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Plan of presentation:

 Lecture 1.  

 Tunneling in superconducting structures. 
Intrinsic Josephson effect. CCJJ and CCJJ+DC 
models.

 Lecture 2.   

 Breakpoint in CVC of  Layered 
Superconductors.

 Lecture 3.  

 Fine Structure of the Breakpoint Region. 
Temperature Dependence of the Breakpoint 
Current



Breakpoint in CVC
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Layered Bi2Sr2CaCu2Oy(Bi2212) single 
crystals represent natural stacks of atomic 
scale intrinsic Josephson junctions.

I-V characteristics
– Multi-branch structure
– large hysteresis
– Roughly equal spacing

X:50mV/div

Y:100mA/div





V.Krasnov,     Phys.Rev.B 72 (2005) 094503



CuO2-bilayers

Pancake stacks
Bi2Sr2CaCu208+d

H

B(x) London penetration depth l

Pancake-vortex stacks

≈ 200 nm

(BSCCO)

Tc≈ 90 K

Artemenko&Kruglov 1990, Buzdin&Feinberg 1990, Clem 1991













Emission of Coherent THz Radiation from Superconductors
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Generalized Josephson Relation
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Gauge invariant phase difference:
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CCJJ model (Koyama, Tachiki, 1996)
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Resistively and Capacitively Shunted Junction Model

The total current through JJ as sum of superconducting, 
quasiparticle and displacement currents

I=Is+Iqp+Id = Icsin +V/R+C (dV/dt)

Josephson relation (~/2e)(d/dt)=V(t)

The dependence Iqp(V) is nonlinear in general, but at small V 
we may consider Iqp=V/R. 

If C=0, then  we have RSJ model. 

If Iqp(V) is nonlinear, we call it as "Nonlinear RCSJ model".

Equation

I=Ic sin +(~/2eR)/(d/dt)+(C~/2e)(d2/dt2)

is second order and nonlinear because of sin phi term. 

It can be solved numerically only. 

The analytical  solution exists in the limit C=0.









Numerical Procedure
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Result of calculation







CCJJ model

Shukrinov, F. Mahfouzi,  Physica C 434 (2006) 6-12.



CCJJ+DC model
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CCJJ+DC model
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The branch structure in IVC in CCJJ+DC 

model at different boundary conditions



The branch structure in IVC in CCJJ+DC model at 

different beta



Yu.M.Shukrinov, F.Mahfouzi.- Supercond.Sci.Technol. 20 (2007) S38-S42

CCJJ+DC model
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CCJJ+DC model

sin// CJRVtVCJ 



M. Machida, T. Koyama, and M. Tachiki, Phys. Rev. Lett. 83, 4816 

(1999).

D. A. Ryndyk, Phys. Rev. Lett. 80, 3376 (1998).



Ql=Q0  (Vl+1-Vl)

Q0 =   0 V0/rD
2

div (0 E) = 



t – Tm*Io/dI



Time dependence of charge oscillation on the 

layers at periodic boundary condition at I = 0.575 

(breakpoint )



IVC of the outermost branch for the stacks with 

different number N of IJJ  at g=0 and at PBC

Yu.M.Shukrinov, F.Mahfouzi, N.F.Pedersen.  Phys.Rev.B 75, 104508 (2007).
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The ab-dependence of the BPC of the outermost 

branch of IVC for stack of 10 IJJ at PBC.

Yu.M.Shukrinov, F.Mahfouzi.     Phys.Rev.Lett, 98, 157001 (2007)



(a,b) - The a – and b-dependence of the BPC 

at PBC.

(c) - Charge distribution among the junctions 

in the    

stack for different plasma modes. 

Yu.M.Shukrinov, F.Mahfouzi.     Phys.Rev.Lett, 98, 157001 (2007)
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Equation for difference of phase differences



Equation for difference of phase 

differences
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Parametric resonance region of the 

equation



(a)-Parametric resonance region; (b) - Modeling of the BPC for 

plasma modes with k = p and k = 2p/5 for stack of 10 IJJ at 

PBC; (c), (d)- Modeling of the BPC from resonance region.

(c) (d)

(b)

(a)

Yu.M.Shukrinov, F.Mahfouzi.     Phys.Rev.Lett, 98, 157001 (2007)
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Modeled  and calculated ab-
dependence of the BPC



IVC of the stack of 11 IJJ and beta dependence of the 

BPC



The simulated IVC of the outermost branch in the 

stack with different number of junctions



The b-dependence of the BPC for 

the stacks with different number of 

IJJ.



The simulated IVC of the outermost branch in 

the stacks with different number of  junctions
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Experimental IVC of BSCCO-

2212 (Sample Ea, 10K) :Kyoto 

university, Japan



Experimental IVC of BSCCO-

2212 (Sample Eb, 35K) :Kyoto 

university, Japan



Breakpoint current Ibp

Experimental results: 

Utsunomiya university



Breakpoint region

X:50mV/div

Y:100mA/div

2mA

Breakpoint region

DI=~0.5mA

The observation of the breakpoint region suggests the excitation of the longitudinal 

plasma wave in the mesa. J=2p fp=1.97 THz

Experimental results:  Utsunomiya university



Experimental results: Utsunomiya university
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1.Fine Structure of the Breakpoint Region. 

2. Temperature Dependence of the 

Breakpoint Current
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CCJJ+DC model
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Time dependence

The  "time dependence" actually consists of  time and bias current 
variation. 

We solve the system of dynamical equations for phase differences at 
fixed value of bias current I in some time interval (0, Tm) of dimensionless 
time  = tp with the time step d , where t is a real time. This interval is 
used for time averaging procedure. 

Then we change the bias current by d I, and repeat the same procedure 
for the current I+d I in new time interval (Tm, 2Tm). In our simulations we 
put Tm=250, d =0.05, d I=0.0001 and total recorded time was calculated 
as +Tm(I0 -I)/d I, where I0 is an initial value of the bias current for time 
dependence recording.

div (0 E) =  Ql=Q0  (Vl+1-Vl)

Q0 =   0 V0/rD
2



Time dependence of charge oscillation on the 

layers at periodic boundary condition at I = 0.575 

(breakpoint )



IVC of the stack of 11 IJJ and beta dependence of the BPC



BPR     STRUCTURE



Yu.M.Shukrinov, F.Mahfouzi, M.Suzuki  Phys.Rev.B 78, 134521 (2008).

Fine structure in  BPR



Creation of LPW with k=10p/11 at 

the breakpoint for N=11, a=1, b=0.2 

and periodic BC



LPW in the breakpoint region for 

N=11, a=1, b=0.2 and periodic BC



LPW in the breakpoint region for 

N=11, a=1, b=0.2 and periodic BC



Yu.M.Shukrinov, F.Mahfouzi, M.Suzuki  Phys.Rev.B 78, 134521 (2008).











Before the BP at I/Ic=0.573 the Josephson frequency  J=0.4542*2P   

=2.8538p

In the B-S region 

=0.2246*2p=1.4112p corresponding to the LPW frequency LPW

=0.6738*2p=4.2336 corresponding to sum of the Josephson and LPW 
frequencies J+LPW

The S-T part  shows the additional  peak 0.4395*2p= 2.7615p, which 
value approximately equal to 2LPW.



Temperature dependence

of the breakpoint current



Temperature dependence 1

In the simple parallel resistance model a 

single junction resistivity J(T) at subgap

voltage region is given by

J
-1(T)=sg

-1+C
-1(T)

where sg is the temperature independent 

tunnel resistivity of the junction, and

C(T)= a exp (b/T)+cT+d is the empirical 

Heine formula of the c-axis resistivity with 

a,b,c,d as fitting parameters. 



Temperature dependence 2

In our simulations we chose  S=2.32*10-10m for the 

area, Tc=90K for the critical temperature, jc(0)=9*106

A/m2 for the density of critical current at T=0. 

The fitting parameters were chosen as a=6*10-4 m, 

b=273K, c=24*10-6 m/K, d=1.23*10-2 m.
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