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Integer n
Proportional to

V1 =
4

(d− 2)(d− 4)
Γ(1 + ε)

For example,

V (2) = −d− 2

2
V1 = Γ(ε) .

V (n) is UV divergent at d→ 4 if n ≤ 2: 1/ε pole

Γ(1 + ε) = exp

[
−γε +

∞∑
n=2

(−1)nζn

n
εn

]

ζn =
∞∑

k=1

1

kn

ζ2 =
π2

6
ζ3 ≈ 1.202 ζ4 =

π4

90
· · ·
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Integrals in d dimensions

∫
cf(k) ddk = c

∫
f(k) ddk∫

[f(k) + g(k)] ddk =

∫
f(k) ddk +

∫
g(k) ddk∫

f(k + q) ddk =

∫
f(k) ddk∫

f(Λk) ddk =

∫
f(k) ddk∫

f(ck) ddk = c−d

∫
f(k) ddk

In particular ∫
∂f(k)

∂kµ
ddk = 0
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UV divergence

∫
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both UV and an IR divergences — cancel each other

UV divergence (1/ε) k →∞ — IR regularization∫
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D1 = −(k + p)2 D2 = −k2

(p2 = −1) Symmetric 1↔ 2

Vanishes for integer n1 ≤ 0 or n2 ≤ 0
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1-loop massless propagator diagram
Wick rotation, α parametrization
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1-loop massless propagator diagram
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G1 = − 2g1

(d− 3)(d− 4)

g1 =
Γ(1 + ε)Γ2(1− ε)

Γ(1− 2ε)
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Divergences

k →∞: the denominator (k2)n1+n2

UV-divergent if d ≥ 2(n1 + n2) (d→ 4: n1 + n2 ≤ 2)
1/ε pole of Γ(−d/2 + n1 + n2) for n1 = n2 = 1

k → 0: the denominator (k2)n2

IR-divergent if d ≤ 2n2 (d→ 4: n2 ≥ 2)
1/ε pole of Γ(d/2− n2) for n2 ≥ 2
Similarly k + p→ 0
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Analytical properties

s + i0
s− i0

−s

I(s± i0) = G1s
−εe±iπε

I(s + i0)− I(s− i0)

= G1s
−ε2ε sin(πε)→ 2πi

I(p2) = − i

πd/2

∫
ddk

(−k2 − i0)(−(k + p)2 − i0)
= G1(−p2)−ε



Tensors in d dimensions

δµ
µ = d

Projector onto completely antisymmetric tensors

δ[µ1
ν1

δµ2
ν2
· · · δµn]

νn

For example

δ[µ1
ν1

δµ2]
ν2

=
1

2!

(
δµ1
ν1

δµ2
ν2
− δµ2

ν1
δµ1
ν2

)
Its trace — the number of independent components

δ[µ1
µ1

δµ2
µ2
· · · δµn]

µn
=

(
d
n

)
=

1

n!
d(d− 1) · · · (d− n + 1)

Integer d: any tensor antisymmetric in n > d indices is zero
Non-integer d: the traces are non-zero for all n,
the projectors are non-zero
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Integer d: any tensor antisymmetric in n > d indices is zero
Non-integer d: the traces are non-zero for all n,
the projectors are non-zero



γ-matrices in d dimensions

γµγν + γνγµ = 2gµν

How many different products of the matrices γµ are there
for an integer d? Each of d matrices γµ occurs either 0 or 1
times. The number of independent products is 2d. For any
even integer d, products of γµ span the whole space of
matrices. The number of independent N ×N matrices is
N2. This means that γµ must be 2d/2 × 2d/2 matrices:

Tr 1 = 2d/2

Any γ-matrix expression can be expanded in

Γµ1...µn = γ[µ1 · · · γµn]

For a non-integer d, this basis is infinite.
But conventionally

Tr 1 = 4
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γ-matrices in d dimensions

γµγ
µ = d

γµ/aγµ = γµ(−γµ/a + 2aµ) = −(d− 2)/a

γµ/a/bγµ = γµ/a(−γµ/b+2bµ) = (d−2)/a/b+2/b/a = 4a·b+(d−4)/a/b

γµ/a/b/cγµ = γµ/a/b(−γµ/c + 2cµ) = −4a · b /c− (d− 4)/a/b/c + 2/c/a/b

= −2/c/b/a− (d− 4)/a/b/c
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γ5 in d dimensions
It is not possible to define γ5 satisfying

γ5γ
µ + γµγ5 = 0

Tr γ5γµγ
µ = d Tr γ5 = −Tr γµγ5γ

µ = −Tr γ5γ
µγµ = −d Tr γ5

⇒ d Tr γ5 = 0

Tr γ5γµγ
µγαγβ = d Tr γ5γ

αγβ = −Tr γ5γµγ
αγβγµ

= −(d− 4) Tr γ5γ
αγβ ⇒ (d− 2) Tr γ5γ

αγβ = 0

Tr γ5γµγ
µγαγβγγγδ = d Tr γ5γ

αγβγγγδ = −Tr γ5γµγ
αγβγγγδγµ

= −(d− 8) Tr γ5γ
αγβγγγδ ⇒ (d− 4) Tr γ5γ

αγβγγγδ = 0

γµγ
αγβγγγδγµ = (d− 8)γαγβγγγδ + terms with fewer

γ-matrices
And so on
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