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Goal

To give some results (in particular Efimov’s effect)for the two
and three-particle lattice Hamiltonians in dimension d = 3 with
emphasis on new threshold phenomena that are not present in
the continuous case.
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The coordinate representation
The momentum representation

The free Hamiltonian ĥ0 of a system of two identical quantum
mechanical particles on the three dimensional lattice ℤ3

(ĥ0 ̂)(x�, x) =
1
2

∑
∣s∣=1

[2 ̂(x�, x)−  ̂(x� +s, x)−  ̂(x�, x +s)],

The Hamiltonian ĥ� of a system of two identical particles
(bosons) interacting via a zero-range pair potential v̂ is
associated with the following self-adjoint operator

ĥ� = ĥ0 − v̂ ,

(v̂  ̂)(x�, x) = ��x� ,x  ̂(x�, x),  ̂ ∈ ℓ(s)2 ((ℤ3)2).
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The coordinate representation
The momentum representation

The free Hamiltonian Ĥ0 of a system of three identical
particles(bosons) on the lattice ℤ3 is

(Ĥ0 ̂)(x1, x2, x3) =
1
2

∑
∣s∣=1

[3 ̂(x1, x2, x3)−  ̂(x1 + s, x2, x3)

−  ̂(x1, x2 + s, x3)−  ̂(x1, x2, x3 + s)],  ̂ ∈ ℓ(s)2 ((ℤ3)3).

The Hamiltonian Ĥ of a system of three identical particles with
the pair zero-range interaction
v̂ = v̂� = v̂� = �, �, �,  = 1,2,3 is a bounded perturbation of
H0

Ĥ = Ĥ0 − V̂1 − V̂2 − V̂3, (1)

where V̂� = V̂ , � = 1,2,3 is multiplication operator:

(V̂  ̂)(x�, x�, x) = ��x�x (x�, x�, x),  ̂ ∈ ℓ(s)2 ((ℤ3)3).
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The coordinate representation
The momentum representation

Let
ℱm : L2((T3)m)→ ℓ2((ℤ3)m)

be Fourier trans.
The two-resp. three-particle Hamiltonians in the momentum
representation are given on L(s)

2 ((T3)2) resp. L(s)
2 ((T3)3)

h = (ℱs
2)
−1ĥ�ℱs

2, resp.H� = (ℱs
3)
−1Ĥℱs

3.
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The coordinate representation
The momentum representation

The two-particle Hamiltonian h� is of the form

h� = h0 − v .

The operator h0 is the multiplication operator

(h0f )(k�, k) = ("(k�) + "(k))f (k�, k), f ∈ L(s)
2 ((T3)2),

where k�, � = 1,2,3 is the quasi-momentum of the particle �.
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The coordinate representation
The momentum representation

The integral operator v is of convolution type

(vf )(k�, k)

=
�

(2�)
3
2

∫
(T3)2

�(k� + k − k ′� − k ′)f (k ′�, k
′
)dk ′�dk ′ ,

where �(⋅) is the three-dimensional Dirac delta-function.
The function "(k) is given by the Fourier series

"(k) =
3∑

j=1

(1− cosk (j)).
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The coordinate representation
The momentum representation

The three-particle Hamiltonian H� in the momentum
representation is given on L(s)

2 ((T3)3) and is of the form

H� = H0 − V1 − V2 − V3,

where H0 is the multiplication operator:

(H0f )(k1, k2, k3) = [
3∑

�=1

"(k�)]f (k1, k2, k3),

and V� is partial integral operator of convolution type

(V�f )(k�, k�, k) = (Vf )(k�, k�, k)

=
�

(2�)3

∫
(T3)3

�(k� − k ′�)�(k� + k − k ′� − k ′) f (k ′�, k
′
�, k

′
)dk ′�dk ′�dk ′ ,

Note that V is not compact.
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The fiber operators.

Denote by k = k1 + k2 ∈ T3 resp.K = k1 + k2 + k3 ∈ T3 the
two-particle resp. three-particle quasi-momentum and define
F2

k resp. F3
K as follows

F2
k = {(k1, k − k1)∈(T3)2 : k1 ∈ T3, k − k1 ∈ T3}.

F3
K = {(k1, k2) ∈ (T3)2 : k1, k2 ∈ T3,K − k1 − k2 ∈ T3}.
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The fiber operators.

The h and H can be decomposed into the direct integrals

h =

∫
k∈T3

⊕h̃(k)dk H =

∫
K∈T3

⊕H̃(K )dK (2)

with respect to the decompositions

L(s)
2 ((T3)2) =

∫
k∈T3

⊕L(s)
2 (F2

k )dk ,

L(s)
2 ((T3)3) =

∫
K∈T3

⊕L(s)
2 (F3

K )dK .
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The fiber operators.

We introduce the mapping(projector)

�(2) : (T3)2 → T3, �(2)((k�, k)) = k�

resp.

�(3) : (T3)3 → (T3)2, �(3)((k�, k�, k)) = (k�, k�).

Denote by �(2)k , k ∈ T3 resp. �(3)K , K ∈ T3 the restriction of �(2)

resp. �(3) onto F2
k ⊂ (T3)2 resp. F3

K ⊂ (T3)3, i.e.,

�
(2)
k = �(2)∣F2

k
resp. �

(3)
K = �(3)∣F3

K
.

Note that F2
k , k ∈ T3 resp. F3

K , K ∈ T3 is three resp.
six-dimensional manifolds isomorphic to T3 resp. (T3)2.
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The fiber operators.

Lemma
The mapping �(2)k , k ∈ T3 resp. �(3)K , K ∈ T3 are bijective from
F2

k ⊂ (T3)2 resp. F3
K ⊂ (T3)3 onto T3 resp. (T3)2 with the

inverse mapping given by

(�
(2)
k )−1(k�) = (k�, k − k�)

resp.
(�

(3)
K )−1(k�, k�) = (k�, k�,K − k� − k�).
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The fiber operators.

Let Le
2(T3) ⊂ L2(T3). The fiber operators h̃(k), k ∈ T3 are

unitarily equivalent to the operators h(k), k ∈ T3, of the form

h(k) = h0(k)− v . (3)
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The fiber operators.

The operators h0(k) and v acts on the Hilbert space Le
2(T3):

(h0(k)f )(p) = ℰk (p)f (p), f ∈ Le
2(T3),

where

ℰk (q) = "(
k
2

+ q) + "(
k
2
− q) = 2

d∑
i=1

[1− cos (
Kj

2
) cos qj ]

and
(vf )(q) =

�

(2�)3

∫
T3

f (q′)dq′, f ∈ Le
2(T3).
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The fiber operators.

The fiber operators H̃(K ), K ∈ T3 from the direct integral
decomposition are unitarily equivalent to the operators H(K ) :

H(K ) = H0(K )− V1 − V2 − V3.

The operators H0(K ) and V� ≡ V , � = 1,2,3, acts on the
Hilbert space

Le
2((T3)2) ∼= L2(T3)⊗ Le

2(T3)

and in the coordinates (k�, k�) ∈ (T3)2 have form

(H0(K )f )(k�, k�) = E(K ; k�, k�)f (k�, k�), f ∈ Le
2((T3)2),

Saidakhmat N. Lakaev, Samarkand University Discrete spectrum of the three-particle Schrödinger operators.Efimov’s effect



Goal
Description of the energy operators of two and three identical particles on a lattice
Decomposition into von Neumann direct integrals. Quasimomentum

Essential spectrum of the operator H(K )

The three-particle operator (Efimov’s effect)
References

The fiber operators.

E(K ; k�, k�) = "(K − k�) + "(
k�
2
− k�) + "(

k�
2

+ k�)

and
V = I ⊗ v ,

where ⊗− is the tensor product.
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The two-particle operator h�(k)

Since the particles are identical we have only one channel
operator Hch(K ),K ∈T3 acting in the Hilbert space
Le

2((T3)2) ∼= L2(T3)⊗ Le
2(T3) as

Hch(K ) = H0(K )− V ,

where H0(K ) resp. V is mult. resp. part. int.oper.
The decomposition of the space Le

2((T3)2) into the direct
integral

Le
2((T3)2) =

∫
k∈T3

⊕Le
2(T3)dk

yields for the operator Hch(K ) the decomposition into the direct
integral

Hch(K ) =

∫
k∈T3

⊕Hch(K , k)dk .

The fiber operator Hch(K , k) acts in the Hilbert space Le
2(T3)

and has the form

Hch(K , k) = "(K − k)I + h�(k),

where h�(k) is the two-particle op-r.
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The two-particle operator h�(k)

The fiber operator Hch(K , k) has the form

Hch(K , k) = "(K − k)I + h�(k),

where I is identity op-r and h�(k) is the two-particle op-r.
Denote by

��(K , k) = "(K − k) + z�(k),

where z�(k) is the unique eigenvalue of h�(k)
The representation of the Hch(K , k) implies

�(Hch(K , k)) = ��(K , k) ∪
[
Emin(K ),Emax(K )

]
.
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The two-particle operator h�(k)

Lemma
The following equality holds

�ess(H�(K )) = ∪k��(K , k) ∪ [Emin(K ),Emax (K )].

Theorem
The following equality holds

�(Hch(K )) = �ess(H�(K )).
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The two-particle operator h�(k)

By Weyl’s theorem the ess.spectrum coincides with �(h0(k)) of
h0(k), i.e.,

�ess(h(k)) = [ℰmin(k),ℰmax(k)],

where

ℰmin(k) ≡ min
p∈T3

ℰk (p), ℰmax(k) ≡ max
p∈T3

ℰk (p)

Let r0(k , z) be resolvent of h0(k).
For any k ∈ T3, z < "min(k) Fredholm’s determinant of h�(k)

Δ�(k , z) = 1− �

(2�)3

∫
T3

(ℰk (q)− z)−1dq. (4)
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The two-particle operator h�(k)

Lemma
Let k∈T3. The number z < "min(k) is an eigenvalue of the
operator h�(k) if and only if

Δ�(k , z) = 0.

Let d ≥ 3. We introduce the parameter 0 < �(ℰ0) <∞ as

�(ℰ0) = [
1

(2�)d

∫
Td

dq
ℰ0(q)

)]−1.
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The two-particle operator h�(k)

Lemma
The following statements are equivalent:
(i) the operator h�(0) has a zero energy resonance;
(ii) Δ�(0,0) = 0;
(iii) � = �(ℰ0).

Remark
Remark that if Δ�(ℰ0)(0,0) = 0, then the equation h�(ℰ0)(0)f = 0
has a solution

f (p) =
const
ℰ0(p)

∈ L1
e(Td ) ∖ L2

e(Td ).

where L1
e(Td ) is the Banach space of integrable functions.
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The two-particle operator h�(k)

Definition
The operator h�(ℰmin(0))(0) is said to have a virtual level (zero
energy resonance) if Δ�(ℰmin(0))(0,0) = 0. We call that the point
z = 0 is regular point of the essential spectrum of h�(ℰmin(0))(0)
if Δ�(ℰmin(0))(0,0) ∕= 0.
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The two-particle operator h�(k)

Theorem
(i)Let � < �(ℰ0). Then the operator h�(0) has non eigenvalue
lying below the essential spectrum and z = 0 is regular point of
the essential spectrum of h�(ℰmin(0))(0).
(ii)Let � = �(ℰ0). Then the operator h�(ℰ0)(0) has a zero energy
resonance z�(ℰ0)(0) = 0 and for all k ∈ T3

0 = T3 ∖ {0} the
h�(ℰ0)(k) has a unique eigenvalue z�(ℰ0)(k), such that
0 < z�(ℰ0)(k) < ℰmin(k).
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The two-particle operator h�(k)

(iii) For any � > �(ℰ0) the point z = 0 is regular point of the
essential spectrum of h�(ℰmin(0))(0) and for all k ∈ T3 the h�(k)
has a unique eigenvalue z�(k) lying below the essential
spectrum. Moreover z�(k) is even, analytic in T3,

z�(k) < z�(ℰ0)(k),

z�(k) = −�+ O(1), �→ +∞.

Remark
In the case (i) it may exists a region G ⊂ T3 and for k ∈ G the
operator h�(k) has an eigenvalue below the bottom of the
essential spectrum.
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Set.

Emin(K ) = min
p,q∈T3

E(K ,p,q),

Emax (K ) = max
p,q∈T3

E(K ,p,q).

��,inf(K ) = inf
k∈T3

[z�(k) + "(K − k)].

��,sup(K ) = sup
k∈T3

[z�(k) + "(K − k)]

The essential spectrum of H�(K ),K ∈ T3 described by

Theorem
For the essential spectrum �ess(H�(K )) of H�(K ) the equality
holds

�ess(H�(K )) = ∪k∈T3��(K , k) ∪ [Emin(K ),Emax (K )].

.
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Remark
The ess. spec. of H�(ℰ0)(K ) coincides with the segment

�ess(H�(ℰ0)(K )) = [��(ℰ0),inf(K ),Emax (K )].

Moreover
Emin(0) = ��(ℰ0),inf(0) = 0

and for any 0 ∕= K ∈ T3
0 the relations

Emin(K ) > ��(ℰ0),inf(K ) > 0

are hold.
Thus the two-part. ess. spec. of H�(ℰ0)(0) below the bottom of
the three-part. ess. spec. is empty set and for any K ∕= 0 the
operator H�(ℰ0)(K ) has nonempty two-particle negative ess.
spec.Saidakhmat N. Lakaev, Samarkand University Discrete spectrum of the three-particle Schrödinger operators.Efimov’s effect
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Remark
Since

z�(k) = −�+ O(1), �→ +∞,
��,inf(K ) = −�+ O(1), �→ +∞,
��,sup(K ) = −�+ O(1), �→ +∞.

For sufficiently large � > 0 the essential spectrum of the
operator H�(K ) consists of two different segments

�ess,two = [��,inf(K ), ��,sup(K )] = ∪k∈T3��(K , k),

�ess,three(H�(K )) = [Emin(K ),Emax (K )].
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We denote by N�(K , z) the number of eigenvalues of H�(K )
below z ≤ ��(K ).

Theorem
The operator H�(ℰ0)(0) has infinitely many eigenvalues lying
below the bottom ��(ℰ0)(0) = 0 of the ess. spec.and the func.
N�(ℰ0)(0, z) obeys the relation

lim
z→−0

N�(ℰ0)(0, z)

∣ log ∣z∣∣
=
�0

2�
, (5)

where �0 is the unique positive solution of the equation

� =
8 sinh��/6√
3 cosh��/2

. (6)
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Theorem
For all K ∈ U0

� (0) the number N�(ℰ0)(K ,0) is finite and the
following asymptotics holds

lim
∣K ∣→0

N�(ℰ0)(K ,0)

∣ log ∣K ∣∣
= 2(

�0

2�
). (7)

Remark
For any � < �(ℰ0) the equality holds

�ess(H�(K )) = [Emin(K ),Emax (K )]

and the operator H�(K ) has finitely many eigenvalues outside
of ess.spec.
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Remark
For any � > �(ℰ0) the equality

�ess(H�(K )) = [��,inf(K ), ��,sup(K )] ∪ [Emin(K ),Emax (K )].

holds, where ��(K ) < Emin(K ). In this case the three-particle
operator has non-empty two-particle essential. spec. and

N�(K , �(K )) <∞.

But in the gap (��,sup(K ),Emin(K )) the operator H�(K ) may
have infinitely many eigenvalues, which cannot be in the
continuous operators.
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