin

⋆ (
m)
µ± 1.78× 10−1 1.68× 10−9 1.72× 10−4

τ± 2.01× 103 1.13× 10−6 1.53× 10−8

π± 1.88 1.35× 10−8 1.63× 10−5

π0 3.25× 104 2.41× 10−4 0.94× 10−9

K± 5.12 1.04× 10−8 5.99× 10−6

K0
S 6.05× 101 1.22× 10−7 5.07× 10−7

K0
L 2.53 5.08× 10−9 1.21× 10−5

D± 1.09× 103 5.82× 10−7 2.82× 10−8

D0 1.73× 103 9.28× 10−7 1.77× 10−8

D±
s 1.61× 103 8.18× 10−7 1.91× 10−8

B± 1.46× 103 2.76× 10−7 2.11× 10−8

B0 1.51× 103 2.86× 10−7 2.03× 10−8

B0
s 1.55× 103 2.89× 10−7 1.98× 10−8

n 2.64× 10−5 2.81× 10−14 1.16
Λ 5.28× 101 4.74× 10−7 5.81× 10−7

Λ±
c 2.74× 103 1.87× 10−6 1.12× 10−8

The maximum permissibledeviation of the mean massof CRGP from the �eld mass,

δm = m−m, is equal to

δmmax ≈ 3σ2
max

2m
= 1.5Γ,So, the 
orre
tion to the�eld mass of the short-lived resonan
es 
an beessential, but for the long-lived parti
les we 
an (andwe must) to negle
t theweighting e�e
t.
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uum7.8 Examples of ma
ros
opi
 diagrams.

• The pep fusion

1H+ 1H+ e− → 2D+ νe (Eν = 1.44 MeV)a

ounts for about 0.25% of the deuterium 
reated in the Sun in the pp 
hain. It has a
hara
teristi
 time s
ale ∼ 1012 yr that is larger than the age of the Universe. So it isinsigni�
ant in the Sun as far as energy generation is 
on
erned. Enough pep fusions happento produ
e a dete
table number of neutrinos in Ga-Ge dete
tors. Hen
e the rea
tion must bea

ounted for by those interested in the solar neutrino problem.
xs

νi

W

W

e−
+

+

e−

p
p D

xdGa71 Ge71

2 xs

νi

W

W

e−
+

+

e−

e− νj
xd

p
p D2 xs

νi

W

Z

e−
+

e−e−

νi

xd

p
p D2

(a) (b) (c)

The Figure illustrates the dete
tion of pep neutrinos with gallium (a) and ele
tron (b,
)targets. Unfortunately, the 
urrent dete
tion thresholds for ele
trons in SK and SNO is higherthen the expe
ted maximum of 1.44 MeV.
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• The µe3 de
ay

µ− → e− + νe + νµin the sour
e 
an be dete
tedthrough quasielasti
 s
attering withprodu
tion of e±, µ±, or τ±;of 
ourse, only µ± produ
tion ispermitted in SM. The diagrams(a) and (b) are for both Dira
and Majorana (anti)neutrinos, whilediagrams (
) and (d) are only forMajorana neutrinos.In the Majorana 
ase, the diagrams(a), (d) and (b), (
) interfere.Potentially this provides a way fordistinguishing between the Dira
 andMajorana 
ases. Unfortunately, thediagrams (
) and (d) are suppressedby a fa
tor ∝ mi/Eν .

n

τ
+

W
−

ν  
j

µ−

e−
W

−

ν
i

τ
−

W
+

ν 
j

µ−

e−W
−

ν
i−

−

p xd xdn p 

xs xs

p

τ
−

W
+

ν  
j

µ−

e−
W

−

ν
i

τ
+

W
−

ν 
j

µ−

e−W
−

ν
i

n xd xdp n 

xs xs

D
ir

ac
 o

r 
M

a
jo

ra
n
a

M
a
jo

ra
n
a

(a) (b)

(c) (d)

Similar diagrams 
an be drawn for τe3 and τµ3 de
ays.
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illations in Va
uum7.9 Feynman rules and overlap integrals.We will deal with the generi
 Feynman diagrams. ⊲

• The external legs 
orrespond to asymptoti
allyfree in
oming (�in�) and outgoing (�out�) WPs inthe 
oordinate representation. Here and below: Is(Fs) is the set of in (out) pa
kets in the blo
k Xs(�sour
e�), Id (Fd) is the set of in (out) pa
ketsin the blo
k Xd (�dete
tor�).

• The internal line denotes the 
ausal Green'sfun
tion of the neutrino mass eigen�eld νi(i = 1, 2, 3, . . .). The blo
ks Xs and Xd areassumed to be ma
ros
opi
ally separated inspa
e-time. Xd

Xs}
}

Is

i

Fs

Id Fd

}

}

• For narrow WPs, the Feynman rules in the formalism are to be modi�ed in a trivial way:for ea
h external line, the standard (plain-wave) fa
tor must be multiplied by

{
e−ipa(xa−x)ψa (pa, xa − x) for a ∈ Is⊕Id,
e+ipb(xb−x)ψ∗

b (pb, xb − x) for b ∈ Fs⊕Fd,

(32)where ea
h fun
tion ψκ (pκ, x) (κ = a, b) is spe
i�ed by the mass mκ and momentumspread σκ .
• The internal lines and loops remain un
hanged.
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uumThe additional fa
tors (32) provide the following two 
ommon multipliers in the integrand ofthe s
attering amplitude [we will 
all these the overlap integrals℄:

Vs(q) =

∫
dxe+iqx

[ ∏

a∈Is

e−ipaxaψa (pa, xa − x)
][ ∏

b∈Fs

eipbxbψ∗
b (pb, xb − x)

]
,

Vd(q) =

∫
dxe−iqx

[ ∏

a∈Id

e−ipaxaψa (pa, xa − x)
][ ∏

b∈Fd

eipbxbψ∗
b (pb, xb − x)

]
.

(33)

The fun
tion Vs (Vd) 
hara
terizes the 4D overlap of the �in� and �out� wave-pa
ket states inthe sour
e (dete
tor) vertex, integrated over the in�nite spa
e-time volume.In the plane-wave limit (σκ → 0, ∀κ)

Vs(q) → (2π)4δ (q − qs) and Vd(q) → (2π)4δ (q + qd),where qs and qd are the 4-momentum transfers de�ned by
qs =

∑

a∈Is

pa −
∑

b∈Fs

pb and qd =
∑

a∈Id

pa −
∑

b∈Fd

pb.The δ fun
tions provide the energy-momentum 
onservation in the verti
es s and d (that is in the�subpro
esses� Is → Fs + ν∗i and ν∗i + Id → Fd) and, as a result, � in the whole pro
ess:

Is⊕Id → Fs⊕Fd :
∑

a∈Is⊕Id

pa =
∑

b∈Fs⊕Fd

pb.Information about the spa
e-time 
oordinates of the intera
ting pa
kets is 
ompletely lost.
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illations in Va
uumIn the general 
ase of nonzero spreads σκ , we may expe
t no more than an approximate
onservation of energy and momentum and la
k of any singularities.To quantify this expe
tation, we apply the CRGP model. It is a good approximation sin
e themain 
ontribution to the overlap integral 
omes from the very narrow spa
e-time region ofinterse
tion of the maxima of all wave pa
kets (see s
hemati
 illustration).
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uumWe de�ne the tensors

Tµν
κ

def

= σ2
κ
(uµ

κ
uν
κ
− gµν), [uκ = pκ/mκ = Γκ(1,vκ)]

⇓

Vs,d(q) =

∫
dx exp

[
i (± qx− qs,dx)−

∑

κ∈S,D

Tµν
κ

(xκ − x)µ (xκ − x)ν
]
,where S = Is⊕Fs and D = Id⊕Fd. It is useful to de�ne the overlap tensors

ℜµν
s =

∑

κ∈S

Tµν
κ

and ℜµν
d =

∑

κ∈D

Tµν
κ
.A 
ru
ial property:

Tµν
κ
xµxν = σ2

κ

[
(uκx)

2 − x2
]
= σ2

κ
x
2
(κ) ≥ 0

⇓ �
ℜµν

s,d xµxν > 0.Consequently, there exist the positive-de�nite tensors ℜ̃µν
s and ℜ̃µν

d su
h that

ℜ̃s,d = ||ℜ̃µν
s,d|| = gℜ−1

s,d g, ℜs,d = ||ℜµν
s,d||.The expli
it form and properties of these tensors and relevant 
onvolutions are established(studied in detail for the most important rea
tions 1→ 2, 1→ 3, 2→ 2).
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illations in Va
uumThe overlap integrals in CRGP are the 4D Gaussian integrals in Minkowski spa
e.
Vs,d(q) = (2π)4δ̃s,d (q∓qs,d) exp [−Ss,d ± i (q∓qs,d) ·Xs,d],

δ̃s,d(K) = (4π)−2|ℜs,d|−1/2 exp

(
−1

4
ℜ̃µν

s,dKµKν

)
,

Ss,d =
∑

κ,κ′

(
δ
κκ

′Tµν
κ
− Tµ

κµ′ ℜ̃µ′ν′

s,d T ν
κ
′ν′

)
xκµxκ′ν ,

Xµ
s,d = ℜ̃µν

s,d

∑

κ

Tλ
κνxκλ.

Physi
al meaning of δ̃s,d, Ss,d, and Xs,d.
• From the integral representation δ̃s,d(K) =

∫
dx

(2π)4
exp

(
−ℜµν

s,dxµxν + iKx
) it followsthat δ̃s,d(K)→ δ(K) in the plane-wave limit [σκ → 0, ∀κ ⇒ ℜ̃µν

s,d → 0℄.

=⇒ just the fa
tors δ̃s (q − qs) and δ̃d (q + qd) are responsible for the approximateenergy�momentum 
onservation (with the a

ura
y governed by the momentum spreadsof the intera
ting pa
kets) in the neutrino produ
tion and dete
tion points.
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• The fun
tions exp (−Ss) and exp (−Sd) are the geometri
 suppression fa
tors
onditioned by a partial overlap of the in and out WPs in the spa
e-time regionsof their intera
tion in the sour
e and dete
tor.This 
an be seen after 
onverting Ss,d to the forma

Ss,d =
∑

κ

Tµν
κ

(xκ −Xs,d)µ (xκ −Xs,d)ν (34)and taking into a

ount that both Ss,d and Xs,d are invariants under the group of uniformre
tilinear motions (here, τκ are arbitrary real time parameters)
{
x0
κ
7−→ x̃0

κ
= x0

κ
+ τκ , xκ 7−→ x̃κ = xκ + vκτκ

}Due to this symmetry, (34) 
an be rewritten as
Ss,d =

∑

κ

σ2
κ

[(
Γ 2
κ
− 1
) (
b0
κ

)2
+ b

2
κ

]
=
∑

κ

σ2
κ
|b(κ)

κ
|2,

b0
κ
=
(
x0
κ
−X0

s,d

)
− |vκ|−1

nκ · (xκ −Xs,d),

bκ= (xκ −Xs,d)− [nκ · (xκ −Xs,d)]nκ ,

[
nκ =

{
vκ/|vκ |, for vκ 6= 0,

0, for vκ = 0.

]

The 4-ve
tor bκ = (b0
κ
, bκ) is a relativisti
 analog of the usual impa
t parameter, so it isnatural to 
all it the impa
t ve
tor. [Note that |bκ| = |nκ × (xκ −Xs,d)| for vκ 6= 0.℄The 4-ve
tors Xs,d 
an be 
alled, a

ordingly, the impa
t points.aIn this derivation we have used the translation invarian
e of the fun
tions Ss,d.
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illations in Va
uumThe suppression of the overlap integral 
aused by the fa
tors exp(−Ss) and exp(−Sd) 
an besmall only if all the world tubes in the sour
e/dete
tor inter-
ross ea
h other.
X

xa

xb

xc

~

~

~

ti
m

e

spa
ce

Artisti
 view of the �
lassi
al world tubes� of intera
ting wave pa
kets. The tubes reprodu
ethe spa
e-time 
ylindri
al volumes swept by the 
lassi
ally moving spheroids whi
h representthe wave-pa
ket patterns. The impa
t point X is de�ned by the velo
ities vκ of the pa
ketsand the spa
e-time points x̃κ = x̃κ(τκ) arbitrarily 
hosen on the axes of the tubes. The axesdo not ne
essarily 
ross the point X.The intera
ting pa
kets behave, bluntly speaking, like 
olliding interpenetrative 
loudlets.
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uum7.9.1 Asymptoti
 
onditions.Now we 
an elaborate the physi
al 
onditions at whi
h the in and out pa
kets 
an be
onsidered as free. If the geometri
 suppression fa
tors are not too small (only su
h
on�gurations of the momenta and 
oordinates 
ontribute to the observables) then the
ondition of ma
ros
opi
 separation of the intera
tion regions in S è D is equivalent to thema
ros
opi
 separation of the impa
t points Xs,d. We'll hold that the intervals X0
d −X0

s and
|Xd −Xs| are large in 
omparison with |x0

κ
− x0

κ
′ | and |xκ − x

κ
′ | for κ,κ′∈S and κ,κ′∈D.Under su
h assumptions the pa
kets 
ertainly do not overlap =⇒ the sought 
onditions for thepa
kets in S and D must be independent.We assume that the dimensions of the pa
kets are large in 
omparison with theintera
tion radius in the 
orresponding vertex of the diagram. Therefore our analysis will bebased ex
lusively on the properties of the geometri
 suppression fa
tors exp (

−Ss,d

) whi
hdo not depend on the dynami
s and do not appellate to the energy-momentum 
onservation.1. First of all it is ne
essary to demand that the time intervals X0
s,d − x0a (a ∈ Is,d) and

x0b −X0
s,d (b ∈ Fs,d) are su�
iently large. They however 
annot be arbitrarily large sin
e thepa
kets κ remain stable (do not spread) during the time ∣∣X0

s,d − x0κ
∣∣ only under the 
ondition

∣∣X0(κ)
s,d − x0(κ)

κ

∣∣2 ≪ m2
κ
/σ4

κ
, ∀κ ∈ S,D. (35)Sin
e Ss and Sd do not depend from X

0(κ)
s,d and x0(κ)

κ it is permissible to demand that theleft part of Eq. (35) is larg in 
omparison with the squared e�e
tive size of the pa
ket that is

∣∣X0(κ)
s,d − x0(κ)

κ

∣∣2 ≫ 1/σ2
κ
. (36)
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uumInequalities (36) do not 
ontradi
t the stationarity 
ondition sin
e σ2
κ
≪ m2

κ

. If, in addition, κ is anunstable parti
le then one 
an expe
t that

∣∣X0(κ)
s,d − x

0(κ)
κ

∣∣ ∼ τκ = 1/Γκ . (37)The 
onditions (36) and (37) do not 
ontradi
t to ea
h other if σ2
κ
τ2
κ
≫ 1; the latter is one of the
onditions of appli
ability of the CRGP approximation, the full set of whi
h is

1/τ2
κ
≪ σ2

κ
≪ mκ/τκ ≪ m2

κ
. (38)Sin
e for all known long-lived elementary parti
les mκτκ ≫ 1, the allowed values of the parameters

σκ 
an vary in rather wide limits.Thus the relativisti
-invariant 
onditions for the timeparameters x0
κ

is fully 
onsistent with the range ofappli
ability of the CRGP approximation (38), has theform (36) and the 
orre
t time sequen
e in LF is given by
x0a < X0

s,d < x0b (a ∈ Is,d, b ∈ Fs,d). (39)These inequalities are Lorentz invariant if the points
xa,b and Xs,d are separated by the time-like intervals.If otherwise for some κ the intervals (xκ −Xs,d)

2 arespa
e-like the inequalities (39) have sense only in LF.This instan
e must be taken into a

ount sin
e the pa
ket(e.g., a ∈ Is) 
an parti
ipate in the intera
tion even if
(xa −Xs)2 < 0, but under the 
ondition that the points

X

a

t

inside a part of its e�e
tive volume are separated with the impa
t point by a time-like interval be
ausethe latter 
an 
ome to be inside the 
lassi
al world tube of the pa
ket a.
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uumFrom the geometri
 
onsiderations it 
an be proved that for su
h events 0 < |b⋆
a| < d⋆a/2 Therefore

σ2
a|b⋆

a|2 < 0.605 and exp
(
−σ2

a|b⋆
a|2

)
& 0.546.Clearly there the mi
ro-
ausality is not violated here sin
e all �signals� propagate stri
tly inside the light
ones. However, in prin
iple, the intera
tions of su
h kind would lead to observable e�e
t whi
h imitatethe 
ausality violation.2. The 
onditions of spatial remoteness of the pa
kets from the impa
t points are not in generalne
essary. Indeed, some pa
kets (e.g., de
aying meson or se
ondary 
harged lepton in the sour
e, atarget nu
leus in the dete
tor, et
.) 
an be at rest in LF before or after intera
tion. In this 
ase theymust be spatially 
lose to the 
orresponding impa
t points; otherwise the amplitude will be small dueto the smallness of the fa
tors exp (

−Ss,d

).However, all the pa
kets must be spatially separated from ea
h other, that is the di�eren
es of thespatial 
oordinates for ea
h pair of the pa
kets κ,κ′ must be large in 
omparison with the dimensionsof these pa
kets. The simplest referen
e frame to formulate this 
ondition is the CIF of the pair.Sin
e the pa
ket momenta in CIF are 
ollinear (p∗
κ
= −p∗

κ
′ = n∗|p∗

κ
|) and the only 
ase is interestingwhen the 
lassi
al impa
t parameter ∣∣n∗ ×

(
x∗
κ
− x∗

κ
′

)∣∣ is not larger than the transversal sizes of thepa
kets, the distan
e between the pa
kets must be large in 
omparison with these dimensions.

∣∣x∗
κ
− x∗

κ
′

∣∣2 ≫ 1

(σκΓ ∗
κ
)2

+
1

(
σ
κ
′Γ ∗

κ
′

)2 . (40)It is not a simple matter to prove that these 
onditions do not 
ontradi
t the 
onditions

∣∣X(κ)
s,d − x

(κ)
κ

∣∣2 ≪ m2
κ
/σ4

κ
. (41)
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illations in Va
uum7.10 Cal
ulation of a ma
ros
opi
 amplitude.As a pra
ti
ally important example,we 
onsider the 
harged-
urrent indu
edprodu
tion of 
harged leptons ℓ+α and ℓ−β(ℓα,β = e, µ, τ) in the pro
ess

Is⊕Id → F ′
s + ℓ+α ⊕ F ′

d + ℓ−β , (42)We assume for de�niteness that all theexternal substates Is, Id, F ′
s, and F ′

d
onsist ex
lusively of (asymptoti
ally free)hadroni
 WPs. Consequently, if α 6= β, thepro
ess (42) violates the lepton numbers
Lα and Lβ that is only possible viaex
hange of massive neutrinos (no matterwhether they are Dira
 or Majoranaparti
les).In the lowest nonvanishing order inele
troweak intera
tions, the pro
ess (42)is des
ribed by the sum of the diagramsshown in the �gure.

}I s

νj

W

Fs

ℓα
+

}F's
q q’

} }

I d

W

Fd

ℓβ
−

F'd

q’ q

}
}Xs

Xd

A ma
ros
opi
 Feynman diagram des
ribing the�avor-violating pro
ess (42).The impa
t points Xs and Xd in the �gureare ma
ros
opi
ally separated and the asymptoti

onditions are assumed to be ful�lled.
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uum7.11 Sket
h of the 
al
ulation.1. Quark-lepton blo
ks. We use the Standard Model (SM) phenomenologi
ally extended byin
lusion of a neutrino mass term. The quark-lepton blo
ks are des
ribed by the Lagrangian
LW (x) = − g

2
√
2
[jℓ(x)W (x) + jq(x)W (x) + H.c.],where g is the SU(2) 
oupling 
onstant, jℓ and jq are the weak 
harged 
urrents:

jµℓ (x) =
∑

αi

V ∗
αi νi(x)O

µℓα(x), jµq (x) =
∑

qq′

V
′∗
qq′ q(x)O

µq′(x), [Oµ = γµ(1− γ5)] .Here Vαi (α = e, µ, τ ; i = 1, 2, 3) and V ′
qq′ (q = u, c, t; q′ = d, s, b) are the elements of theneutrino and quark mixing matri
es (V and V ′, respe
tively).The normalized amplitude is given by the 4th order of the perturbation theory in g:

Aβα= 〈out|S|in〉 (〈in|in〉〈out|out〉)−1/2

=
1

N

(−ig
2
√
2

)4

〈Fs⊕Fd|T
∫
dxdx′dydy′ : jℓ(x)W (x) : : jq(x

′)W †(x′) :

× : j†ℓ (y)W
†(y) : : j†q(y

′)W (y′) : Sh|Is⊕Id〉. (43)The normalization fa
tor N in the CRGP approximation is given by

N 2 = 〈in|in〉〈out|out〉 =
∏

κ∈Is⊕Id⊕Fs⊕Fd

2EκVκ(pκ
).
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uum2. Hadroni
 blo
ks. The strong and (possibly) ele
tromagneti
 intera
tions responsible fornonperturbative pro
esses of fragmentation and hadronization are des
ribed by the hadroni
(QCD) intera
tion Lagrangian Lh(x) and the 
orresponding part of the full S-matrix is
Sh = exp

[
i

∫
dzLh(z)

]
.The following fa
torization theorem 
an be proved

〈F ′
s⊕F ′

d|T
[
: jµq (x) : Sh : j†νq (y) :

]
|Is⊕Id〉 = J µ

s (pS)J ν†
d (pD)

×
[ ∏

a∈Is

e−ipaxaψa(pa, xa − x)
][ ∏

b∈F ′

s

eipbxbψ∗
b (pb, xb − x)

]

×
[ ∏

a∈Id

e−ipaxaψa(pa, xa − y)
][ ∏

b∈F ′

d

eipbxbψ∗
b (pb, xb − y)

]
.Here Js(pS) and Jd(pD) are the c-number hadroni
 
urrents in whi
h the strong intera
tionsare taken into a

ount nonperturbatively, and pS and pD denote the sets of the momentumand spin variables of the hadroni
 states.The proof is based on the assumed narrowness of the WPs in the momentum spa
e, ma
ros
opi
remoteness of the intera
tion regions in the sour
e and dete
tor verti
es, and the 
onsideration oftranslation invarian
e.The expli
it form of the hadroni
 
urrents Js and Jd is not needed for our purposes.
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uumNow, by applying Wi
k's theorem, fa
torization theorem, and the known properties of theleptoni
 WPs, the amplitude (43) 
an be rewritten in the following way:
Aβα =

g4

64N
∑

j

VβjJ ν†
d u(pβ)Oν′G

jν′µ′

νµ ({p
κ
, xκ})Oµ′v(pα)J µ

s V
∗
αj , (44)

G
jν′µ′

νµ ({p
κ
, xκ}) =

∫
dq

(2π)4
Vd(q)∆

ν′

ν (q − pβ)∆j(q)∆µ′

µ (q + pα)Vs(q). (45)Here Vs(q) and Vd(q) are the overlap integrals; ∆j and ∆ν
µ are the propagators of,respe
tively, the massive neutrino νj and W boson.a

∆j(q) =
i

q̂ −mj + i0
= i

q̂ +mj

q2 −m2
j + i0

. (47)aThe bare W boson propagator has the form
∆µν(k) = −i gµν − kµkν/m2

W

k2 −m2
W + i0

(46)However, the expli
it form of ∆µν is not used below. So ∆µν 
an be thought of as the renormalizedpropagator.
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uum7.12 Large-distan
e asymptoti
s.At large spatial distan
es between the impa
t points Xs and Xd, the integral (45) 
an beevaluated by means of the Grimus-Sto
kinger (GS) theorem.aLet F (q) be a thri
e 
ontinuously di�erentiable fun
tion su
h that F itself and its 1st and2nd derivatives de
rease not slowly than |q|−2 as |q| → ∞. Then in the asymptoti
 limitof L = |L| → ∞,

∫
dq

(2π)3
Φ(q)eiqL

s− q2 + i0
∼




−Φ (

√
sL/L)

4πL
exp

(
i
√
sL
)
+O

(
L−3/2

) for s > 0,

O
(
L−2) for s < 0.Taking into a

ount the de�nition (45), impli
it form of the overlap integrals and neutrinopropagator (47) we 
on
lude that in our 
ase

L = Xd −Xs, T = X0
d −X0

s , s = q20 −m2
j .The integrand in (45) satis�es the formulated requirements.aW. Grimus and P. Sto
kinger, Real os
illations of virtual neutrinos, Phys. Rev. D 54 (1996) 3414[arXiv:hep-ph/9603430℄.
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uumThe fun
tion 
orresponding the fun
tion Φ(q) in the GS theorem is, up to an inessential(q independent) multipliera,

δ̃s (q − qs) δ̃d (q + qd)∆νν′(q − pβ)(q̂ +mj)∆µ′µ(q + pα), (48)The �rst requirement of the theorem 
an be formally violated by the poles in the bare Wpropagators (46). In order to ex
lude this small trouble, we will use instead of (46) therenormalized propagator whi
h has no singularity in the resonan
e region.The simplest re
ipe 
onsists in the standard substitution m2
W 7−→ m2

W − imWΓW , in thedenominator of the bare propagator (46); ΓW is the full width of the W boson.Sin
e the fun
tions δ̃s (q − qs) and δ̃d (q + qd) de
ay faster that any power of |q|−1 as
|q| → ∞, we 
on
lude that the fun
tion (48) satis�es the 
onditions of the GS theorem. As aresult, in the leading order in 1/L the fun
tion (45) behaves as

G
j
νν′µ′µ ({pκ , xκ}) = e−S−iΘ

8π2L

∫ ∞

−∞

dq0e
−i(q0T−|qj |L)δ̃s (qj − qs) δ̃d (qj + qd)

×∆νν′(qj − pβ) (q̂j +mj)∆µ′µ(qj + pα),

(49)where

qj = (q0,qj), qj =
√
q20 −m2

j l, l = L/L, S = Ss +Sd, and Θ = Xsqs +Xdqd.a We have to note that the term in Eq. (48) proportional to the neutrino massmj does not 
ontributeto the amplitude due to the matrix multipliers Oµ′ è Oν′ .



Part III Neutrino Os
illations in Va
uum

7.12.1 Integration in q0.Sin
e the fa
tors δ̃s (qj − qs) and δ̃d (qj + qd) under the integral sign in the right-hand part ofEq. (49) have, as the fun
tions of q0, very sharp maxima 
lose to ea
h other, the integral issaturated by the narrow vi
inity of these maxima. So it 
am be estimated by the standardsaddle-point te
hnique. All 
al
ulations will be performed within the CRGP model. A

ordingthe the de�nition of the �smeared� δ fun
tions,

δ̃s (qj − qs) δ̃d (qj + qd) =
1

(4π)4
√
|ℜs||ℜd|

exp

[
−1

4
Fj(q0)

]
,

Fj(q0) = ℜ̃µν
s (qj − qs)µ (qj − qs)ν + ℜ̃µν

d (qj + qd)µ (qj + qd)ν .We denote

F0 = ℜ̃µν
s qsµqsν + ℜ̃µν

d qdµqdν , Y µ = ℜ̃µν
s qsν − ℜ̃µν

d qdν , Rµν = ℜ̃µν
s + ℜ̃µν

d , (50)and rewrite Fj(q0) in the following form:
Fj(q0) = F0 − 2Yµq

µ
j +Rµνq

µ
j q

ν
j . (51)The extremum of this fun
tion is given by

dFj(q0)

dq0
=

2

|qj |
[
Rq0|qj | − (Rl) (q0 − |qj|)2 − Y0|qj|+ (Yl)q0

]
= 0, (52)
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uumwhere

R = Rµν lµlν = R00 − 2(Rl) + R,

R = Rknlkln,

R = (R01, R02, R03),

Y = (Y1, Y2, Y3),

l = (1, l), l = L/L.

(53)

Here and be below we suppose 
onventional summation on repeating Latin indi
es(k, n = 1, 2, 3). The root of Eq. (52), q0 = Ej , will be the saddle point, if the 2nd derivative

d2Fj(q0)

dq20
= 2R+

2 (q0 − |qj |)
|qj |3

[(Rl) (q0 + 2|qj |) (q0 − |qj |)− (Yl) (q0 + |qj |)] (54à)is positive in this point. Let's de�ne
vj = |qj|/q0 and Γj = q0/mjThen Eq. (54à) 
an be rewritten in the following form:

d2Fj(q0)

dq20
= R+

2

v3j

[
(Rl) (1 + 2vj) (1− vj)2 − (Yl)

mjΓ 3
j

]
. (54á)The straightforward method of the exa
t solution of Eq. (52) in the general 
ase is des
ribedin Appendix 18. Here we only 
onsider the most interesting ultrarelativisti
 
ase, for whi
h one
an obtain 
omparatively simple approximate solutions. The nonrelativisti
 
ase is des
ribed inAppendix 19.
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7.12.2 Ultrarelativisti
 
ase.Let's 
onsider the following 
on�gurations of the external momenta:
q0s ∼ −q0d ∼ |qs| ∼ |qd|. (55)This parti
ular 
ase is realized in all (without ex
eptions) modern neutrino experiments andthus is the most interesting.PW0 limit: In the plane-wave limit (σκ = 0, ∀κ) and for a massless neutrino (mj = 0) theexa
t energy-momentum 
onservation in ea
h vertex of the diagram requires the stri
tequalities

q0s = −q0d, qs = −qd = q0s l, l = L/L.So, a

ording to Eqs. (50) and (53), the root of Eq. (52) is
q0 = lim

σκ=0, ∀κ

Y0 − (Yl)

R
= q0s . (56)It is nothing else than the energy of the real massless neutrino. Therefore

qj = q0s l = (q0s , q
0
s l) = (q0s ,qs), q2j = 0.Below, we'll 
all this spe
ial 
ase the �PW0 limit�.The PW0 limit suggests us the way of �nding the saddle point in the general (ultrarelativisti
)
ase.
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uumGeneral UR 
ase: In the general 
ase, σκ 6= 0, under the 
onditions (55) and naturalassumption that mj ≪ min(q0s ,−q0d) [where the minimization is performed on the set of themost probable external momenta in S and D, de�ned by the given experimental 
onditions℄ thesolution (52) 
an be found as a series in powers of the small dimensionless parameter
rj = m2

j/(2E
2
ν). (57)In Eq. (57) Eν is the �representative� energy of virtual neutrino:

Eν = (Y l)/R (ν is not the Lorentz index!) (58)whi
h 
oin
ides with the energy transfer q0s in the PW0 limit and 
lose to it in magnitude atsu�
iently small σκ. Due to Eq. (58), Eν is a rotation-invariant fun
tion of momenta, masses,and momentum spreads of all external wave pa
kets. Due to the approximateenergy-momentum 
onservation this value is nonnegative and transformed (approximately) asa zero 
omponent of a 4-momentum.Now we 
an seek q0 and |qj| =
√
q0 −m2

j as the power series
q0 ≡ Ej = Eν

(
1−

∞∑

n=1

CE
n r

n
j

)
, |qj | ≡ Pj = Eν

(
1−

∞∑

n=1

CP
n r

n
j

)
. (59)It is 
onvenient to rewrite Eq. (52) in the form

q0|qj| −m (q0 − |qj |)2 −Eν [(n+ 1)|qj | − nq0] = 0, (60)
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uumwhere we introdu
ed two rotation-invariant dimensionless fun
tions
n =

(Yl)

(Y l)

and m =
(Rl)

R
.From Eq. (60) it follows that the 
oe�
ients CE

n and CP
n , ∀n ≥ 1 are expressed only throughthese two fun
tions. The 
oe�
ients 
an be found by the standard re
urrent pro
edure. The�rs three pairs are

CE
1 = n,

CE
2 = n

(
2n+

3

2

)
− m,

CE
3 = n

(
7n2 + 9n+

5

2

)
− (5n+ 2)m;

(61)

CP
1 = n+ 1,

CP
2 = (n+ 1)

(
2n+

1

2

)
− m,

CP
3 = (n+ 1)

(
7n2 + 5n+

1

2

)
− (5n+ 3)m.

(62)

The quantities Ej and pj = Pjl 
an be naturally treated as e�e
tive (or most probable)energy and 3-momentum of the virtual massive neutrino νj .
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uumThen the e�e
tive neutrino velo
ity is vj = vjl = pj/Ej ;

vj = 1− rj −
(
2n+

1

2

)
r2j −

(
7n2 + 5n+

1

2
− 2m

)
r3j +O

(
r4j
)
. (63)As it 
ould be expe
ted,

0 < 1− vj ≪ 1,that is the neutrino is ultrarelativisti
.Considering that

R = Rµν lµlν = FE−2
ν , (64)where

F = [Rµνqµqν ]q=Eν l > 0, (65)we 
on
lude that the 2nd derivative (54) is positive in the point q0 = Ej and thus the fun
tion

Fj(q0) has the absolute minimum in this point.The quantities Ej , pj , and vj are unambiguously de�ned by the most probable momenta pκ ,masses mκ , and momentum spreads σκ of the external pa
kets in S and D.It will be demonstrated that the fun
tions n and m 
an vary within orders of magnitude indi�erent kinemati
 regions of the rea
tion (42). Hen
e the smallness of the parameter rj doesnot yet ensure that that the 
orre
tions ∼ rnj with n ≥ 2 in Eqs. (59) and (63) are small in thewhole phase spa
e of the rea
tion. Now we'l just assume that

|n|rj ≪ 1 and |m|rj ≪ |n|, ∀j. (66)
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uumA summary: The integral over q0 has been evaluated by the regular saddle-point method.In the ultrarelativisti
 approximation (q0s ≈ −q0d ≫ mj , j = 1, 2, 3) the stationary saddle point
q0 = Ej was found as a series in powers of the small parameter rj = m2

j/(2E
2
ν) ≈ Γ 2

j /2.The NLO result reads

q0 ≡ Ej = Eν

[
1− nrj − mr2j +O

(
r3j
)]
,

|qj |q0=Ej ≡ Pj = Eν

[
1− (n+ 1)rj −

(
n+ m+

1

2

)
r2j +O

(
r3j
)]
,

Pi

Ej
≡ vj = 1− rj −

(
2n+

1

2

)
r2j +O

(
r3j
)
, E2

j − P 2
j = m2

j ;

n =
Yl

Y l
, m = n

(
3

2
+ 2n

)
+

1

R

∑

n=1,2,3

(
ℜ̃0n

s + ℜ̃0n
d

)
ln,

Y µ = ℜ̃µν
s qsν − ℜ̃µν

d qdν , R =
(
ℜ̃µν

s + ℜ̃µν
d

)
lµlν ,

Eν =
Y l

R
, l = (1, l), l =

L

L
, L = Xd −Xs.The quantities Ej , Pj = Pjl and vj = vj l 
an naturally be treated as, respe
tively, thee�e
tive energy, momentum and velo
ity of the virtual neutrino νj .

� The ultrarelativisti
 approximation is, of 
ourse, referen
e-frame dependent. �That is why the obtained result is not expli
itly Lorentz-invariant.
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uumIn the limit of mj = 0 and assuming the exa
t energy-momentum 
onservation,
Ej = Pj = Eν = q0s = −q0d.But, in the general 
ase, the e�e
tive neutrino 4-momentum pj = (Ej,pj) is determined bythe mean momenta and momentum spreads of the external WPs involved in the pro
ess (42).Below, we'll limit ourselves to the 1st order of the expansion in rj . However, the next-order
orre
tions are needed to de�ne properly the range of appli
ability of the obtained result.Finally, by introdu
ing the notation

Ωj(T, L) = i (EjT − PjL) + 2
(
D̃j/Pj

)2
(PjT −EjL)

2 ,

Θ = Xsqs +Xdqd, L = |Xd −Xs|, T = X0
d −X0

s ,

D̃j = Dj

(
1 +

8irjE
2
νD

2
jL

P 3
j

)−1/2

, Dj =
1 + nrj√

2R
,we arrive at the saddle-point estimate of the fun
tion (45):

G
jν′µ′

νµ = ∆ν′

ν (pj − pβ)(p̂j +mj)∆
µ′

µ (pj + pα)|Vd(pj)Vs(pj)| D̃je
−Ωj(T,L)−iΘ

i(2π)3/2L
. (67)This formula 
an be (and must be) somewhat simpli�ed by putting rj = 0 everywherewherever it is not a fa
tor multiplying L or T (whose values 
an be arbitrary large).Somewhere the 4-ve
tor pj is repla
ed by the light-
one 4-ve
tor pν = (Eν ,pν) = Eν l.
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uum7.13 Sour
e-dete
tor fa
torization.Now, by applying the identity

P−p̂νP+ = P−u−(pν)u−(pν)P+, P± =
1

2
(1± γ5),where u−(pν) is the Dira
 bispinor for the LH massless ν, we de�ne the matrix elements

Ms = (g2/8)u−(pν)J µ
s ∆µ′

µ (pν + pα)Oµ′u(pα) (Is → F ′
s + ℓ+α + ν)

M∗
d = (g2/8) v(pβ)Oµ′∆µ′

µ (pν − pβ)J µ†
d u−(pν) (ν + Id → F ′

d + ℓ−β ).These des
ribe the rea
tions with produ
tion and absorption of a real massless neutrino ν.The �nal expression for the amplitude (44) is
Aβα =

MsM
∗
d

i(2π)3/2NL
∑

j

D̃j |Vs(pj)Vd(pj)|V ∗
αjVβj e

−Ωj(T,L)−iΘ. (68)

• The form of eq. (68) suggests that it is 
ommon for essentially any 
lass of ma
rodiagrams,with ex
hange of virtual neutrinos between the sour
e and dete
tor, until we do not spe
ify theexpli
it form of the matrix elements Ms and Md.
• To obtain similar answer for the ma
rodiagrams with an ex
hange of virtual antineutrinos,one has to repla
e (besides the matrix elements) V 7−→ V†.
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uum7.14 E�e
tive wave pa
ket for ultrarelativisti
 neutrino.Ôàçîâàÿ �óíêöèÿ (144) ìîæåò áûòü òîæäåñòâåííî ïåðåïèñàíà â ïðèáëèæåííîaëîðåíö-èíâàðèàíòíîé �îðìå:

Ωj(T, L) = i(pjX) +
2D̃2

j

E2
ν

[
(pjX)2 −m2

jX
2], (69)ãäå X = Xd −Xs. �àññìîòðèì ñëåäóþùèé �àêòîð â àìïëèòóäå (146):

u−(pν)
1

L
e−Ωj(T,L)u−(pν) ≈ u−(pj)

1

L
e−Ωj(T,L)u−(pj)Ïðåíåáðåãàÿ ImD̃2

j ýòîò �àêòîð ìîæíî çàïèñàòü â âèäå ïðîèçâåäåíèÿ
|Xd −Xs|−1

ψ
j

Xs
(pj , Xd −Xs)ψ

j
Xd

(pj , Xs −Xd), (70)â êîòîðîì

ψ
j
y(pj , x) = exp

{
−i(pjy)−

D2
j

E2
ν

[
(pjx)

2 −m2
jx

2]
}
u−(pj),

ψ
j

y(pj , x) =
[
ψ

j
y(pj, x)

]†
γ0 = u−(pj) exp

{
i(pjy)−

D2
j

E2
ν

[
(pjx)

2 −m2
jx

2]
}
.aÔóíêöèÿ D̃j/Eν èíâàðèàíòíà ñ òî÷íîñòüþ äî ïîïðàâîê O(r2j ).
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uumÑðàâíèâàÿ ñïèíîðíóþ �óíêöèþ ψy(pj , x) ñ âîëíîâîé �óíêöèåé �åðìèîííîãî ïàêåòàîáùåãî âèäà â ïðèáëèæåíèè Ñ��Ï

ψy(p, s, x) = e−ipxus(p)ψ(p, x− y) = us(p) exp

{
−i(py)− σ2

m2

[
(px)2 −m2x2

]}
,âèäèì, ÷òî ñïèíîðíóþ �óíêöèþ ψj

Xd
(pj, Xs −Xd) ìîæíî èíòåðïðåòèðîâàòü êàêâîëíîâóþ �óíêöèþ â x-ïðåäñòàâëåíèè, îïèñûâàþùóþ âõîäÿùèé âîëíîâîé ïàêåòðåàëüíîãî ìàññèâíîãî íåéòðèíî νj , ðîëü ïàðàìåòðà σ â êîòîðîé èãðàåò âåëè÷èíà

σj =
Dj

Γj

(
Γj =

Ej

mj
≃ Eν

mj

)
.Âòîðîé ñïèíîðíûé ñîìíîæèòåëü â (70), ψj

Xs
(pj , Xd −Xs)/|Xd −Xs|, åñòåñòâåííîèíòåðïðåòèðîâàòü êàê âûõîäÿùóþ èç èñòî÷íèêà ñ�åðè÷åñêóþ âîëíó íåéòðèíî íàðàññòîÿíèè |Xd −Xs| îò òî÷êè ðîæäåíèÿ Xs.Ïîñêîëüêó D̃j � êîìïëåêñíîçíà÷íàÿ �óíêöèÿ, �àêòîðèçàöèÿ âèäà (70) â îáùåì ñëó÷àåñòàíîâèòñÿ íåâîçìîæíîé. Ñîîòâåòñòâóþùóþ ïîïðàâêó, ïðåäñòàâëÿþùóþ î÷åâèäíûéèíòåðåñ äëÿ íåéòðèííîé àñòðî�èçèêè, ìîæíî èíòåðïðåòèðîâàòü êàê ðåçóëüòàòñâîåîáðàçíîé èíòåð�åðåíöèè ðàñïëûâàþùèõñÿ in- è out-ïàêåòîâ íåéòðèíî. Ïîïðàâêàñòàíîâèòñÿ ñóùåñòâåííîé ïðè î÷åíü áîëüøèõ ðàññòîÿíèÿõ L è ïðèâîäèò ê îáùåìóïîäàâëåíèþ àìïëèòóäû (44) è ê ìîäè�èêàöèè îñöèëëÿöèîííûõ �àêòîðîâ

∝ exp [iImΩj(T, L)]. Äåòàëüíîå èçó÷åíèå ýòèõ ý��åêòîâ âîçìîæíî òîëüêî ïîñðåäñòâîìàíàëèçà íàáëþäàåìûõ âåëè÷èí (òàêèõ, êàê ñêîðîñòü ñ÷åòà ñîáûòèé äàííîãî òèïà âóñòàíîâêå), êîòîðûå ïîëó÷àþòñÿ ïîñëå íàäëåæàùåãî óñðåäíåíèÿ êâàäðàòà ìîäóëÿàìïëèòóäû ïî âñåì íåèçìåðÿåìûì ïåðåìåííûì, îò êîòîðûõ çàâèñèò àìïëèòóäà (44).



Part III Neutrino Os
illations in Va
uumÒàêîå óñðåäíåíèå çàâèñèò îò ñòàòèñòè÷åñêèõ ðàñïðåäåëåíèé (â áîëåå îáùåì ñëó÷àå � îòêèíåòèêè) àíñàìáëåé in-ïàêåòîâ è îò ïðîöåäóðû äåòåêòèðîâàíèÿ. Çäåñü ìû îãðàíè÷èìñÿñëó÷àåì, êîãäà ýòèìè ý��åêòàìè ìîæíî ïðåíåáðå÷ü. Èñïîëüçóÿ (143) è (145) çàïèøåì:
rj ≃ 105

F

( mj

1 ýÂ)2 (1 �ýÂ

Eν

)(
L

104 êì). (71)Îòñþäà âèäíî, ÷òî rj ≪ 1 äëÿ âñåõ ñîâðåìåííûõ ýêñïåðèìåíòîâ ñðåàêòîðíûìè (Eν & 1 ÌýÂ, L . 103 êì),óñêîðèòåëüíûìè (Eν & 100 ÌýÂ, L . 103 êì) èàòìîñ�åðíûìè (Eν & 100 ÌýÂ, L . 1.3× 104 êì) (àíòè)íåéòðèíîïðè óñëîâèè, ÷òî mj . 1 ýÂ è F≫ 107. Ìû óáåäèìñÿ íà òèïè÷íûõ ïðèìåðàõ, ÷òî ïðèâûïîëíåíèè óñëîâèé ïðèìåíèìîñòè ìîäåëè Ñ��Ï óñëîâèå F≫ 107 âûïîëíÿåòñÿ �ñáîëüøèì çàïàñîì�. Ïðè ýòîì D̃2
j ≃ D2

j ≃ D2 è, ñëåäîâàòåëüíî,
σ2
j

m2
j

≃ D2

E2
ν

=
1

2E2
νR
≃ 1

2F
. (72)Îòñþäà, ñ ó÷åòîì ïðèíÿòûõ íàìè óñëîâèé óçîñòè âíåøíèõ ïàêåòîâ â èìïóëüñíîìïðîñòðàíñòâå, σ2

κ
≪ m2

κ

, àâòîìàòè÷åñêè ñëåäóåò, ÷òî σ2
j /m

2
i ≪ 10−7 è σ2

jL
2 ≪ m2

i /σ
2
j(óñëîâèå ñòàáèëüíîñòè ïàêåòà).Íåîïðåäåëåííîñòè ýíåðãèè è êîìïîíåíò èìïóëüñà óëüòðàðåëÿòèâèñòñêîãî âîëíîâîãîïàêåòà â ïðèáëèæåíèè Ñ��Ï åñòü

δEp ≈ |δp| ≈ |δp‖| ≈
√
2 ln 2Γpσ, |δp⊥| ≈ 2

√
ln 2σ (δp‖ × p = 0, δp⊥ · p = 0).



Part III Neutrino Os
illations in Va
uumÒ.î. ñîîòâåòñòâóþùèå íåîïðåäåëåííîñòè äëÿ óëüòðàðåëÿòèâèñòñêîãî íåéòðèííîãî ïàêåòàðàâíû

δEj ≈ |δpj| ≈ |δpj‖| ≈ 2
√
ln 2D, |δpj⊥| ≈ 2

√
2 ln 2D/Γj ≪ |δpj‖|,ò.å., �óíêöèÿ D, çàâèñÿùàÿ îò ìàññ, èìïóëüñîâ è ðàçìàçîê èìïóëüñîâ âíåøíèõ in- èout-ïàêåòîâ, õàðàêòåðèçóåò íåîïðåäåëåííîñòü ýíåðãèè íåéòðèíî, à 1/D îïðåäåëÿåò (ñòî÷íîñòüþ äî ÷èñëîâîãî ìíîæèòåëÿ ïîðÿäêà åäèíèöû) ý��åêòèâíûé ðàçìåðíåéòðèííîãî âîëíîâîãî ïàêåòà ïîïåðå÷íûé ê èìïóëüñó pj .Íàãëÿäíûì îáðàçîì âîëíîâîãî ïàêåòà óëüòðàðåëÿòèâèñòñêîãî íåéòðèííî ìîæåò ñëóæèòüîãðîìíûé, íî ÷ðåçâû÷àéíî òîíêèé äèñê, îòíîøåíèå ïîïåðå÷íîãî è ïðîäîëüíîãî ðàçìåðîâêîòîðîãî ðàâíî Γj ≫ 1. Îòíîñèòåëüíàÿ íåîïðåäåëåííîñòü ýíåðãèè è èìïóëüñà íåéòðèíî

δEj/Ej ≃ δPj/Pj ∼ D/Eν ∼ 1/
√

Fâñåãäà î÷åíü ìàëà è íå çàâèñèò îò ýíåðãèè è ìàññû íåéòðèíî. Èìåííî â ýòîì ñìûñëåñëåäóåò ïîíèìàòü ñòàíäàðòíîå êâàíòîâîìåõàíè÷åñêîå ïðåäïîëîæåíèå î òîì, ÷òîñîñòîÿíèÿ íåéòðèíî ñ îïðåäåëåííûìè ìàññàìè |νj〉 (à ñëåäîâàòåëüíî è ñîñòîÿíèÿ ñîïðåäåëåííûìè �ëåéâîðàìè |να〉) îáëàäàþò îïðåäåëåííûìè 4-èìïóëüñàìè.Êàê è âñÿêèé Ñ��Ï, íåéòðèííûé âîëíîâîé ïàêåò â ñðåäíåì äâèæåòñÿ ïî �êëàññè÷åñêîéòðàåêòîðèè� Lj = vjT , êâàíòîâûå îòêëîíåíèÿ îò êîòîðîé, δLj, ïîäàâëåíû �àêòîðîì

exp
{
−2D2 [(δLj)

2/Γ 2
j + (LδLj)

2 /L2]}.Èç-çà ìàëîñòè âåëè÷èíû D2/Γ 2
j ∼ m2

j/F ïîïåðå÷íûå îòêëîíåíèÿ ìîãóò áûòüìàêðîñêîïè÷åñêè âåëèêè (áåñêîíå÷íî âåëèêè â ñëó÷àå áåçìàññîâîãî íåéòðèíî).



Part III Neutrino Os
illations in Va
uumÈòàê, ìû óáåäèëèñü, ÷òî ý��åêòèâíûé âîëíîâîé ïàêåò óëüòðàðåëÿòèâèñòñêîãî íåéòðèíîâîñïðîèçâîäèò âñå ñâîéñòâà Ñ��Ï îáùåãî âèäà, ñ òîé ëèøü ñóùåñòâåííîé îãîâîðêîé, ÷òîïàðàìåòð σj çàâèñèò, âîîáùå ãîâîðÿ, îò èìïóëüñîâ (à òàêæå ìàññ è äèñïåðñèéèìïóëüñîâ) âñåõ âíåøíèõ ïàêåòîâ.Çäåñü íåîáõîäèìî îòìåòèòü, ÷òî ýòà çàâèñèìîñòü îòíþäü íå ÿâëÿåòñÿ ñïåöè�è÷åñêèìñâîéñòâîì íåéòðèíî èëè êîâàðèàíòíîãî �îðìàëèçìà, ïîñêîëüêó âîëíîâîé ïàêåò,îïèñûâàþøèé ñîñòîÿíèå ëþáîé ìàññèâíîé ÷àñòèöû äîëæåí çàâèñåòü îò èìïóëüñîâ÷àñòèö, ó÷àñòâîâàâøèõ êàê â åå îáðàçîâàíèè òàê è, âîîáùå ãîâîðÿ, ïîãëîùåíèè, àèñïîëüçîâàííîå íàìè ñîãëàøåíèå σκ = 
onst ÿâëÿåòñÿ íå áîëåå ÷åì ïðèáëèæåíèåì,ïðèíÿòûì äëÿ óïðîùåíèÿ òåîðèè.Íèæå ìû âåðíåìñÿ ê ýòîìó âîïðîñó ïðè ðàññìîòðåíèè ïðîöåññà äâóõ÷àñòè÷íîãî ðàñïàäà

a→ ℓν∗j â èñòî÷íèêå.
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illations in Va
uum7.15 Squared amplitude.It 
an be shown that

|Vs,d(pν)|2 = (2π)4δs,d(pν∓qs,d)Vs,d, (73)where δs,d are the �smeared� δ fun
tions (analogous to the fun
tions δ̃s,d) and Vs,d are thee�e
tive 4D overlap volumes of the external pa
kets in the sour
e and dete
tor;
δs,d(K) = (2π)−2|ℜs,d|−1/2 exp

(
−1

2
ℜ̃µν

s,dKµKν

)
, (74)

Vs,d =

∫
dx

∏

κ∈S,D

|ψκ (p
κ
, xκ − x)|2 =

π2

4
|ℜs,d|−1/2 exp (−2Ss,d). (75)

⇓

|Aβα|2 =
(2π)4δs(pν − qs)Vs|Ms|2∏

κ∈S 2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D 2EκVκ

× D2

(2π)3L2

∣∣∣
∑

j

V ∗
αjVβj e

−Ωj(T,L)−Θj

∣∣∣
2

.

(76)

Here

Θj ≈
m4

j

[
R00R − (Rl)2

]

4RE2
ν

; (77)see Appendix 21 for details.
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uumEquation (76) de�nes the mi
ros
opi
 probability dependent on the mean momenta p
κ

, initial
oordinates xκ , masses mκ , and parameters σκ of all external wave pa
kets parti
ipated in therea
tion. By using the expli
it form of the fun
tions δs,d and D, one 
an prove the followingapproximate relation:

2
√
πDδs (pν − qs) δd (pν + qd)F (pν) =

∫
dE′

νδs
(
p′ν − qs

)
δd
(
p′ν + qd

)
F (p′ν), (78)where F (pν) is an arbitrary slowly varying fun
tion and p′ν = (E′

ν ,p
′
ν) = E′

ν l. The relation isvalid with the same a

ura
y with whi
h the amplitude (68) itself has been dedu
ed that is,with the a

ura
y of the saddle-point method. With help of (78) the squared amplitude (76)transforms to

|Aβα|2 =

∫
dEν

(2π)4δs(pν − qs)Vs|Ms|2∏
κ∈S 2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D 2EκVκ

× D

2
√
π(2π)3L2

∣∣∣
∑

j

V ∗
αjVβj e

−Ωj(T,L)−Θj

∣∣∣
2

.

(79)

The expressions (76) and (79) are equivalent within the adopted a

ura
y, but from (79) it isapparent that the energy-momentum 
onservation is governed by the fa
tors δs(pν − qs) and

δd(pν + qd) whi
h, at su�
iently small σκ , 
ould be substituted by the usual δ fun
tions.The probability (79) is the most general result of this work. However, it is too general to bedire
tly applied to the 
ontemporary neutrino os
illation experiments.
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illations in Va
uum7.16 Properties of the overlap tensors ℜ̃µνs,d.7.16.1 General formulas for ℜµνs,d and ℜ̃µνs,d.Consider the general properties of the tensors

ℜµν
s,d =

∑

κ

Tµν
κ

=
∑

κ

σ2
κ
(uµ

κ
uν
κ
− gµν) and ℜ̃µν

s,d =
(
ℜ−1

s,d

)
µν
.The expli
it form of the matri
es ℜs,d reads

ℜs,d =
∑

κ

σ2
κ




Γ 2
κ
− 1 −Γκuκ1 −Γκuκ2 −Γκuκ3

−Γκuκ1 1 + u2
κ1 uκ1uκ2 uκ1uκ3

−Γκuκ2 uκ2uκ1 1 + u2
κ2 uκ2uκ3

−Γκuκ3 uκ3uκ1 uκ3uκ2 1 + u2
κ3




=
∑

κ

(σκΓκ)
2




v2
κ

−vκ1 −vκ2 −vκ3

−vκ1 1− v2
κ2 − v2κ3 vκ1vκ2 vκ1vκ3

−vκ2 vκ2vκ1 1− v2
κ3 − v2κ1 vκ2vκ3

−vκ3 vκ3vκ1 vκ3vκ2 1− v2
κ1 − v2κ2


.As above, the index κ ranges over the sets of initial (Is,d) and �nal (Fs,d) one-pa
ket states;

uκi and vκi (i = 1, 2, 3) are the 
omponents of the ve
tors uκ = pκ/mκ and vκ, respe
tively(uκi = Γκvκi). Clearly, |Tκ | = |Tκ |vκ=0 = 0 while |ℜs,d| ≥ 0, as judged by strength ofpositivity of the quadrati
 form ℜµν
s,d xµxν and assuming that σκ > 0 for all κ. Moreover, allprin
ipal minors of |ℜs,d| are positive.
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uumWe will use the following notation:

ωi =
∑

κ

σ2
κ

(
1 + u2

κi

)
, ω =

∑

κ

σ2
κ
u
2
κ
, υi =

∑

κ

σ2
κ
Γκuκi, wi =

∑

κ

σ2
κ
uκjuκk. (80)Here and below in this Se
tion, the indi
es s and d are omitted for short. The spatial indi
esdenoted by i, j, k range over 1,2,3, and (if not stipulated otherwise) i 6= j 6= k. With thisnotation, the determinants of ℜs and ℜd are given by

|ℜs,d| = ω
∏

i

ωi + 2ω
∏

i

wi +
∑

i

υiwi (υiwi − υjwj − υkwk)

+
∑

i

[
wiωi (2υjυk − ωwi)− υ2

i ωjωk

]
.

(81)

The matri
es inverse to ℜs,d are straightforwardly (but not trivially) determined through theadjun
ts Aµν
s,d of |ℜs,d|:

ℜ−1
s,d = |ℜs,d|−1||Aµν

s,d||, (82)

A
00
s,d =

∏

i

ωi −
∑

i

w2
iωi + 2

∏

i

wi,

A
0i
s,d = υiωjωk − υjwkωk − υkwjωj + wi (υjwj + υkwk − υiwi),

A
ii
s,d = ω

(
ωjωk − w2

i

)
+ 2wiυjυk − υ2

jωk − υ2
kωj ,

A
jk
s,d = (υjυk − ωwi)ωi + υi (υiwi − υjwj − υkwk) + ωwjwk.

(83)
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uumThe elements of the matri
es ℜ̃s and ℜ̃d are given by

ℜ̃µν
s,d = |ℜs,d|−1

Ã
µν
s,d,where

Ã
00
s,d = A

00
s,d, Ã

0i
s,d = Ã

i0
s,d = −A0i

s,d, Ã
ij
s,d = Ã

ji
s,d = A

ij
s,d.The positive-de�niteness of the quadrati
 forms ℜµν

s,dqµqν provides a set of stri
t inequalities,in parti
ular,

ℜ̃µµ
s,d > 0, ℜ̃00

s,dℜ̃ii
s,d −

(
ℜ̃0i

s,d

)2
> 0, ℜ̃jj

s,dℜ̃kk
s,d −

(
ℜ̃jk

s,d

)2
> 0. (84a)The left parts of these inequalities 
orrespond to the prin
ipal minors of the matrix ℜ̃s,dof the 1-st and 2-nd orders. It is assumed here that there is no summation in repeatingindi
es but, of 
ourse, the sums of the 
orresponding minors are also positive. One moreuseful set of inequalities is

ωωi > υ2i .Similar inequalities are valid also for adjun
ts Aµν
s,d and Ã

µν
s,d (sin
e |ℜ̃s,d| > 0), and for theelements of the matrix ||Rµν || = ||ℜ̃µν

s + ℜ̃µν
d ||:

Rµµ > 0, R00Rii −R2
0i > 0, RjjRkk −R2

jk > 0. (84b)These inequalities lead to important 
orollaries, in parti
ular, to the positivity of the fun
tions

R and m− n0 − n20 whi
h enter the amplitude.



Part III Neutrino Os
illations in Va
uumIndeed, in the 
oordinate frame where the z axis is dire
ted along the unit ve
tor l we have
R = R33, m− n0 − n

2
0 =

R00R − (Rl)2

R2
=

R00R33 −R2
03

(R00 − 2R03 +R33)
2 .Sin
e these quantities are rotation invariant, from Eqs. (84b) it follows that

R > 0 and m− n0 − n
2
0 > 0.From the last inequality it is seen that

Θj ≈
m4

jR
(
m− n0 − n20

)

4E2
ν

=
m4

j

[
R00R − (Rl)2

]

4RE2
ν

> 0.(see (150)). This leads to a suppression of the probability (79).The fun
tions n and m̄ 
an be now 
onstru
ted from the tensor 
omponents R0i = ℜ̃0i
s + ℜ̃0i

dand 4-ve
tor Y = Ys + Yd, where Y µ
s = ℜ̃µν

s qsν and Y µ
d = −ℜ̃µν

d qdν .Note that for 
omputing the fun
tions n and n̄ we a
tually only need to know the innerprodu
t Y l = (Ys + Yd)l = EνR and zero-
omponent Y 0 = Y 0
s + Y 0

d . Moreover, it issu�
ient to 
al
ulate these quantities in the PW0 limit, in whi
h the 
al
ulations areessentially simpli�ed.From here on we will use the symbol JfK to indi
ate that the fun
tion f is 
al
ulated in thePW0 limit. In these terms
Ys,dl→ ℜ̃µν

s,dqµlν

∣∣∣
q=Eν l

= E−1
ν

r
ℜ̃µν

s,dqµqν
z and Y 0

s,d →
r
ℜ̃0µ

s,dqµ
z
.To illustrate the general formulas, we 
onsider several examples important for appli
ations.
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illations in Va
uum7.16.2 Two-parti
le de
ay in the sour
e.Let us investigate the simplest pro
ess � the leptoni
 de
ay a→ℓν∗ in the sour
e, where a is a
harged meson (π±, K±, D±
s , . . .), ℓ is a 
harged lepton and ν∗ denotes a virtual neutrino orantineutrino. Forasmu
h as su
h de
ays provide the main sour
e of a

elerator, atmospheri
and astrophysi
al neutrinos of high energies, we will study this example 
ir
umstantially.Assuredly, the formulas of this se
tion 
an be straightforwardly translated to any 2-body de
ay a→bν∗,for example, to an ele
tron 
apture de
ay of relativisti
 ions (e.g., 140Pr57+ → 140Ce57+ν∗) in agedanken experiment 
apable of dete
ting the ele
tron-
apture neutrino intera
tions. With 
ertainstipulations, they 
an also be applied to the sequential pro
esses of emission and resonant absorption(by indu
ed orbital e-
apture) of M�ossbauerantineutrinos, e.g., 3H → 3He+ ν∗, ν∗ + 3He → 3H).Arbitrary momenta.In the 
onsidered 
ase, the determinant of the matrix ℜs 
an readily be obtained fromEq. (81) written in the rest frame of the meson wave pa
ket:a

|ℜs| = σ2
aσ

2
ℓσ

4
2 |u⋆

ℓ |2. (85)Here σ2
2 = σ2

a + σ2
ℓ and uℓ = pℓ/mℓ = Γℓvℓ.aWe use the star supers
ript to denote the meson rest frame. The subs
ripts a and ℓ indi
ate the
orresponding parti
les and should not be 
onfused with Lorentz indi
es. A similar index 
onvention isused in the subsequent text.
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illations in Va
uumSin
e |ℜs| is a Lorentz invariant, Eq. (85) 
an be transformed to the laboratory frame just bysubstitution

|u⋆
ℓ | =

√
(Eℓpa − Eapℓ)

2 − |pa × pℓ|2

mamℓ
= (uauℓ)Vaℓ, Vaℓ =

√
(va − vℓ)

2 − |va × vℓ|2

1− vavℓ
.Here Vaℓ is the relative velo
ity of the meson and lepton in the lab. frame.Noti
e that the kinemati
 variables in this formula are not in general 
onstrained by theenergy-momentum 
onservation. By adopting that the virtual neutrino is on-mass-shell andnegle
ting both the neutrino masses and the smearing of the meson and lepton momenta, onemay use the standard 2-parti
le kinemati
s, a

ording to whi
h

|v⋆
ℓ | = Vaℓ =

m2
a −m2

ℓ

m2
a +m2

ℓ

and |u⋆
ℓ | =

m2
a −m2

ℓ

2mamℓ
.In a little bit more 
ompli
ated way one 
an 
al
ulate the adjun
ts Aµν

s de�ned by Eqs. (83):

A
00
s = σ2

2

[
σ2
2

(
σ2
aΓ

2
a + σ2

ℓΓ
2
ℓ

)
+ σ2

aσ
2
ℓ |ua × uℓ|2

]
,

A
0i
s = σ2

2

{
σ2
a

[
σ2
aΓa + σ2

ℓΓℓ(uauℓ)
]
uai + σ2

ℓ

[
σ2
ℓΓℓ + σ2

aΓa(uauℓ)
]
uℓi

}
,

A
ii
s = σ2

2

{
σ2
a

[
σ2
auai + σ2

ℓ (uauℓ)uℓi

]
uai + σ2

ℓ

[
σ2
ℓuℓi + σ2

a(uauℓ)uai

]
uℓi

+σ2
aσ

2
ℓ

[
(Γℓua − Γauℓ)

2 − |ua × uℓ|2
]}
,

A
jk
s = σ2

2

[
σ4
auajuak + σ4

ℓuℓjuℓk + σ2
aσ

2
ℓ (uauℓ) (uajuℓk + uℓjuak)

]
, j 6= k.

(86)

No kinemati
 
onstraints were imposed for derivation of these formulas.



Part III Neutrino Os
illations in Va
uumUsing Eqs. (86) and taking into a

ount Eq. (82), we obtain (for arbitrary q)
ℜ̃µν

s qµqν =
1

|ℜs|


A00

s q
2
0 +

∑

i

(
−2A0i

s q0 + A
ii
s qi
)
qi + 2

∑

j<k

A
jk
s qjqk




=
A2

σ2
aσ

2
ℓσ

2
2 |u⋆

ℓ |2
− q2

σ2
2

, (87)where we have de�ned the Lorentz-invariant fun
tion
A2 =

[
σ2
2

(
σ2
aΓ

2
a + σ2

ℓΓ
2
ℓ

)
+ σ2

aσ
2
ℓ (Γℓua − Γauℓ)

2] q20
−2
{
σ2
a

[
σ2
aΓa + σ2

ℓΓℓ(uauℓ)
]
uaq+ σ2

ℓ

[
σ2
ℓΓℓ + σ2

aΓa(uauℓ)
]
uℓq

}
q0

+
∑

i

[
σ4
au

2
ai + σ4

ℓu
2
ℓi + 2σ2

aσ
2
ℓ (uauℓ)uaiuℓi

]
q2i

+2
∑

j<k

[
σ4
auajuak + σ4

ℓuℓjuℓk + σ2
aσ

2
ℓ (uauℓ) (uajuℓk + uakuℓj)

]
qjqk.By applying the identities

(uaq) (uℓq) = ΓaΓℓq
2
0 − [Γa (uℓq) + Γℓ (uaq)] q0 + (uaq) (uℓq),

(uaq) (uℓq) =
∑

i

[(uaiqi) (uℓiqi) + (uajqj) (uℓkqk) + (uakqk) (uℓjqj)],we arrive at the 
ompa
t formula for the fun
tion A2:
A2 = σ4

a (uaq)
2 + σ4

ℓ (uℓq)
2 + 2σ2

aσ
2
ℓ (uauℓ) (uaq) (uℓq). (88)
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illations in Va
uumNow we 
an write out the 4-ve
tor Ys whose 
omponents are de�ned by
Y 0
s = ℜ̃0ν

s qsν =
1

|ℜs|
[
A

00 (Ea −Eℓ)− A
0i (pa − pℓ)i

]
,

Y i
s = ℜ̃iν

s qsν =
1

|ℜs|
[
A

ij (pa − pℓ)j − A
i0 (Ea − Eℓ)

]
.After elementary manipulations with Eqs. (86), we arrive at the expression:

Y µ
s =

1

|u⋆
ℓ |2
{[

(papℓ)

m2
a

− 1

]
pµa
σ2
ℓ

−
[
(papℓ)

m2
ℓ

− 1

]
pµℓ
σ2
a

}
. (89)Even simpler:

(Rq) =
1

σ2
2 |u⋆

ℓ |2
{[

σ2
aΓa

σ2
ℓ

+ Γℓ(uauℓ)

]
(uaq) +

[
σ2
ℓΓℓ

σ2
a

+ Γa(uauℓ)

]
(uℓq)

}
.

PW0 limit.In the PW0 limit (q → pa − pℓ = pν = Eν l, p2ν = 0 in this instan
e) we have

uauℓ =
E⋆

ℓ

mℓ
, uaq = E⋆

ν , uℓq =
maE

⋆
ν

mℓ
,where

E⋆
ℓ =

m2
a +m2

ℓ

2ma

and E⋆
ν =

m2
a −m2

ℓ

2maare, respe
tively, the lepton and neutrino energies in the meson rest frame.



Part III Neutrino Os
illations in Va
uumBy applying the above relations to Eqs. (88) and (87), we obtain

r
ℜ̃µν

s qµqν
z
=
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

. (90)

The shape of the e�e
tive neutrino wavepa
ket.To illustrate Eq. (90) let us 
onsider the spe
ial but quite realisti
 
ase when one 
an negle
tthe 
ontributions into the full fun
tion D 
aused by the rea
tion in the dete
tor. For this wehave to assume that the parameters σκ for all κ ∈ D are large enough in 
omparison with σaand σℓ.). Then from Eq. (90) we obtain:
D

2 ≈ E2
ν

[
2

(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)]−1

≪ E2
ν , σ2

j ≈
m2

j

2

(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)−1

≪ m2
j . (91)So, in this simplest 
ase, the e�e
tive wavepa
ket of virtual neutrino with a given massde�nitely de�ned by the mass and momentum spreads of the pa
kets of a and ℓ and the valuesof σj for all three known neutrino are mightily small for any values of σa and σℓ allowed by theCRGP approximation.Moreover, taking into a

ount that the masses of the known neutrinos are many orders ofmagnitude smaller than the masses of all other known (massive) elementary parti
les, we 
an
on
lude that σ2

j ≪ σ2
a,ℓ.



Part III Neutrino Os
illations in Va
uumWhile the estimations were done negle
ting the dete
tor 
ontributions, they partially explainthe su

ess of the standard quantum-me
hani
al assumptions that the light neutrinos havede�nite momenta in spite of the fa
t that they are produ
ed in the pro
esses with the parti
leshaving 
omparatively large momentum spreads.From (91) it in parti
ular follows that σj = 0 as mj = 0 that is the massless neutrinos 
an betreated as plane waves. With obvious limitations this remarkable fa
t 
an be used in theanalyses of the pro
esses in whi
h the light massive (or massless) neutrinos parti
ipate asexternal wavepa
kets.From the 
onditions of appli
ability of the CRGP approximation for unstable parti
les
(σκ/σ

max
κ

)4 ≪ 1, σmax
κ

=
√
mκΓκ(where Γκ = 1/τκ is the full de
ay width of the parti
le κ) it follows the important limitation:

σ2
j ≪

m2
j

2

(
mℓ

Γℓ
+
ma

Γa

)−1

.Therefore, for the two-parti
le de
ays of any mesons with a muon in the �nal state (πµ2, Kµ2,et
.) we obtain the upper limit
σ2
j

m2
j

≪ Γµ

mµ
≈ 1.4× 10−18 =⇒ σmax

j

σmax
µ

≈ mj

mµ
≪ 1.
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illations in Va
uumThis leads to the lower limit for the e�e
tive transversal and longitudinal dimensions of theneutrino wavepa
ket:

d⊥j ≫ 2.5

(
0.1 eV

mj

) km and d
‖
j =

d⊥j
Γj
≫ 2.5× 10−5

(
1 GeV
Eν

)(
0.1 eV
mj

) 
m.
• The size d⊥j is on no a

ount the size of the neutrino wavepa
ket in rest, sin
e all ourestimations were performed in the ultrarelativisti
 approximation and are therefore validonly for su
h frames in whi
h the neutrinos remain ultrarelativisti
. The Lorentz invarian
eof the e�e
tive neutrino wavefun
tion ψj

y(pj, x) also takes pla
e up to the same reserverequirement.

• The limitations for the 
hara
teristi
s of the neutrino wavepa
kets 
reated in aτ2 de
aysdepend on the type of the de
aying parti
le. For example, in the 
ase of a Ds mesonde
ay we obtain σ2
j /m

2
j ≪ 2.2× 10−13.

• The e�e
tive dimensions d⊥j and d‖j de�ne (on the order of magnitude) the allowedtransversal and longitudinal quantum deviations of the 
enter of the neutrino pa
ket fromthe �
lassi
al traje
tory� Lj = vjT .
• The transversal deviations δL⊥

j ∼ d⊥j 
an be huge, wittingly larger than the dimensions ofthe present-day neutrino dete
tors and the natural widening of the a

elerator neutrinobeams even in the distan
es of about ∼ 103 km from the sour
e. This fa
t should not
ause bewilderment and 
onfusion if we remind ourselves that the standardquantum-me
hani
al des
ription of the massive neutrino as a state with de�nitemomentum impli
ates, as a dire
t 
onsequen
e of the Heisenberg un
ertainty relation,



that its �dimensions� (both transversal and longitudinal) are in�nitely large. Su
hdes
ription does not lead to unphysi
al results sin
e the neither transversal dimensions nortransversal quantum �u
tuations enter the transition amplitude and thus do not a�e
t theobservables.Âêëàäû â �óíêöèè n è m. Èç îáùåé �îðìóëû (89) íàõîäèì 4-âåêòîð Ys âÏÂ0-ïðèáëèæåíèè:

Ys =
1

maE⋆
ν

[(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)
pa − m2

a

σ2
a

pν

]
=

1

maE⋆
ν

[(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)
pℓ − m2

ℓ

σ2
ℓ

pν

]
.Ñêàëÿðíûå ïðîèçâåäåíèÿ, êîòîðûå òðåáóþòñÿ äëÿ ðàñ÷åòà aℓ2 âêëàäîâ â �óíêöèè n è m,èìåþò âèä

Ysl =
r
ℜ̃µν

s qµqν
z 1

Eν
=

(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)
1

Eν
,

Ysl = Y 0
s − Ysl =

Γa

E⋆
ν

[(
m2

ℓ

σ2
ℓ

+
m2

a

σ2
a

)(
1− maE

⋆
ν

EaEν

)
− m2

a

σ2
a

Eν

Ea

]
.Îòñþäà íàõîäèì:

Ysl

Ysl
= Γa

[
1−

(
m2

aσ
2
ℓ

m2
aσ

2
ℓ +m2

ℓσ
2
a

)
Eν

Ea

]
Eν

E⋆
ν

− 1 ≡ ns (Ea, Eν) .



Ïîñêîëüêó, ïðè �èêñèðîâàííîì çíà÷åíèè Eν �óíêöèÿ ns ëèíåéíî çàâèñèò îò Ea, òîèìååò ìåñòî ñëåäóþùåå íåðàâåíñòâî:

ns ≥ ns

(
Emin

a , Eν

)
,â êîòîðîì

Emin
a =

ma

2

(
Eν

E⋆
ν

+
E⋆

ν

Eν

)åñòü ìèíèìàëüíàÿ ýíåðãèÿ ÷àñòèöû a, íåîáõîäèìàÿ äëÿ ðîæäåíèÿ áåçìàññîâîãîíåéòðèíî ñ ýíåðãèåé Eν â aℓ2-ðàñïàäå. Òàêèì îáðàçîì, àáñîëþòíûé ìèíèìóì �óíêöèè
ns îòðèöàòåëåí:

n
min
s = ns (ma, E

⋆
ν ) = −

(
m2

a −m2
ℓ

)
σ2
ℓ

2 (m2
aσ

2
ℓ +m2

ℓσ
2
a)
, |nmin

s | < 1

2

(
1− m2

ℓ

m2
a

)
.Ôóíêöèÿ ns âîçðàñòàåò ñ óâåëè÷åíèåì ýíåðãèè íåéòðèíî è ìîæåò áûòü ñêîëü óãîäíîâåëèêà ïðè Eν ≫ E⋆

ν ;

ns ≥ ns

(
Emin

a , Eν

)
=

1

2

(
1− 2|nmin

s |
)(Eν

E⋆
ν

)2 [
1 +O

(
E⋆

ν

Eν

)]
.Åñëè ïðåäïîëîæèòü, ÷òî |Y 0

s | ≫ |Y 0
d | è Ysl≫ Ydl, òî �óíêöèÿ ns ìîæåò ñëóæèòü îöåíêîéäëÿ ïîëíîé �óíêöèè n. Êàê õîðîøî èçâåñòíî, ðàñïðåäåëåíèå ýíåðãèè íåéòðèíî â

aℓ2-ðàñïàäå ðàâíîìåðíî (ò.å. íå çàâèñèò îò Eν) âíóòðè êèíåìàòè÷åñêèõ ãðàíèö

E⋆
νΓa(1− |va|) ≤ Eν ≤ E⋆

νΓa(1 + |va|),



îòêóäà ñëåäóåò, ÷òî ñðåäíÿÿ ýíåðãèÿ ðàñïàäíîãî íåéòðèíî ðàâíà Eν = ΓaE
⋆
ν . Ïîýòîìóïðè âûñîêèõ ýíåðãèÿõ ðàñïàäàþùèõñÿ ìåçîíîâ, Γa ≫ 1, ñ òî÷íîñòüþ äî O(Γ−2

a ) èìååì:
ns
(
Ea, Eν

)
≈ Γ 2

a

(
1− |nmin

s |
)
=
(
1− |nmin

s |
)(Eν

E⋆
ν

)2è, ñëåäîâàòåëüíî,

nsri|Eν=Eν
≈ 1

2

(
1− |nmin

s |
)(mi

E⋆
ν

)2

≪ 1.Ïðè òåõ æå ïðåäïîëîæåíèÿõ è óäåðæèâàÿ òîëüêî ëèäèðóþùèå ïî Γa è Eν/E
⋆
ν ÷ëåíû,ìîæíî îöåíèòü âêëàä aℓ2-ðàñïàäà â �óíêöèþ m:

ms ≈ Γ 2
a

{
1 +

σ4
ℓm

4
a

(m2
ℓσ

2
a +m2

aσ
2
ℓ )

2

[
1 +

2σ2
aE

⋆
ν

ma (σ2
a + σ2

ℓ )

](
Eν

Ea

)2
}(

Eν

E⋆
ν

)2

.Îòñþäà âèäíî, ÷òî ms ≫ ns; òåì íå ìåíåå ïðåäïîëàãàåìûå â ðàçäåëå 7.12.2íåðàâåíñòâà (66) îñòàþòñÿ ñïðàâåäëèâûìè ïðè Eν ∼ Eν .
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7.16.3 Quasielasti
 s
attering in dete
torÂ êà÷åñòâå ïðîñòåéøåãî (è íàèáîëåå âàæíîãî) ïðèìåðà ðåàêöèè â äåòåêòîðíîé âåðøèíåäèàãðàììû ðàññìîòðèì ¾êâàçèóïðóãîå¿ ðàññåÿíèå âèðòóàëüíîãî íåéòðèíî ν∗a→ bℓ, âêîòîðîì ÷àñòèöà-ìèøåíü a ìîæåò áûòü ýëåêòðîíîì, íóêëîíîì èëè ÿäðîì, à ℓ �çàðÿæåííûé ëåïòîí. Ïîñêîëüêó â òèïè÷íîì íåéòðèííîì ýêñïåðèìåíòå ÷àñòèöû-ìèøåíèîáëàäàþò î÷åíü ìàëûìè (òåïëîâûìè) ñêîðîñòÿìè îòíîñèòåëüíî ëàá. ñèñòåìû, áóäåìñ÷èòàòü, ÷òî ëàá. ñèñòåìà ñîâïàäàåò ñ ñ.ñ.î. âîëíîâîãî ïàêåòà, îïèñûâàþùåãî ñîñòîÿíèå÷àñòèöû a. �àçóìååòñÿ, ïðè íåîáõîäèìîñòè âñå �îðìóëû ìîãóò áûòü ïðåîáðàçîâàíû âëþáóþ äðóãóþ ñèñòåìó îòñ÷åòà, ïîñêîëüêó ìû èìååì äåëî ëèøü ñ âåêòîðàìè èòåíçîðàìè, çàêîíû ïðåîáðàçîâàíèÿ êîòîðûõ õîðîøî èçâåñòíû.Arbitrary momenta.Â ñ.ñ.î. ïàêåòà a îïðåäåëèòåëü ìàòðèöû ℜd èìååò âèä
|ℜd| = σ2

3

{(
σ2
3 + σ2

a

)
σ2
bσ

2
ℓ (ubuℓ)

2 V2
bℓ + 2σ2

aσ
2
bσ

2
ℓ (ubuℓ) (ubuℓ) +

+σ2
a

[
σ2
b

(
σ2
a + σ2

b

)
u
2
b + σ2

ℓ

(
σ2
a + σ2

ℓ

)
u
2
ℓ

]}
.

(92)Çäåñü Vbℓ åñòü îòíîñèòåëüíàÿ ñêîðîñòü ÷àñòèö b è ℓ, à σ2
3 ≡ σ2

a + σ2
b + σ2

ℓ . Âàæíûé âûâîä,ñëåäóþùèé èç ýòîé �îðìóëû çàêëþ÷àåòñÿ â òîì, ÷òî îïðåäåëèòåëü |ℜd| îñòàåòñÿíåîòðèöàòåëüíûì äàæå åñëè îäíà (íî òîëüêî îäíà) èç ÷àñòèö a, b èëè ℓ îïèñûâàåòñÿ



ïëîñêîé âîëíîé. Åñëè, íàïðèìåð, ïðåíåáðå÷ü ÷ëåíàìè, ïðîïîðöèîíàëüíûìè σ2
ℓ , �îðìóëàäëÿ îïðåäåëèòåëÿ (92) ïðèîáðåòàåò âèä, ñîâïàäàþùèé ñ (85):

|ℜd| ≈ σ2
aσ

2
b

(
σ2
a + σ2

b

)2 |ub|2. (93)Ýòî âàæíîå ñâîéñòâî äàåò âîçìîæíîñòü çíà÷èòåëüíî óïðîñòèòü àíàëèç ìíîãîïàêåòíûõ in-è out-ñîñòîÿíèé, ïðåíåáðåãàÿ âêëàäàìè ïàêåòîâ î÷åíü áîëüøèõ ïðîñòðàíñòâåííûõðàçìåðîâ (õàðàêòåðèçóþùèõñÿ î÷åíü ìàëûìè çíà÷åíèÿìè ïàðàìåòðîâ σκ). Ïðè ýòîìñëåäóåò èìåòü â âèäó, ÷òî ïðèáëèæåííàÿ �îðìóëà (93) ïðèìåíèìà òîëüêî ïðè óñëîâèè
|ub| 6= 0a. Àíàëîãè÷íàÿ îãîâîðêà äîëæíà áûòü ó÷òåíà è â îáùåì ñëó÷àå, ò.å. ïðèîòáðàñûâàíèè âêëàäîâ ïàêåòîâ ñ î÷åíü ìàëûìè çíà÷åíèÿìè σκ ñëåäóåò âûðåçàòüîêðåñòíîñòè �àçîâîãî ïðîñòðàíñòâà, âíóòðè êîòîðûõ îïðåäåëèòåëè |ℜs| è |ℜd|,âû÷èñëåííûå â òàêîì ïðèáëèæåíèè, îáðàùàþòñÿ â íóëü. Êàê ïðàâèëî, òàêèå îáëàñòèðàñïîëîæåíû âáëèçè êèíåìàòè÷åñêèõ ãðàíèö �àçîâîãî ïðîñòðàíñòâà è íå äàþò âêëàäà âýêñïåðèìåíòàëüíî èçìåðÿåìûå õàðàêòåðèñòèêè.aÍàïîìíèì, ÷òî âåëè÷èíà |u⋆

ℓ | â (85) âñåãäà îòëè÷íà îò íóëÿ.



Ñîãëàñíî (83), àëãåáðàè÷åñêèå äîïîëíåíèÿ A
µν
d èìåþò âèä
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A
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ℓ

)
upjupk + σ2

ℓ
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(upjuℓk + upkuℓj) , j 6= k.

(94)

Îòñþäà äëÿ ïðîèçâîëüíîãî 4-âåêòîðà q ïîëó÷àåì:
|ℜd|ℜ̃µν
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∑
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∑
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ℓ (uℓq)
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3 |ℜd|q2.



Êîìïîíåíòû 4-èìïóëüñà Yd íàéäåì, èñïîëüçóÿ (94):

Y 0
d =

σ2
3

|ℜd|
(
c0ama − c0bEb − c0ℓEℓ

)
, Yd =

σ2
3

|ℜd|
(cbub + cℓuℓ) .Ôèãóðèðóþùèå çäåñü êîý��èöåíòíûå �óíêöèè äàþòñÿ ñëåäóþùèìè �îðìóëàìè:
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ℓΓℓ

)2
,
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2
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]
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+
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2
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b + σ2

ℓ [Γℓ (ma −mbΓb)−mℓ]
}
.Êàê è äîëæíî áûòü, âûøåïðèâåäåííûå âûðàæåíèÿ ñèììåòðè÷íû ïî îòíîøåíèþ ê çàìåíåèíäåêñîâ b↔ ℓ, à èõ ÿâíî íåêîâàðèàíòíàÿ �îðìà ñâÿçàíà ñ èñïîëüçîâàíèåì ñïåöèàëüíîéñèñòåìû îòñ÷åòà.



Part III Neutrino Os
illations in Va
uum

PW0 limit.Â ÏÂ0-ïðåäåëå êèíåìàòèêà ðåàêöèè 2→ 2 ïîçâîëÿåò çàïèñàòü âåëè÷èíû |ℜd|, ℜ̃µν
d qµqν è

Ydl â òåðìèíàõ äâóõ ïðîèçâîëüíûõ íåçàâèñèìûõ èíâàðèàíòíûõ ïåðåìåííûõ; ìû áóäåìèñïîëüçîâàòü ñòàíäàðòíóþ ïàðó ïåðåìåííûõ:

s = (pa + pν)
2 = ma (2Eν +ma) è Q2 = −(pν − pℓ)2.Äëÿ òîãî, ÷òîáû çàïèñàòü âûðàæåíèÿ ïðåäûäóùåãî ðàçäåëà ÷åðåç ýòè ïåðåìåííûåïðèìåì âî âíèìàíèå òî÷íûå êèíåìàòè÷åñêèå ñîîòíîøåíèÿ:
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b −m2
ℓ
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√
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b −m2

ℓ

,â êîòîðûõ Eν = |pν | =
(
s−m2

a

)
/2ma è pν = Eνl åñòü, ñîîòâåòñòâåííî, ýíåðãèÿ è



èìïóëüñ áåçìàññîâîãî íåéòðèíî â ëàáîðàòîðíîé ñèñòåìå îòñ÷åòà, à
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2
√
såñòü ýíåðãèè ÷àñòèö ν∗, ℓ, a è b â ñ.ö.ì. ñòàëêèâàþùèõñÿ ÷àñòèö ν∗ è a, êîòîðàÿ çàäàåòñÿóñëîâèÿìè

E∗
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ℓ , p
∗
ν + p

∗
a = p

∗
ℓ + p

∗
b = 0;íàêîíåö, P ∗
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ℓ |. Óãîë ðàññåÿíèÿ ëåïòîíà θ∗ â ñ.ö.ì. ñâÿçàí ñ Q2:

Q2 = 2E∗
ν (E∗

ℓ − P ∗
ℓ cos θ∗)−m2

ℓ .Êèíåìàòè÷åñêè äîïóñòèìàÿ îáëàñòü �àçîâîãî ïðîñòðàíñòâà äàåòñÿ íåðàâåíñòâàìè

s ≥ sth = max
[
m2

a, (mb +mℓ)
]
, (95)

Q2
− ≤ Q2 ≤ Q2

+, Q2
± = 2E∗

ν (E∗
ℓ±P ∗

ℓ )−m2
ℓ . (96)Òåïåðü, ïîñëå ýëåìåíòàðíûõ, õîòÿ è äîâîëüíî ãðîìîçäêèõ àëãåáðàè÷åñêèõ



ïðåîáðàçîâàíèé, íàõîäèì:
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kQ2l.ßâíûå �îðìóëû äëÿ êîý��èöèåíòîâ Akl, Bkl è Ckl âûïèñàíû â Ïðèëîæåíèè 22. Òàì æåïðèâåäåíû äîïîëíèòåëüíûå ðåçóëüòàòû, îòíîñÿùèåñÿ ê ðàññìàòðèâàåìîìó ïðèìåðó.Òàêèì îáðàçîì, êâàäðàòè÷íàÿ �îðìà ℜ̃µν

d qµqν è ñêàëÿðíîå ïðîèçâåäåíèå Ydq ÿâëÿþòñÿðàöèîíàëüíûìè �óíêöèÿìè äâóõ ïåðåìåííûõ s è Q2:
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Çäåñü ìû ââåëè �óíêöèþa

nd =
JYdlK
JYdlK

=
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∑
k,l Ckls

kQ2l

∑
k,lBklskQ2l

.Ïîëåçíî òàêæå ââåñòè �óíêöèþ Dd ñ ïîìîùüþ ñëåäóþùåãî îïðåäåëåíèÿ:
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1

2Fd
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∑
k,lAkls

kQ2l

∑
k,lBklskQ2l

.Õîòÿ íè Dd, íè nd íå èìåþò ñàìè ïî ñåáå î÷åâèäíîãî �èçè÷åñêîãî ñìûñëà, îíè ïîëåçíûäëÿ èëëþñòðàöèè ïîâåäåíèÿ èíòåðåñóþùèõ íàñ �óíêöèé D è n â òîì ñïåöèàëüíîìñëó÷àå, êîãäà ìîæíî ïðåíåáðå÷ü ñîîòâåòñòâóþùèìè âêëàäàìè â D è n, îáóñëîâëåííûìèðåàêöèåé â èñòî÷íèêåb, à èìåííî, ïðè âûïîëíåíèè óñëîâèé
r
ℜ̃µν

d qµqν
z
≫

r
ℜ̃µν

s qµqν
z è J|Ydl|K≫ J|Ysl|K .Â ïðîñòåéøåì ÷àñòíîì ñëó÷àå, êîãäà σa/ma = σb/mb = σℓ/mℓ = λ = 
onst, (ýòèñîîòíîøåíèÿ îïèñûâàþò ñâîåîáðàçíûé ñêåéëèíã ý��åêòèâíûõ ðàçìåðîâ ïàêåòîâ) ìîæíîïîêàçàòü, ÷òî �óíêöèè λ2Fd (à ñëåäîâàòåëüíî è Dd/λ) è nd íå çàâèñÿò îò ïàðàìåòðà λ èîïðåäåëÿþòñÿ èñêëþ÷èòåëüíî êèíåìàòèêîé. Ýòîò ¾èçûñêàííûé¿ (õîòÿ, âîçìîæíî, è íåî÷åíü ðåàëèñòè÷íûé) ñëó÷àé èëëþñòðèðóåòñÿ íà ðèñóíêàõ 33 è 34 äëÿ øåñòè ðåàêöèéaÑëåäóåò îáðàòèòèòü âíèìàíèå, ÷òî, â îòëè÷èå îò Fd, �óíêöèÿ nd íå ÿâëÿåòñÿ ðåëÿòèâèñòñêèìèíâàðèàíòîì, íåñìîòðÿ íà òî, ÷òî âûðàæàåòñÿ (â ë.ñ.) â òåðìèíàõ äâóõ èíâàðèàíòîâ.bÝòîò ñëó÷àé ïðÿìî ïðîòèâîïîëîæåí ðàññìîòðåííîìó äëÿ aℓ2-ðàñïàäà.



êâàçèóïðóãîãî ðàññåÿíèÿ íåéòðèíî è àíòèíåéòðèíî íà ñâîáîäíûõ íóêëîíàõ. Îáëàñòèîïðåäåëåíèÿ �óíêöèé Fd è nd îãðàíè÷åíû êèíåìàòè÷åñêèìè óñëîâèÿìè (95), (96), èðàçëè÷èÿ �îðìû ïîâåðõíîñòåé, èçîáðàæåííûõ íà ðàçíûõ ïàíåëÿõ, îáóñëîâëåíû, ãëàâíûìîáðàçîì, ðàçíûìè ïîðîãàìè ðåàêöèé (95), ò.å., ïî ñóùåñòâó, ìàññàìè êîíå÷íûõ ëåïòîíîâ.Ïîýòîìó ðàçëè÷èÿ íèâåëèðóþòñÿ ïðè äîñòàòî÷íî âûñîêèõ ýíåðãèÿõ, ò.å. ïðè
s≫ max(sth). Îáðàùåíèå �óíêöèè Fd â íóëü ïðè Eν → 0 äëÿ áåñïîðîãîâîé ðåàêöèè
νn→ pe− íå èìååò îòíîøåíèÿ ê íàøåé çàäà÷åé, îãðàíè÷åííîé ðàññìîòðåíèåìóëüòðàðåëÿòèâèñòñêèõ íåéòðèíî (íàïîìíèì, ÷òî â ñëó÷àå Eν ∼ mj �îðìóëû äëÿäèñïåðñèè ñèëüíåéøèì îáðàçîì âèäîèçìåíÿþòñÿ.
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�èñ. 33: Fun
tion λ2Fd vs. s and t = Q2 (both variables are in GeV2) for quasielasti
 rea
tions

νn → pe− (top left), νn → pµ− (top mid), νn → pτ− (top right), νp → ne+ (bottomleft), νp → nµ+ (bottom mid), and νp → nτ+ (bottom right). Cal
ulations are done with

σp/mp = σn/mn = σℓ/mℓ = λ.
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uum

�èñ. 34: Fun
tion nd vs. s and t = Q2 (both variables are in GeV2) for quasielasti
 rea
tions

νn → pe− (top left), νn → pµ− (top mid), νn → pτ− (top right), νp → ne+ (bottomleft), νp → nµ+ (bottom mid), and νp → nτ+ (bottom right). Cal
ulations are done with

σp/mp = σn/mn = σℓ/mℓ = λ.
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uum

�èñ. 35: Fun
tions lg(Fd) (top panels) and nd (bottom panels) vs. s and t = Q2 (both variablesare in GeV2) for quasielasti
 rea
tions νn → pe−, νn → pµ−, and νn → pτ− (from left toright). Cal
ulations are done with σp/mp = σn/mn = 10−3, σℓ/mℓ = 10−4.



Part III Neutrino Os
illations in Va
uumÂ îáùåì ñëó÷àå ïîâåäåíèå �óíêöèé Fd è nd ñòàíîâèòñÿ ãîðàçäî áîëåå ñëîæíûì. Íàðèñ. 35 ïîêàçàíû ïðèìåðû �óíêöèé lg(Fd) è nd äëÿ ðåàêöèé νn→ pe−, νn→ pµ− è
νn→ pτ−, â ïðåäïîëîæåíèè, ÷òî σp/mp = σn/mn = 10σℓ/mℓ = 10−3. �àçóìååòñÿ, ýòîïðåäïîëîæåíèå, ïðèíÿòîå çäåñü èñêëþ÷èòåëüíî â èëëþñòðàòèâíûõ öåëÿõ, ñîâåðøåííîïðîèçâîëüíî è, áîëåå òîãî, ñîâåðøåííî íåðåàëèñòè÷íî. Â áîëåå ðåàëèñòè÷íîé ñèòóàöèè,
σκ/mκ ≪ 1, äàæå �óíêöèÿ lg(Fd) î÷åíü ñèëüíî èçìåíÿåòñÿ âíóòðè ñâîåé îáëàñòèîïðåäåëåíèÿ è äåòàëè åå ïîâåäåíèÿ òðóäíîâîñïðîèçâîäèìû íà äâóìåðíîì ãðà�èêå. Äëÿëó÷øåãî ïîíèìàíèÿ ñâîéñòâ �óíêöèé Fd è nd, ìû ïðèâîäèì â Ïðèëîæåíèè 22 íàèáîëååâàæíûå ïðåäåëüíûå ñëó÷àè, àñèìïòîòèêè è íåðàâåíñòâà.



Part III Neutrino Os
illations in Va
uum7.16.4 Three-parti
le de
ay in the sour
e.Îáùèå �îðìóëû, îïèñûâàþùèå òðåõ÷àñòè÷íûé ðàñïàä a→ b+ ℓ+ ν∗ �îðìàëüíîñîâïàäàþò ñ òàêîâûìè äëÿ ðàññåÿíèÿ 2→ 2, åñëè ðàññìàòðèâàòü èõ â ñ.ñ.î. ÷àñòèöû a.�ëàâíîå ðàçëè÷èå îáóñëîâëåíî êèíåìàòèêîé. Ïîýòîìó ìû ðàññìîòðèì ýòîò ñëó÷àéêðàòêî. Ïîäîáíî ñëó÷àþ ðàññåÿíèÿ 2→ 2, â �óíêöèè |ℜs| è ℜ̃µν
s qµqν ìîãóò áûòüçàïèñàíû â òåðìèíàõ äâóõ íåçàâèñèìûõ èíâàðèàíòíûõ ïåðåìåííûõ, â êà÷åñòâå êîòîðûõìîæíî èñïîëüçîâàòü, íàïðèìåð, ëþáóþ ïàðó èíâàðèàíòîâ

s1 = (pb + pℓ)
2 = (pa − pν)2 , s2 = (pν + pℓ)

2 = (pa − pb)2 , s3 = (pν + pb)
2 = (pa − pℓ)2 ,ñâÿçàííûõ òîæäåñòâîì s1 + s2 + s3 = m2

a +m2
b +m2

ℓ . Ôèçè÷åñêàÿ îáëàñòü äëÿ ýòèõïåðåìåííûõ çàäàåòñÿ óñëîâèÿìè

(mb +mℓ)
2 ≤ s1 ≤ m2

a, m2
ℓ ≤ s2 ≤ (ma −mℓ)

2 , m2
b ≤ s3 ≤ (ma −mb)

2 .Äëÿ îïðåäåëåííîñòè áóäåì èñïîëüçîâàòü ïàðó (s1, s2). Îáëàñòü îïðåäåëåíèÿ äëÿ ýòîéïàðû ÿâëÿåòñÿ äèàãðàììà Äàëèòöà
s−1 ≤ s1 ≤ s+1 , m2

ℓ ≤ s2 ≤ (ma −mℓ)
2,ãäå

s±1 = m2
b +m2

ℓ −
(
s2 +m2

b

) (
s2 −m2

a +m2
ℓ

)
∓
(
s2 −m2

b

)√
(s2 −m2

a −m2
ℓ)

2 − 4m2
am

2
ℓ

2s2
.



Âîñïîëüçîâàâøèñü ðåçóëüòàòàìè ïðåäûäóùåãî ðàçäåëà, íàéäåì, íàïðèìåð,
J|ℜs|K = σ2
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2
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2∑

k,l=0

A′
kls

k
1s

l
2,

r
|ℜs|ℜ̃µν

d qµqν
z
=

σ2
3

4m2
am

2
bm

2
ℓ

2∑

k,l=0

B′
kls

k
1s

l
2.Ñëåäîâàòåëüíî, êâàäðàòè÷íàÿ �îðìà ℜ̃µν

s qµqν ÿâëÿåòñÿ ðàöèîíàëüíîé �óíêöèåéïåðåìåííûõ s1 è s2,

r
ℜ̃µν

s qµqν
z
=

∑
k,lB

′
kls

k
1s

l
2∑

k,lA
′
kls

k
1s

l
2

≡ Fs(s1, s2).Îòëè÷íûå îò íóëÿ êîý��èöèåíòû A′
kl è B′

kl âûïèñàíû â Ïðèëîæåíèè 22. Òàì æåïðèâåäåíû �îðìóëû äëÿ �óíêöèè Fs(s1, s2) â ñëó÷àå ñèëüíîé èåðàðõèè ïàðàìåòðîâ σκ .
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illations in Va
uum7.17 Ma
ros
opi
 averaging.To obtain the observable quantities, the probability must be averaged/integrated over all theunmeasurable or unused variables of in
oming/outgoing WP states.Su
h a pro
edure 
an only be realized by taking into a

ount the 
onditions of a real experimentalenvironment. For these reasons and in this sense, further analysis is model-dependent.A thought experiment:Assume that the statisti
al distributions of the in
oming WPs a ∈ Is,d over the meanmomenta, spin proje
tions, and spa
e-time 
oordinates in the sour
e and dete
tor �devi
es�
an be des
ribed by the one-parti
le distribution fun
tions fa(pa, sa, xa). It is 
onvenient tonormalize ea
h fun
tion fa to the total number, Na(x
0
a), of the pa
kets a at a time x0a:

∑

sa

∫
dxadpa

(2π)3
fa(pa, sa, xa) = Na(x

0
a) (a ∈ Is,d).For 
larity purposes, we (re)de�ne the terms �sour
e� and �dete
tor�:

S = supp
{xa; a∈Is}

∏

a

fa(pa, sa, xa), D = supp
{xa; a∈Id}

∏

a

fa(pa, sa, xa).We'll use the same terms and notation S and D also for the 
orresponding devi
es.
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illations in Va
uumSuppositions:[1℄ S and D are �nite and mutually disjoint within the spa
e domain.[2℄ E�e
tive spatial dimensions of S and D are small 
ompared to the mean distan
e betweenthem but very large 
ompared to the e�e
tive dimensions (∼ σ−1
κ

) of all WPs in S and D.[3℄ The experiment measures only the momenta of the se
ondaries in D and (due to [2℄) theba
kground events 
aused by the se
ondaries falling into D from S 
an be negle
ted.[4℄ The dete
tion e�
ien
y in D is 100%.With these assumptions, the ma
ros
opi
ally averaged probability (79) represents the totalnumber, dNαβ , of the events re
orded in D and 
onsisted of the se
ondaries b∈Fd having themean momenta between pb and pb + dpb:
〈〈|Aβα|2〉〉 ≡ dNαβ =

∑

spins

∫ ∏

a∈Is

dxadpafa(pa, sa, xa)

(2π)32EaVa

∫ ∏

b∈Fs

dxbdpb

(2π)32EbVb
Vs

×
∫ ∏

a∈Id

dxadpafa(pa, sa, xa)

(2π)32EaVa

∫ ∏

b∈Fd

dxb[dpb]

(2π)32EbVb
Vd

×
∫
dEν(2π)

4δs(pν − qs)|Ms|2(2π)4δd(pν + qd)|Md|2

× D

2
√
π(2π)3L2

∣∣∣
∑

j

V ∗
αjVβj e

−Ωj(T,L)−Θj

∣∣∣
2

.

(97)

⊲
∑

spins denotes the averaging/summation over the spin proje
tions of the in/out states.

⊲ Symbol [dpb] indi
ates that integration in variable pb is not performed, i.e., ∫ [dpb] = dpb.
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illations in Va
uumUnder additional assumptions, the unwieldy expression (97) 
an be simpli�ed in a few steps.Step 1: Multidimensional integration in WP positions.Supposition 5: The distribution fun
tions fa(pa, sa, xa), as well as the fa
tors e−Ωj−Ω∗

i /L2vary at large (ma
ros
opi
) s
ales.The integrand ∏
κ
|ψκ (p

κ
, xκ − x)|2 in the integral representation of the overlap volumes (75) isessentially di�erent from zero only if the 
lassi
al word lines of all pa
kets κ pass through a small(though not ne
essarily mi
ros
opi
) vi
inity of the integration variable.Supposition 6: The edge e�e
ts 
an be negle
ted (a harmless extension of supposition [2℄).As a result, expression (97) is redu
ed to the following:

dNαβ =
∑

spins

∫
dx

∫
dy

∫
dPs

∫
dPd

∫
dEν

D
∣∣∣
∑

j V
∗
αjVβj e

−Ωj(T,L)−Θj

∣∣∣
2

16π7/2|y − x|2 , (98)where T = y0 − x0, L = |y − x| and we have de�ned the di�erential forms

dPs=
∏

a∈Is

dpafa(pa, sa, x)

(2π)32Ea

∏

b∈Fs

dpb

(2π)32Eb
(2π)4δs(pν − qs)|Ms|2, (99a)

dPd=
∏

a∈Id

dpafa(pa, sa, y)

(2π)32Ea

∏

b∈Fd

[dpb]

(2π)32Eb
(2π)4δd(pν + qd)|Md|2. (99b)
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illations in Va
uumStep 2: Integration in time variables.Supposition 7: During the experiment, the distribution fun
tions fa in S and D vary slowlyenough with time so that they 
an be modelled by the �re
tangular ledges�
fa(pa, sa;x) = θ

(
x0 − x01

)
θ
(
x02 − x0

)
fa(pa, sa;x) for a∈Is,

fa(pa, sa; y) = θ
(
y0 − y01

)
θ
(
y02 − y0

)
fa(pa, sa;y) for a∈Id.

(100)Supposition 8: The time intervals needed to swit
h on and swit
h o� the sour
e and dete
torare negligibly small in 
omparison with periods of stationarity τs = x02 − x01 and τd = y02 − y01 .In 
ase of dete
tor, the step fun
tions in (100) 
an be thought as the �hardware� or �software�trigger 
onditions. The periods of stationarity τs and τd 
an be astronomi
ally long, as it is forthe solar and atmospheri
 neutrino experiments (τs ≫ τd in these 
ases), or very short, like in theexperiments with short-pulsed a

elerator beams (when usually τs . τd).Within the model (100), the only time-dependent fa
tor in the integrand of (98) is e−Ωj−Ω∗

i .So the problem is redu
ed to the (
omparatively) simple integral

∫ y0
2

y0
1

dy0
∫ x0

2

x0
1

dx0 e−Ωj(y
0−x0,L)−Ω∗

i (y
0−x0,L) =

√
π

2D
τd exp

(
iϕij −A

2
ij

)
Sij . (101)
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uumIn relation (101) we have adopted the following notation:

Sij =
exp

(
−B

2
ij

)

4τdD

2∑

l,l′=1

(−1)l+l′+1Ierf [2D(x0l − y0l′ + L

vij

)
− iBij

]
, (102)

Aij = (vj − vi)DL =
2πDL

EνLij
, Bij =

∆Eji

4D
=

πn

2DLij
, (103)

ϕij =
2πL

Lij
, Lij =

4πEν

∆m2
ij

,
1

vij
=

1

2

(
1

vi
+

1

vj

)
,

∆m2
ij = m2

i −m2
j , ∆Eij = Ei − Ej ,Ierf(z) = ∫ z

0

dz′erf(z′) + 1√
π

= z erf(z) + 1√
π
e−z2 ,For a more realisti
 des
ription of the beam pulse experiments, the model (100) 
ould be readilyextended by in
lusion of a series of re
tangular ledges followed by pauses during whi
h fa = 0.Then substituting (101) into (98) we obtain:

dNαβ = τd
∑spins ∫ dx

∫
dy

∫
dPs

∫
dPd

∫
dEν
Pαβ(Eν , |y − x|)
4(2π)3|y − x|2 , (104a)

≡ τd
VDVS

∫
dx

∫
dy

∫
dΦν

∫
dσνDPαβ(Eν , |y − x|). (104b)The di�erential forms dPs,d in (104a) are are given by eq. (99) after substitution fa 7−→ fa.
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illations in Va
uumExplanation of the fa
tors in eq. (104b).

⊲ VS and VD are the spatial volumes of the sour
e and dete
tor, respe
tively.
⊲ The di�erential form dΦν is de�ned in su
h a way that the integral

dx

VS

∫
dΦν

dEν
= dx

∑

spins∈S

∫
dPsEν

2(2π)3|y − x|2 (105)is the �ux density of neutrinos in D, produ
ed through the pro
esses Is → F ′
sℓ

+
αν in S.More pre
isely, it is the number of neutrinos appearing per unit time and unit neutrino energy inan elementary volume dx around the point x ∈ S, travelling within the solid angle dΩν about the�ow dire
tion l = (y − x)/|y − x| and 
rossing a unit area, pla
ed around the point y ∈ D andnormal to l.

⊲ The di�erential form dσνD is de�ned in su
h a way that
1

VD

∫
dydσνD =

∑

spins∈D

∫
dydPd

2Eν

(106)represents the di�erential 
ross se
tion of the neutrino s
attering o� the dete
tor as a whole.In the parti
ular (and the most basi
ally important) 
ase of neutrino s
attering in the rea
tion

νa→ F ′
dℓ

−
β , provided that the momentum distribution of the target s
atterers a is su�
ientlynarrow, the di�erential form dσνD be
omes exa
tly the elementary di�erential 
ross se
tion of thisrea
tion multiplied by the total number of the parti
les a in D.



Part III Neutrino Os
illations in Va
uum
⊲ Now let us address the last sub-integral multiplier of (104b), given by

Pαβ(Eν , L) =
∑

ij

V ∗
αiVαjVβiV

∗
βjSij exp

(
iϕij −A

2
ij −Θij

)
, (107)

Θij = Θi +Θj , (108)
Θj =

m2
j

2D2

[
(n0 − n) +

1

2

(
m− n− n

2) rj +
(
n+

1

2

)(
m− n− n

2) r2j +O(r3j )
]
. (109)Let's remind that the fun
tion n0 
oin
ides with n in the 
ase of exa
t energy-momentum
onservation in the verti
es of our diagram. Therefore in the vi
inity of the maximum of theprodu
t δ̃s(pν − qs)δ̃d(pν + qd) (that is at qs ≈ −qd ≈ pν), whi
h gives the main 
ontributioninto the event rate, one 
an negle
t the alternating quantity n0 − n in (109). Taking intoa

ount the properties of the fun
tion n one 
an also negle
t the O(r2j ) 
ontributions in (109).In this approximation

Θj ≈
m4

jR
(
m− n− n2

)

4E2
ν

≈ m4
jR
(
m− n0 − n20

)

4E2
ν

=
m4

j

[
R00R − (Rl)2

]

4RE2
ν

≥ 0.

• The fa
tor (107) 
oin
ides with the QM expression for the neutrino �avor transitionprobability,

P(QM)
αβ (Eν , L) =

∑

ij

VαiVβjV
∗
αjV

∗
βi exp (iϕij). (110)provided that Sij = 1, Θij = 0, and Aij = 0. So it 
an be 
onsidered as a QFT re�nement ofthe QM result.
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uumBUT!

• A probabilisti
 interpretation of the fun
tion Pαβ 
an be only provisionally true, be
ause thefa
tors Sij and Aij involve the fun
tions D, n, and m strongly dependent on the neutrinoenergy Eν and external momenta p
κ

; all these (ex
ept for the momenta of se
ondaries in D)are variables of integration in (104b).As a result, the fa
tor Pαβ , as fun
tion of α and β, does not satisfy the unitarity relations
∑

α

P(QM)
αβ =

∑

β

P(QM)
αβ = 1, �whi
h are a 
ommonpla
e in the QM theory of neutrino os
illations.The point is that the domains and shapes of the fun
tions D, n, and m are essentially di�erentfor ea
h of the nine leptoni
 pairs (ℓα, ℓβ). These di�eren
es are governed by kinemati
s of thesubpro
esses in S and D (in parti
ular, their thresholds), that is, eventually, by the leptoni
 masses(me, mµ, mτ ) and by the momentum spreads (σe, σµ, στ ) of the leptoni
 WPs, whi
h are notne
essarily equal to ea
h other, perhaps even within an order of magnitude.So Pαβ(Eν , L) is not the �avor transition probability!Having this in mind, we will 
all it probability fa
tor for short.
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uumTwo more drawba
ks.

• The probabilisti
 treatment of Pαβ is even more problemati
in real-life experiments, be
ause the dete
tor event rate (with

ℓβ appearan
e in our 
ase) is de�ned by many subpro
esses ofdi�erent types in the sour
e and dete
tor.E.g., in the astrophysi
al, atmospheri
 and a

elerator neutrinoexperiments, the major pro
esses of neutrino produ
tion arein-�ight de
ays of light mesons (πµ2, Kµ2, Kµ3, Ke3, et
.)and muons, and neutrino intera
tions with a dete
tor medium
onsist of an in
oherent superposition of ex
lusive rea
tions ofmany types, � from (quasi)elasti
 to deep-inelasti
.
• A �te
hni
al� drawba
k is the dependen
e of the fun
tion Sij(whi
h will be referred to as de
oheren
e fa
tor) on the four�instrumental� time parameters x01, x02, y01 , y02 .So far we have made no assumption 
on
erning a �syn
hronization� of the time windows

(x01, x
0
2) and (y01 , y

0
2). Thus, it is no wonder that the de
oheren
e fa
tor turns to be vanishinglysmall in magnitude if these windows are not adjusted to a

ount that the representative timeof ultrarelativisti
 neutrino propagation from S to D is equal to the mean distan
e, L, between

S and D.Before dis
ussing the role of the de
oheren
e fa
tor, we perform one more, and the last,simpli�
ation of the formula for dNαβ .
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uumStep 3: Spatial averaging.

s

L

Ws

W

O

dO

Source

Detector

LNW

LFW

We'll use again the requirement that the 
hara
teristi
 dimensionsof S and D are small 
ompared to L. Under 
ertain 
onditions, thisallows us to repla
e approximately
|y − x| 7−→ L =

1

2Ωs

∫

Ωs

dΩ
(
LF

Ω + LN
Ω

)
,

dΦν 7−→ dΦν , dσνD 7−→ d σνD.The range of appli
ability of this approximation is in general mu
hmore limited than that of (104b), as a 
onsequen
e of additionalrestri
tions impli
itly imposed on the distribution fun
tions fa,absolute dimensions and geometry of S and D.These issues are bit more 
ompli
ated then the 
onsidered above andmust be the subje
t of spe
ial attention in the neutrino os
illationexperiments.Finally, we arrive at the very simple but rather rough expression:

dNαβ = τd

∫
dΦν

∫
dσνDPαβ(Eν , L). (111)In parti
ular, it is not appli
able to the short base-line experiments.
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uum7.18 Syn
hronized measurements.Let us now return to the de
oheren
efa
tor, limiting ourselves to a
onsideration of �syn
hronized�measurements, in whi
h

x01,2 = ∓τs
2
, y01,2 = L∓ τd

2
.

τ  /2s−τ  /2s 0 x 0

L+τ  /2dL−τ  /2d L y 0

≃T   L
−

− − −With 
ertain te
hni
al simpli�
ations, the fa
tor (102) 
an be expressed through a real-valuedfun
tion S(t, t′, b) of three dimensionless variables, namely:
Sij = S (Dτs,Dτd,Bij),

2t′S(t, t′, b) = exp
(
−b2

)
Re
[Ierf (t+ t′ + ib

)
− Ierf (t− t′ + ib

)]
.7.18.1 Diagonal de
oheren
e fun
tion.

S(t, t′, 0) =
1

2t′
[Ierf (t+ t′

)
− Ierf (t− t′)] ≡ S0(t, t

′), (112)This fun
tion 
orresponds to the noninterferen
e (neutrino mass independent) de
oheren
efa
tors Sii. The following inequalities 
an be proved:
0 < S0(t, t

′) < 1, S0(t, t
′) < t/t′ for t′ ≥ t, S0(t+ δt, t) > erf(δt) for δt > 0.
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The strong dependen
e of the 
ommon suppression fa
tor S0(t, t
′) on its arguments at t . t′provides a potential possibility of an experimental estimation of the fun
tion D (or, rather, ofits mean values within the phase spa
es), based on the measuring the 
ount rate

dRαβ = dNαβ/τd as a fun
tion of τd and τs (at �xed L) and 
omparing the data with theresults of Monte-Carlo simulations.The optimal strategy of su
h an experiment should be a subje
t of a dedi
ated analysis.
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uumFor the important spe
ial 
ase, t′ = t (representative, in parti
ular, for the experiments witha

elerator neutrino beams), we �nd

S0(t, t) = erf(2t)− 1− e−4t2

2
√
πt

≈





2t√
π

(
1− 2t2

3
+

8t4

15

) for t≪ 1,

1− 1

2
√
πt

for t≫ 1.

(113)
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illations in Va
uum7.18.2 Nondiagonal de
oheren
e fun
tion.The de
oheren
e fun
tion S(t, t′, b) at b 6= 0 is mu
h more involved.

At very large t, the fun
tion S(t, t, b) be
omes nearly independent on t, slowly approa
hing theasymptoti
 behavior S(t, t, b) ∼ exp(−b2) (t, t′ →∞).
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S(t, t′, 0.1). S(t, t′, 0.2). S(t, t′, 0.3).

S(t, t′, 0.4). S(t, t′, 0.5). S(t, t′, 0.6).
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S(t, t′, 0.7). S(t, t′, 0.8). S(t, t′, 0.9).

S(t, t′, 1.0). S(t, t′, 1.5). S(t, t′, 2.0).
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S(t, t′, 3.0). S(t, t′, 4.0). S(t, t′, 5.0).

S(t, t′, 6.0). S(t, t′, 7.0). S(t, t′, 8.0).
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S(t, t′, 9.0). S(t, t′, 10.0). S(t, t′, 15.0)/S0(t, t
′).

S(t, t′, 0.10)/S0(t, t
′),

S(t, t′, 0.50)/S0(t, t
′). S(t, t′, 0.75)/S0(t, t

′),

S(t, t′, 1.00)/S0(t, t
′). S(t, t′, 1.50)/S0(t, t

′),

S(t, t′, 4.00)/S0(t, t
′).
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uum7.18.3 Flavor transitions in the asymptoti
 regime.In the asymptoti
 regime,

S(t, t′, b) ∼ exp(−b2) (t, t′ →∞).the probability fa
tor (107) takes on the form already known from the literature,a
Pαβ(Eν , L) =

∑

ij

V ∗
αiVαjVβiV

∗
βj exp

(
iϕij −A

2
ij −B

2
ij −Θij

)
, (114)but with the essential di�eren
e that the fa
tors Aij , Bij and Θij do depend (through thefun
tions D, n, and m) on the neutrino energy and momenta of the external WPs.This dependen
e drasti
ally a�e
ts the magnitude and shape of these fa
tors if at least some of theWPs have relativisti
 momenta (that is always the 
ase in the 
ontemporary neutrino os
illationexperiments). For su�
iently small and/or hierar
hi
ally di�erent momentum spreads σκ , thefun
tions Aij and Bij may vary in many orders of magnitude through their multidimensionaldomain.aSee, e.g., C. Giunti C and C. W. Kim, Fundamentals of Neutrino Physi
s and Astrophysi
s (OxfordUniversity Press In
., New York, 2007); M. Beuthe, Os
illations of neutrinos and mesons in quantum�eld theory, Phys. Rept. 375 (2003) 105 (arXiv:hep-ph/0109119); M. Beuthe, Towards a unique formulafor neutrino os
illations in va
uum, Phys. Rev. D 66 (2002) 013003 (arXiv:hep-ph/0202068).
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uum7.18.4 Major properties of the transition �probability�.

• The fa
tors exp (−A
2
ij

) (with i6=j) suppress the interferen
e terms at the distan
esex
eeding the �
oheren
e length�

Lcoh
ij =

1

∆vijD
≫ |Lij | (∆vij = |vj − vi|),when the νWPs ψi

Xd
(pi, Xs −Xd) and ψj

Xd
(pj , Xs −Xd) are strongly separated in spa
eand do not interfere anymore. Clearly Lcoh

ij →∞ in the plane-wave limit.
• The suppression fa
tors exp (−B

2
ij

) (i6=j) work in the opposite situation, when theexternal pa
kets in S or D (or in both S and D) are strongly delo
alizedThe gross dimension of the the neutrino produ
tion and absorption regions in S and D is ofthe order of 1/D. The interferen
e terms vanish if this s
ale is large 
ompared to the�interferen
e length�

Lint
ij =

1

4∆Eij
=

2Lij

πn
.In other words, the QFT approa
h predi
ts vanishing of neutrino os
illations in the plane-wavelimit. In this limit, the �avor transition probability does not depend on L, Eν , and neutrinomasses mi and be
omes

PPWL
αβ =

∑

i

|Vαi|2|Vβi|2 ≤ 1.Thereby, a nontrivial interferen
e of the diagrams with the intermediate neutrinos of di�erentmasses is only possible if D 6= 0.
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• Our detailed analysis of the generi
 subpro
esses 1→ 2, 1→ 3, and 2→ 2 shows that
D 6= 0 if in both verti
es of the ma
rodiagram there are at least two intera
ting WPs κ (nomatter in or out) with σκ 6= 0.

• The same requirement unavoidably leads to the vanishing of the non-diagonal terms, whenthe mean distan
e between S and D be
omes large enough in 
omparison with the 
oheren
elengths Lcoh
ij .

• As a result, the range of appli
ability of the standard QM formula for the neutrinoos
illations probability is limited by rather restri
tive 
onditions,
〈(

2πDL

EνLij

)2
〉
≪ 1,

〈(
πn

2DLij

)2
〉
≪ 1, and 〈|Θij |〉 ≪ 1.The angle bra
kets symbolize an averaging over the phase subspa
e of the pro
ess (42) whi
hprovides the main 
ontribution into the measured 
ount rate.The obtained 
onditions were obtained under a number of assumptions and simpli�
ations, whi
h arenot ne
essarily adequate to fully represent the real-life experimental 
onditions. Our 
onsiderationsuggests that in the analysis and interpretation of real data one should take into a

ount theoperating times of the sour
e and dete
tor, their geometry and dimensions, expli
it form of thedistribution fun
tions of in-pa
kets, and other te
hni
al details.



Part III Neutrino Os
illations in Va
uum7.19 Intermediary 
on
lusions on the QFT approa
h.
• The standard QM ν-os
illation formula has rather limited range of appli
ability.
• The QFT modi�
ations drasti
ally depend upon:

⊲ momentum spreads of the external �in� and�out� wave pa
kets;
⊲ rea
tion types in the neutrino produ
tion andabsorption regions [�sour
e� and �dete
tor�,respe
tively℄ and phase-spa
e domains of theserea
tions;
⊲ time interval of steady-state operation of thesour
e �ma
hine � and dete
tor exposure time;

⊲ dimensions of the sour
e and dete
tor anddistan
e between them.
• Essentially all QFT e�e
ts are de
oherent and thus lead to a �smoothing�, distortion orvanishing of the interferen
e (os
illating) terms and to a general suppression of theneutrino event rate in the dete
tor.
• The e�e
tive neutrino energy un
ertainty (or �fuzziness�) D and dispersion 
orre
tionfa
tors n and m, responsible for the de
oherent e�e
ts, are rather involved fun
tions of themomenta pκ masses mκ and momentum spreads σκ of the external pa
kets κ. However,these fun
tions 
an be studied in spe
ial syn
hronized or desyn
hronized measurements.
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Part IV Neutrino Velo
ity MeasurementsThe 
onstan
y of c, i.e. its independen
e on laboratory velo
ity and orientation has beenveri�ed experimentally at improved pre
ision by numerous repetitions of the MM-experiment,providing a �rm experimental basis for spe
ial relativity so far.

• The best 
urrent limit for a possible anisotropy of the speed of light is
∆θc/c < 10−17.[Ch. Eisele et al., Phys. Rev. Lett. 103 (2009) 090401; S. Herrmann et al., Phys. Rev. D 100 (2009) 105011(arXiv:1002.1284 [physi
s.
lass-ph℄).℄The sensitivity of the next-generation Mi
helson-Morley type experiments to violation of theLorentz invarian
e is expe
ted to be in the 10−19 to 10−20 regime.[M. Nagel et al., arXiv:1112.3857 [physi
s.
lass-ph℄.℄

• The relativisti
 relation

v = p/
√
p2 +m2 (115)is 
on�rmed in the a

elerator experiments for 1− v down to 2× 10−7.The relation (115) has been tested in the SLAC a

elerator by 
omparison of relativevelo
ities of γ quanta with mean energies ∼ 15 GeV and ele
trons with energies in theinterval 15�20.5 GeV by using a time-of-�ight te
hnique with 1-pse
 sensitivity and a �ightpath of about 1 km. At su
h energies, the expe
ted value of vγ − ve = 1− ve was

(3.1− 5.8)× 10−10. No signi�
ant di�eren
e in vγ and ve was observed to within 2× 10−7.[Z. G. T. Guiragossian et al., Phys. Rev. Lett. 34 (1975) 335.℄The a

ura
y of the earlier experiments was order of magnitude lower.



Part IV Neutrino Velo
ity Measurements

9 A

elerator measurements of neutrino velo
ity.In all ν experiments it is assumed that the relation (115) holds for muons, pions, and kaons.
• FNAL 1976 [345 m (de
ay pipe) + 550 m (shield), 〈E(π)

ν 〉 = 25 GeV, 〈E(K)
ν 〉 = 75 GeV℄:

|vν − vµ| < 4× 10−4 (99% C.L.)[J. Alspe
tor et al., Phys. Rev. Lett. 36 (1976) 837.℄
• FNAL 1979 [345 m (de
ay pipe) + 550 m (shield), E(π,K)

ν = 30 to 200 GeV℄:
|vν − vν | < 7× 10−5, |v(K)

ν − v(π)
ν | < 5× 10−5, |vν,ν − 1| < 4× 10−5 (95% C.L.).[G. R. Kalb�eis
h et al., Phys. Rev. Lett. 43 (1979) 1361.℄

• FNAL Tevatron � FMMF (1995) [Hadron & muon shield is lo
ated 542 m downstream ofthe neutrino target, the FMMF (E733) dete
tor is lo
ated 1599 m downstream of theneutrino target; wide band neutrino beam℄There were some time anomalies but there is no de�nite 
on
lusions 
on
erning vν .Seems to be in agreement with the FNAL 1979 limits.[E. Gallas et al., (FMMF Collaboration) Phys. Rev. Lett. 52 (1995) 6; E. Gallas, PhD, Mi
higan StateUniversity, 1993; FERMILAB-THESIS-1993-36, UMI-94-06493.℄



Part IV Neutrino Velo
ity Measurements
• FNAL-SOUDAN (MINOS experiment) 2007 [734 km, 〈Eν〉 ∼ 3 GeV, Eν . 120 GeV℄:

δt = (126± 32stat ± 64sys) ns (68% C.L.),
⇓ (?)

(vν − 1) = (5.1± 2.8stat ± 0.30sys)× 10−5 (68% C.L.).The measurement is 
onsistent with the speed of light to less than 1.8σ.The 
orresponding 99% 
on�den
e limit on the speed of the neutrino is
−2.4× 10−5 < (vν − 1) < 12.6× 10−5 (99% C.L.).This measurement has impli
itly assumed that the m2 and m3 neutrino masseigenstates that 
omprise the beam are traveling at the same velo
ity. This assumptionis borne out in observing that the arrival times at the far dete
tor mat
h the expe
tationdistribution. Indeed, if the two eigenstates were to travel at velo
ities di�ering by aslittle as δv/v & 4× 10−7, the short ∼ 1 ns [∼ 29.4 
m, VN℄ bun
hes would separate intransit and thus de
ohere, 
hanging or destroying os
illation e�e
ts at the far dete
tor.[P. Adamson et al. (MINOS Collaboration) Phys. Rev. D 76 (2007) 072005.℄A few details:

⋆ MINOS measures the absolute transit time of an ensemble of neutrinos, to < 100 nsa

ura
y, by 
omparing ν arrival times at the near dete
tor (ND) and far dete
tor (FD).The distan
e between front fa
e of the ND and the 
enter of the FD is 734298.6± 0.7 m.

⋆ The beam �avor 
ontent: 93% νµ, 6% νµ, 1% νe + νe at ND. After os
illating, thebeam at FD is approximately 60% νµ.



Part IV Neutrino Velo
ity Measurements

S
hemati
 layout of the MINOS experiment.[Borrowed from G. Brunetti, �Neutrino velo
ity measurement with the OPERA experiment in the CNGS beam,�PhD thesis, in joint supervision of the Universit�e Claude Bernard, Lyon-I and Universit�a degli Studi di Bologna(May 2011), N◦ d'ordre 88-2011, LYCEN�T2011-10; http://amsdottorato.
ib.unibo.it/3917/,http://tel.ar
hives-ouvertes.fr/tel-00633424. ℄



Part IV Neutrino Velo
ity Measurements
• CERN-LNGS (OPERA experiment) 2011 [730 km, 〈Eν〉 ∼ 17 GeV, Eν . 350 GeV℄:

δt = (57.8± 7.8stat +8.3
−5.9 (syst)) ns,

⇓ (?)

(vν − 1) =
(
2.37± 0.32stat +0.34

−0.24 (syst))× 10−5.[T. Adam et al. (OPERA Collaboration) arXiv:1109.4897v2 [hep-ex℄ (November 17, 2011).℄
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Part IV Neutrino Velo
ity Measurements

S
hemati
 layout of the OPERA experiment.[Borrowed from G. Brunetti, �Neutrino velo
ity measurement with the OPERA experiment in the CNGS beam,�PhD thesis, in joint supervision of the Universit�e Claude Bernard, Lyon-I and Universit�a degli Studi di Bologna(May 2011), N◦ d'ordre 88-2011, LYCEN�T2011-10; http://amsdottorato.
ib.unibo.it/3917/,http://tel.ar
hives-ouvertes.fr/tel-00633424. ℄



Part IV Neutrino Velo
ity Measurements
⊳ Summary of the results for themeasurement of δt.The left plot shows δt vs. neutrinoenergy for νµ CC internal events.The errors attributed to the twopoints are just statisti
al in orderto make their relative 
omparisoneasier sin
e the systemati
 error(represented by a band around theno-e�e
t line) 
an
els out.The right plot shows the globalresult of the analysis in
ludingboth internal and external events(for the latter the neutrino energy
annot be measured).The error bar in the right plot in
ludes statisti
al and systemati
 errors added in quadrature.The result provides no 
lues on a possible energy dependen
e of δt in the domainexplored by the OPERA, within the statisti
al a

ura
y of the measurement.



Part IV Neutrino Velo
ity Measurements10 Astrophysi
al 
onstraint.

ν burst from SN1987A (Kamiokande-II, IMB, BUST)[≈ 51 kps, 〈Eν〉 ∼ 15 MeV, Eν . 40 MeV℄:

|vν − 1| < 2× 10−9.[K. Hirata et al. (Kamiokande- Collaboration) Phys. Rev. Lett. 58 (1987) 1490;R. M. Bionta et al. (IMB Collaboration) Phys. Rev. Lett. 58 (1987) 1494;E. N. Alekseev et al. J. Exp. Theor. Phys. Lett. 45 (1987) 589℄Arguments: [M. J. Longo Phys. Rev. D 36 (1987) 3276℄The arrival time of the antineutrinos is known to be within a few se
onds of 7:35:40 UT on February23, 1987. The arrival time of the �rst light from SN is less well known. The last 
on�rmed eviden
e ofno opti
al brightening was at approximately 2:20 UTa. The earliest observations of opti
al brighteningwere at 10:38 UT by Garrad and by M
Naughtb.Standard SN theory expe
ts that the neutrinos and antineutrinos are emitted in the �rst few se
ond ofthe 
ollapse, while the opti
al outburst begins ∼ 1 h later, when the 
ooler envelope is blown away.Altogether this leads to an un
ertainty of about 3 h. Hen
e
|vν − 1|max ∼ 3 h/(1.6× 105 × 365× 24h) ≈ 2× 10−9.However Longo's limit is generally not robust.aI. Shelton, IUA Cir
ular No. 4330,1987.bG. Garradd, IUA Cir
ular No. 4316, 1987; R. H. M
Naught, ibid.



attributed to background

SN 1987A antineutrino observations atKamiokande, IMB and Baksan dete
tors.The energies refer to the se
ondary positronsfrom the rea
tion νep→ ne+. In the shaded areathe trigger e�
ien
y is less than 30%. The 
lo
kshave unknown relative o�sets; in ea
h 
ase the�rst event was shifted to t = 0.The signal does show a number of �anomalies�.- The average νe energies inferred from theIMB and Kamiokande observations are quitedi�erent.- The large time gap of 7.3 s between the �rst8 and the last 3 Kamiokande events looksworrisome.- The distribution of the positrons should beisotropi
, but is found to be signi�
antlypeaked away from the dire
tion of the SN.In the absen
e of other explanations, thesefeatures are blamed on statisti
al �u
tuations inthe sparse data.[G. G. Ra�elt, �Parti
le physi
s from stars,� Ann. Rev. Nu
l. Part. S
i. 49 (1999) 163�216 (hep-ph/9903472).℄



Kamiokande II result
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IMB result
[R. M. Bionta et al. Phys. Rev. Lett. 58 (1987) 1494�1496.℄

[C. B. Bratton et al. Phys. Rev. D 37 (1988) 3361-3363; see ℄
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We have to remember aboutthe �rst low-energy antineutrinopulse (Eν = 7− 11 MeV)dete
ted by LSDa at 2:52:36 UTthat is 4h44m earlier the se
ond(Kamiokande-II-IMB-BUST)pulse. This fa
t is usuallyignored by the 
ommunity.Naive estimations:Assuming that δv is energyindependent and δtL=730 km ≈
60 ns (OPERA) we obtain

δtSN1987A ≈ 4 yr.So it seems that any 
ase thereis a huge 
ontradi
tion betweenthe MINOS/OPERA result andastrophysi
s.aV. L. Dadykin et al., Pisma vZh. Eksp. Teor. Fiz. 45 (1987) 464.
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Part IV Neutrino Velo
ity Measurements

11 A possible explanation.In the previous le
tures we have developed a 
ovariant QFT approa
h whi
h operates with therelativisti
 wavepa
kets des
ribing initial and �nal states of parti
les involved into the neutrinoprodu
tion and dete
tion. The neutrino is des
ribed as a virtual mass eigen�eld travellingbetween the ma
ros
opi
ally separated verti
es of Feynman graphs. Thus we make no anyassumption about its wavefun
tion. Instead, we 
ompute it and prove that it is a wavepa
ketwith spatial and momentum widths de�ned and fun
tionally dependent on those of theexternal parti
les involved into the neutrino produ
tion and dete
tion subpro
esses.Expli
itly the e�e
tive neutrino spinor wavefun
tion reads
ψ

j
y(pj , x) = exp

{
−i(pjy)− σ2

j

[
(pjx)

2 −m2
jx

2]}u−(pj)

= exp
[
−iEj (y0 − vjy)− σ2

jΓ
2
j

(
x‖ − vjx0

)2 − σ2
jx

2
⊥

]
u−(pj),where y = (y0,y) = Xd is the intera
tion point and x = (x0,x) (x = x‖ + x⊥) is the distan
ebetween the produ
tion and intera
tion (impa
t) points, x = Xd −Xs.The main (but not the only) pro
esses of νµ produ
tion in the MINOS and OPERAexperiments are the πµ2 and Kµ2 de
ays. It has been shown that the neutrino wavepa
ketsfrom these de
ays appear as huge but super�ne disks of mi
ros
opi
 (energy dependent)thi
kness in longitudinal dire
tion, 
omparable with the thi
kness of a soap-bubble skin, andma
ros
opi
ally large (energy independent) diameter in the transverse plane.



Part IV Neutrino Velo
ity MeasurementsSummary of the previous results:We 
an negle
t the 
ontributions into σj from the parti
les, intera
ting with neutrinos in thedete
tor (reasonably assuming that their 4-momentum spreads are mu
h larger than σπ, σK ,and σµ). With this simpli�
ation we have derived that

σ2
j ≈

m2
j

2

(
m2

a

σ2
a

+
m2

µ

σ2
µ

)−1

, a = π or K.Then from the above-mentioned 
onditions of stability for the meson and muon wavepa
kets itfollows that σj must satisfy the following 
onditions:
σ2
j ≪

m2
j

2

(
mµ

Γµ
+
ma

Γa

)−1

,where Γa = 1/τa and Γµ = 1/τµ are the full de
ay widths of the meson a and muon.Considering that for any know meson mµ/Γµ ≫ ma/Γa, we 
on
lude that the neutrinomomentum un
ertainty is fantasti
ally small:
σ2
j

m2
j

≪ Γµ

2mµ
≈ 1.4× 10−18.From this inequality one 
an immediately derive the lower bounds for the e�e
tive spatialdimensions of the neutrino wavepa
ket:

d⊥j ≫ 2.5

(
0.1 eV
mj

) km and d
‖
j =

d⊥j
Γj
≫ 2.5× 10−5

(
1 GeV

Eν

)(
0.1 eV

mj

) 
m.This provides us with an idea of how to explain the MINOS-OPERA anomaly.



Part IV Neutrino Velo
ity Measurements12 Qualitative estimations.
DetectorSource

Neutrino

wavepacket

vj

A

B

CDE

θ

r

AB = AD = L�èñ. 36: Neutrinos are emitted from the �Sour
e� and are registered in the �Dete
tor�. The
enters of the neutrino wavepa
kets will arrive at the points B and D simultaneously, while thesignal from the neutrino wavepa
ket (shown as an extremely oblate spheroid) whi
h moves underthe angle θ = ∠BAC to the beam axis will arrive earlier sin
e DE > 0. Neutrino velo
ity ve
tor

vj lies in the plane of the �gure. Proportions do not 
onform to reality.



Part IV Neutrino Velo
ity MeasurementsThe s
hool-level planimetry suggests that the advan
ing time is given by
δt = L (1/ cos θ − 1) ≈ r2/(2L). (116)Here we assume that(i) 1− vν ≪ 1,(ii) the neutrino wavepa
ket e�e
tive width is mu
h larger than the dete
tor dimensions, and(iii) θ ≪ 1.
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�èñ. 37: Advan
e δt as a fun
tion of r.
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Part IV Neutrino Velo
ity MeasurementsWhat is the probability to �nd a neutrino at a distan
e r from the beam axis? This 
ould beestimated taking into a

ount that neutrino produ
tion is dominated by two-parti
le de
ays ofpions and kaons. The angular distribution of massless neutrinos from these de
ays is
dI

dΩ
=

1− v2a
4π(1− va cos θ)2

≈ 1

π(1 + Γ 2
a θ2)2

. (117)Here θ is the angle between the momenta of the meson a and neutrino (0 ≤ θ ≤ π), va is themeson velo
ity, and Γa = (1− v2a)−1/2 = Ea/ma. The se
ond approximate equality inEq. (117) holds for small angles and relativisti
 meson energies (θ ≪ 1, 4Γ 2
a ≫ 1). In the latter
ase, the main 
ontribution to the neutrino event rate 
omes from the narrow 
one θ . 1/Γa.Considering that the mean neutrino energy, Eν , from the muoni
 de
ay of a meson withenergy Ea is Eν = ΓaE

(a)
ν , where

E(a)
ν = (m2

a −m2
µ)/(2ma)is the neutrino energy in the rest frame of the parti
le a, the 
hara
teristi
 angle 
an bede�ned as

θ(a) = E(a)
ν /Eν .In the 
ase of OPERA, one 
an (very) roughly estimate the 
hara
teristi
 angles for the�low-energy� (LE) range (Eν < 20 GeV, Eν ≈ 13.9 GeV) and �high-energy� (HE) range(Eν > 20 GeV, Eν ≈ 42.9 GeV), assuming that the main neutrino sour
es in these ranges are,respe
tively, πµ2 and Kµ2 de
ays:

θLE & θ(π) = 2.1× 10−3, θHE . θ(K) = 5.5× 10−3.



Part IV Neutrino Velo
ity MeasurementsThis provides us with an order-of-magnitude estimate of the mean values of r and advan
ingtimes δt:

rLE & 1.7 km, rHE . 11 km;

δtLE & 5.6 ns, δtHE . 36.7 ns.Sin
e the LE and HE ranges 
ontribute almost equally to the CNGS νµ beam, there must be ade�nite trend towards earlier neutrino arrival to OPERA with approximately 21 ns meantime-shift and a �tail� or, better to say, �fore� of the same order 
oming from the �edges� ofthe CNGS beam.Similar estimation for the low-energy NuMI beam at Fermilab produ
ing neutrinos for theMINOS experiment 
an be done with a better a

ura
y, sin
e the πµ2 de
ay is here thedominant sour
e of neutrinos and the radial distribution of the beam is expe
ted to be very�at. So, by using Eν = 3 GeV we obtain
r ≈ 36.2 km, δt ≈ 120.7 ns. (118)The latter number is in surprisingly good agreement with the MINOS observation. Obviously,MINOS should observe at the average a mu
h earlier arrival of neutrinos, in 
omparison withOPERA, be
ause of the lower mean neutrino energy whi
h 
orresponds to a wider transversebeam distribution and hen
e to a larger input from the misaligned neutrinos.



Part IV Neutrino Velo
ity Measurements

13 Numeri
alestimations.Let us now reevaluate the roughestimations given above with a somewhatdetailed but still simpli�ed 
al
ulation.In parti
ular, we 
ould pro�t from thesimulation of expe
ted radial distribution of

νµ 
harged 
urrent (CC) events performedby the OPERA Collaboration.This distribution (ρCC(r)) whi
h wedigitalized for our purposes is displayed inFig. 38. Being dominated by the πµ2 and
Kµ2 de
ays, the transverse beam size atGran Sasso is of the order of kilometersand the full width at half maximum of thedistribution is about 2.8 km.[Figure is taken from <http://proj-
ngs.web.
ern.
h/proj-
ngs/Beam~Performan
e/NeutrinoRadial.htm>.℄
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Part IV Neutrino Velo
ity MeasurementsThe distribution ρCC(r) transformed (with help of Eq. (116)) into the δt distribution as
PCC(δt) = rρCC (r (δt))∫ ∞

0

drrρCC(r)is shown in left panel of Fig. 39. Its average 〈δt〉 is about 20 ns with similar varian
e and withthe tail extending up to about 100 ns.
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e δt distribution expe
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Part IV Neutrino Velo
ity MeasurementsRight panel of Fig. 39 shows the integral distribution

PCC (< δt) =

∫ δt

0

dtPCC(t).Examination of this �gure suggests that all CC events roughly equally populate the followingintervals in δt:

(0, 20) ns, (20, 45) ns, and (45, 100) ns.Finally, we 
ompute the expe
ted time distribution in OPERA, g(t), as a 
onvolution of theprobability density fun
tion of arrival time f(t) taking into a

ount an earlier arrival ofneutrino signal as follows:

g(t) =

∫ ∞

0

f (t+ δt(r))ρCC(r)rdr
∫ ∞

0

ρCC(r)rdr . (119)The resulting 
urve g(t) is displayed superimposed in Figs. 40 (for the �rst beam extra
tion)and 41 (for the se
ond beam extra
tion) by dashed lines. On the average, time distribution isshifted to the left by about 20 ns. However, and this is even more important, the leading andtrailing edges of the signal are shifted by two-three times larger amount as they a

umulatethe advan
e e�e
t from the total f(t) distribution, in
luding long tails. In general, the impa
tof the misaligned neutrinos is predi
ted to be asymmetri
 in time.
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�èñ. 40: Top panel: time probability density fun
tion for the �rst beam extra
tion, measured(points) and expe
ted (solid 
urve) by the OPERA Collaboration after a

ount of the systemati
�instrumental� shift. Dashed 
urve is obtained a

ording to Eq. (119). Bottom left and rightpanels: zooms of the top panel for the leading and trailing fronts of the signal, respe
tively.
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�èñ. 41: The same as in Fig. 40 but for the se
ond beam extra
tion.



Part IV Neutrino Velo
ity Measurements

14 Preliminary 
on
lusions.Large transverse size of the neutrino wavepa
ket and un
ollimated beam of neutrinos seem toexplain the earlier arrival of the neutrino signal in OPERA and MINOS. The neutrino signal isestimated to arrive in advan
e by about 20 ns in the mean (with a similar varian
e) for OPERAand by about 120 ns for MINOS. In the 
ase of the OPERA experiment only this e�e
tessentially redu
es the statisti
al signi�
an
e of its observation. Moreover, we have evaluatedthe expe
ted time distribution of the neutrino arrival in OPERA and obtained that the left andright fronts are shifted to the left by about 40�50 ns. This probably explains the observedanomaly almost all-in-all without any exoti
 hypothesis, like Lorentz violation and so on.Let us underline that in our 
al
ulations we do not use any adjustable parameter. In the 
aseof the MINOS experiment there is also a surprisingly good agreement between our expe
tation(118) and experimental result. Therefore, we argue that observations of superluminal neutrinosby the OPERA and MINOS experiments 
an be (at least partially) treated as a manifestationof the huge transverse size of the neutrino wavefun
tion.This kind of e�e
ts 
ould be investigated in the future experiments (in parti
ular, in theo�-axis neutrino experiments) with more details in order to prove or disprove our explanation.Let us note that one should not expe
t an in
rease in the number of neutrino indu
ed eventsdue to the misaligned neutrino intera
tions be
ause this e�e
t will be 
ompensated by the
orresponding de
rease of the number of aligned neutrinos.



Part IV Neutrino Velo
ity Measurements

15 What about SN1987A?Let us brie�y dis
uss the situation with the observed (anti)neutrino signal from SN1987A. Aproper treatment of these neutrinos should take 
are about the dispersion of the neutrinowavepa
kets at astronomi
al distan
es. Deliberately negle
ting the dispersion, it appears thatany terrestrial dete
tor is sensitive only to the aligned neutrinos, sin
e the misaligned neutrinoswill have negligible impa
t due to the smallness of their wavepa
ket transverse size relative tothe astrophysi
al s
ale of about 50 kps. Therefore, no advan
e signal should be expe
ted.However this problem is not so simple and needs in a more detailed theoreti
al analysis.
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16 Multi-pa
ket states.

• The multi-pa
ket state 
an be written in two forms:

| {p, s, x}n〉 =
(

n∏

i=1

2Epi

)1/2

A†
p1s1(x1)A

†
p2s2(x2)· · ·A

†
pnsn(xn)|0〉 (120a)and

| {p, s, x}n〉 = (±1)n(n−1)/2

(
n∏

i=1

2Epi

)1/2

A†
pnsn(xn)· · ·A†

p2s2(x2)A
†
p1s1(x1)|0〉, (120b)where the sign �+� (�−�) is for bosons (fermions). Let us 
he
k the equivalen
e of thesede�nitions. It is evident for n = 1, 2. For n ≥ 2 we obtain after n su

essive permutations:

| {p, s, x}n+1〉 = (±1)n
(

n+1∏

i=1

2Epi

)1/2

A†
pn+1sn+1

(xn+1)A
†
p1s1(x1)· · ·A

†
pnsn(xn)|0〉.Assuming validity of Eq. (120b), the right-hand part of the last equality 
an be written as

(±1)n+n(n−1)/2

(
n+1∏

i=1

2Epi

)1/2

A†
pn+1sn+1

(xn+1)A
†
pnsn(xn)· · ·A†

p1s1(x1)|0〉.Sin
e (−1)n+n(n−1)/2 = (−1)−n+n(n−1)/2 = (−1)n(n+1)/2 = (−1)(n+1)[(n+1)−1]/2, theequality (120b) is proved by indu
tion on n.



• Let us now prove Eq. (111). It is obviously satis�ed for n = 1.By dire
t 
al
ulation one 
he
ks that

M2 ≡ 〈q1, r1, y1;q2, r2, y2|p1, s1, x1;p2, s2, x2〉
= exp [i (q1y1 + q2y2 − p1x1 − p2x2)]
× [δs1r1δs2r2D(p1,q1;x1 − y1)D(p2,q2;x2 − y2)
±δs1r2δs2r1D(p1,q2;x1 − y2)D(p2,q1;x2 − y1)]

= exp

[
i

2∑

i=1

(qiyi − pixi)
]
|D2|,that is, Eq. (111) is satis�ed also for n = 2. Now we 
al
ulate the matrix element

Mn+1 ≡ 〈{q, r, y}n+1 | {p, s, x}n+1〉 for n ≥ 2. A

ording to Eq. (120b),
Mn+1 =

(
n+1∏

i=1

4EqiEpi

)1/2

〈0|Aqn+1rn+1
(yn+1)· · ·Aq2r2(y2)Aq1r1(y1)

×A†
p1s1(x1)A

†
p2s2(x2)· · ·A

†
pn+1sn+1

(xn+1)|0〉

=

(
n+1∏

i=1

4EqiEpi

)1/2

〈0|Aq1r1(y1)· · ·Aqnrn(yn)Aqn+1rn+1
(yn+1)

×A†
pn+1sn+1

(xn+1)A
†
pnsn(xn)· · ·A†

p1s1(x1)|0〉.



Then, after su

essive permutations of the operator A†
pn+1sn+1

(xn+1) with the operators
Aqnrn(yn), . . ., Aq1r1(y1), by applying Eq. (111) for the n-pa
ket matrix elements, andtaking into a

ount the (anti)
ommutation relation (106), we obtain

Mn+1 =

(
n+1∏

i=1

4EqiEpi

)1/2 n+1∑

j=1

(±1)n+j+1δsn+1rj exp [i(qjyj − pn+1xn+1)]

×
(
4EqjEpn+1

)−1/2D (pn+1,qj ;xn+1 − yj)
× 〈0|Aq1r1(y1)· · ·Aqj−1rj−1

(yj−1)Aqj+1rj+1
(yj+1)· · ·

· · ·Aqnrn(yn)Aqn+1rn+1
(yn+1)A

†
pnsn(xn)· · ·A†

p1s1(x1)|0〉.The right-hand part of this relation 
an be rewritten in 
ompa
t form as
exp

[
i

n+1∑

i=1

(qiyi − pixi)
]

n+1∑

j=1

(±1)n+j+1δsn+1rjD (pn+1,qj;xn+1 − yj) |D(j)
n+1|,where |D(j)

n+1| is the minor of order n of |Dn+1| obtained after deleting from the latter the

(n+ 1)-th row and j-th 
olumn. The sum over j in the last expression just represents theminor expansion of |Dn+1| over the bottom [(n+ 1)-th℄ row, hen
e

Mn+1 = exp

[
i

n+1∑

i=1

(qiyi − pixi)
]
|Dn+1|.This 
ompletes the proof by indu
tion.



17 Gaussian integration in Minkowski spa
etimeWe are frequently dealing with the Gaussian integrals

G(A,B) =

∫
dx exp (−Aµνx

µxν +Bµx
µ) , (121)where A = ||Aµν || is a symmetri
 and positive-de�nite matrix and Bµ are some 
omplex
onstants. While these integrals are well known we re
onsider this issue here, be
ause there issome 
onfusion in the literature 
on
erning the 
orre
t de�nition of the matrix inverse to A inMinkowski spa
e. In our 
ase Aµν and Bµ form, respe
tively, a tensor and 4-ve
tor, thoughthis fa
t is not used below. Moreover, the main steps of the subsequent derivation are nota�e
ted by the spa
e-time dimension and signature.The matrix A 
an always be diagonalized by an orthogonal transformation O = ||Oµν ||:

Aµν =
∑

α

aαOµαOνα,
∑

α

OµαOνα = δµν , (122)where aα > 0 are the eigenvalues of A. Taking this into a

ount, the quadrati
 form in theintegrand of Eq. (121) 
an be rewritten as
−Aµνx

µxν +Bµx
µ = −

∑

α

aα (Oµαx
µ) (Oναx

ν) +Bµx
µ

=
∑

α

(
−aαy2α +

∑

µ

BµOµαyα

)
, (123)



where yα = Oµαx
µ (and thus xµ =

∑
αOµαyα). The Ja
obian of this transformation is

|O| = 1, hen
e dx = dy. Substituting Eq. (123) into (121) redu
es it to the standard Gaussianquadratures:

G(A,B) =
∏

α

√
π

aα
exp

[
1

4aα

(
∑

µ

BµOµα

)2]
.A

ording to Eq. (122)

∑

α

a−1
α OµαOνα =

(
A−1)

µν

def

= Ãµν and ∏

α

aα = |A|.Therefore, for the 4D Minkowski spa
e-time
G(A,B) =

π2

√
|A|

exp

[
1

4

∑

µν

(
A−1)

µν
BµBν

]
=

π2

√
|A|

exp

(
1

4
ÃµνBµBν

)
. (124)Note that Ã = gA−1g and thus |Ã| = 1/|A| =∏α a

−1
α . Therefore the matrix Ã ispositive-de�nite and of 
ourse symmetri
.



18 Stationary point: general 
ase.Ïðèâåäåì çäåñü ìåòîä ðåøåíèÿ óðàâíåíèÿ (52) â îáùåì ñëó÷àå, ò.å. äëÿ ïðîèçâîëüíîéêîí�èãóðàöèè âíåøíèõ èìïóëüñîâ. Îáùåå ðåøåíèå ïðåäñòàâëÿåò èíòåðåñ êàê ñ ìåòîäè÷åñêîéòî÷êè çðåíèÿ, òàê è äëÿ ïðàêòè÷åñêîãî ñóììèðîâàíèÿ äèàãðàìì ñ òÿæåëûìè è ëåãêèìè íåéòðèíîâ ïðîìåæóòî÷íûõ ñîñòîÿíèÿõ. Õîòÿ ïðåäëàãàåìûé àëãîðèòì äîâîëüíî ãðîìîçäîê, îí ëåãêîìîæåò áûòü ðåàëèçîâàí â âèäå êîìïüþòåðíîé ïðîãðàììû íà óäîáíîì ÿçûêå ïðîãðàììèðîâàíèÿ èïîýòîìó ïîëåçåí ïðåæäå âñåãî ïðè ÷èñëåííîì àíàëèçå.Óäîáíî ðàáîòàòü ñ óðàâíåíèåì (52), çàïèñàííûì â âèäå (130), â êîòîðîì íåèçâåñòíîéâåëè÷èíîé ÿâëÿåòñÿ ñêîðîñòü âèðòóàëüíîãî íåéòðèíî. Âîçâîäÿ îáå ÷àñòè (130) â êâàäðàò,ïðèõîäèì ê àëãåáðàè÷åñêîìó óðàâíåíèþ ÷åòâåðòîãî ïîðÿäêà
v4 + c3v

3 + c2v
2 + c1v + c0 = 0, (125)êîý��èöèåíòû êîòîðîãî èìåþò âèä

c0 =
(Rl)2 − (ηl)2

(Rl)2 + η20
, c1 = − 2

R(Rl) + 2(Rl)2 − η0(ηl)

(Rl)2 + η20
,

c2 =
R2 + 6(Rl)2 + 4R(Rl) + (ηl)2 − η20

(Rl)2 + η20
, c3 = − 2

R(Rl) + 2(Rl)2 + η0(ηl)

(Rl)2 + η20
.Çäåñü ηµ = Yµ/mj ; âñþäó äàëåå ïðåäïîëàãàåòñÿ, ÷òî mj > 0 (ñëó÷àé áåçìàññîâîãîíåéòðèíî òðèâèàëåí), à èíäåêñ ¾j¿, íóìåðóþùèé íåéòðèíî, íå ïèøåòñÿ. Âñå îñòàëüíûåîáîçíà÷åíèÿ òàêèå æå, êàê è â îñíîâíîì òåêñòå.



�åøåíèå óðàâíåíèÿ (125) ìîæåò áûòü íàéäåíî ìåòîäîì Äåêàðòà-Ýéëåðà. Ñîãëàñíî ýòîìóìåòîäó, çàïèøåì óðàâíåíèå (125) â ¾íåïîëíîì¿ âèäå

(
v +

c3
4

)4
+ c̃2

(
v +

c3
4

)2
+ c̃1

(
v +

c3
4

)
+ c̃0 = 0. (126)�åøåíèÿ ýòîãî óðàâíåíèÿ ñòðîÿòñÿ èç êîðíåé êóáè÷åñêîãî óðàâíåíèÿ

z3 + a2z
2 + a1z + a0 = 0, (127)â êîòîðîì

a0 = − c̃
2
1

64
, a1 =

c̃22 − 4c̃0
16

, a2 =
c̃2
2
.Óðàâíåíèå (127) òàêæå ìîæåò áûòü òîæäåñòâåííî ïðåîáðàçîâàíî ê ¾íåïîëíîé¿ �îðìå(�îðìå Êàðäàíî): (

z +
a2
3

)3
+ p

(
z +

a2
3

)
+ q = 0.Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ:

p = a1 − a22
3

= −
[
R2 + 4R(Rl)− η20 + (ηl)2

]2

48 [(Rl)2 + η20 ]
2 ,

q = a0 − a1a2
3

+ 2
(a2
3

)3
= − A

864 [(Rl)2 + η20 ]
3 ,

A = A0 + A1(Rl) +A2(Rl)2 + A3(Rl)3,



A0 = R6 − 3
[
η20 − (ηl)2

]
R4 + 3

[
η40 + 16η20(ηl)

2 + (ηl)4
]
R2 −

[
η20 − (ηl)2

]3
,

A1 = 12R
{
R4 − 2

[
η20 − (ηl)2

]
R2 +

[
η20 − 7η0(ηl) + (ηl)2

]
(ηl)2

}
,

A2 = 48R2 [R2 − η20 + (ηl)2
]
+ 54(ηl)4,

A3 = 64R3.×èñëî âåùåñòâåííûõ êîðíåé îïðåäåëÿåòñÿ çíàêîì �óíêöèè
B =

q2

4
+

p3

27
=

[
η0(ηl)R− (ηl)2(Rl)

]2
B

27648 [(Rl)2 + η20 ]
6 ,ñîâïàäàþùèì ñî çíàêîì ïîëèíîìà B = B0 +B1(Rl) +B2(Rl)2 +B3(Rl)3,êîý��èöèåíòû êîòîðîãî èìåþò âèä

B0 = R6 − 3
[
η20 − (ηl)2

]
R4 + 3

[
η40 + 7η20(ηl)

2 + (ηl)4
]
R2 −

[
η20 − (ηl)2

]3
,

B1 = 6R
{
2R4 − 4

[
η20 − (ηl)2

]
R2 + [2η0 − (ηl)] [η0 − 2(ηl)] (ηl)2

}
,

B2 = 48R2 [R2 − η20 + (ηl)2
]
+ 27(ηl)4,

B3 = 64R3.Ïðè B < 0 èìååò
ÿ òðè ðàçëè÷íûõ âåùåñòâåííûõ êîðíÿ, ïðè B > 0 � îäèí âåùåñòâåííûéè ïàðà âçàèìíî ñîïðÿæåííûõ êîìïëåêñíûõ êîðíåé, ïðè B = 0 äâà èëè âñå òðèâåùåñòâåííûõ êîðíÿ ìîãóò ñîâïàäàòü. Ìîæíî äîêàçàòü ñëåäóþùåå ïîëåçíîå òîæäåñòâî:

A = B + 27
[
η0(ηl)R− (ηl)2(Rl)

]2
. (128)



�åøåíèå Ôåððî-Òàðòàëüÿ-Êàðäàíî â ðàäèêàëàõ.Êîðíè ¾íåïîëíîãî¿ êóáè÷åñêîãî óðàâíåíèÿ (127) ðàâíû

z0 = a+ (A+ + A−), z± = a− 1

2
(A+ + A−)± i

√
3

2
(A+ − A−),ãäå

a =
a2
3

= −C0 + C1(Rl) + C2(Rl)2 + C3(Rl)3

12 [(Rl)2 + η20 ]
2 ,

A3
± = −q

2
±
√
B =

A

18
±iδ

∣∣η0(ηl)R− (ηl)2(Rl)
∣∣
√
|B|
3

96 [(Rl)2 + η20 ]
3 ;

C0 = − η20
[
2R2 − 2η20 − (ηl)2

]
, C1 = − 2η0 [4η0 − 3(ηl)]R,

C2 = R2 − 2(ηl) [5η0 − (ηl)] , C3 = 4R;

δ = 0 ïðè B ≥ 0 è δ = 1 ïðè B < 0. Âûðàæåíèå äëÿ A± óïðîùàåòñÿ, åñëè ó÷åñòüòîæäåñòâî (128):
A± =

[
3
√
3
∣∣η0(ηl)R− (ηl)2(Rl)

∣∣±iδ
√
|B|
]2/3

12 [(Rl)2 + η20 ]
.



�åøåíèå â òðèãîíîìåòðè÷åñêîé �îðìå Âèåòà.Äëÿ ïîëíîòû ïðèâåäåì òàêæå áîëåå êîìïàêòíóþ òðèãîíîìåòðè÷åñêóþ �îðìó ðåøåíèÿ (�îðìóÂèåòà), êîòîðàÿ ìîæåò îêàçàòüñÿ áîëåå óäîáíîé ïðè ÷èñëåííûõ ðà÷åòàõ è âî âñÿêîì ñëó÷àåïîëåçíà äëÿ êîíòðîëÿ òî÷íîñòè âû÷èñëåíèé ïóòåì ñðàâíåíèÿ ñ êàíîíè÷åñêèì ðåøåíèåì. ßâíûéâèä òðèãîíîìåòðè÷åñêîãî ðåøåíèÿ çàâèñèò îò çíàêà �óíêöèè B.Ñëó÷àé B < 0. Êàê óæå îòìå÷àëîñü, â ýòîì ñëó÷àå (èíîãäà íàçûâàåìîì¾íåïðèâîäèìûì¿), óðàâíåíèå (127) èìååò òðè âåùåñòâåííûõ êîðíÿ:
z0 = a+ ζ0 cos

α

3
, z± = a− ζ0 cos

(α± π
3

)
,ãäå

ζ0 =

∣∣R2 + 4R(Rl)− η20 + (ηl)2
∣∣

6 [(Rl)2 + η20 ]
, cosα = − A

|R2 + 4R(Rl)− η20 + (ηl)2|3
.Ñëó÷àé B ≥ 0. Â ýòîì ñëó÷àå óðàâíåíèå (127) èìååò îäèí âåùåñòâåííûé è äâàêîìïëåêñíûõ êîðíÿ. Ââåäåì îáîçíà÷åíèÿ:

tanα′ =
3

√
tan

β

2
, sinβ = − 4

cosα
=

4

A

∣∣R2 + 4R(Rl)− η20 + (ηl)2
∣∣3 , |β| ≤ π

2(âî âñåõ ñëó÷àÿõ áåðåòñÿ ðåàëüíîå çíà÷åíèå êóáè÷åñêîãî êîðíÿ). Òîãäà êîðíè ðàâíû

z0 = a− ζ0cosec 2α′, z± = a+
ζ0
2

(
cosec 2α′ ± i

√
3 cot 2α′

)
, |α′| ≤ π

4
.



Êîðíè óðàâíåíèÿ (125).Êîðíè ¾íåïîëíîãî¿ óðàâíåíèÿ ÷åòâåðòîé ñòåïåíè (126) äàþòñÿ êîìáèíàöèÿìè
Ξn = ±√z− ±

√
z0 ±√z+,â êîòîðûõ ÷åòûðå èç âîñüìè âîçìîæíûõ ñî÷åòàíèé çíàêîâ âûáèðàþòñÿ òàê, ÷òîáûâûïîëíÿëîñü óñëîâèå

−√z−
√
z0
√
z+ =

c̃1
8

=
D0 +D1(Rl) +D2(Rl)2 +D3(Rl)3 +D4(Rl)4

8 [(Rl)2 + η20 ]
3 .Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ:

D0 = η30(ηl)
(
R2 + η20

)
,

D1 = η20
[
R2 − 3η20 + 4η0(ηl)− 2(ηl)2

]
R,

D2 = η0
{
2 [3η0 − (ηl)]R2 − (ηl)

[
6η20 − 3η0(ηl) + (ηl)2

]}
,

D3 =
[
9η20 − 8η0(ηl) + (ηl)2

]
R,

D4 = 2(ηl)2.Âñå ÷åòûðå êîðíÿ óðàâíåíèÿ (125) ìîãóò áûòü òåïåðü íàéäåíû ïî �îðìóëå

vn = Ξn − c3/4 (n = 1, 2, 3, 4).Åäèíñòâåííûé èíòåðåñóþùèé íàñ âåùåñòâåííûé íåîòðèöàòåëüíûé êîðåíü,ñîîòâåòñòâóþùèé ñòàöèîíàðíîé òî÷êå, äîëæåí óäîâëåòâîðÿòü óñëîâèþ ïîëîæèòåëüíîñòèâòîðîé ïðîèçâîäíîé (54).



Íàéäåííûå â îñíîâíîì òåêñòå ðåøåíèÿ äëÿ äâóõ ïðîòèâîïîëîæíûõ ïðåäåëüíûõ ñëó÷àåâ(1− v ≪ 1 è v ∼ 1) ìîãóò ñëóæèòü äîïîëíèòåëüíûìè êðèòåðèÿìè åäèíñòâåííîñòèðåøåíèÿ îáùåãî âèäà, îñíîâàííîãî íà îïèñàííîì çäåñü àëãîðèòìå, ïîñêîëüêó îíèäîëæíû ãëàäêî ¾ñøèâàòüñÿ¿ ñ ïðàâèëüíûì ÷èñëåííûì ðåøåíèåì ïðè ñîîòâåòñòâóþùèõâàðèàöèÿõ èìïóëüñîâ âíåøíèõ âîëíîâûõ ïàêåòîâ è äèñêðåòíûõ ïàðàìåòðîâ,îïðåäåëÿþùèõ âåëè÷èíó ý��åêòèâíîé ñêîðîñòè âèðòóàëüíîãî íåéòðèíî.



Part III Neutrino Os
illations in Va
uum

19 Stationary point: nonrelativisti
 
ase.Çäåñü ìû èçó÷èì ÷àñòíûé ñëó÷àé, îòâå÷àþùèé ñëåäóþùåé êîí�èãóðàöèè âíåøíèõèìïóëüñîâ:

q0s ∼ −q0d ∼ mj ≫ |qs| ∼ |qd|. (129)Ýòîò ñëó÷àé ïðåäñòàâëÿåò ïîòåíöèàëüíûé èíòåðåñ äëÿ ýêñïåðèìåíòîâ ïî ïîèñêó (ïîêàãèïîòåòè÷åñêèõ) òÿæåëûõ íåéòðèíî. Óäîáíî ïåðåïèñàòü (52) â òåðìèíàõ ñêîðîñòèâèðòóàëüíîãî íåéòðèíî vj = |qj |/q0:

mj√
1− v2j

[
R− (Rl)

(1− vj)2
vj

]
= Y0 − (Yl)

vj
, (130)Ââåäåì áåçðàçìåðíûé 4-âåêòîð ̺j = (̺0j ,̺j) ñ êîìïîíåíòàìè

̺µj =
1

R

(
Rµ

0 −
1

mj
Y µ

) (131)Íåòðóäíî âèäåòü, ÷òî ïðè âûïîëíåíèè óñëîâèé (129) ýòè êîìïîíåíòû ìàëû ïîàáñîëþòíîé âåëè÷èíå. Â ñàìîì äåëå, ïîäñòàâèâ â îïðåäåëåíèå (131) âûðàæåíèå äëÿ4-âåêòîðà Y , êîòîðîå â ïîêîìïîíåíòíîé çàïèñè èìååò âèä

Y µ = ℜ̃µ0
s q0s − ℜ̃µ0

d q0d + ℜ̃µk
s qks − ℜ̃µk

d qkd ,



íàéäåì

̺µj =
1

mjR

[
ℜ̃µ0

s

(
mj − q0s

)
+ ℜ̃µ0

d

(
mj + q0d

)
− ℜ̃µk

s qks + ℜ̃µk
d qkd

]
. (132)Ïîñêîëüêó âñå ñëàãàåìûå â (132) ñîäåðæàò ìàëûå ìíîæèòåëè (1− q0s/mj , qks/mj , è ò.ä.),ìîæíî çàêëþ÷èòü, ÷òî |̺jµ| ≪ 1. Ó÷èòûâàÿ ýòî, áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ (130) ââèäå äâîéíîãî ñòåïåííîãî ðÿäà

vj = v̄j

[
1 +

∞∑

n=1

∞∑

m=0

C(v)
nm(̺jl)

n̺mj0

]
, v̄j =

(̺jl)

1 + ̺j0
. (133)Âûïèøåì ïåðâûå øåñòü áåçðàçìåðíûõ êîý��èöèåíòíûõ �óíêöèé C(v)

nm:
C

(v)
10 = − 1

2
C

(v)
11 = 3C

(v)
12 =

3(Rl)

2R
,

C
(v)
20 =

9(Rl)2

2R2
− R00

2R
+

1

2
,

C
(v)
21 = − 18(Rl)2

R2
+

3R00

2R
+

3

2
,

C
(v)
30 =

3(Rl)

8R

[
45(Rl)2

R2
− 10R00

R
− 23

3

]
.

(134)

Èç (133) è (134) ïîëó÷àåì
Ej = mj +

mjv
2
j

2

(
1 +

3

4
δj + . . .

)
, Pj = mjvj

(
1 +

1

2
δj + . . .

)
. (135)



Çäåñü �óíêöèÿ

δj = (̺jl)
2

[
1 +

3(Rl)

R
(̺jl)− ̺j0

]îïðåäåëÿåò âåëè÷èíó ãëàâíûõ ðåëÿòèâèñòñêèõ ïîïðàâîê, à òî÷êàìè îáîçíà÷åíû ïîïðàâêèâûñøèõ ïîðÿäêîâ ïî (̺jl) è ̺j0. Êàê âèäèì, íåðåëÿòèâèñòñêîå ñîîòíîøåíèå ìåæäóý��åêòèâíûìè ñêîðîñòüþ, ýíåðãèåé è èìïóëüñîì îñòàþòñÿ ñïðàâåäëèâûìè âïëîòü äîâòîðîãî ïîðÿäêà ïî (̺jl) è ÷òî ðåëÿòèâèñòñêèå ïîïðàâêè ê Ej è Pj ïîëîæèòåëüíû.Íèæå áóäåò äîêàçàíî, ÷òî �óíêöèÿ R ïîëîæèòåëüíà. Ó÷èòûâàÿ ýòîò �àêò íåòðóäíîâèäåòü, ÷òî âòîðàÿ ïðîèçâîäíàÿ (54á) ïîëîæèòåëüíà â ñòàöèîíàðíîé òî÷êå.Äåéñòâèòåëüíî, ïîäñòàâèâ (133) è (134) â (54á) ïîëó÷èì
d2Fj(q0)

dq20

∣∣∣∣
q0=Ej

= 2R+
2R

v̄2j

[
1− 6(Rl)

R
(̺j l) + ̺j0 + . . .

]
> 0. (136)Âîçíèêàþùàÿ çäåñü îñîáåííîñòü ïðè v̄j = 0 íå äîëæíà âûçûâàòü íåäîóìåíèÿ, ïîñêîëüêóîíà ëèøü ïîäòâåðæäàåò èíòóèòèâíîå îæèäàíèå òîãî, ÷òî àìïëèòóäà ïðîöåññà ñ¾ïîêîÿùèìñÿ¿ íåéòðèíî â ïðîìåæóòî÷íîì ñîñòîÿíèè äîëæíà ðàâíÿòüñÿ íóëþ. Òåì íåìåíåå, ýòîò ñëó÷àé òðåáóåò áîëåå äåòàëüíîãî èçó÷åíèÿ óñëîâèé ïðèìåíèìîñòè ìåòîäàïåðåâàëà è òåîðåìû �Ñ. Ýòè âîïðîñû áóäóò îáñóæäàòüñÿ â îòäåëüíîé ðàáîòå.Îáðàòèìñÿ ê ñïåöèàëüíîìó ñëó÷àþ òî÷íîãî áàëàíñà ïåðåäà÷è ýíåðãèè-èìïóëüñà ââåðøèíàõ ìàêðîäèàãðàììû. Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ

q0s = −q0d ≡ E > 0, qs = −qd ≡ Pl, P > 0/ (137)



Â ñîîòâåòñòâèè ñ óñëîâèåì (129), ïðèìåì, ÷òî

0 ≤ E/mj − 1≪ 1 è 0 ≤ P/mj ≪ 1.Èìååì

̺µj =
1

R

[
Rµ

k lk
P
m j
−Rµ

0

( E
mj
− 1

)]è, ñëåäîâàòåëüíî,

̺j0 =
(Rl)

R

P
mj
− R00

R

( E
mj
− 1

)
, (̺jl) =

P
mj
− (Rl)

R

( E
mj
− 1

)
.Ïîäñòàâèâ íàéäåííûå ñîîòíîøåíèÿ â (133), ó÷èòûâàÿ (134) è ïåðåðàçëîæèâ ïîëó÷åííîåâûðàæåíèå ïî ñòåïåíÿì äâóõ ìàëûõ íåçàâèñèìûõ ïàðàìåòðîâ P/mj è E/mj − 1,ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ äëÿ ý��åêòèâíîé ñêîðîñòè âèðòóàëüíîãî íåéòðèíî:

vj = v̄j

{
1 +

(Rl)

2R

P
mj

+

[
R00

R
− 3(Rl)2

2R2

]( E
mj
− 1

)
+ . . .

}
, v̄j = (̺jl). (138)Èç (138) íàõîäèì ý��åêòèâíóþ ýíåðãèþ è èìïóëüñ âèðòóàëüíîãî íåéòðèíî âëèäèðóþùåì ïîðÿäêå ïî P/mj è E/mj − 1:

Ej ≈ mj +mj v̄
2
j /2, Pj ≈ mj v̄j .Ýòè ïðîñòûå �îðìóëû ïîëíîñòüþ îòâå÷àþò èíòóèòèâíûì îæèäàíèÿìè ëèøü ïðè

|E/mj − 1| . P2/m2
j . Â ýòîì (è òîëüêî â ýòîì) ÷àñòíîì ñëó÷àå

v̄j ≈ P/mj, Ej ≈ mj + P2/(2mj) è Pj ≈ P .



20 Stationary point: ultrarelativisti
 
ase.Äëÿ èëëþñòðàöèè îáùèõ ðåçóëüòàòîâ, ïîëó÷åííûõ â óëüòðàðåëÿòèâèñòñêîì ñëó÷àå,ðàññìîòðèì ñïåöèàëüíóþ êîí�èãóðàöèþ âíåøíèõ èìïóëüñîâ
q0s = −q0d ≡ E > 0, qs = −qd ≡ Pl, P > 0, (139)îòâå÷àþùóþ òî÷íîìó ñîõðàíåíèþ ýíåðãèè è èìïóëüñà, ¾ïåðåòåêàþùèõ¿ èç S â D.Áóäåì íàçûâàòü âåëè÷èíó Q2 = E2 −P2 âèðòóàëüíîñòüþ íåéòðèíî.Óëüòðàðåëÿòèâèñòñêèé ñëó÷àé îïðåäåëÿåòñÿ óñëîâèÿìè |Q2| ≪ E2 è m2

j ≪ E2, íîâèðòóàëüíîñòü, êîíå÷íî, íå îáÿçàíà ñîâïàäàòü ñ m2
j äàæå ïî ïîðÿäêó âåëè÷èíû.Íåòðóäíî ïîêàçàòü, ÷òî äëÿ êîí�èãóðàöèè (139)

Eν = E
[
1 + n0

(
1− PE

)]
, n = n0 −

(
1− PE

)(
n
2
0 −

R

R

)[
1 + n0

(
1− PE

)]−1

,ãäå

n0 =
(Rl)−R

R
= m− R

R
; (140)�àçëîæèâ Eν è n ïî ìàëîìó ïàðàìåòðó Q2/E2, ïîëó÷èì:

Eν = E
[
1 + n0

Q2

2E2
(
1 +
Q2

2E2 +
Q4

8E4 + . . .

)]
,

n = n0 +
(
m− n0 − n

2
0

) Q2

2E2
[
1− (2n0 − 1)

Q2

4E2 +
(
2n20 − 2n0 + 1

) Q4

8E4 + . . .

]
,



ãäå, êàê îáû÷íî, òî÷êàìè îáîçíà÷åíû ïîïðàâêè âûñøèõ ïîðÿäêîâ. Ò.î. Eν → E è n→ n0ïðè Q2 → 0. Ïåðåðàçëàãàÿ ïîëó÷åííûå âûøå âûðàæåíèÿ äëÿ Ej è Pj ïî äâóì ìàëûì(íåçàâèñèìûì) ïàðàìåòðàì Q2/E2 è m2
j/E2 íàéäåì:

Ej = E + Q
2 −m2

j

2E

[
n0

(
1 +
Q2

4E2
)
+
(
4n20 + 3n0 − 2m

) m2
j

4E2 + . . .

]
,

Pj = P +
Q2 −m2

j

2E

[
(n0 + 1)

(
1 +

Q2

4E2
)
+
(
4n20 + 5n0 − 2m+ 1

) m2
j

4E2 + . . .

]
.Îòñþäà âèäíî, â ÷àñòíîñòè, ÷òî ý��åêòèâíàÿ ýíåðãèÿ (èìïóëüñ) íåéòðèíî ìîæåò áûòüêàê ìåíüøå, òàê è áîëüøå ïåðåäàííîé ýíåðãèè E (ïåðåäàííîãî èìïóëüñà P); åñòåñòâåííî,

Ej = E è Pj = P ïðè Q2 = m2
j (è òîëüêî â ýòîì ñëó÷àå). Äðóãèìè ñëîâàìè, äàæå ïðèòî÷íîì áàëàíñå ïåðåäàííûõ 4-èìïóëüñîâ â âåðøèíàõ äèàãðàììû, ý��åêòèâíûé4-èìïóëüñ âèðòóàëüíîãî íåéòðèíî (Ej , Pjl) âîîáùå ãîâîðÿ íå ñîâïàäàåò ñ (E,Pl).�àçëîæåíèå äëÿ ý��åêòèâíîé ñêîðîñòè íåéòðèíî èìååò âèä

vj = 1− m2
j

2E2
[
1− n0

Q2

E2 + (4n0 + 1)
m2

j

4E2 + . . .

]
,òàê ÷òî ãëàâíàÿ ïîïðàâêà ê óëüòðàðåëÿòèâèñòñêîìó ïðåäåëó vj = 1 íå çàâèñèò îòâèðòóàëüíîñòè íåéòðèíî.



21 The amplitude: More details.Âûøå áûëî äîêàçàíî, ÷òî êàê â óëüòðàðåëÿòèâèñòñêîì, òàê è â íåðåëÿòèâèñòñêîì ñëó÷àå�óíêöèÿ Fj(q0) èìååò àáñîëþòíûé ìèíèìóì ïðè q0 = Ej ; â îêðåñòíîñòè ìèíèìóìà îíàìîæåò áûòü àïïðîêñèìèðîâàíà ïàðàáîëîé:

Fj(q0) ≃ Fj(Ej) +
(q0 − Ej)

2

2D2
j

. (141)Çäåñü ââåäåíà ïîëîæèòåëüíî îïðåäåëåííàÿ �óíêöèÿ
Dj =

{[
d2Fj(q0)/dq

2
0

]
q0=Ej

}−1/2

. (142)Â óëüòðàðåëÿòèâèñòñêîì ñëó÷àå, ðàññìîòðåíèåì êîòîðîãî ìû îãðàíè÷èìñÿ â äàëüíåéøåì,

Dj ≃ Eν

Ej

√
2R
≃ Eν√

2F
≡ D. (143)Â ðàìêàõ ñäåëàííûõ íàìè ïðèáëèæåíèé ýòà âåëè÷èíà íå çàâèñèò îò j (ò.å. óíèâåðñàëüíàäëÿ âñåõ íåéòðèíî) è ìàëà ïî ñðàâíåíèþ ñ ðåïðåçåíòàòèâíîé ýíåðãèåé íåéòðèíî(D≪ Eν). Ïðèìåì òåïåðü âî âíèìàíèå, ÷òî â îêðåñòíîñòè ñòàöèîíàðíîé òî÷êè Ej âñåìíîæèòåëè ïîäûíòåãðàëüíîãî âûðàæåíèÿ â ïðàâîé ÷àñòè (49), çà èñêëþ÷åíèåìýêñïîíåíòû

exp

[
−1

4
Fj(q0)− i

(
q0T −

√
q20 −m2

j L
)]
,



ÿâëÿþòñÿ ñëàáî ìåíÿþùèìèñÿ �óíêöèÿìè ïåðåìåííîé èíòåãðèðîâàíèÿ q0 è ìîãóò áûòüïîýòîìó âûíåñåíû èç ïîä èíòåãðàëà â òî÷êå q0 = Ej . Èñïîëüçóÿ (141) è ðàçëîæåíèå
√
q20 −m2

j = Pj +
1

vj
(q0 − Ej)−

m2
j

2P 3
j

(q0 − Ej)
2 + . . .ìû ïðèõîäèì ê ñëåäóþùåìó ïðîñòîìó èíòåãðàëó:

Ij =

∫ ∞

−∞

dq0 exp

[
−i (EjT − PjL) + i

(
L

vj
− T

)
(q0 − Ej) −

−1

4
Fj(Ej)−

(
1

8D2
j

+
im2

jL

2P 3
j

)
(q0 − Ej)

2

]
.Ââîäÿ êîìïëåêñíîçíà÷íóþ �àçîâóþ �óíêöèþ

Ωj(T, L) = i (EjT − PjL) + 2D̃2
j

(
L

vj
− T

)2

, (144)â êîòîðîé

D̃
2
j =

D2
j

1 + irj
≃ D2

1 + irj
, rj =

4m2
jD

2
jL

P 3
j

≃ 4m2
jD

2L

E3
ν

, (145)ïîëó÷àåì:

Ij = 2
√
2πD̃j exp

[
−1

4
Fj(Ej)−Ωj(T, L)

]
.Êîìïëåêñíàÿ �äèñïåðñèÿ� D̃j çàâèñèò îò ý��åêòèâíîé ýíåðãèè íåéòðèíî è îòïðîñòðàíñòâåííîãî ðàññòîÿíèÿ L ìåæäó ïðèöåëüíûìè òî÷êàìè â èñòî÷íèêå è äåòåêòîðå;



åå ìîäóëü è àðãóìåíò äàþòñÿ ñëåäóþùèìè �îðìóëàìè:

|D̃j | ≃ D
(
1 + r

2
j

)−1/4
, arg(D̃j) ≃ 1

2
arctan (rj) .Ñîáðàâ âñå ìíîæèòåëè, ìû ïîëó÷àåì ñëåäóþùåå îêîí÷àòåëüíîå âûðàæåíèå äëÿ �óíêöèè(49):

G
j
νν′µ′µ ({pκ , xκ}) = ∆νν′(pj − pβ)p̂j∆µ′µ(pj + pα)|Vd(pj)Vs(pj)| D̃je

−Ωj−iΘ

i(2π)3/2L
. (146)Çäåñü ââåäåí 4-âåêòîð pj = (Ej, Pjl) è îïóùåí âêëàä, ïðîïîðöèîíàëüíûé mj (ñì.ïðèìå÷àíèå a). Ôàçîâûé �àêòîð −ie−iΘ â (146) íåñóùåñòâåí, ïîñêîëüêó îí èñ÷åçàåò âêâàäðàòå ìîäóëÿ àìïëèòóäû.Áëàãîäàðÿ íàëè÷èþ �ðàçìàçàííûõ� δ-�óíêöèé δ̃s (pj − qs) è δ̃d (pj + qd), âõîäÿùèõ ââûðàæåíèÿ äëÿ èíòåãðàëîâ ïåðåêðûòèÿ Vs(pj) è Vd(pj) è îòâåòñòâåííûõ çàïðèáëèæåííîå ñîõðàíåíèå ýíåðãèè-èìïóëüñà (pj ≈ qs ≈ −qd), à òàêæå ïðåäïîëàãàåìîéìàëîñòè ìàññ íåéòðèíî ïî ñðàâíåíèþ ñ ðåïðåçåíòàòèâíîé ýíåðãèåé Eν , ìû ìîæåìïîëîæèòü mj = 0 âî âñåì ïðåäýêñïîíåíöèàëüíîì �àêòîðå â ïðàâîé ÷àñòè (146).Ïðèìåíèì òåïåðü òîæäåñòâî

P−p̂νP+ = P−u−(pν)u−(pν)P+(â êîòîðîì P± = 1
2
(1± γ5), pν = Eνl, è u−(pν) � îáû÷íûé äèðàêîâñêèé áèñïèíîð äëÿñâîáîäíîãî áåçìàññîâîãî ëåâî-ñïèðàëüíîãî íåéòðèíî ν) è îïðåäåëèì ñ åãî ïîìîùüþ



ìàòðè÷íûå ýëåìåíòû

Ms =
g2

8
u−(pν)J µ

s ∆µµ′(pν + pα)O
µ′

u(pα),

M∗
d =

g2

8
v(pβ)O

µ′

∆µ′µ(pν − pβ)J ∗µ
d u−(pν),

(147)îïèñûâàþùèå ðîæäåíèå è ïîãëîùåíèå ðåàëüíîãî áåçìàññîâîãî íåéòðèíî â ðåàêöèÿõ
Is → F ′

sℓ
+
αν è νId → F ′

dℓ
−
β ñîîòâåòñòâåííîa. Òîãäà, ñ ó÷åòîì âûøåïðèâåäåííûõðåçóëüòàòîâ, ìû ïîëó÷àåì îêîí÷àòåëüíîå âûðàæåíèå äëÿ àìïëèòóäû (44):

Aβα =
∑

j

|Vs(pj)Vd(pj)|MsM
∗
d

i(2π)3/2NL V ∗
αjD̃jVβj e

−Ωj−iΘ. (148)Ïîëåçíî âûäåëèòü â ýòîé �îðìóëå íåçàâèñÿùèé îò j îáùèé ìíîæèòåëü, îòâåòñòâåííûéçà ïðèáëèæåííîå ñîõðàíåíèå ýíåðãèè-èìïóëüñà â âåðøèíàõ. Äëÿ ýòîãî, èñïîëüçóÿ ÿâíûéaÏðè äîïîëíèòåëüíûõ óñëîâèÿõ |(pν+pα)2| ≪ m2
W è |(pν−pβ)2| ≪ m2

W , ïðîïàãàòîðW -áîçîíàìîæíî ïðèáëèæåííî çàïèñàòü êàê −igµν/m2
W , ÷òî ñîîòâåòñòâóåò ÷åòûðåõ�åðìèîííîé òåîðèè ñëà-áîãî âçàèìîäåéñòâèÿ. Òîãäà, âîñïîëüçîâàâøèñü èçâåñòíûì òîæäåñòâîì ÑÌ g2/8 = GFm

2
W /

√
2,ìîæíî ïåðåïèñàòü ìàòðè÷íûå ýëåìåíòû (147) â âèäå

Ms ≈ −iGF√
2
u−(pν)J µ

s Oµv(pα), M∗
d ≈ −iGF√

2
u(pβ)J ∗µ

d Oµu−(pν).Îäíàêî ýòî íåñêîëüêî îãðàíè÷èòåëüíîå óïðîùåíèå (íåïðèìåíèìîå, â ÷àñòíîñòè, ïðè ñâåðõâûñîêèõýíåðãèÿõ) íå ÿâëÿåòñÿ íåîáõîäèìûì è íå áóäåò èñïîëüçîâàòüñÿ â äàëüíåéøåì àíàëèçå.



âèä �ðàçìàçàííûõ� δ-�óíêöèé, çàïèøåì

δ̃s(pj − qs)δ̃d(pj + qd) = δ̃s(pν − qs)δ̃d(pν + qd)e
−Θj ,ãäå

Θj =
1

4

[
2
(
Yµ −Rµµ′pµ

′

ν

)
+Rµµ′ (pν − pj)µ

′
]
(pν − pj)µ =

=
1

2
{Eν [(Rl)−R00] + Y0} (Eν − Ej) +

1

2
{Eν [(Rl)−R]− (Yl)} (Eν − Pj)+

+
1

4

[
R00 (Eν − Ej)

2 − 2(Rl) (Eν − Ej) (Eν − Pj) + R (Eν − Pj)
2] .Òîãäà àìïëèòóäó (148) ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå:

Aβα =
|Vs(pν)Vd(pν)|MsM

∗
d

i(2π)3/2NL
∑

j

V ∗
αjD̃jVβj e

−Ωj−Θj−iΘ. (149)Èñïîëüçóÿ (59) ìîæíî ïðåäñòàâèòü �óíêöèþ Θj â âèäå ðàçëîæåíèÿ ïî rj :

Θj = m2
jR

[
(n0 − n) +

1

2

(
m− n− n

2) rj +
(
n+

1

2

)(
m− n− n

2) r2j +O(r3j )
]
.Íàïîìíèì, ÷òî �óíêöèÿ n0 îïðåäåëÿåòñÿ ñîãëàñíî (140) è ñîâïàäàåò ñ n â ñëó÷àåòî÷íîãî ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà â âåðøèíàõ (ñì. ðàçäåë 7.12.2). Ïðè âûïîëíåíèèïðèíÿòûõ íàìè óñëîâèé (66) ìîæíî íàïèñàòü ïðèáëèæåííî:

Θj ≈ m2
jR

[
(n0 − n) +

1

2

(
m− n− n

2) rj
]
,



à â îêðåñòíîñòè ìàêñèìóìà ïðîèçâåäåíèÿ δ̃s(pν − qs)δ̃d(pν + qd) (ò.å. ïðè qs ≈ −qd ≈ pν)ìîæíî ïðåíåáðå÷ü è çíàêîíåîïðåäåëåííîé ðàçíîñòüþ n0 − n. Òîãäà
Θj ≈

m4
jR
(
m− n0 − n20

)

4E2
ν

=
m4

j

[
R00R − (Rl)2

]

4RE2
ν

. (150)Íèæå ìû äîêàæåì, ÷òî ýòà âåëè÷èíà ïîëîæèòåëüíà.Èç âûâîäà �îðìóëû (149) è åå ñòðóêòóðû âèäíî, ÷òî îíà ñïðàâåäëèâà íå òîëüêî äëÿðàññìîòðåííîãî êëàññà ïðîöåññîâ, íî, ïðè ñîîòâåòñòâóþùåì ïåðåîïðåäåëåíèè ìàòðè÷íûõýëåìåíòîâ (147), è äëÿ ëþáûõ äðóãèõ ïðîöåññîâ, èäóùèõ çà ñ÷åò îáìåíà âèðòóàëüíûìèíåéòðèíî ìåæäó âåðøèíàìè ìàêðîäèàãðàììû. Íåòðóäíî îáîáùèòü �îðìóëó (148) è íàñëó÷àé ðåàêöèé ñ îáìåíîì àíòèíåéòðèíî, äëÿ ÷åãî ñëåäóåò ñäåëàòü â íåé çàìåíó
V 7−→ V† (ò.å., V ∗

αj 7−→ Vαj , Vβj 7−→ V ∗
βj) è äîëæíûì îáðàçîì ìîäè�èöèðîâàòüìàòðè÷íûå ýëåìåíòû (147).



Overlap volumes.Ïðè àíàëèçå èçìåðÿåìûõ õàðàêòåðèñòèê (òàêèõ, íàïðèìåð, êàê ñêîðîñòü ñ÷åòàíåéòðèííûõ ñîáûòèé â óñòàíîâêå) ïîëåçíî èñïîëüçîâàòü ïðåäñòàâëåíèå äëÿ âåëè÷èí
|Vs(q)|2 è |Vd(q)|2, íåñêîëüêî îòëè÷àþùèåñÿ îò òîãî, êîòîðîå ìîæåò áûòü ïîëó÷åíî âðåçóëüòàòå íåïîñðåäñòâåííîãî ïðèìåíåíèÿ ÿâíîé �îðìóëû äëÿ èíòåãðàëîâ ïåðåêðûòèÿ.Óäîáíåå âîçâðàòèòüñÿ ê îïðåäåëåíèþ ýòèõ èíòåãðàëîâ è çàïèñàòü |Vs,d(q)|2 â ñëåäóþùåìâèäå:

|Vs,d(q)|2 =

∫
dx

∫
dy exp [i (qs,d ± q) (x− y)− Υs,d(x)− Υs,d(y)] ,ãäå

Υs,d(x) =
∑

κ∈S,D

Tµν
κ

(xκ − x)µ (xκ − x)ν , S = Is⊕Fs, D = Id⊕Fd.Ïîñëå çàìåíû ïåðåìåííûõ èíòåãðèðîâàíèÿ
x = x′ + y′/2 è y = x′ − y′/2(ñ åäèíè÷íûì ÿêîáèàíîì) ïîñëåäíèé èíòåãðàë ìîæíî ïåðåïèñàòü êàê

|Vs,d(q)|2 =

∫
dy′ exp

[
i (qs,d ± q) y′ − 1

2
ℜµν

s,dy
′
µy

′
ν

] ∫
dx′ exp

[
−2Υs,d(x

′)
]
. (151)



Ââîäÿ îáîçíà÷åíèÿ

δs,d(K) =

∫
dx

(2π)4
exp

(
iKx− 1

2
ℜµν

s,dxµxν

)
=

exp

(
−1

2
ℜ̃µν

s,dKµKν

)

(2π)2
√
|ℜs,d|

, (152)
Vs,d =

∫
dx

∏

κ∈S,D

|ψκ (pκ, xκ − x)|2 =
π2 exp (−2Ss,d)

4
√
|ℜs,d|

, (153)ïðåäñòàâèì (151) â ñëåäóþùåé êîìïàêòíîé �îðìå:
|Vs,d(q)|2 = (2π)4δs,d (q ∓ qs,d)Vs,d. (154)Ôóíêöèè δs(K) è δd(K) êîíå÷íî íå ñîâïàäàþò ñ èñïîëüçîâàâøèìèñÿ ðàíåå �óíêöèÿìè

δ̃s(K) è δ̃d(K), íî èìåþò òîò æå ñàìûé ïëîñêîâîëíîâîé ïðåäåë (ò.å. δs,d(K)→ δ(K)) èïîäîáíûå æå ñâîéñòâà. Ôèçè÷åñêèé ñìûñë è ñâîéñòâà ñèììåòðèè �óíêöèé (153)î÷åâèäíû èç ïðåäûäóùåãî ðàññìîòðåíèÿ, à èõ èíòåãðàëüíîå ïðåäñòàâëåíèå ïîäñêàçûâàåò,÷òî âåëè÷èíû Vs è Vd ìîæíî òðàêòîâàòü êàê 4-ìåðíûå îáúåìû ïåðåêðûòèÿ in- èout-ïàêåòîâ â èñòî÷íèêå è äåòåêòîðå. Èç ÿâíîãî âèäà ýòèõ �óíêöèé ñëåäóåò, ÷òî îíèïðèíèìàþò ìàêñèìàëüíûå çíà÷åíèÿ,
V0

s,d =
π2

4
√
|ℜs,d|

,êîãäà êëàññè÷åñêèå ìèðîâûå ëèíèè ïàêåòîâ ïåðåñåêàþòñÿ â ïðèöåëüíûõ òî÷êàõ, ÷òîîòâå÷àåò óïîìèíàâøåéñÿ âûøå íàãëÿäíîé êàðòèíå ñòàëêèâàþùèõñÿ (äëÿ in-ïàêåòîâ) èëèðàçëåòàþùèõñÿ (äëÿ out-ïàêåòîâ) âçàèìîïðîíèêàþùèõ îáëà÷êîâ.



Mi
ros
opi
 probability.Òåïåðü, ñ ïîìîùüþ (148) è �îðìóë äëÿ ÷åòûðåõìåðíûõ îáúåìîâ ïåðåêðûòèÿ Vs,d ìûïîëó÷àåì âûðàæåíèå äëÿ ìèêðîñêîïè÷åñêîé âåðîÿòíîñòè ïðîöåññà (42)
|Aβα|2 =

(2π)4δs(pν − qs)Vs|Ms|2∏
κ∈S 2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D 2EκVκ

× D2

(2π)3L2

∣∣∣
∑

j

V ∗
αjVβj e

−Ωj−Θj

∣∣∣
2

, (155)Ýòî âûðàæåíèå çàâèñèò îò êîîðäèíàò xκ è ñðåäíèõ èìïóëüñîâ pκ âñåõ ó÷àñòâóþùèõ âðåàêöèè âîëíîâûõ ïàêåòîâ, à òàêæå îò ïàðàìåòðîâ σκ . Âåðîÿòíîñòü (155) èñ÷åçàþùåìàëà, åñëè ìàëî ïðîèçâåäåíèå îáúåìîâ ïåðåêðûòèÿ
VsVd =

(π
2

)4
(|ℜs||ℜd|)−1/2 exp [−2 (Ss +Sd)],ò.å., åñëè in- è out-ïàêåòû â èñòî÷íèêå è äåòåêòîðå íå ïåðåñåêàþòñÿ âïðîñòðàíñòâåííî-âðåìåííûõ îáëàñòÿõ, îêðóæàþùèõ ïðèöåëüíûå òî÷êè Xs è Xd.Îòìåòèì, ÷òî è 4-âåêòîð pν ÿâëÿåòñÿ �óíêöèåé pκ è σκ, ïðè÷åì pν = qs = −qd âïðåäåëå σκ = 0, ∀κ. Ïîýòîìó ïðè äîñòàòî÷íî ìàëûõ σκ

δs(pν − qs)δd(pν + qd) ≈ δs(0)δd(0) = (2π)−4 (|ℜs||ℜd|)−1/2.



À ÷åì æå îïðåäåëÿåòñÿ ïðèáëèæåííîå ðàâåíñòâî qs è qd?Äëÿ îòâåòà íà ýòîò âîïðîñ ïðåîáðàçóåì âûðàæåíèå (155) ñïîñîáîì, ïðåäëîæåííûìÊàðäàëëîìa. Èñïîëüçóÿ ÿâíûé âèä �óíêöèé δs,d è D, íåòðóäíî âûâåñòè ñëåäóþùååïðèáëèæåííîå ñîîòíîøåíèå

2
√
πDδs (pν − qs) δd (pν + qd)F (pν) =

∫
dE′

νδs
(
p′ν − qs

)
δd
(
p′ν + qd

)
F (p′ν), (156)â êîòîðîì F (pν) � ïðîèçâîëüíàÿ ìåäëåííî ìåíÿþùàÿñÿ �óíêöèÿ pν , à

p′ν = (E′
ν ,p

′
ν) = E′

ν l.Cîîòíîøåíèå (156) ñïðàâåäëèâî ñ òîé æå òî÷íîñòüþ, ñ êàêîé áûëà ïîëó÷åíà�îðìóëà (148) äëÿ àìïëèòóäû, à èìåííî, � ñ òî÷íîñòüþ èñïîëüçîâàííîãî ïðèâûâîäå ìåòîäà ïåðåâàëà.Ñ ïîìîùüþ (156) ïîëó÷àåì

|Aβα|2 =

∫
dEν

(2π)4δs(pν − qs)Vs|Ms|2∏
κ∈S 2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D 2EκVκ

× D

2
√
π(2π)3L2

∣∣∣
∑

j

V ∗
αjVβj e

−Ωj−Θj

∣∣∣
2

,

(157)

ãäå øòðèõ ó �íåìîé� ïåðåìåííîé èíòåãðèðîâàíèÿ Eν îïóùåí, íî òåïåðü îíà (êàê è âåêòîð

pν = Eνl) óæå íèêàê íå ñâÿçàíà ñ ïàðàìåòðàìè âíåøíèõ ïàêåòîâ.aC. Y. Cardall, �Coheren
e of neutrino �avor mixing in quantum �eld theory,� Phys. Rev. D 61 (2000)073006 [arXiv:hep-ph/9909332℄.



Â ðàìêàõ ñäåëàííûõ ïðèáëèæåíèé �îðìóëû (155) è (157) ýêâèâàëåíòíû, íî èç (157)âèäíî, ÷òî çàêîí ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà ðåãóëèðóåòñÿ ïîäûíòåãðàëüíûìè�àêòîðàìè δs(pν − qs) è δd(pν + qd), êîòîðûå, ïðè äîñòàòî÷íî ìàëûõ σκ , ìîæíîçàìåíèòü îáû÷íûìè δ-�óíêöèÿìè.



22 Formulas for the pro
esses 2→ 2 and 1→ 3.Â ýòîì äîïîëíåíèè ìû ïðèâåäåì íåêîòîðûå ãðîìîçäêèå �îðìóëû è òåõíè÷åñêèå ïîäðîáíîñòè,ïîëåçíûå äëÿ ïðàêòè÷åñêèõ ðàñ÷åòîâ àìïëèòóäû ìàêðîïðîöåññà, âêëþ÷àþùåãî êâàçèóïðóãîåðàññåÿíèå âèðòóàëüíîãî íåéòðèíî â äåòåêòîðå.Êîý��èöèåíòû Akl, Bkl è Ckl.Îòëè÷íûå îò íóëÿ êîý��èöèåíòû Akl, Bkl (0 ≤ k, l ≤ 2) è Ckl (0 ≤ k, l ≤ 3)�èãóðèðóþùèå â âûðàæåíèÿõ äëÿ �óíêöèé |ℜd|, Fd(s,Q
2) è nd(s,Q

2), îòíîñÿùèõñÿ ê



ðàññåÿíèþ 2→ 2 â äåòåêòîðå èìåþò âèä

A00 = σ2
bm

2
am

2
ℓ

[
σ2
a

(
σ2
a + σ2

b

) (
m2

a − 2m2
b

)
+ σ2

ℓ

(
σ2
b + σ2

ℓ

) (
m2

ℓ − 2m2
b

)
− 3σ2

aσ
2
ℓm

2
b

]
+

+ σ2
3m

2
b

[
σ2
bm

2
b

(
σ2
am

2
ℓ + σ2

ℓm
2
a

)
+ σ2

aσ
2
ℓ

(
m4

b − 4m2
am

2
ℓ

)]
,

A01 = σ2
a

{
σ2
b

[
2σ2

am
2
ℓ

(
m2

a +m2
b

)
+ σ2

ℓ

(
m2

b +m2
ℓ

) (
m2

a + 2m2
b

)]
+

+2
[
σ4
bm

2
ℓ

(
m2

a +m2
b

)
+ σ2

ℓm
4
b

(
σ2
a + σ2

ℓ

)]}
,

A02 = σ2
3σ

2
a

(
σ2
bm

2
ℓ + σ2

ℓm
2
b

)
,

A10 = − σ2
ℓ

{
σ2
b

[
σ2
a

(
m2

a +m2
b

) (
2m2

b +m2
ℓ

)
+ 2σ2

ℓm
2
a

(
m2

b +m2
ℓ

)]
+

+2
[
σ4
bm

2
a

(
m2

b +m2
ℓ

)
+ σ2

am
4
b

(
σ2
a + σ2

ℓ

)]}
,

A11 = − σ2
aσ

2
ℓ

[
σ2
b

(
m2

a +m2
b +m2

ℓ

)
+ 2σ2

3m
2
b

]
,

A12 = − σ2
aσ

2
bσ

2
ℓ ,

A20 = σ2
3σ

2
ℓ

(
σ2
am

2
b + σ2

bm
2
a

)
,

A21 = σ2
aσ

2
bσ

2
ℓ ;

B00 = m2
am

2
ℓ

{
σ2
b

(
m2

a +m2
ℓ

) [
σ2
a

(
m2

a +m2
b

)
+ σ2

b

(
m2

a +m2
ℓ

)
+

+σ2
ℓ

(
m2

b +m2
ℓ

)]
+m2

b

(
σ4
am

2
a + σ4

ℓm
2
ℓ + σ2

aσ
2
ℓm

2
b

)}
,

B01 = m2
a

{
2σ4

ℓm
2
bm

2
ℓ + σ2

ℓ

(
m2

b +m2
ℓ

) [
σ2
b

(
m2

a + 2m2
ℓ

)
+ σ2

am
2
b

]
+

+σ2
bm

2
ℓ

[
σ2
a

(
2m2

a +m2
b +m2

ℓ

)
+ 2σ2

b

(
m2

ℓ +m2
a

)]}
,

B02 = σ2
3m

2
a

(
σ2
bm

2
ℓ + σ2

ℓm
2
b

)
,

B10 = −m2
ℓ

{
σ2
ℓ

[
σ2
bm

2
a

(
m2

a +m2
b + 2m2

ℓ

)
+ σ2

am
2
b

(
m2

a +m2
b

)]
+

+σ2
aσ

2
b

(
m2

a +m2
b

) (
m2

ℓ + 2m2
a

)
+ 2m2

a

[
σ4
am

2
b + σ4

b

(
m2

ℓ +m2
a

)]}
,

B11 = −
[
2σ2

3σ
2
bm

2
am

2
ℓ +

(
m2

a +m2
b +m2

ℓ

) (
σ2
aσ

2
bm

2
ℓ + σ2

bσ
2
ℓm

2
a + σ2

ℓσ
2
am

2
b

)]
,

( )



Íèçêîýíåðãåòè÷åñêèå ïðåäåëû �óíêöèé Fd è nd.Ïðåäåëû �óíêöèé Fd è nd íà êèíåìàòè÷åñêîì ïîðîãå êâàçèóïðóãîé ðåàêöèè ν + b→ b+ ℓâ äåòåêòîðå èìåþò ñëåäóþùèé âèäa:

Fd(sth, Q2th) = (mb +mℓ)
2

σ2
b + σ2

ℓ

+
m2

a

σ2
a

, nd(sth, Q2th) = − (
σ2
b + σ2

ℓ

) [
(mb +mℓ)

2 −m2
a

]

2
[
σ2
a (mb +mℓ)

2 + σ2
bm

2
a + σ2

ℓm
2
a

] .Çäåñü ïðåäïîëàãàåòñÿ, ÷òî ma < mb +mℓ. Ïîðîãîâûå çíà÷åíèÿ âåëè÷èí s è Q2 ðàâíûïðè ýòîì

sth = (mb +mℓ)
2 è Q2th = mℓ

(
mb − m2

a

mb +mℓ

)
.Äëÿ áåñïîðîãîâîé ðåàêöèè (ma > mb +mℓ, sth = m2

a, Q2th = −m2
ℓ) íàõîäèì:

Fd(sth, Q2th) = 0, nd(sth, Q2th) = 1− σ2
3

[
2σ2

am
2
b + σ2

b

(
m2

a +m2
b −m2

ℓ

)]

2 [σ2
aσ

2
b (m

2
a +m2

b −m2
ℓ) + σ4

am
2
b + σ4

bm
2
a]
.Òàêèì îáðàçîì, òî÷íîå îáðàùåíèå �óíêöèè Fd â íóëü âîçìîæíî òîëüêî äëÿáåñïîðîãîâîé ðåàêöèè (íàïðèìåð, νn→ pe) ïðè Eν = 0. �àçóìååòñÿ, ýòîò �îðìàëüíûéïðåäåë âûõîäèò äàëåêî çà ðàìêè óëüòðàðåëÿòèâèñòñêîãî ïðèáëèæåíèÿ E2

ν ≫ max(m2
j),èñïîëüçîâàííîãî ïðè âûâîäå �îðìóë äëÿ �óíêöèé Fd è nd è ïðàêòè÷åñêîãî çíà÷åíèÿ íåèìååò, ïîñêîëüêó âñå ñîâðåìåííûå íåéòðèííûå ýêñïåðèìåíòû ðàáîòàþò èñêëþ÷èòåëüíî ñaÂñå �îðìóëû íàïèñàíû â ¾ÏÂ0-ïðåäåëå¿, ïðåäïîëàãàþùåì òî÷íûé çàêîí ñîõðàíåíèÿ ýíåðãèè-èìïóëüñà â ðåàêöèè 2 → 2 ïëþñ mj = 0, ∀j. Êðîìå òîãî ïðåäïîëàãàåòñÿ, åñëè íå îãîâîðåíîïðîòèâíîãî, ÷òî âñå ïàðàìåòðû σκ îòëè÷íû îò íóëÿ.



ïó÷êàìè óëüòðàðåëÿòèâèñòñêèõ íåéòðèíî è àíòèíåéòðèíîb. Èíòåðåñíî îòìåòèòü ïðè ýòîì,÷òî ïðåäåë Fd ïðè Eν = max(mj) ≡ mν è Q2 = −m2
ℓ (äëÿ áåñïîðîãîâîé ðåàêöèè),êîòîðûé äàåòñÿ âûðàæåíèåì

4m2
am

2
ℓm

2
ν

σ2
3σ

2
aσ

2
bσ

2
ℓ

[
σ2
aσ

2
b

(
m2

a +m2
b −m2

ℓ

)
+ σ4

bm
2
a + σ4

am
2
b

(m2
a −m2

b)
2 − 2m2

ℓ (m
2
a +m2

b)
2
+m4

ℓ

](
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

)−1

,âñå åùå ìîæåò áûòü áîëüøèì ïî âåëè÷èíå, åñëè ïî êðàéíåé ìåðå äâà èç òðåõ ïàðàìåòðîâ
σa, σb è σℓ ìàëû ïî ñðàâíåíèþ ñ mν .Âûñîêîýíåðãåòè÷åñêèå àñèìïòîòèêè �óíêöèé Fd è nd.Â ïðåäïîëîæåíèè, ÷òî σa,b,ℓ 6= 0 è Q2 <∞, àñèìïòîòè÷åñêîå ïîâåäåíèå �óíêöèé

Fd(s,Q
2) è nd(s,Q

2)/s ïðè âûñîêèõ ýíåðãèÿõ íå çàâèñèò îò ïåðåìåííîé s, à èìåííî:

Fd(s,Q
2) ∼

s→∞

m2
a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

−
(
m2

a

σ2
a

+
m2

b

σ2
b

)2 (
Q2

σ2
3

+
m2

a

σ2
a

+
m2

b

σ2
b

)−1

,

nd(s,Q
2) ∼

s→∞

s

2σ2
a

[
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

+
σ2
3m

2
ℓ

σ2
ℓQ

2

(
m2

a

σ2
a

+
m2

b

σ2
b

)]−1

.bÇäåñü óìåñòíî íàïîìíèòü, ÷òî áîëåå îáùèé àíàëèç, îõâàòûâàþùèé íåðåëÿòèâèñòñêèé ñëó÷àéïðåäñòàâëÿåò ïîòåíöèàëüíûé èíòåðåñ â êîíòåêñòå èçó÷åíèÿ âîçìîæíîñòè äåòåêòèðîâàíèÿ ðåëèê-òîâûõ íåéòðèíî, à òàê æå äëÿ óñêîðèòåëüíûõ è àñòðî�èçè÷åñêèõ ýêñïåðèìåíòîâ ïî ïîèñêó ãèïî-òåòè÷åñêèõ ñâåðõòÿæåëûõ íåéòðèíî è ¾êýÂíûõ¿ ñòåðèëüíûõ íåéòðèíî.



Ýòè àñèìïòîòèêè óäîâëåòâîðÿþò ñëåäóþùèì íåðàâåíñòâàì:

m2
ℓ

σ2
ℓ

< Fd(s,Q
2) <

m2
a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

,

σ2
bσ

2
l

(
m2

b −m2
a

)

2σ2
3 (σ

2
am

2
b + σ2

bm
2
a)
< nd(s,Q

2) <
s

2m2
a

[
1 +

σ2
a

m2
a

(
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

)]−1

,(s→∞, Q2 <∞), à èõ ïðåäåëüíûå çíà÷åíèÿ íà êèíåìàòè÷åñêèõ ãðàíèöàõ òàêîâû:
lim
s→∞

Fd(s,Q
2
−) =

m2
ℓ

σ2
ℓ

, lim
s→∞

nd(s,Q
2
−) =

σ2
b

(
m2

a −m2
b

)
− σ2

ℓm
2
b

2 (σ2
am

2
b + σ2

bm
2
a)

,

lim
s→∞

Fd(s,Q
2
+) =

m2
b

σ2
b

, lim
s→∞

nd(s,Q
2
+) =

σ2
ℓ

(
m2

a −m2
ℓ

)
− σ2

bm
2
ℓ

2 (σ2
am

2
ℓ + σ2

ℓm
2
a)

.Ýòè âåëè÷èíû, êàê âèäèì, ñèììåòðè÷íû ïî îòíîøåíèþ ê çàìåíå èíäåêñîâ b←→ ℓ.Ïîðîãîâûå çíà÷åíèÿ nd(s,Q
2
±) îáðàùàþòñÿ â íóëü ïðè ñïåöè�è÷åñêèõ ñîîòíîøåíèÿõìåæäó ïàðàìåòðàìè σκ è ìàññàìè. Â ýòèõ ýêçîòè÷åñêèõ ñëó÷àÿõ íóæíî ó÷åñòüñëåäóþùèå (∼ 1/s) ïîïðàâêè.Â ÷àñòíîì ñëó÷àå, êîãäà ÷àñòèöà-ìèøåíü a åñòü íóêëîí, èç äèíàìè÷åñêèõ ñîîáðàæåíèéñëåäóåò, ÷òî ïðè âûñîêîé ýíåðãèè íåéòðèíî ñðåäíèé óãîë ðàññåÿíèÿ â ñ.ö.ì., 〈θ∗〉, ðàâåíïî ïîðÿäêó âåëè÷èíû îáðàòíîìó ëîðåíöåâñêîìó �àêòîðó ëåïòîíà Γ ∗

ℓ = E∗
ℓ /mℓ. Ïîýòîìó

〈Q2〉 ∼ m2
ℓ è 〈θ〉 ∼ mℓ/

√
s, ãäå θ åñòü óãîë ðàññåÿíèÿ ëåïòîíà â ë.ñ. (ñîâïàäàþùåé ññ.ñ.î. íóêëîíà). Ìîæíî ïîêàçàòü, ÷òî ñîîòâåòñòâóþùèå àñèìïòîòèêè �óíêöèé Fd è nd



èìåþò âèä

Fd

(
s,m2

ℓ

)
∼

s→∞

m2
ℓ

σ2
ℓ

[
1 +

σ2
ℓ

σ2
3

(
m2

a

σ2
a

+
m2

b

σ2
b

)(
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
3

)−1
]
< 2

m2
ℓ

σ2
ℓ

,

nd
(
s,m2

ℓ

)
∼

s→∞

σ2
bσ

2
ℓ s

2 [(σ2
bm

2
a + σ2

am
2
b) (σ

2
a + σ2

b + 2σ2
ℓ ) + σ2

aσ
2
bm

2
ℓ ]
<

Eν

2ma
.Ïîñêîëüêó ïðè âûñîêèõ ýíåðãèÿõ ñóùåñòâåííûé âêëàä â ñêîðîñòü ñ÷åòà êâàçèóïðóãèõñîáûòèé äàåò ëèøü óçêàÿ îáëàñòü óãëîâ, áëèçêèõ ê θ = 〈θ〉, ìîæíî çàêëþ÷èòü, ÷òîý��åêòèâíîå àñèìïòîòè÷åñêîå çíà÷åíèå Fd ÿâëÿåòñÿ ïðàêòè÷åñêè êîíñòàíòîé, êîòîðàÿîïðåäåëÿåòñÿ â îñíîâíîì âåëè÷èíîé äèñïåðñèè èìïóëüñà ëåïòîííîãî âîëíîâîãî ïàêåòà,

σℓ. Ïðè ýòîì ïðîèçâîëüíûå
 âàðèàöèè ïàðàìåòðîâ σa è σb ìîãóò èçìåíèòü àñèìïòîòèêóëèøü â ïðåäåëàõ �àêòîðà 2.Àñèìïòîòè÷åñêîå ïîâåäåíèå Fd(s,Q
2) ðåçêî èçìåíÿåòñÿ, åñëè îäèí (è òîëüêî îäèí) èçïàðàìåòðîâ σκ îáðàùàåòñÿ â íóëü. Ïðè ýòîì, â ñëó÷àå σa = 0 èëè σb = 0 àñèìïòîòèêà íåçàâèñèò îò s:

Fd(s,Q
2) −→

s→∞





Q2

σ2
b + σ2

ℓ

+
m2

ℓ

σ2
ℓ

, ïðè σa = 0,

Q2

σ2
a + σ2

ℓ

+
m2

ℓ

σ2
ℓ

, ïðè σb = 0,
Íå íàðóøàþùèå, ðàçóìååòñÿ, óñëîâèÿ ïðèìåíèìîñòè ìîäåëè Ñ��Ï.



à ïðè σℓ = 0 êâàäðàòè÷íî ðàñòåò ñ s:

Fd(s,Q
2) ∼

s→∞

(
Q2

σ2
a + σ2

b

+
m2

a

σ2
a

+
m2

b

σ2
b

)
s2

(Q2 +m2
a +m2

b)
2 − 4m2

am
2
b

, ïðè σℓ = 0.Íåêîòîðûå ñâîéñòâà �óíêöèè Fd ñòàíîâÿòñÿ áîëåå ïðîçðà÷íûìè åñëè çàïèñàòü åå âòåðìèíàõ ïåðåìåííûõ Eν è θ∗. �àññìîòðèì àñèìïòîòè÷åñêîå ðàçëîæåíèå Fd ïðè
Eν →∞ è �èêñèðîâàííîì çíà÷åíèè óãëà θ∗. Äëÿ íå ñëèøêîì ìàëûõ çíà÷åíèé sin θ∗ îíàìîæåò áûòü çàïèñàíà êàê

Fd(Eν , θ∗) =
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

ℓ

σ2
ℓ

− a1σ
2
3
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{[(
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b
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b

+
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ℓ
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ℓ

)
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+
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b
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ℓσ
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ℓ

)(
2m2
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+
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+
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ℓ
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+

+

(
4mambmℓ

σaσbσℓ

)2 (
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b
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+
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ℓ
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ℓ

)−2 (
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+
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b

+
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ℓ

σ2
ℓ

)}
+

1

sin4 θ∗
· O
(
m2

a

E2
ν

)
.Ïðè sin θ∗ = 0 ïîëó÷àåì:

Fd(Eν , 0) =
m2

ℓ

σ2
ℓ

[
1− m2

a −m2
b

maEν
+O

(
m2

a

E2
ν

)]
,

Fd(Eν , π) =
m2

b

σ2
b

[
1− m2

a −m2
ℓ

maEν
+O

(
m2

a

E2
ν

)]
.



Êàê îòìå÷àëîñü âûøå, ïðè âûñîêèõ ýíåðãèÿõ 〈θ∗〉 ∼ Γ ∗
ℓ = E∗

ℓ /mℓ. Ìîæíî ïîêàçàòü, ÷òîñîîòâåòñòâóþùåå àñèìïòîòè÷åñêîå ðàçëîæåíèå èìååò âèä

Fd(Eν , θ∗ = 1/Γ ∗
ℓ ) =

m2
ℓ

σ2
ℓ

[
b0 − b1σ

2
3

ma(b0 − 1)2Eν
+O

(
m2

a

E2
ν

)]
,ãäå

b0 = 1 +
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ℓ

(
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2
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b

)
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3 (m
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aσ
2
b ) +m2

ℓσ
2
aσ

2
b

,

b1 = 8σ2
ℓ

(
m2

bσ
2
a +m2

aσ
2
b

)3
[
m2

b

(
m2

a −m2
b +

1

3
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ℓ

)
σ2
a +m2

a

(
m2

a −m2
b +

4

3
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ℓ

)
σ2
b

]
+

+ 2σ2
ℓ

(
m2

bσ
2
a +m2

aσ
2
b

) [
m2

bσ
4
a +

(
m2

a +m2
b +m2

ℓ

)
σ2
aσ

2
b +m2

aσ
4
b

]
×

×
[
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b

(
m2

a −m2
b −m2

ℓ

)
σ2
a +m2

a

(
m2

a −m2
b +m2

ℓ

)
σ2
b

]
.Îòñþäà âèäíî, ÷òî ý��åêòèâíîå àñèìïòîòè÷åñêîå çíà÷åíèå Fd(Eν , θ∗) ïðàêòè÷åñêèïîñòîÿííî è, ó÷èòûâàÿ ÷òî 1 < b0 < 2, åãî âåëè÷èíà îïðåäåëÿåòñÿ â îñíîâíîìäèñïåðñèåé èìïóëüñà ëåïòîííîãî ïàêåòà.Ñëó÷àé ñèëüíîé èåðàðõèè.Ôóíêöèÿ Fd(s,Q

2) çíà÷èòåëüíî óïðîùàåòñÿ â ñëó÷àå ñèëüíîé èåðàðõèè ìåæäóâåëè÷èíàìè ïàðàìåòðîâ σa, σb è σℓ. Âû÷èñëÿÿ ñîîòâåòñòâóþùèå ïîñëåäîâàòåëüíûå



ïðåäåëû, íàõîäèì:

Fd(s,Q
2) ≈




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2 − 4m2
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ℓ
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, ïðè σb ≫ σa ≫ σℓ.Îòñþäà âèäíî, â ÷àñòíîñòè, ÷òî íè íàèáîëüøèé, íè íàèìåíüøèé èç òðåõ ïàðàìåòðîâ σκíå âëèÿåò íà �îðìó è âåëè÷èíó �óíêöèè Fd(s,Q
2). Ýòî íåòðèâèàëüíîå ñâîéñòâî ìîæíîîáîáùèòü íà ñëó÷àé ïðîöåññîâ ñ ïðîèçâîëüíûì ÷èñëîì ÷àñòèö â êîíå÷íîì ñîñòîÿíèè.Ïðè ýòîì, â ñëó÷àå ñèëüíîé èåðàðõèè äèñïåðñèé σκ , åäèíñòâåííûì ñóùåñòâåííûìïàðàìåòðîì ÿâëÿåòñÿ âòîðàÿ ïî âåëè÷èíå äèñïåðñèÿ ïîñëå íàèáîëüøåé èç íèõ. Ýòîò�àêò î÷åíü ïîëåçåí ïðè àíàëèçå ìíîãî÷àñòè÷íûõ ïðîöåññîâ (ñ ÷èñëîì âíåøíèõ ïàêåòîâ



> 2), ïîñêîëüêó ïîçâîëÿåò ðàññìàòðèâàòü ïàêåòû ñ î÷åíü ìàëûìè (ïî ñðàâíåíèþ ñîñòàëüíûìè) σκ êàê ïëîñêèå âîëíû. Â ÷àñòíîñòè, çíà÷èòåëüíî óïðîùàåòñÿ ðàñ÷åòðàäèàöèîííûõ ïîïðàâîê ñ ïëîñêîâîëíîâûìè �îòîíàìè âî âíåøíèõ ëèíèÿõ�åéíìàíîâñêèõ äèàãðàìì, ïîñêîëüêó îí ìîæåò ïðîâîäèòüñÿ ñ èñïîëüçîâàíèåìñòàíäàðòíûõ ìåòîäîâ ÊÒÏ. Íàïîìíèì, ÷òî ó÷åò ïåòëåâûõ ýëåêòðîñëàáûõ ïîïðàâîê íåïðèâîäèò ê äîïîëíèòåëüíûì âû÷èñëèòåëüíûì óñëîæíåíèÿì, ñâÿçàííûì ñ ïàêåòíûì�îðìàëèçìîì, ïîñêîëüêó âñå îíè �îðìàëüíî âêëþ÷åíû â ñîîòâåòñòâóþùèå ìàòðè÷íûåýëåìåíòû è íèêàê íå ñâÿçàíû ñ õàðàêòåðèñòèêàìè âíåøíèõ in- è out-ñîñòîÿíèé. Ïîñîãëàøåíèþ êàëèáðîâî÷íûå áîçîíû òàê æå íå ìîãóò �èãóðèðîâàòü â êà÷åñòâå âíåøíèõëèíèé äèàãðàìì.



Êîý��èöèåíòû A′
kl, B′

kl è C ′
kl.Îòëè÷íûå îò íóëÿ êîý��èöèåíòû A′

kl è B′
kl (0 ≤ k, l ≤ 2), �èãóðèðóþùèå â âûðàæåíèÿõäëÿ �óíêöèé |ℜs| è Fs(s,Q

2) äëÿ 3-÷àñòè÷íîãî ðàñïàäà èìåþò âèä
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Ñëó÷àé ñèëüíîé èåðàðõèè.Ïîäîáíî ñëó÷àþ ðàññåÿíèÿ 2→ 2, �óíêöèÿ Fs(s1, s2) ñòàíîâèòñÿ îñîáåííî ïðîñòîé ïðèñèëüíîé èåðàðõèè ìåæäó ïàðàìåòðàìè σa, σb è σℓ:
Fs(s1, s2) ≈





(
s1 + s2 −m2

a −m2
b

)2

(s2 −m2
a −m2

ℓ)
2 − 4m2

am
2
ℓ

(
ma

σa

)2

, ïðè σℓ ≫ σa ≫ σb,

(
s1 + s2 −m2

a −m2
b

)2

(s1 −m2
b −m2

ℓ)
2 − 4m2

bm
2
ℓ

(
mb

σb

)2

, ïðè σℓ ≫ σb ≫ σa,

(
s1 −m2

a

)2

(s1 + s2 −m2
ℓ)

2 − 4m2
am

2
b

(
mb

σb

)2

, ïðè σa ≫ σb ≫ σℓ,

(
s1 −m2

a

)2

(s2 −m2
a −m2

ℓ)
2 − 4m2

am
2
ℓ

(
mℓ

σℓ

)2

, ïðè σa ≫ σℓ ≫ σb,

(
s2 −m2

b

)2

(s1 −m2
b −m2

ℓ)
2 − 4m2

bm
2
ℓ

(
mℓ

σℓ

)2

, ïðè σb ≫ σℓ ≫ σa,

(
s2 −m2

b

)2

(s1 + s2 −m2
ℓ)

2 − 4m2
am

2
b

(
ma

σa

)2

, ïðè σb ≫ σa ≫ σℓ.Èç ýòèõ �îðìóë âèäíî, ÷òî íè íàèáîëüøèé, íè íàèìåíüøèé èç ïàðàìåòðîâ íå âëèÿþò íàâåëè÷èíó è �îðìó �óíêöèè Fs(s1, s2).



23 Complex error fun
tion and related formulas.The error and 
omplementary error fun
tions of 
omplex argument were studied in a numberof works. Here we reprodu
e the well-known series expansions and asymptoti
 expansion:erf(z) = 2√
π

∞∑

n=0

(−1)nz2n+1

(2n+ 1)n!
=

2√
π
e−z2

∞∑

n=0

2nz2n+1

(2n+ 1)!!
, (158)erf
(z) ∼ e−z2

√
πz

[
1 +

∞∑

n=1

(−1)n(2n− 1)!!

(2z2)n

] (
z →∞, |arg z| < 3π

4

)
. (159)Using these formulas, one obtains the expansionsIerf(z) = 1√

π

[
1 + z2 − z4

6
+
z6

30
− z8

168
+O

(
z10
)]
, (160a)

=
e−z2

√
π

[
1 + 2z2 +

4z4

3
+

8z6

15
+

16z8

105
+O

(
z10
)]
, (160b)whi
h are useful for, respe
tively, small and intermediate |z|.a To obtain the asymptoti
s oferf
(z) [and thus of Ierf(z)℄ at large |z| and |arg z| > 3π/4, one has to apply Eq. (159) toerf
(−z) and then use the rule erf
(z) = 2− erf
(−z). As a result, we �nd:Ierf(z) ∼ ±z + e−z2

2
√
πz2

[
1− 3

2z2
+

15

4z4
− 105

8z6
+O

(
1

z8

)]
(z →∞) , (161)aIn pra
ti
e, Eqs. (160a) and (160b) are fruitful for |z| . 1 and 1 . |z| . 4.5, respe
tively.



where the upper (lower) sign must be taken for |arg z| < 3π/4 (|arg z| > 3π/4).The subsequent formulas 
an be used for numeri
al evaluation of the error fun
tion with higha

ura
y. They are based on the following integral representation of erf
(z):erf
(z) = 2z

π

∫ ∞

0

dt e−t2

t2 + z2
=
z

π

∫ ∞

−∞

dt e−t2

t2 + z2
.From this equation one obtainsRe [erf
(a+ ib)] =

r

π
exp

[
−r2 cos(2ω)

] [
r2 cos(2ab+ ω)I0(a, b)

+ cos(2ab− ω)I2(a, b)] , (162a)Im [erf
(a+ ib)] = − r

π
exp

[
−r2 cos(2ω)

] [
r2 sin(2ab+ ω)I0(a, b)

+ sin(2ab− ω)I2(a, b)] , (162b)where

In(a, b) =

∫ ∞

−∞

dt tne−t2

(t2 + a2 − b2)2 + 4a2b2
=

∫ ∞

−∞

dt tne−t2

[t2 + r2 cos(2ω)]2 + r2 sin(2ω)
, (163)

r =
√
a2 + b2, cosω = a/r, sinω = b/r;all the quantities now being real. Note that the integrands in Eqs. (163) are positive andnonsingular (ex
ept for the trivial 
ase r = 0), and qui
kly de
ay for large value of |t|.These properties allow a

urate numeri
al integration based on standard quadrature rules.



24 Spatial integration.The integration over x and y in the event rate integral is performed overthe explored volume of the sour
e and over the dete
tor �du
ial volume,respe
tively. Here we restri
t ourselves to the simplest (while not veryrealisti
) example of homogeneous sour
e and dete
tor. It implies thatthe density fun
tions fa(pa, sa;x) do not depend of x within the sour
eand dete
tor volumes (and vanish outside these volumes). Thus our
on
ern is only with the L-dependent fa
tor eΦij/L2. Below we will alsoassume that the dete
tor dimensions are negligibly small in 
omparisonwith these of the sour
e, whi
h are in turn small in 
omparison with themean distan
e between the sour
e and dete
tor.We pla
e the origin of the 
oordinate system at an internal point of thedete
tor (point Od in Figure) and dire
t the z-axis along the unit ve
tor
−l that is to the interior of the sour
e. Then x = Ll, L = OsOd, andthe sour
e volume integral we are interested in 
an be written as

Jij ≡
∫

Vs

dx

L2
eΦij(L) =

∫

Ωs

dΩ

∫ LF
Ω

LN
Ω

dL eΦij(L).Here Vs is the explored volume of the sour
e, Ωs is the solid angleunder whi
h this volume is seen from the origin Od, LN
Ω and LF

Ω are,respe
tively, the distan
es from Od to the near and far boundaries of thesour
e for the given dire
tion Ω = (sinφ sin θ, cosφ sin θ, cos θ).
s

L
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dO
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Detector

LNW
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We may de�ne the 
onventional distan
e between the sour
e and dete
tor as
L =

1

2Ωs

∫

Ωs

dΩ
(
LF

Ω + LN
Ω

)
.By way of avoiding misapprehension, we remark that, depending on the angular resolution ofthe dete
tor, the solid angle Ωs 
an be either smaller than or equal to the overall solid angle ofthe whole sour
e ma
hine; for instan
e, only a segment of the sun or atmosphere 
ould be
onsidered as the neutrino sour
e. [Figure s
hemati
ally illustrates the �rst possibility while theabove equation for Jij is valid in both 
ases.℄ Next, the smallness of Ωs does not yet ensure thesmallness of the sour
e itself; a 
ollimated a

elerator beam provides a good 
ounter-example.The elementary integration over L yields

Jij =
EνLij

4
√
πD

∫

Ωs

dΩ

[erf(2πDLF
Ω

EνLij
− iEν

2D

)
− erf(2πDLN

Ω

EνLij
− iEν

2D

)]

× exp

[
−2E2

ν + (∆Eij)
2

8D2

]
(i 6= j), (164a)

Jjj =

∫

Vs

dx

L2
=

∫

Ωs

dΩ
(
LF

Ω − LN
Ω

)
. (164b)These formulas may be of some utility in pro
essing the data from �short baseline� neutrinoexperiments, in whi
h the distan
e from the sour
e (e.g., the pion de
ay 
hannel of a neutrinofa
tory) to dete
tor is 
omparable in magnitude with the longitudinal dimension of the sour
e.



In 
ase of an �ideal� experiment, for whi
h we a

ept that

rN = max
Ω∈Ωs

(
L− LN

Ω

)
≪ L and rF = max

Ω∈Ωs

(
LF

Ω − L
)
≪ L, (165)we 
an try to apply the following expansion of the probability integral:erf(z + δ) ≈ erf(z) + 2δ√

π
e−z2 [1− zδ + 2

3
(2z2 − 1)δ2 + . . .]. (166)The O(δ2) and O(z2δ2) terms of this expansion 
an be negle
ted by assuming that |δ| ≪ 1and |zδ| ≪ 1. In our 
ase, the �rst 
ondition reads

2πDrN,F

EνLij
≪ 1, (167)while the se
ond one is found to be unne
essary owing to an approximate 
an
ellation of these
ond-order terms. Indeed, by applying Eq. (166) we obtain

Jij ≈
∫

Ωs

dΩ
(
LF

Ω − LN
Ω

)
eΦij(L)

{
1−∆Ω

[
2iπL

Lij
−
(
2πDL

EνLij

)2
]}

,

∆Ω = 2

(
1− LN

Ω + LF
Ω

2L

)
=
LF

Ω − L
L

− L− LN
Ω

L
.Evidently |∆Ω| ≪ 1. Then by assuming that

max
Ω∈Ωs

∆Ω

[(
2πDL

EνLij

)4

+

(
2πL

Lij

)2
]1/2

≪ 1, (168)



we arrive at the result (already valid for any i and j)

Jij ≈ eΦij(L)

∫

Ωs

dΩ
(
LF

Ω − LN
Ω

)
≈ Vs

eΦij(L)

L
2 , (169)suspe
ted from the mean-value theorem however supplemented with the nontrivial su�
ient
onditions for its validity (165), (167), and (168). The volume Vs in Eq. (169) has beenestimated (with the same a

ura
y) to be

Vs =

∫

Vs

dx =
1

3

∫

Ωs

dΩ

[(
LF

Ω

)3
−
(
LN

Ω

)3]
≈ L2

∫

Ωs

dΩ
(
LF

Ω − LN
Ω

)
.Now, supposing that the �du
ial volume of the dete
tor Vd is small enough in 
omparison with

Vs (that is usually the 
ase) and the geometry of the dete
tor is not too bizarre, theintegration over y trivially yields

∫

Vd

dy

∫

Vs

dx
eΦij(L)

L2
≈ VsVd

eΦij(L)

L
2 , (170)where L still has a meaning of the 
onventional distan
e between the sour
e and dete
tor.To illustrate signi�
an
e of the 
onditions (165), (167), and (168), let us 
onsider the simple
ase of a spheroidal sour
e of radius r, those angular dimension θs is no larger than theangular resolution of the dete
tor. Simple geometri
 
onsideration suggests that

∆Ω = 2(1− cos θ) and, of 
ourse, rN = rF = r. Hen
e
max
Ω∈Ωs

∆Ω = ∆Ωs = 2 (1− cos θs) ≈ θ2s ≈
(
r/L

)2
. (171)



To simplify further, we suppose that 2πL≫ |Lij | (whi
h is always true for the solar andastrophysi
al neutrinos dete
ted at earth) and 2πL . |Lij |Eν/D (whi
h may be doubtful forthe distant astrophysi
al neutrino sour
es but a

eptable for sun). Then the 
ondition (167) isautomati
ally ful�lled while (168) is transformed to

2πr2

L|Lij |
≪ 1. (172)The latter is 
ertainly not satis�ed for sun with the 
urrently a

epted value of ∆m2

12. Indeed,the regions of e�e
tive neutrino produ
tion in the solar interior are the relatively narrow
on
entri
 spheri
al layers with typi
al radius from about 0.1R⊙ for 8B, 7Be, and CNOneutrinos to about 0.3R⊙ for pp, pep, and hep neutrinos (here R⊙ is the solar radius). So theleft part of the inequality (172) 
an roughly be estimated as
2πr2

L|L12|
≈ 26

(
r

0.2R⊙

)2 ( |∆m2
12|

8× 10−5 eV2

)(
1 MeV
Eν

)
.Consequently (that is not a novelty) the approximation (170) is fully inappli
able to the solarneutrino os
illation studies.To summarize: although our 
onsideration is highly simpli�ed in several respe
ts,a itdemonstrates that the integration over the sour
e volume must be under 
areful 
ontrol evenin the long baseline neutrino os
illation experiments.aA more sophisti
ated analysis must take into a

ount the spatial distribution of 
olliding and/orde
aying parti
les in the sour
e and, what is very important for astrophysi
al appli
ations (in parti
ular,for the solar neutrino experiments), the ba
kground matter e�e
ts 
aused by the virtual neutrino forwards
attering in the sour
e.



25 Pion de
ay.Assume that ν = νi (i = 1, 2, 3). Then in the pion rest frame (p⋆
µ + p⋆

ν = 0)
E⋆

µ =
m2

π −m2
µ +m2

i

2m2
π

and E⋆
ν =

m2
π +m2

µ −m2
i

2m2
π

.

=⇒ The �nal states are di�erent for the pion de
ay modes with di�erent ν-spe
ies.
=⇒ The full pion de
ay width is

Γπ =
∑

i

Γ (π → µ+ νi) ∝
∑

i

|〈µ, νi|π〉|2.In the Standard Model (somehow extended by a Dira
 or Majorana neutrino mass term)

〈µ, νi|π〉 = V ∗
µi Mi,where Mi = 
onst in the pion rest frame. Sin
e mi ≪ mµ,π, it 
an be approximated (withveeery good pre
ision) as

Mi ≈ 〈µ, ν0|π〉,where ν0 is a �
titious massless neutrino. So, due to unitarity of V,

Γπ ≈
∑

i

|V 2
µi| |〈µ, ν0|π〉|2 = |〈µ, ν0|π〉|2,

⇓
Γπ ≈ Γ (π → µ+ ν0).This result is almost model-independent and pra
ti
ally exa
t.


