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Renormalization

Renormalized quantities

ψ0 = Z
1/2
ψ ψ A0 = Z

1/2
A A a0 = ZAa e0 = Z1/2

α e

Minimal renormalization constants

Zi(α) = 1 +
z1

ε

α

4π
+

(z22

ε2
+
z21

ε

) ( α

4π

)2

+ · · ·

Dimensionalities: [L] = d, [A0] = 1− ε, [ψ0] = 3/2− ε,
[e0] = ε. Exactly dimensionless

α(µ)

4π
= µ−2ε e2

(4π)d/2
e−γε

e20
(4π)d/2

= µ2εα(µ)

4π
Zα(α(µ))eγε
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Photon propagator

+ + + · · ·

− iDµν(p) = −iD0
µν(p) + (−i)D0

µα(p)iΠ
αβ(p)(−i)D0

βν(p)

+ (−i)D0
µα(p)iΠ

αβ(p)(−i)D0
βγ(p)iΠ

γδ(p)(−i)D0
γν(p) + · · ·

Dµν(p) = D0
µν(p) +D0

µα(p)Π
αβ(p)Dβν(p)

Aµν = A⊥

[
gµν −

pµpν
p2

]
+ A||

pµpν
p2

A−1
µν = A−1

⊥

[
gµν −

pµpν
p2

]
+ A−1

||
pµpν
p2

 A−1
µλA

λν = δνµ

D−1
µν (p) = (D0)−1

µν (p)− Πµν(p)
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Photon propagator
Ward identity Πµν(p)p

ν = 0

Πµν(p) = (p2gµν − pµpν)Π(p2)

Dµν(p) =
1

p2(1− Π(p2))

[
gµν −

pµpν
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pµpν
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Renormalized propagator Dµν(p) = ZA(α(µ))Dr
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Dr
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ZA(α) is constructed to make

Dr
⊥(p2;µ) = Z−1
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p2(1− Π(p2))

finite at ε→ 0. But the longitudinal part must be finite
too:
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Photon self-energy

k + p

k

Fermion loop −1

i(p2gµν − pµpν)Π(p2) =

−
∫

ddk

(2π)d
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/k + /p
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Photon self-energy
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Photon self-energy

Π(p2) =
d− 2

d− 1

ie20
−p2

∫
ddk

(2π)d
4(k + p) · k

[−(k + p)2] (−k2)

Set −p2 = 1

D1 = −(k + p)2 D2 = −k2

Multiplication table

p2 = −1 k2 = −D2 p · k =
1

2
(1 +D2 −D1)

Π(p2) = 2
d− 2

d− 1
ie20

∫
ddk

(2π)d
−2D2 + 1 +D2 −D1

D1D2
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Photon self-energy

Restoring −p2 by dimensionality

Π(p2) = −e
2
0(−p2)−ε

(4π)d/2
2
d− 2

d− 1
G1

=
e20(−p2)−ε

(4π)d/2
4

d− 2

(d− 1)(d− 3)(d− 4)
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Photon field renormalization

Transverse propagator

p2D⊥(p2) =
1

1− Π(p2)
= 1+

e20(−p2)−ε

(4π)d/2
4

d− 2

(d− 1)(d− 3)(d− 4)
g1

Re-expressing via α(µ)

p2D⊥(p2) = 1 +
α(µ)

4π
e−Lεeγεg1 4

d− 2

(d− 1)(d− 3)(d− 4)

L = log
−p2

µ2
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Photon field renormalization
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RG equation
D⊥(p2) = ZA(α(µ))Dr

⊥(p2;µ) does not depend on µ:

∂Dr
⊥(p2;µ)

∂ log µ
+ γA(α(µ))Dr

⊥(p2;µ) = 0

γA(α(µ)) =
d logZA(α(µ))

d log µ

For a minimal renormalization constant using

d logα(µ)

d log µ
= −2ε+ · · ·

we obtain

γ(α) = γ0
α

4π
+ · · · = −2z1

α

4π
+ · · ·

Z(α) = 1− γ0
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4πε
+ · · ·
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Anomalous dimension

γA(α) =
8

3

α

4π

RG equation
∂p2Dr

⊥
∂L

=
γA
2
p2Dr

⊥

with the initial condition

p2Dr
⊥(p2;µ2 = −p2) = 1− 20

9

α(µ)

4π

is enough to reconstruct the result
a0 = ZA(α(µ))a(µ) does not depend on µ:

da(µ)

d log µ
+ γA(α(µ))a(µ) = 0
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Electron propagator

+ +

iS(p) = iS0(p) + iS0(p)(−i)Σ(p)iS0(p)

+ iS0(p)(−i)Σ(p)iS0(p)(−i)Σ(p)iS0(p) + · · ·

S(p) = S0(p) + S0(p)Σ(p)S(p)

S(p) =
1

S−1
0 (p)− Σ(p)

Massless case: Σ(p) = /pΣV (p2) (helicity conservation)

S(p) =
1

1− ΣV (p2)

1

/p
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Electron self-energy

k + p

k

−i/pΣV (p2) =

∫
ddk

(2π)d
ie0γ

µi
/k + /p

(k + p)2
ie0γ

ν−i
k2
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gµν − ξ

kµkν
k2

)
where ξ = 1− a0.

Taking 1
4
Tr /p

ΣV (p2) =
ie20
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N
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N =
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4
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D2

)
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4
Tr /p

ΣV (p2) =
ie20
−p2

∫
ddk

(2π)d
N

D1D2

N =
1

4
Tr /pγµ(/k + /p)γν

(
gµν + ξ

kµkν
D2

)



Electron self-energy

Using the multiplication table

N =
1

4
Tr /pγµ(/k + /p)γµ +

ξ

D2

1

4
Tr /p/k(/k + /p)/k

= −(d− 2)(p2 + p · k) +
ξ

D2

[
k2p · k + 2(p · k)2 − p2k2

]
=

1

2

[
d− 2 + ξ

(
1

D2

− 1

)]

ΣV (p2) = −e
2
0(−p2)−ε

(4π)d/2
1

2
[(d− 2− ξ)G(1, 1) + ξG(1, 2)]
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Electron self-energy

G(1, 2)

G(1, 1)
= −(d− 3)

ΣV (p2) = −e
2
0(−p2)−ε

(4π)d/2
d− 2

2
a0G1

=
e20(−p2)−ε

(4π)d/2
d− 2

(d− 3)(d− 4)
a0g1



Electron self-energy

G(1, 2)

G(1, 1)
= −(d− 3)

ΣV (p2) = −e
2
0(−p2)−ε

(4π)d/2
d− 2

2
a0G1

=
e20(−p2)−ε

(4π)d/2
d− 2

(d− 3)(d− 4)
a0g1



Electron field renormalization

/pS(p) =
1

1− ΣV (p2)

expressed via the renormalized quantities

/pS(p) = 1 +
α(µ)

4π
e−Lεeγεg1 a(µ)

d− 2

(d− 3)(d− 4)

= 1− α(µ)

4πε
a(µ)e−Lε(1 + ε+ · · · )

should be Zψ(α(µ), a(µ))/pSr(p;µ):

Zψ(α, a) = 1− a
α

4πε

/pSr(p) = 1 + a(µ)(L− 1)
α(µ)

4π

γψ(α, a) = 2a
α

4π
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Electron field renormalization
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Vertex

p p′

q

µ

= ie0Γ
µ(p, p′)

Γµ(p, p′) = γµ + Λµ(p, p′)

When expressed via renormalized quantities,

Γµ = ZΓΓµr



Vertex

p p′

q

µ

= ie0Γ
µ(p, p′)

Γµ(p, p′) = γµ + Λµ(p, p′)

When expressed via renormalized quantities,

Γµ = ZΓΓµr



Matrix element
S-matrix element = vertex × Z

1/2
i for each i

Far star

LaboratoryZ
1/2
A

Z
1/2
A

The physical matrix element
e0ΓZψZ

1/2
A = eΓrZ

1/2
α ZΓZψZ

1/2
A must be finite

Z
1/2
α ZΓZψZ

1/2
A must be finite = 1

Zα = (ZΓZψ)−2Z−1
A
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Ward identity
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Ward identity

Λµ(p, p′)qµ = Σ(p)−Σ(p′) Γµ(p, p′)qµ = S−1(p′)−S−1(p)

Λµ(p, p) = −∂Σ(p)

∂pµ
Γµ(p, p) =

∂S−1(p)

∂pµ

ZΓΓµr qµ = Z−1
ψ

[
S−1
r (p′)− S−1

r (p)
]

ZψZΓ = 1

Zα = Z−1
A
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Direct calculation

ie0Λ
α =

∫
ddk

(2π)d
ie0γ

µi
/k

k2
ie0γ

αi
/k

k2
ie0γ

ν

× −i
k2

(
gµν − ξ

kµkν
k2

)

Λα = −ie20
∫

ddk

(2π)d
γµ/kγ

α/kγµ − ξk2γα

(k2)2

Averaging /kγα/k → (k2/d)γνγ
αγν

Λα = −ie20a0γ
α

∫
ddk

(2π)d
1

(−k2)2



Direct calculation

ie0Λ
α =

∫
ddk

(2π)d
ie0γ

µi
/k

k2
ie0γ

αi
/k

k2
ie0γ

ν

× −i
k2

(
gµν − ξ

kµkν
k2

)

Λα = −ie20
∫

ddk

(2π)d
γµ/kγ

α/kγµ − ξk2γα

(k2)2

Averaging /kγα/k → (k2/d)γνγ
αγν

Λα = −ie20a0γ
α

∫
ddk

(2π)d
1

(−k2)2



Direct calculation

Γα = γα
[
1 + a(µ)

α(µ)

4πε

]
ZΓ = 1 + a

α

4πε

agrees with Zψ



Charge renormalization
e20 does not depend on µ:

d logα(µ)

d log µ
= −2ε− 2β(α(µ))

β(αs(µ)) =
1

2

d logZα(αs(µ))

d log µ

For a minimal renormalization constant

Zα(α) = 1 + z1
α

4πε
+ · · ·

we obtain

β(α) = β0
α

4π
+ · · · = −z1

α

4π
+ · · ·

Zα(α) = 1− β0
α

4πε
+ · · ·



Charge renormalization
e20 does not depend on µ:

d logα(µ)

d log µ
= −2ε− 2β(α(µ))

β(αs(µ)) =
1

2

d logZα(αs(µ))

d log µ

For a minimal renormalization constant

Zα(α) = 1 + z1
α

4πε
+ · · ·

we obtain

β(α) = β0
α

4π
+ · · · = −z1

α

4π
+ · · ·

Zα(α) = 1− β0
α

4πε
+ · · ·



Charge renormalization

β(α) = β0
α

4π
= −4

3

α

4π

d

d log µ

α(µ)

4π
= −2β0

(
α(µ)

4π

)2

d

d log µ

4π

α(µ)
= 2β0

4π

α(µ′)
− 4π

α(µ)
= 2β0 log

µ′

µ

α(µ′) =
α(µ)

1 + 2β0
α(µ)

4π
log

µ′

µ



Charge renormalization

β(α) = β0
α

4π
= −4

3

α

4π

d

d log µ

α(µ)

4π
= −2β0

(
α(µ)

4π

)2

d

d log µ

4π

α(µ)
= 2β0

4π

α(µ′)
− 4π

α(µ)
= 2β0 log

µ′

µ

α(µ′) =
α(µ)

1 + 2β0
α(µ)

4π
log

µ′

µ
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