A COLLECTION OF EXERCISES IN TWO-DIMENSIONAL PHYSICS PART I

COSTAS J. EFTHIMIOU Newman Laboratory of Nuclear Studies CORNELL UNIVERSITY & FLORIDA SOUTHERN COLLEGE

DONALD A. SPECTOR Department of Physics HOBART & WILLIAM SMITH COLLEGES

RELEASE: 1.0 Cornell CLNS 99/1612

© All rights reserved.

This book was typeset in TEX using the L^ATEX 2ε Document Preparation System.

PROLEGOMENA

A DEFENSE FOR TWO DIMENSIONS or AN EXTRAORDINARY PREFACE

In his classic book Flatland [1], E. A. Abbott described an imaginary two-dimensional world, embedded in three dimensions, and populated by two-dimensional figures that think, speak, and have all the human emotions. The author, a schoolmaster with a classics background who was interested in literature and theology, wrote his science fiction fantasy in pure mathematics for entertainment. He published it under a pseudonym to avoid any negative criticism resulting from it reflecting poorly on his more formal works. Apparently, he never imagined that this work not only would entertain many generations of physicists and mathematicians, but also would contain concepts that future scientists would work on.

Almost 120 years after Flatland was written^1, much has happened to our ideas and concepts of spaces with various dimensions. Relativity placed humans in a four-dimensional space-time; more recently, String Theory claims that the dimensionality of our universe has to be updated to 10 or 11 dimensions. We have thus learnt to feel comfortable in a space of many dimensions.

We have also become more comfortable in spaces of few dimensions. Two-dimensional science has grown to one of the most important, well-controlled, and well-developed areas of today’s physics and mathematics. Abstract mathematics and theoretical physics have established many breathtaking results, while condensed matter physics has devised many systems that behave as two-dimensional, some of which have great impact on our society.

Of course, despite these two-dimensional applications, many physicists have argued that ‘our universe’ could not have been two-dimensional, that life could not have existed in two dimensions, and that three dimensions is the minimal feasible dimensionality for our world. In particular, S. Hawking in talks and M. Kaku in his best-seller Hyperspace have argued that the digestive system of living beings would separate them in two disjoint sets in two dimensions and, therefore, even this simple argument can rule out a universe in two

1The first edition was published in 1880, while a second corrected edition was printed in 1884. Beyond the mathematical ideas explored, the book reflects many attitudes that were normative in Western society in the late nineteenth century, but that today are rejected as offensive and ill-informed.

dimensions. However, this argument is too quick and facile (although it does point out that evolution on Earth has selected a digestive system suitable to three dimensions, and inappropriate for Flatland). Indeed, if one puts one’s mind to it, a model for life in two spatial dimensions can be developed, as is done quite thorougly in A. K. Dewdney’s book Planiverse [182].

So, after all, life in two dimensions might be possible. And there may even be other universes out there that realize such a possibility. We may never discover such places. But we can certainly study them. And we will be glad that we did so!

CJE’S ORDINARY PREFACE

In contrast to Warren Siegel [596], when I was a graduate student I used to love books that contained in the title “Introduction to ...”. This is probably because, by the time I was a graduate student, many good books delivering on this promise^2 had been written.

Even as an undergraduate student, I recall (with some kind of nostalgia for those years) that I was lucky enough to read some great introductory books. Written on the standard core of physics, those books usually would not include in the title the previous phrase. Among these books, I especially liked Problems in Quantum Mechanics by Constantinescu and Magyari. The book is nicely written and printed. It contains a number of problems on Quantum Mechanics (QM), divided thematically into chapters. Each chapter contains a brief summary of the theory, a collection of problems, and finally their solutions. I have been influenced so greatly by this book, that the architecture of the present document is modeled after it — although I can only hope that we approach the quality of that book’s presentation.

Although the subject of the present document is distinct from the subject of its stylistic sibling, the two are not completely unrelated. What one learns in [162], can be used here. After all, QM is 1-dimensional Quantum Field Theory (QFT); the present document explores the developments in 2-dimensional QFT.

During the last two decades, we have witnessed an amazing explosion in the progress of mathematical physics. String Theory^3 has emerged as the leading candidate for the Theory of Everything (TOE), and has led to revolutions in our understanding of the principles underlying fundamental physics. In conjunction with the rise of string theory, we have witnessed the discovery of and advancements in many other areas of mathematical physics: Conformal Field Theory (CFT), Integrable Models (IMs), 2-Dimensional Gravity, Quantum Groups (QGs), and Dualities in QFT, to name just a few areas. The developments in each field have influenced the developments in the other fields, at times in profound and radical ways, at other times in subtler and more controlled fashion.

Thus, I embarked on the preparation of this collection of problems, for those who wish to study mathematical physics and want to see some solved problems to whet their appetite. I hope that people who learn the subjects treated in this collection of problems will find it useful. In this sense, it might also prove useful to people who teach material related to the subjects explored herein.

In his book, Siegel also writes, “It is therefore simultaneously the best time for someone to read a book and the worst time for someone to write one.” This sentence remains true

2This has already become better with the creation of the LANL archives by P. Ginsparg. Many beautifully written articles which include “Introduction to ...” in their titles are posted there frequently in a variety of fields. Papers of all flavors are available there for virtually any taste.

3According to the standard lore of naming theories in Field Theory, the name Quantum Nematodynamics (QND) is more appropriate. Perhaps the name String Theory should be used only at the classical level. Another possible name, given the recent developments regarding branes, is Quantum Branodynamics (QBD); however, I personally would vote in favor of QND as I find Quantum Nematodynamics the most euphonic choice.

for this collection as well. Recent times have proven so fertile for mathematical physics that many results are considered ‘common knowledge’ just a few days after they are posted on the LANL archives. As a result, no review or book can cover completely such a vast terrain. The present document is certainly no exception. It covers only a fraction of the relevant subjects, and even for those covered, only a limited number of possible themes have been touched. However, depending on the interest, we hope that in a later edition, more topics will be added, and more exercises within each area.

We have partitioned the material in 15 chapters. Although there are not always sharp boundaries among these chapters, this approach was taken to enhance the pedagogical value of this work.

Finally, we would like to say that for such a subject, it is impossible to give an exhaustive list of references. We primarily cite review papers and books, as those may be of great help for the reader who would like to study the material. However, we have also included many significant original papers in the bibliography that might not be cited in the text. In this spirit, we would like apologize to all people whose works are not cited; there is no way to be exhaustive, nor have we attempted to be, and in some cases such omissions are doubtless a result of our ignorance. If this document serves as an introduction to the field of twodimensional physics and its literature, it will have served its purpose.

DAS’S ORDINARY PREFACE

The very first paper I published offered new demonstrations of the integrability of some non-linear sigma models, with and without supersymmetry, in two spacetime dimensions. While that paper predates (by just a little bit) the revolution in 2-dimensional physics that this manuscript addresses, I am struck by how much the topics of that paper are echoed here.

If I trace my own personal history of interest in the topics covered here, there are two pivotal moments, beyond that first paper of mine. The first moment is the ICGTMP (International Colloquium on Group Theoretical Methods in Physics) held in Montreal in 1988. Those were heady times. The conference itself was a cornucopia of string theory, conformal field theory, and quantum groups, held in a political context that allowed attendance by an extensive collection of physicists and mathematicians from around the globe. How could one not be hooked?

The second moment was my decision to pursue a career in a liberal arts institution. These are places not well-understood outside the USA; they are colleges with no graduate students or postdocs, but that does not mean that they are void of research. On the contrary, my colleagues are some of the most vibrant minds I know. But it does mean that many of us do not have the benefit of spending time each day, bumping into colleagues in the hallway or seminar room, and learning things almost by osmosis. The value of such a pedagogical document as the present one of course transcends my own personal context; but this context has made clearer to me what the value of such a manuscript is.

My co-author Costas Efthimiou has been the driving force behind this project, and the rationale he presents above is indeed the same rationale that drew me into this project, and I am glad to have been drawn in. There is no need for me to repeat the ideas Costas has expressed above. But I will express my hope that this document will find multiple uses, from students beginning their explorations of theoretical physics in graduate school, to established scientists trying to move into new areas of research, to faculty seeking inspiration for their courses.

ACKNOWLEDGEMENTS

This manuscript and our approach to the topics therein has benefited from discussions on various occasions with C. Ahn, M. Ameduri, S. Apikyan, P. Argyres, S. Chaudhuri, J. Distler, B. Gerganov, B. Greene, Z. Kakushadze, Y. Kanter, T. Klassen, A. LeClair, G. Shiu, and H. Tye. CJE thanks A. LeClair in particular, for providing an introduction to some of the subjects discussed in this document, and would especially like to thank M. Ameduri who typed some of the problems from handwritten notes, providing the momentum needed to continue on this project. Last, but not least, CJE thanks the Florida Southern College where some of the final details were written, and in particular Professor M. Jamshid who gave him the opportunity to visit the college, while DS acknowledges the support of NSF Grant PHY-9970771.

Comments and criticism are welcomed and greatly encouraged. costas@phys.columbia.edu spector@hws.edu

Other mistakes may perchance...await the penetrating glance of some critical reader, to whom the joy of discovery, and the intellectual superiority which he will thus discern, in himself, to the author of this little book, will, I hope, repay to some extent the time and trouble its perusal may have cost him! Lewis Carroll

COMMENTS

1. When you read this document, please keep in mind that the document is still in its infancy. Most sections are brief, and the presentation at times somewhat abbreviated. The reader is also warned that, despite our best efforts, no doubt many typos remain. We apologize, too, that different conventions may still be used in different parts of the document! This is due to the fact that several sections have their origins in projects undertaken before conceiving the plan to prepare one comprehensive pedagogical collection. (Some would say this might even be valuable, preparing the reader for the array of conventions in the published literature!) We hope that the reader nonetheless finds this work valuable and beneficial. If all proceeds according to our expectations, when the document reaches its adult stage, it will have been cured of all these childhood diseases!

2. On the cover page, a release number

RELEASE N.n

is given (see on the cover). It should be interpreted as follows. A higher release number of course signals a newer version. A larger n means that simple typos have been corrected, wording may have been improved, conventions and notation may have been uniformized, additional references may have been added, but no essential changes have been made. Reprinting the document is in this case strongly discouraged — save the forests! A larger N number means that new material has been added (e.g. new problems in previously existing sections, new sections in previously existing chapters, or even new chapters) or conceptual or other important mistakes have been corrected.

3. Of course, there are many topics that could be added to the present document. A list of topics that would appear as natural extensions to our work would include (see the list of abbreviations on page xi):

• Background Material in QFT and in Mathematics

• Supersymmetric CFT • Higher Genus CFT • CFT in D > 2 Dimensions • IMs in QM • Classical IMs • Quantization of Classical IMs • Bethe Ansatz • Form Factors for IMs • Boundary IMs • Vertex Models • Applications to Condensed Matter • Knot Theory • Matrix Models • Topological Field Theories • String Theory • Seiberg-Witten (SW) Theory and IMs As the release number increases, this list of missing items should shorten until it dissappears (what optimism!!!). However, even if this occurs, it would by no means imply that we had achieved a complete coverage of these topics; it should be only interpreted as a completion of our target, which is to allow the reader a foundation for indulging in the exploration of mathematical physics and physical mathematics.

4. Abbreviations are in general defined at the place of their first occurrence. However, especially if you do not read this document sequentially, relying on this for definitions may be somewhat cumbersome. Certain well-known abbreviations may even not be expanded in any place in the document. Therefore, we have included a table of abbreviations (Table 1), which appears on the following page.

Abbreviation Explanation BCFT Boundary Conformal Field Theory CFT Conformal Field Theory CBC Conformal Boundary Condition CGC Coulomb Gas Construction CGF Coulomb Gas Formulation DSZ Dirac-Schwinger-Zwanziger GUT Grand Unified Theory IM Integrable Model LANL Los Alamos National Laboratory l.h.s. left hand side MM Minimal Model OPE Operator Product Expansion QCD Quantum Chromodynamics QED Quantum Electrodynamics QFT Quantum Field Theory QG Quantum Group QM Quantum Mechanics RCFT Rational Conformal Field Theory reg Non-Singular Terms in Operator Product Expansion r.h.s. right hand side RSOS Restricted Solid-on-Solid SCFT Supersymmetric Conformal Field Theory SG Sine-Gordon S-matrix Scattering Matrix SOS Solid-on-Solid SUSY Supersymmetry SUGRA Supergravity

SW Seiberg-Witten TOE Theory of Everything UMM Unitary Minimal Model W-matrix Wall (or Reflection) Matrix w.r.t. with respect to WZWN Wess-Zumino-Witten-Novikov YBE Yang-Baxter Equation

Table 1: Table of abbreviations and acronyms used in this document.

Contents

PART I

1 CURIOSITIES IN TWO DIMENSIONS 1 1.1 BRIEF THEORY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1.1 Statistics in Two Dimensions . . . . . . . . . . . . . . . . . . . . . . 1 1.1.2 Bosonization/Fermionization . . . . . . . . . . . . . . . . . . . . . . 3 1.1.3 The Conformal Group in Two Dimensions . . . . . . . . . . . . . . . 5 1.1.4 Commonly Used Conformal Transformations . . . . . . . . . . . . . 7 1.1.5 Symmetries of the S-Matrix . . . . . . . . . . . . . . . . . . . . . . . 10 1.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 GENERAL PRINCIPLES OF CFT 35 2.1 BRIEF THEORY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.1.1 Basic Notions of CFT . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.1.2 Massless Free Boson . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 2.1.3 Massless Free Fermion . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.1.4 The bc-System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.1.5 Boson with Background Charge . . . . . . . . . . . . . . . . . . . . . 42 2.1.6 Minimal Models of CFT . . . . . . . . . . . . . . . . . . . . . . . . . 43 2.1.7 A Prelude to Chapters 10 and 15 . . . . . . . . . . . . . . . . . . . . 44 2.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 2.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 CORRELATORS IN CFT 81 3.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 3.1.1 Computation of Correlators . . . . . . . . . . . . . . . . . . . . . . . 81 3.1.2 The Bootstrap Approach . . . . . . . . . . . . . . . . . . . . . . . . 82 3.1.3 Fusion Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 3.1.4 Local vs. Non-Local Fields . . . . . . . . . . . . . . . . . . . . . . . 85 3.1.5 Bosonization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 3.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 3.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4 OTHER MODELS IN CFT 111 4.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 4.1.1 Orbifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.1.2 WZWN Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 4.1.3 Parafermions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 4.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 4.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5 CONSTRUCTING NEW MODELS IN CFT 137 5.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 5.1.1 Coulomb Gas Construction or Formulation . . . . . . . . . . . . . . 137 5.1.2 Coset Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 5.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 5.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6 MODULAR INVARIANCE 157 6.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 6.1.1 Riemann ϑ-function . . . . . . . . . . . . . . . . . . . . . . . . . . . 157 6.1.2 The Modular Group . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 6.1.3 Partition Functions and Modular Invariance . . . . . . . . . . . . . . 160 6.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 6.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

PART II

Warning! Part II has not yet been released. The contents and page numbers for Part II are therefore preliminary, and subject to change.

7 FINITE SIZE AND FINITE TEMPERATURE 193 7.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 7.1.1 Main Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 7.1.2 Casimir Energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 7.1.3 Correlation Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 195 7.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196 7.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

8 BOUNDARY CFT 211 8.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 8.1.1 Boundary States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211 8.1.2 Boundary Partition Function . . . . . . . . . . . . . . . . . . . . . . 213 8.1.3 Boundary Green’s Functions . . . . . . . . . . . . . . . . . . . . . . 215 8.1.4 Method of Images and Boundary Operator . . . . . . . . . . . . . . 216 8.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217 8.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218

9 QUANTUM GROUPS 227 9.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 9.1.1 The Basic Idea of a Quantum Group . . . . . . . . . . . . . . . . . . 227 9.1.2 Hopf Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230 9.1.3 The Quantum Group U_q(g) . . . . . . . . . . . . . . . . . . . . . . . 231 9.1.4 Deformation of Known Structures . . . . . . . . . . . . . . . . . . . 232 9.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234 9.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

10 PERTURBATIONS OF CFT 255 10.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 10.1.1 Deformed CFTs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 10.1.2 The c-Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256 10.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257 10.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

11 INTEGRABLE MODELS AS PERTURBATIONS OF CFT 267 11.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267 11.1.1 Definition of Integrability . . . . . . . . . . . . . . . . . . . . . . . . 267 11.1.2 Conserved Currents . . . . . . . . . . . . . . . . . . . . . . . . . . . 267 11.1.3 Integrable Deformed CFTs . . . . . . . . . . . . . . . . . . . . . . . 268 11.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270 11.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

12 FACTORIZED SCATTERING 279 12.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279 12.1.1 Factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279 12.1.2 2-D S-matrix Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 281 12.1.3 The Method of Non-Local Charges . . . . . . . . . . . . . . . . . . . 283 12.1.4 Toda Field Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284 12.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285 12.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

13 DIAGONAL SCATTERING 307 13.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 307 13.1.1 Diagonal S-Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . 307 13.1.2 Bootstrap and Nuclear Democracy . . . . . . . . . . . . . . . . . . . 309 13.1.3 Bootstrap equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 309 13.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311 13.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 312

14 BOUNDARY IMs 313 14.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313 14.1.1 Conserved Currents in the Presence of Boundary . . . . . . . . . . . 313 14.1.2 Factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 314 14.1.3 Boundary W-Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . 315 14.1.4 Hamiltonian Picture . . . . . . . . . . . . . . . . . . . . . . . . . . . 316 14.1.5 Boundary Bootstrap Equations . . . . . . . . . . . . . . . . . . . . . 318 14.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321 14.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322

15 STATISTICAL PHYSICS 329 15.1 BRIEF SUMMARY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329 15.1.1 The spin-1/2 Ising Model . . . . . . . . . . . . . . . . . . . . . . . . 329 15.1.2 Spherical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331 15.1.3 Z_p Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331 15.1.4 Potts Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332 15.1.5 XYZ Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332 15.1.6 Ashkin-Teller Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 332 15.1.7 The Transfer Matrix Method . . . . . . . . . . . . . . . . . . . . . . 333 15.1.8 Critical Exponents . . . . . . . . . . . . . . . . . . . . . . . . . . . . 333 15.1.9 CFT, IMs, and Statistical Physics . . . . . . . . . . . . . . . . . . . 334 15.2 EXERCISES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335 15.3 SOLUTIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337

Chapter 1

CURIOSITIES IN TWO DIMENSIONS

But to me, proficient though I was in Flatland Mathematics, it was by no means a simple matter...although I saw the facts before me, the causes were as dark as ever. A. Square

References: Good introductions to spin and statistics in two dimensions are found in [275, 478]. A recent review on generalized statistics in 1+1 dimensions is [553]. Bosonization is discussed in [607]. The conformal transformations are discussed in many books on complex analysis, e.g. [519].

1.1 BRIEF THEORY

2-dimensional mathematics and physics are quite special. The lack of ‘extra space’ imposes such great constraints that the particles and their interactions adhere to a highly restrictive set of properties. This chapter examines some of the basic implications of a 2-dimensional world. This lays the groundwork for what follows in the subsequent chapters.

1.1.1 Statistics in Two Dimensions

It is well-known that the path integral on a multipy-connected space C decomposes into a sum of path integrals (one for each class of the first homotopy group), with the contributions from each sector weighted by a factor dependent on the equivalence class only, so that Z(x, y) = ∑ α∈π_1(C) χ(α) Z_α(x, y) . The weights χ(α) are restricted by two physical requirements:

(a) Physical observables cannot depend on the mesh used to calculate the homotopy classes. (b) The weighted sum must satisfy the standard convolutive property Z(x, y) = ∫ dz Z(x, z)Z(z, y) .

As a result, the weights satisfy the constraints

|χ(α)| = 1 , and χ(α)χ(β) = χ(αβ) . } (1.1)

Therefore the weights χ provide a 1-dimensional unitary representation of the fundamental group π_1(C).

Given n particles in d dimensions, the space of all allowed configurations would be C_n = R^{dn} ∖ D, where D is the subset of R^{dn} where at least two particles have identical position vectors. When the particles are of identical kind, configurations that differ by a permutation are not distinct. To avoid multiple enumeration of the configurations, one must divide by the permutation group for n objects S_n. In this way, the configuration space C_n of n identical particles reads

C_n = C_n S_n = R^{dn} ∖ D S_n . In d > 2 dimensions, C_n is simply-connected and the fundamental group is π_1(C_n) = S_n.

The permutation group has only two unitary abelian representations; either χ(P ) = 1 , ∀P ∈ S_n , or χ(P ) = { +1 , if P is even , −1 , if P is odd .

These representations correspond to bosons and fermions, respectively.

In d = 2 dimensions, C_n is multiply-connected and π_1(C_n) is more complicated. In fact, π_1(C_n) = B_n, the braid group of n strings. Combinatorially, B_n is generated by a set of generators σ_i, i = 1, 2, . . . , n, obeying the relations

σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1} , (1.2) σ_iσ_j = σ_j σ_i , |i − j| > 1 . (1.3)

Intuitevely, we can think of the generator σ_i as the operation that twists the i-th and (i + 1)-th strings, as depicted here:

PSfrag replacements

The inverse σ^{−1}_i of the operator σ_i interweaves the same strings in the opposite way:

PSfrag replacements

Any element σ ∈ B_n can be represented as set of n interwoven strings, that is, as an ordered product of the generators σ_i and their inverses σ^{−1}_i . Relation (1.3) says that the twistings of two well-separated pairs of strings are independent. Relation (1.2) identifies two ways of interweaving three successive strings that are equivalent.

Regarding the weights χ, relations (1.2) and (1.3) require that the phase be universal χ(σ_i) = χ(σ_j) , ∀i, j . We write χ(σ_i) = e^{iθ} . A path (braid) σ ∈ π_1(C_n) represented by the product σ = n∏ k=1 σ_{ik} , is thus weighted by the factor χ(σ) = n∏ k=1 χ(σ_{ik} ) = e^{iθ ∑nk=1 sgnσi}k , where sgnσ_{ik} = { +1 , if σ_{ik} is a generator , −1 , if σ_{ik} is an inverse generator .

1.1.2 Bosonization/Fermionization

In two dimensions, we have seen that particles may obey a variety of statistics, in contrast with higher dimensions, in which particles must obey either fermionic or bosonic statistics. However, one might still expect that each of the choices would be related to a particular choice of the intrinsic spin of the particles:

θ-statistics ↔ particles with spin s_θ .

Surprisingly, spin is not an intrinsic property in two dimensions, and statistics are a matter of convention. For example, given any bosonic operators b(p) and b^†(p) that satisfy the commutation relations [ b(p), b^†(p^′) ] = p^0δ(p − p^′) , [ b^†(p), b^†(p^′) ] = [ b(p), b(p^′) ] = 0 ,

one can construct operators f(p) and f^†(p), defined by f^†(p) = b^†(p) e^{−iπ} ∫_{+∞} p1 dk1 k0 b^†(k)b(k) , f(p) = e^{iπ} ∫_{+∞} p1 dk1 k0 b^†(k)b(k) b(p) , (1.4)

which are fermionic operators that satisfy the anticommutation relations { f(p), f^†(p^′) } = p^0δ(p − p^′) , { f^†(p), f^†(p^′) ] = { f(p), f(p^′) } = 0 .

Thus there is a 1-to-1 mapping between the states that are symmetric and those that are antisymmetric under permutations!

Having no intrinsic spin in two dimensions, we use the term “spin” to refer to the Lorentz spin, i.e., to the eigenvalue of a state under the boost operator. Using Wigner’s classic analysis, the scalar states can be chosen to transform under boosts as

U(α) | p_0, p_1 ⟩ = | p^′_0, p^′_1 ⟩ , where [ p^′_0 p^′_1 ] = [ cosh α sinh α sinh α cosh α ] [ p_0 p_1 ] . One can define the states

| p_0, p_1; s ⟩ ≡ ( p_0 − p_1 m )_s | p_0, p_1 ⟩ ,

which then transform by U(α) | p_0, p_1; s ⟩ = e^{−sα} | p^′_0, p^′_1; s ⟩ , i.e., they have Lorentz spin s. Zero mass states have a larger symmetry group — the conformal group.

The issues we have enountered in this section will arise many times throughout this document.

1.1.3 The Conformal Group in Two Dimensions Let f : M_1 → M_2 be a map from the n-manifold M_1 to the n-manifold M_2. Then, f is said to be a conformal transformation if ∀p ∈ M_1, given any v, u ∈ T_pM_1,

g^′_{f(p)}(f_∗(v), f_∗(u)) = Ω^2 g_p(v, u) .

In the above equation, g and g^′ are the metrics on M_1 and M_2 respectively and f_∗ is the induced map f_∗ : T_pM_1 → T_{f(p)}M_2. When M_1 = M_2, f is called a conformal isometry of M_1. It is very instructive to write the transformation rule explicitly:

Ω^2(p) g_{μν} (p) = ∂f^ρ ∂x^μ ∂f^σ ∂x^ν g^′_{ρσ} (f(p)) . (1.5)

A conformal transformation leaves invariant the angle θ between two vectors v and u in the tangent space, since this angle obeys

cos θ ≡ g(v, u) √ g(v, v) g(u, u) . We may say that a conformal transformation changes only the size or scale of an object while keeping its shape fixed; this intuitive visualization of the transformation is more faithful at small distances.

If for a (pseudo-)Riemannian manifold M, there is an atlas {U_j , ϕ_j } such that the metric tensor g_j on each patch is conformally related to the flat metric, i.e., g_j = Ω^2_j η, then the manifold M is said to be conformally flat.

Let f^μ(x) be a conformal isometry of the metric manifold M, i.e., suppose that

g_{μν} (x) = Ω^2 g_{αβ} (f(x)) ∂f^α ∂x^μ ∂f^β ∂x^ν . (1.6)

Without loss of generality, we can work with infinitesimal displacements

f^μ(x) = x^μ + ϵ ξ^μ(x) , |ϵ| ≪ 1 , (1.7)

since any finite displacement can be made from an infinite sum of infinitesimal transformations. For infinitesimal conformal transformations, we must have

Ω^2 = 1 + ϵ ψ + O(ϵ^2) . (1.8)

Using (1.7) and (1.8), equation (1.6) becomes

(1 + ϵ ψ) g_{μν} = g_{μν} + ϵ g_{μβ} ∂_ν ξ^β + ϵ g_{αν} ∂_μξ^α + ϵ ∂_ρg_{αν} ξ^ρ + O(ϵ^2) , or ξ^ρ ∂_ρg_{μν} + ∂_μξ^ρ g_{ρν} + ∂_ν ξ^ρ g_{μρ} = ψ g_{μν} . (1.9)

The scalar ψ is determined by self-consistency. Multiplying the last equation by g^{νμ} and summing over the indicated repeated indices, we find

ξ^ρ g^{νμ} ∂_ρg_{μν} + 2 ∂_ρξ^ρ = n ψ .

Substituting for ψ in equation (1.9), we finally obtain

ξ^ρ ∂_ρg_{μν} + ∂_μξ^ρ g_{ρν} + ∂_ν ξ^ρ g_{μρ} = 1 n (ξ^ρ g^{κσ} ∂_ρg_{σκ} + 2 ∂_ρξ^ρ) g_{μν} . (1.10)

This is the conformal Killing equation. The solutions ξ of this equation are called the conformal Killing vector fields associated with the given metric. The above discussion makes obvious that if ψ = 0, i.e., if we are considering isometries of M, then the conformal Killing equation reduces to the simpler form

ξ^ρ ∂_ρg_{μν} + ∂_μξ^ρ g_{ρν} + ∂_ν ξ^ρ g_{μρ} = 0 . (1.11)

This equation is called simply the Killing equation; the corresponding solutions ξ are called the Killing vector fields.

For a conformally flat n-dimensional manifold, the conformal Killing equation gives

∂_μξ_ν + ∂_ν ξ_μ = 2 n η_{μν} ∂_ρξ^ρ . (1.12)

The solutions of this equation generate the conformal group. For d > 2, the conformal group is finite-dimensional. This group in two dimensions is infinite-dimensional, imposing great restrictions on any conformally invariant field theory. In particular, the above equation (1.12) reduces to the Cauchy-Riemann conditions ∂ξ_2 ∂x^1 = − ∂ξ_1 ∂x^2 , ∂ξ_1 ∂x^1 = ∂ξ_2 ∂x^2 . Using complex coordinates

z = x^1 + ix^2 , z = x^1 − ix^2 ,

and the function ξ = ξ_1 + i ξ_2, the Cauchy-Riemann conditions guarantee that ξ is a holomorphic function, i.e., that ∂ξ ∂z = 0 .

The conformal transformations (1.5) are thus realized in two dimensions by

z → z^′ = f(z) , z → z^′ = f(z) . (1.13)

This decoupling of variables allows one to handle the coordinates z and z as independent; the reality condition z = z^∗ can be imposed at the end of the day.

1.1.4 Commonly Used Conformal Transformations In this document, conformal transformations will underlie nearly all that we do. Therefore, it is worthwhile to study some of them and become familiar with their properties.

A fundamental map is w = e^z (1.14) from the z-plane to the w-plane. Decomposing z and w into real and imaginary parts via z = x + iy and w = u + iv, this map can be expressed in real coordinates as

u = e^x cos y , v = e^x sin y .

Therefore

u^2 + v^2 = e^{2x} , v = u tan y ,

and the line x = x_0 is mapped to a circle with radius ρ = e^{x0} . The mapping (1.14) transforms lines parallel to the imaginary axis into circles around the origin. If x is the temporal coordinate, then time ordering on the z-plane becomes radial ordering on the w-plane. A line y = y_0 is mapped to the half-line v = (tan y_0)u. Thus the mapping (1.14) also transforms lines parallel to the real axis into rays directed outward from the origin.

PSfrag replacements

Additional properties may be derived considering the inverse transformation of (1.14),

z = ln w . (1.15)

Using the polar coordinates ρ and ϕ on the w-plane, with w = ρe^{iϕ}, (1.15) becomes

x = ln ρ , y = ϕ . } (1.16)

Equation (1.16) says that an arc ϕ_1 ≤ ϕ ≤ ϕ_2 of the circle ρ = a on the w-plane is mapped to a segment on the line x = ln a. The segment starts at y = ϕ_1 and ends at y = ϕ_2. Also, a segment a ≤ ρ ≤ b lying on the ray ϕ = ϕ_1 is mapped to a segment on the line y = ϕ_1. The segment starts at x = ln a and ends at x = ln b. All this together means that any rectangle in the z-plane becomes an angular sector in the w-plane.

PSfrag replacements PSfrag replacements

An important theorem in conformal mapping is the Riemann mapping theorem:

Theorem [Riemann] Given two arbitrary simply-connected domains D and D^′ whose boundaries contain more than one point, there always exists an analytic function w = f(z) that maps D onto D^′. The function f(z) depends on three real parameters.

Usually D^′ is taken to be the interior of the unit disc. We can restate the Riemann mapping theorem in this case as:

Theorem Any simply-connected domain D whose boundary contains more than one point can be mapped conformally onto the interior of the unit disc. Moreover, it is possible to choose any one point of D and a direction through this point to be mapped to the origin and a direction through the origin; these choices render the map unique.

The Riemann mapping theorem, upon careful examination, can be extended to the case that D is bounded between two closed simple curves, one inside the other. In this case, the map is to an annulus.

We can employ similar considerations for various conformal maps. We tabulate some results to be used in later sections in table 1.1.

In the last entry of the table 1.1, imagine that we take ϕ_1 = π and ϕ_2 = −π. In this case, the angular sector becomes a ring, i.e., a domain that is not simply-connected. Its image on the w-plane appears to be a simply-connected rectangle.

PSfrag replacements

PSfrag replacements semi-infinite strip to half-plane w = cosh^{πz}_a

PSfrag replacements

PSfrag replacements

infinite strip to half-plane w = e^{πz}a PSfrag replacements

PSfrag replacements

infinite wedge to half-plane w = z^α , α ≥ 1/2

PSfrag replacements PSfrag replacements

angular sector to rectangle w = ln z

PSfrag replacements PSfrag replacements

Table 1.1: Some commonly used conformal transformations.

plane to cylinder w =^a_{2π} ln z upper half-plane to infinite strip w =^a_π ln z

without periodic boundary conditions on the edges

Table 1.2: Two different conformal transformations.

This seems to contradict the Riemann mapping theorem. However, one must notice that the edges F E and HA coincide now on the z-plane and therefore, under the mapping, they should be identified on the w-plane too. This means that the rectangle is really a cylinder which is also not a simply-connected domain.

PSfrag replacements

A final comment is in order here. In applications of the conformal transformations, special care must be given to all quantities and constants in the transformation. Sometimes, ‘innocent’ factors are manifestations of a very subtle situation! For example, in Table 1.2 we give two transformations that differ only by an ‘innocent’ factor of 2; nonetheless (see the second and fourth entries in Table 1.1), they are quite different!

1.1.5 Symmetries of the S-Matrix

One of the goals of the machinery of QFT is to devise methods for determining the S-matrix — i.e., the array of probabilities for all possible events — and to carry out the program and calculate the S-matrix in particular theories, especially those that are applicable to the real world. Clearly, the symmetries of the S-matrix constrain its possible form. (In the Lagrangian framework, all symmetries of the Lagrangian that are not spontaneously broken appear as symmetries of the S-matrix.) Hence, knowing the possible symmetries of the S-matrix is both useful and informative.

For a QFT theory defined on a flat manifold, one always assumes that the Poincaré group P is a symmetry of the S-matrix. This is a ‘must’ in the construction of any physical model. The full symmetry group of the S-matrix must thus include P as a subgroup. Attempts to find physical symmetry groups that included P in a non-trivial way led ultimately to a no-go theorem known as the Coleman-Mandula theorem. Under very mild conditions, Coleman and Mandula proved that that there can be no exotic space-time symmetries of the S-matrix. More exactly, the statement of the theorem is as follows [162]:

Theorem [Coleman and Mandula]

§1.1: BRIEF THEORY 11

Let G be a connected symmetry (Lie) group of the S-matrix, and let the following five conditions hold:

1. (Lorentz invariance) G contains a subgroup locally isomorphic to P.

2. (Particle finiteness) All particle types correspond to positive energy representations of P. For any finite M, there is only a finite number of particle types with mass less than M.

3. (Weak elastic analyticity) Elastic scattering amplitudes are analytic functions of the centerof-mass energy s and invariant momentum transfer t, in some neighborhood of the physical region, except at normal thresholds.

4. (Occurrence of scattering) Let | p ⟩ and | p^′ ⟩ be any two 1-particle momentum eigenstates, and let | p, p^′ ⟩ be the 2-particle state made from these. Then

T | p, p^′ ⟩ ≠ 0 , S = 1 − i(2π)^4δ^4(P − P^′) T ,

except perhaps for certain isolated values of s. Phrased physically, this assumption is that at almost all energies, any two plane waves scatter.

5. (An ugly technical assumption) The kernels of the generators of G, considered as integral operators in momentum space, are distributions. More precisely: There is a neighborhood of the identity in G such that every element in G in this neighborhood lies on some 1-parameter group g(t). Further, if x and y are any two states in the the set D of all 1-particle states whose momentum space wave functions are test functions, then −i d dt ⟨ x|g(t)|y ⟩ = ⟨ x|A|y ⟩ exists at t = 0, and defines a continuous function of x and y, linear in y and antilinear in x.

Then as long as the S-matrix is not trivial (i.e., as long as the S-matrix is not that of a set of noninteracting objects), G is locally isomorphic to the direct product of an internal symmetry group I and the the Poincaré group: G = I ⊗ P .

A corollary of the Coleman-Mandula theorem is that the generators I_a of I must commute with the momentum generators P_μ and the angular momentum generators J_{μν} .

[I_a, J_{μν} ] = [I_a, P_μ] = 0 .

Therefore, if we classify the particles in families according to representations of I, then all particles in the same representation must have the same mass and the same spin, since [ I_a, P^2 ] = [ I_a, W^2 ] = 0 ,

where W^μ is the Pauli-Lubarski vector

W_μ = − 1 2 ε_{μνρσ}J^{νρ} P^σ √ P^2 . There are three important loopholes in this theorem, two of which were known from the time the Coleman-Mandula theorem was proven.

• If assumption 2 is relaxed, the space-time symmetry group can be extended to the conformal group, which includes P as a subgroup. However, if the other assumptions are preserved, the final conclusion is almost the same, with the Poincaré group replaced by the conformal group, as Coleman and Mandula discussed in their original article.

• The theorem makes use of Lie groups, i.e., groups whose algebra is based on commutation relations of the form [T_i, T_j ] = c^k_{ij} T_k .

Once one assumes that generalized commutation relations are possible for the generators, the theorem does not apply. In particular, supersymmetry (SUSY) includes commutation and anticommutation relations in its algebra,

[E_a, E_b] = f^c_{ab} E_c , [E_a, O_i] = m^j_{ai} O_j , {O_i, O_j } = c^k_{ij} E_k . One can re-work the analysis of the Coleman-Mandula theorem in the case that Lie groups and supergroups are allowed [359]. The results are exactly analogous to those of the original theorem, with the conclusion being that the most general possible supersymmetry of the S-matrix is as before, except with the Poincaré (conformal) group replaced by the super-Poincaré (superconformal) group.

• The theorem assumes that the S-matrix is an analytic function of at least two Mandelstam variables s and t. However, this can be true only in d + 1 space-time dimensions, with d ≥ 2. In 1 + 1 dimensions, there is only one Mandelstam variable, and therefore this assumption is not valid. Stated physically, in 1 + 1 dimensions, there can only be forward or backward scattering, and hence there is no prospect of analyticity in the scattering angle. Indeed, this is not just a technical observation. In 1 + 1 dimensions, theories exist which have a non-trivial S-matrix and which also have extended space-time Lie symmetries that contain the Poincaré group in a non-trivial way.

§1.2: EXERCISES 13

1.2 EXERCISES

1. Consider Maxwell’s equations in d + 1 dimensions. What is the electrostatic energy between two charge distributions ρ_1(⃗r) and ρ_2(⃗r)?

2. Show that the configuration space C_2 of two identical particles in d spatial dimensions is the manifold C_2 = R^{d+1} × RP^{d−1} .

Then prove that

π_1(C_2) = { Z , if d = 2 Z_2 , if d ≥ 3 ,

and from this deduce that in d ≥ 3 only fermions and bosons can exist, while in d = 2 particles with different statistics are allowed.

3. (a) Is the posssibility of assigning many spins to the same state in two dimensions a new phenomenon compared to four dimensions?

(b) The map (1.4) can be be defined (in an analogous way) in any number of dimensions. Why do we then claim that statistics is a matter of convention only in two dimensions?

4. (a) Green’s theorem on the plane states: If P and Q are continuous functions with continuous partial derivatives on the domain D, then ∫∫ D ( ∂Q ∂x − ∂P ∂y ) dxdy = ∫

⟲

∂D (P dx + Qdy) . Rewrite this theorem using complex variables.

(b) Use the result of part (a) to find a representation of the δ-function in complex coordinates.

5. Trying to extend the Riemann mapping theorem in the case of multiply-connected domains, we face the problem that domains of the same order of connectivity are not necessarily conformally mapped onto each other [519]. This exercise studies this issue in one simple case.

Consider the circular rings D = {1 < |z| < r} and D^′ = {1 < |w| < R}, where r ≠ R. Assume that there is a function w = f(z) which maps D onto D^′. Show that this would require r = R, which is contrary to the hypothesis r ≠ R.

6. Show that all the 2-dimensional Riemannian manifolds are conformally flat.

7. Find all Killing vectors of an n-dimensional flat manifold. Compute the algebra they generate (which is the Poincaré algebra).

8. Write down the classical Poincaré algebra (i.e., using Poisson brackets) in 1 + 1 dimensions, and find a representation for a system of N particles interacting via a nearest-neighbor potential [573].

9. Equation (1.11) has been derived for a general metric on a manifold M. Show that if the metric is a Levi-Civita metric, then the Killing equation can be brought to the more symmetric form ξ_{μ,ν} + ξ_{ν,μ} = 2 Γ^ρ_{μν} ξ_ρ . (1.17)

10. Using equation (1.17), find all Killing vectors of the 2-sphere S^2 with the standard metric g = sin^2 θ dϕ ⊗ dϕ + dθ ⊗ dθ . Compute the algebra they generate.

11. Using equation (1.17), find all Killing vectors of the Poincaré half-plane H^2, for which the metric is g = dx ⊗ dx + dy ⊗ dy y^2 . Compute the algebra they generate, and integrate it to find the corresponding group.

12. Find all conformal Killing vectors of an n-dimensional conformally flat manifold. Compute the algebra they generate.

13. Recall from Exercise 6 that a 2-dimensional manifold is conformally flat. Thus the result of the last problem applies locally in any patch of a 2-dimensional manifold. From that result, find the global conformal algebra on the 2-sphere S^2.

14. Mandelstam variables: Show that in D space-time dimensions, for the scattering of N particles (incoming and outgoing all counted), we can define (D −1) N −^{D(D+1)}_2 independent Mandelstam variables. From this result, confirm that in two space-time dimensions, the 2-particle scattering is determined by one Mandelstam variable.

15. A flavor of the Coleman-Mandula theorem: For a hypothetical model, assume the existence of a second order tensorial conserved charge Q_{μν} different from the angular momentum J_{μν} . Study the consequences of such an additional conservation law for the n-to-n elastic scattering process

a_1(p^i_1) + a_2(p^i_2) + · · · a_n(p^i_n) −→ a_1(p^f_1 ) + a_2(p^f_2 ) + · · · a_n(p^f_n),

and show that only in 1+1 dimensions is there no conflict between this conservation law and the well-known analyticity properties of the S-matrix .

1.3 SOLUTIONS

1. Consier a point charge q in d spatial dimensions. We can imagine surrounding the charge by a (d − 1)-sphere S^{d−1}. Then Gauss’s Law in integral form for electric field E of the charge q reads ∮ S^{d−1} E · dS = q ε_0 . The rotational symmetry of the configuration requires that E be a function of the radial distance r only, and that it point along the radial direction. Therefore q ε_0 = E(r) ∮ S^{d−1} dS = E(r) Ω_{d−1} r^{d−1} ,

where E is the magnitude of the electric field, and Ω_{d−1} is the (d − 1)-dimensional total solid angle, which is easily computed to be

Ω_{d−1} = 2π^{d/2} Γ(d/2) . Therefore E(r) = Γ(d/2) 2π^{d/2−1}ε_0 q r^{d−1} . The potential is then given by

ϕ(r) = −^1_{2ε0} q r , if d = 1 , −^1_{2πε0} q ln r , if d = 2 , −^{Γ(d/2)}

4π^{d/2}ε_0 q r^{d−2} , if d > 2 . Consequently, the interaction between the two charge distributions ρ_1(⃗r) and ρ_2(⃗r) is

U = −^1_{2ε0} ∫ dr_1dr_2 ρ_1(r_1)|r_1 − r_2|ρ_2(r_2) , if d = 1 , −^1_{2πε0} ∫ d^2r_1d^2r_2 ρ_1(r_1) ln |r_1 − r_2|ρ_2(r_2) , if d = 2 , −^{Γ(d/2)}

4π^{d/2}ε_0 ∫ d^dr_1d^dr_2 ρ_1(r_1)^1_{rd−2} ρ_2(r_2) , if d > 2 .

2. In d dimensions, the locus of particles is described by their position vectors (r_1, r_2), with the restriction r_1 ≠ r_2. As usual, we define the center of mass position vector R and the relative position vector r by R = r_1 + r_2 2 , r = r_1 − r_2 .

In fact, the vector r can furthermore be decomposed into its magnitude r and a unit vector u_r parallel r. If the particles were distinguishable, the configuration space would be C_2 = {(R, r) | R, r ∈ R^d , r ≠ 0} = {(R, u, r) | R ∈ R^d , u ∈ S^{d−1}, r ∈ R^∗_+ } = R^d × S^{d−1} × R^∗_+ ∼ R^d × S^{d−1} × R = R^{d+1} × S^{d−1} .

For indistinguishable particles, we must divide by their permutation group S_2 = Z_2 to avoid double counting. Thus the configuration space for two identical particles is

C_2 =

C_2 Z_2

= R^{d+1} × S^{d−1} Z_2

= R^{d+1} × RP^{d−1} ,

since the manifold S^{d−1}/Z_2 is RP^{d−1} , the (d − 1)-dimensional real projective space. The first two such spaces are RP^1 = S^1 and RP^2 = SO(3). Since π_1(M_1 × M_2) = π_1(M_1) × π_1(M_2) , to find the first homotopy group of C_2, we notice that any non-trivial contribution will come from RP^{d−1} , since R^n is homotopically trivial. For d = 2, we thus immediately find that π_1(C_2) = π_1(Z) = Z. For d ≥ 3, we must find π_1(S^{d−1}/Z_2). According to a theorem of algebraic topology, if a manifold M is homotopically trivial, and a discrete group Γ acts on M effectively, then π_1(M/Γ) = Γ. In our case, π_1(S^{d−1}) = 0 (you cannot lasso the sphere) and Z_2 acts effectively on it. Therefore π_1(RP^{d−1} ) = Z_2. From (1.1), we see that the weights χ are unitary 1-dimensional representations of Z for d = 2 and of Z_2 for d ≥ 3. Now, Z_2 has only two such representations, namely 1 and −1. The first corresponds to bosons and the second to fermions. On the other hand, Z allows for a continuum of choices parametrized by a variable θ, with χ(n) → e^{inθ}. When θ = 0 the statistics are bosonic, and when θ = π the statistics are fermionic, while other values of θ lead to exotic statistics.

3. (a) The possibility of assigning many spins to the same state is known in four dimensions. A free particle of spin s can be described equivalently by many relativistic wave equations, with fields which transform differently under the Lorentz group. (b) In d spatial dimensions, one can certainly define the map f^†(p) = b^†(p) e^{−iπ} ∫_dd_{k1} k0 b^†(k)b(k) , f(p) = e^{iπ} ∫_dd_k k0 b^†(k)b(k) b(p) .

However, this map is Lorentz invariant only in two dimensions.

4. Let A(z, z) be a complex function A(z, z) = P (x, y) + iQ(x, y) of z = x + iy. Then ∫

⟲

∂D A(z, z)dz = ∫

⟲

∂D (P + iQ) (dx + idy) = ∫

⟲

∂D (P dx − Qdy) + i ∫

⟲

∂D (Qdx + P dy) = − ∫∫ D ( ∂Q ∂x − ∂P ∂y ) dxdy + i ∫∫ D ( ∂P ∂x + ∂Q ∂y ) dxdy = − ∫∫ D ( ∂Q ∂x + i ∂Q ∂y ) dxdy + i ∫∫ D ( ∂P ∂x + i ∂P ∂y ) dxdy = − ∫∫ D 2 ∂Q ∂z dxdy + i ∫∫ D 2 ∂P ∂z dxdy = 2i ∫∫ D ∂ ∂z (P + iQ) dxdy = 2i ∫∫ D ∂A ∂z dxdy . Finally, since dxdy = | | | ∂(x, y) ∂(z, z) | | | dzdz = dzdz | − 2i| = dzdz 2 , we write ∫

⟲

∂D A(z, z) dz i = ∫∫ D ∂A ∂z dzdz . (1.18) In the same way, we can prove ∫

⟲

∂D B(z, z) dz i = − ∫∫ D ∂B ∂z dzdz . Putting the two results together, ∫

⟲

∂D A(z, z) dz i + B(z, z) dz i = ∫∫ D ( ∂B ∂z + ∂A ∂z ) dzdz . (b) Let A(z) be a holomorphic function. Any representation of the δ-function must satisfy the equation A(x, y) = ∫∫ D δ(x − x^′)δ(y − y^′) A(x^′, y^′) dxdy , or A(w) = ∫∫ D δ^{(2)}(z − w) A(z) dzdz 2 . We will show that this is the case for the representation

δ^{(2)}(z − w) = 1 2π ∂ 1 z − w . (1.19)

Indeed ∫∫ D δ^{(2)}(z − w) A(z) dzdz = 1 2π ∫∫ D ∂ A(z) z − w dzdz = ∫

⟲

∂D dz 2πi A(z) z − w = A(w) . In the same way

δ^{(2)}(z − w) = 1 2π ∂ 1 z − w .

5. We consider the analytic function

g(z) = ln r ln f(z) − ln R ln z = ln r ln ( |f(z)| e^{i arg f(z)} ) − ln R ln ( |z| e^{i arg z} ) = [ln r ln |f(z)| − ln R ln |z|] + i [ln r arg f(z) − ln R arg z] ≡ h(z) + i α(z) . The real part of g(z), h(z) = ln r ln |f(z)| − ln R ln |z| , is obviously a harmonic function on D. On the boundaries C_1 = {|z| = 1} and C_2 = {|z| = r}, h(z) vanishes:

h(z) = 0 on C_1 and C_2 .

From Liouville’s theorem, then,

h(z) = 0 on D .

From this result and the Cauchy-Riemann conditions ∂h ∂x = ∂α ∂y and ∂h ∂y = − ∂α ∂x , we conclude that α(z) = const ≡ a .

However, α(z) = ln r arg f(z) − ln R arg z = w ln r − arg z ln R .

When we tranverse the circle |z| = r counterclockwise, we also tranverse the circle |w| = R counterclockwise. If the map is 1-to-1, after a full rotation z → z + 2πi , w → w + 2πi , which implies α(z) → α(z) + 2π (ln r − ln R) . But if α(z) is going to be a constant, the extra term must vanish, thus requiring

ln r = ln R ⇒ r = R .

This exercise clearly shows that the “conformal type” of a ring is described by the ratio τ = r_1/r_2 (r_2 = 1 above). This ratio is know as the modulus of the ring. As long as two rings have different moduli, they are of different “conformal type” although they have the same connectivity.

6. The most general metric in the patch^1 U_j of the 2-manifold M has the form g = g_{11} dx ⊗ dx + g_{12} dx ⊗ dy + g_{21} dy ⊗ dx + g_{22} dy ⊗ dy . We rewrite the above expression in the form g = ( √ g_{11} dx + g_{12} + i √ g √ g_{11} dy ) ⊗ ( √ g_{11} dx + g_{12} − i √ g √ g_{11} dy ) . Let us concentrate on the 1-form √ g_{11} dx + g_{12} + i √ g √ g_{11} dy . 1All the quantities in this problem depend on the patch, and so should have a label j; for simplicity, we omit these labels.

Can it be seen as the differential of a function z = z(x, y)? In other words, is the above expression equal to dz = ∂z ∂x dx + ∂z ∂y dy for some z(x, y)? If it were, this would imply ∂z ∂x = √ g_{11} , ∂z ∂y = g_{12} + i √ g √ g_{11} dy , and since for a continuous function z with continuous derivatives, ∂ ∂y ∂z ∂x = ∂ ∂x ∂z ∂y , which leads to the constraint ∂ ∂y √ g_{11} = ∂ ∂x g_{12} + i √ g √ g_{11} . Obviously this cannot be true in general; the l.h.s. is real, while the r.h.s. is complex. This difficulty is overcome by introducing a complex function λ(x, y) such that ∂ ∂y (λ √ g_{11}) = ∂ ∂x ( λ g_{12} + i √ g √ g_{11} ) . This equation in fact determines the function λ. Then dz = λ ( √ g_{11} dx + g_{12} + i √ g √ g_{11} dy ) ≡ du + idv . The new coordinates u = u(x, y) and v = v(x, y) introduced above are known as the isothermal coordinates. In terms of these coordinates

g = λ^{−1} dz ⊗ (λ)^{−1} dz = 1 |λ|^2 (du ⊗ du + dv ⊗ dv) .

7. In this case g_{μν} = η_{μν} , and so the Killing equation (1.42) simplifies to

∂_μξ_ν = − ∂_ν ξ_μ . (1.20)

This equation implies also ∂_ρ∂_μξ_ν = − ∂_ρ∂_ν ξ_μ . (1.21)

In the same way ∂_μ∂_ρξ_ν = − ∂_μ∂_ν ξ_ρ . (1.22) Notice now that the l.h.s of equations (1.21) and (1.22) are equal and therefore ∂_ρ∂_ν ξ_μ = ∂_μ∂_ν ξ_ρ .

Applying equation (1.20) in the r.h.s. of the last equation, we find ∂_ρ∂_ν ξ_μ = − ∂_ρ∂_ν ξ_μ , which necessarily implies that ξ is first order in x: ∂_ρ∂_ν ξ_μ = 0 .

Therefore, the allowed Killing vector fields for a flat manifold are of two kinds: (i) translations: ξ^μ_{(i)} = δ^μ_i .

The index i labels the n independent vectors. (ii) rotations: ξ^μ = ω_{μν} x^ν .

Notice that equation (1.20) requires ω_{μν} = − ω_{νμ} . Thus, the general Killing vector ξ on the Euclidean plane has the form

ξ = a_μ ∂^μ + 1 2 ω_{μν} (x^μ∂^ν − x^ν ∂^μ) .

We usually define the vector fields P_μ ≡ − i∂_μ , L_{μν} ≡ i(x_μ∂_ν − x_ν ∂_μ) , which are the well-known generators of translations (linear momentum) and rotations (angular momentum), respectively. The algebra generated by them is denoted iso(n), and the corresponding group is denoted ISO(n). Physicists usually call these the Poincaré algebra and the Poincaré group, respectively, and use the symbol P for the group. One can easily check that the Poincaré algebra has the commutators [L_{μν} , P_ρ] = i (η_{νρ}P_μ − η_{μρ}P_ν ) , [L_{μν} , L_{ρτ} ] = i (η_{μτ} L_{νρ} + η_{νρ}L_{μτ} − η_{μρ}L_{ντ} − η_{ντ} L_{μρ}) .

8. In the (1+1)-dimensional case, we have only 2 components of the linear momentum, P_1 and P_2, and one component of the angular momentum L ≡ L_{01}. From the result of the previous problem (or by a quick computation) we find that the classical corresponding Poincaré algebra reads:

{L, P_0}_{P B} = P_1 , (1.23) {L, P_1}_{P B} = P_0 , (1.24) {P_0, P_1}_{P B} = 0 . (1.25)

Introducing the operators P_± ≡ P_0 ± P_1 , we can rewrite (1.23)-(1.25) in the form

{L, P_±}_{P B} = ± P_± , (1.26) {P_+, P_−}_{P B} = 0 . (1.27)

Now for a system of N particles with coordinates x_i and momentum p_i, we write

P_± = N∑ i=1 e^{±pi} V_i(x_1, . . . , x_N ) ,

L_± = N∑ i=1 x_i . We will now find the conditions on the functions V_i under which P_± and L give a representation of the Poincaré algebra. The boost operator L has been chosen such that the Poisson bracket (1.26) is satisfied immediately: {L, P_±}_{P B} = N∑ k=1 ( ∂L ∂x_k ∂P_± ∂p_k − ∂P_± ∂x_k ∂L ∂p_k )

= N∑ k=1 (_N ∑ i=1 δ_{ik} )_N ∑ j=1 e^{±pj} (±δ_{jk})V_j − 0

= ± N∑ i=1 e^{±pi} V_i = ± P_± . We now impose condition (1.27):

{P_+, P_−}_{P B} = N∑ k=1 ( ∂P_+ ∂x_k ∂P_− ∂p_k − ∂P_− ∂x_k ∂P_+ ∂p_k )

= N∑ k=1 N∑ i=1 e^{pi} ∂_kV_i N∑ j=1 e^{−pj} V_j (−δ_{jk}) − N∑ i=1 e^{pi} V_iδ_{ik} N∑ j=1 e^{−pj} ∂_kV_j

= − N∑ i=1 N∑ j=1 e^{pi−pj} (V_i∂_iV_j + V_j ∂_j V_i) = − ∑ i≠j e^{pi−pj} (V_i∂_iV_j + V_j∂_j V_i) − ∑ i (V_i∂_iV_i + V_i∂_iV_i) = − ∑ i≠j e^{pi−pj} (V_i∂_iV_j + V_j∂_j V_i) − ∑ i ∂_iV^2_i .

The r.h.s. will vanish for all values of the momenta if and only if

V_i∂_iV_j + V_j ∂_jV_i = 0 , i ≠ j , ∑ i ∂_iV^2_i = 0 .

The first of these equations is satisfied if the functions V_i have the functional form:

V_i = f(x_{i−1} − x_i) f(x_i − x_{i−1}) .

Indeed, if i and j are well-separated, |i − j| ≥ 2, then none of the points x_{i−1}, x_i and x_{i+1} coincide with x_j, and ∂_j V_i = 0. If |i − j| = 1, we may assume without loss of generality that i = j + 1. Then ∂_{j+1}V_j V_j + ∂_j V_{j+1} V_{j+1} = ∂_{j+1}f(x_{j−1} − x_j) f(x_{j−1} − x_j ) + ∂_{j+1}f(x_j − x_{j+1}) f(x_j − x_{j+1}) + ∂_j f(x_j − x_{j+1}) f(x_j − x_{j+1}) + ∂_j f(x_{j+1} − x_{j+2}) f(x_{j+1} − x_{j+2})

= 0 − f^′(x_j − x_{j+1}) f(x_j − x_{j+1}) + f^′(x_j − x_{j+1}) f(x_j − x_{j+1})

+ 0 = 0 .

Finally, we must specify f using the last condition S ≡ ∑ i ∂_iV^2_i = 0. Notice that if we define periodic boundary conditions

x_0 = x_N , x_{N+1} = x_1 ,

or if we set x_0 → −∞ , x_{N+1} → +∞ , then N∑ i=1 e^{xi−xi+1} = N∑ i=1 e^{xi−1−xi} .

This is a trivial identity that we can rearrange to obtain the function f! Indeed: 0 = ab N∑ i=1 ( e^{xi−xi+1} − e^{xi−1−xi} )

= N∑ i=1 ∂_i ( a^2 + ab e^{xi−xi+1} + ba + ab e^{xi−1−xi} + b^2 e^{xi−1−xi+1} )

= N∑ i=1 ∂_i [( a + be^{xi−1−xi} ) ( a + be^{xi−xi+1} )] , which shows that the function f^2(y) = a + b e^y is a solution to our problem.

The system thus obtained has the Hamiltonian

P_0 = N∑ i=1 cosh p_i √ a + be^{xi−1−xi} √ a + be^{xi−xi+1} and is known as the relativistic Toda system [573].

9. For a Levi-Civita metric

Γ^κ_{ρν} = 1 2 g^{κλ} (∂_ρg_{νλ} + ∂_ν g_{λρ} − ∂_λg_{ρν} ) . Thus

Γ^κ_{ρν} g_{κμ} = 1 2 g^{κλ} g_{κμ} (∂_ρg_{νλ} + ∂_ν g_{λρ} − ∂_λg_{ρν} ) = 1 2 δ^λ_μ (∂_ρg_{νλ} + ∂_ν g_{λρ} − ∂_λg_{ρν} ) = 1 2 (∂_ρg_{νμ} + ∂_ν g_{μρ} − ∂_μg_{ρν} ) . Interchanging μ and ν, we obtain

Γ^κ_{ρμ}g_{κν} = 1 2 (∂_ρg_{μν} + ∂_ν g_{νρ} − ∂_ν g_{ρμ}) . Summing the two preceding results yields Γ^κ_{ρν} g_{κμ} + Γ^κ_{ρμ}g_{κν} = ∂_ρg_{μν} , where the symmetry of the metric tensor was used. We finally substitute this result in (1.42), and find

0 = ξ^ρ ( Γ^κ_{ρν} g_{κμ} + Γ^κ_{ρμ}g_{κν} ) + ∂_μξ^κ g_{κν} + ∂_ν ξ^κ g_{κμ} = g_{κμ} ( Γ^κ_{ρν} ξ^ρ + ∂_ν ξ^κ ) + g_{κν} ( Γ^κ_{ρμ}ξ^ρ + ∂_μξ^κ ) = g_{κμ} ξ^κ_{;ν} + g_{κν} ξ^κ_{;μ} = (g_{κμ} ξ^κ)_{;ν} + (g_{κν} ξ^κ)_{;μ} = ξ_{μ;ν} + ξ_{ν;μ} = (∂_ν ξ_μ − Γ^ρ_{μν} ξ_ρ) + (∂_μξ_ν − Γ^ρ_{μν} ξ_ρ) = ξ_{μ,ν} + ξ_{ν,μ} − 2 Γ^ρ_{μν} ξ_ρ , where we have used the properties g_{κμ;ρ} = 0 , ξ_{μ;ν} = ∂_ν ξ_μ − Γ^ρ_{μν} ξ_ρ .

10. For the standard metric of the sphere, the Christoffel symbols are

Γ^ϕ_ϕ = Γ^ϕ_{θ θ} = 0 , Γ^ϕ_{θ ϕ} = Γ^ϕ_θ = cot θ , Γ^θ_θ = Γ^θ_ϕ = Γ^θ_{ϕ θ} = 0 , Γ^θ_{ϕ ϕ} = − sin θ cos θ .

Using these expressions in (1.17), we find

∂_θξ_θ = 0 , (1.28) ∂_ϕξ_ϕ + sin θ cos θ ξ_θ = 0 , (1.29) ∂_ϕξ_θ + ∂_θξ_ϕ − sin θ cos θ ξ_θ = 0 . (1.30)

This system can be solved in straightforward fashion. Equation (1.28) requires that ξ_θ be a function of ϕ only, and so

ξ_θ = Φ(ϕ) . (1.31)

Substituting this result in equation (1.29), we can also solve for ξ_ϕ, and find

ξ_ϕ = − sin θ cos θ Φ̃(ϕ) + Θ(θ) , (1.32)

where Θ(θ) is an arbitrary function of θ and

Φ̃(ϕ) ≡ ∫_ϕ dϕ^′ Φ(ϕ^′) .

Finally, equation (1.30) gives ∂_ϕΦ + Φ̃ = − ∂_θΘ + 2 cot θ Θ .

The ϕ-dependent terms are now separated from the θ-dependent terms and therefore each term must be constant: dΦ dϕ + Φ̃ = c_1 , (1.33) − dΘ dθ + 2 cot θ Θ = c_1 .

The second equation is a first-order differential equation and can be solved with wellknown techniques. In particular, multiplying it by 1/ sin^2 θ, we find d dθ ( Θ sin^2 θ ) = − c_1 sin^2 θ

⇒ Θ(θ) = (c_1 cot θ + c_2) sin^2 θ . (1.34)

Now, differentiating equation (1.33), we arrive at a simple equation, d^2Φ dϕ^2 + Φ = 0 ⇒ Φ(ϕ) = a_1 sin ϕ − a_2 cos ϕ .

From this Φ̃(ϕ) = − dΦ dϕ + c_1 = a_1 cos ϕ + a_2 sin ϕ + c_1 .

The components of the Killing vector are thus ξ^θ = g^{θθ} ξ_θ = a_1 cos ϕ + a_2 sin ϕ , ξ^ϕ = g^{ϕϕ} ξ_ϕ = − a_1 cot ϕ sin ϕ + a_2 cot θ cos ϕ + c_2 .

The Killing vector ξ = ξ^θ ∂_θ + ξ^ϕ ∂_ϕ is usually written in the form ξ = − a_1 L_1 + a_2 L_2 + c_2 L_3 , where L_1 = − cos ϕ ∂_θ + cot θ sin ϕ ∂_ϕ , L_2 = sin ϕ ∂_θ + cot θ cos ϕ ∂_ϕ , L_3 = ∂_ϕ .

These vectors generate the su(2) algebra: [L_1, L_2] = L_3 , [L_2, L_3] = L_1 , [L_3, L_1] = L_2 .

11. From the given metric, one finds that the Christoffel symbols are Γ^x_x = Γ^x_{yy} = 0 , Γ^x_y = Γ^x_{yx} = − 1 y , Γ^y_{xy} = Γ^y_x = 0 , Γ^y_{xx} = −Γ^y_y = 1 y . Then, the Killing equations (1.17) for the Poincaré half-plane are ∂_xξ_x − 1 y ξ_y = 0 , (1.35) ∂_yξ_y + 1 y ξ_y = 0 , (1.36) ∂_xξ_y + ∂_yξ_x + 2 y ξ_x = 0 . (1.37) Equation (1.36) is solved easily, to wit, ∂_y(y ξ_y) = 0 ⇒ ξ_y = X(x) y , where X(x) is a function of x only. Substituting this in equation (1.35), we find

ξ_x = X̃(x) y^2 + Y (y) , where Y (y) is a function of y and X̃(x) ≡ ∫_x dx^′ X(x^′) . Equation (1.37) also gives dX(x) dx = − y dY (y) dy − 2 Y (y) . In this formula, the variables x and y are separated, and therefore each term has to be a constant: dX(x) dx = 2a , −y dY (y) dy − 2 Y (y) = 2a .

The solutions are X(x) = 2a x + b , Y (y) = −a + c y^2 . The components of the Killing vector are

ξ^x = g^{xx} ξ_x = a (x^2 − y^2) + b x + c , ξ^y = g^{yy} ξ_y = 2a xy + b y . Thus, in general here we have

ξ = c L_1 + b L_2 + a L_3 ,

where

L_1 = ∂_x , L_2 = x ∂_x + y ∂_y , L_3 = (x^2 − y^2) ∂_x + 2xy ∂_y .

The above vector fields generate the algebra

[L_1, L_2] = −L_1 , [L_2, L_3] = −L_3 , [L_3, L_1] = 2 L_2 .

Now we would like to integrate the algebra to the corresponding group. To make contact with customary notation, let us use complex variables. In these variables, the vector vields take a nice symmetric form, namely

L_1 = ∂ ∂z + ∂ ∂z ≡ l_1 + l_1 ,

L_2 = z ∂ ∂z + z ∂ ∂z ≡ l_2 + l_2 ,

L_3 = z^2 ∂ ∂z + z^2 ∂ ∂z ≡ l_3 + l_3 .

To integrate the algebra, let us work with the holomorphic part l_1, l_2, l_3 only. The flow generated by l_1 is dz dt = a l_1(z) = a ⇒ z = z_0 + a ,

where z_0 and a are two complex constants. In the same way, the flow generated by l_2 is dz dt = b l_2(z) = b z ⇒ z = z_0 e^{bz} .

Again, z_0 and b are two complex constants. Finally, the flow generated by l_3 is dz dt = c l_3(z) = c z^2 ⇒ z = z_0 z_0t − 1 , where z_0 and c are two complex constants. The generic combination of the above transformations is represented by the overall transformation z → w = αz + β γz + δ , αδ − βγ ≠ 0 . (1.38) The set of tranformations (1.38) constitute the Möbius group.

12. We are interested in determining all possible conformal Killing vector fields of an n-manifold that it is conformally flat: g_{μν} = η_{μν} . In this case, equation (1.10) simplifies to

∂_μξ_ν + ∂_ν ξ_μ = 2 n ∂^ρξ_ρ η_{μν} . (1.39)

Acting with ∂^ν , we obtain ( 1 − 2 n ) ∂_μ(∂ · ξ) + □ξ_μ = 0 . (1.40)

We notice that the behavior of this equation is different for n ≥ 3 and n = 2, since in the latter case the first term drops out of the equation. Therefore, we will examine the two cases separately.

• Case I: n > 2 Acting with ∂_ν in (1.40), one obtains ( 1 − 2 n ) ∂_ν ∂_μ(∂ · ξ) + □∂_ν ξ_μ = 0 . (1.41)

Contracting the indices ν and μ in the last equation, we arrive at the result

□∂ · ξ = 0 . (1.42)

Now, we rewrite equation (1.41) with the indices ν and μ interchanged, and we add the resulting equation to the original one, yielding 2 ( 1 − 2 n ) ∂_ν ∂_μ(∂ · ξ) + □(∂_ν ξ_μ + ∂_μξ_ν ) = 0 .

However, using equations (1.39) and (1.42) successively, this is transformed to ∂_ν ∂_μ∂ · ξ = 0 . (1.43) Using this in conjunction with (1.39) yields ∂_ρ∂_σ ∂_μξ_ν + ∂_ρ∂_σ∂_ν ξ_μ = 0 .

Playing with the indices, we find that ∂_ρ∂_σ∂_μξ_ν = 0 .

This is a very strong result. For n ≥ 3, the allowed conformal Killing vector fields are at most quadratic functions of the coordinates. The four possibilities are: (i) translations: ξ^μ_{(i)} = δ^μ_i .

The index i labels the n independent vectors. (ii) rotations: ξ^μ = ω^μ_ν x^ν .

Notice that equation (1.39) requires ω_{μν} = − ω_{νμ} . (iii) dilatations: ξ^μ = λ x^ν .

(iv) special conformal transformations: ξ^μ = b^μ x^2 − 2 b^ν x_ν x^μ .

For the above transformations, we define the respective generators as follows: P_μ ≡ −i∂_μ , L_{μν} ≡ i(x_μ∂_ν − x_ν ∂_μ) , D ≡ −ix^μ∂_μ , K_μ ≡ i(2x_μx^ρ∂_ρ − x^ρx_ρ∂_μ) = − 2x_μD + x^ρx_ρP_μ .

Then the algebra they generate, the conformal Poincaré algebra in d > 2 dimensions, is given by:

[L_{μν} , P_ρ] = i (η_{νρ}P_μ − η_{μρ}P_ν ) , [L_{μν} , L_{ρτ} ] = i (η_{μτ} L_{νρ} + η_{νρ}L_{μτ} − η_{μρ}L_{ντ} − η_{ντ} L_{μρ}) , [L_{μν} , K_ρ] = i (η_{νρ}K_μ − η_{μρ}K_ν ) , [D, P_ρ] = +i P_μ , [D, K_ρ] = +i K_μ , [P_μ, K_ν ] = 2i (η_{μν} D + L_{μν} ) .

• Case II: n = 2 In two dimensions, equation (1.39) becomes: ∂_1ξ_1 = ∂_2ξ_2 , ∂_1ξ_2 = ∂_2ξ_1 .

But these are exactly the Cauchy-Riemann conditions! In other words, in 2-dimensions, any holomorphic function ξ = ξ_1 + iξ_2 of z = x^1 + ix^2 is a conformal transformation. Recalling that any holomorphic function can be expanded in a Laurent series ξ(z) = − ∑ n ξ_{(n+1)} z^{n+1} ,

we recognize that any transformation z → z^′ = z − ϵ ξ_{(n+1)} z^{n+1} is a conformal transformation, and thus we have an infinite dimensional algebra L. In particular, the gererators l_n, with l_n = −z^{n+1} ∂_z , satisfy the algebra [l_n, l_m] = (n − m) l_{n+m} . (1.44) The algebra L given by equation (1.44) is called the classical Virasoro algebra. Of course, similar considerations are valid for ξ(z) = ξ_1 − iξ_2 and the corresponding gererators l_n. It is customary to study only half of the symmetry, keeping in the back of one’s head that the full symmetry is L × L. Moreover, although the antiholomorphic part of the theory is the complex conjugate of the holomorphic part, it is usually treated as an independent piece of the theory. This piece is related to the holomorphic piece only if the transformation (z, z) → (z, z) is a symmetry of the theory.

13. The 2-sphere S^2 is equivalent to the compactified plane S^2 = C ∪ {∞}, One can put coordinates on this manifold using two patches, U_1 which excludes the point at infinity, and U_2 which excludes the origin. If z and w are the (complex) coordinates on these patches, then the equation w = 1 z is the transition function from one patch to the other.

The maximal subalgebra that is globally defined on S^2 must be spanned by vector fields that are smooth on the whole of S^2. To find this maximal subalgebra, we consider the local algebra L on one of the patches, and then attempt to extend this to the entire other patch. Obviously, the only points at which subtleties may arise are at 0 and ∞.

From their very definition, l_n = −z^{n+1} ∂_z , it is clear that not all vector fields are well defined at the point z = 0. In particular, when n < −1, the corresponding vector fields l_n are singular at z = 0. Thus, only the vector fields l_n, n ≥ −1 have a chance of being globally defined. To examine now what happens at the point z = ∞, we use the substitution w = 1/z, and examine what happens at w = 0. Since under this transformation l_n → l_n = w^{−n+1} ∂_w , we see that the vector fields l_n for n > 1 have a singularity at w = 0. Therefore, the only the vector fields l_n that are globally defined are those with −1 ≤ n ≤ 1, i.e.,

l_{−1} = ∂_z , l_0 = z ∂_z , l_1 = z^2 ∂_z .

These fields generate an sl (2) algebra, with commutation relations

[l_{−1}, l_0] = −l_{−1} , [l_0, l_1] = −l_1 , [l_1, l_{−1}] = 2l_0 ,

which can be integrated to the Möbius group.

14. For a collision in which N particles (the total number of incoming particles plus the total number of outgoing particles) are involved, we have ND momentum components, but not all of them are independent. Using Lorentz invariance we can fix D(D − 1)/2 of them, and using translational invariance we can eliminate another set of D of them. In addition, the on–shell conditions p^2_i = m^2_i reduce the independent components further by an amount N. So, finally, we have ND − D(D − 1) 2 D − N = (D − 1) N − D(D + 1) 2 independent momentum components in this collision. For the particular case of two particle scattering in two dimensions, that is for D = 2 and N = 4 (two particles in plus two particles out), we thus have only one independent Mandelstam variable, which is given by

s ≡ (p_1 + p_2)^2 = m^2_1 + m^2 + 2(ϵ_1ϵ_2 − k_1k_2) .

15. Without loss of generality, we will assume that Q_{μν} is traceless, since if it is not, we can define Q^′_{μν} ≡ Q_{μν} − δ_{μν} Q^ρ and work with this new tensor.

For a 1-particle state | p ⟩, the expectation value of the charge Q_{μν} must be of the form ⟨p|Q_{μν} |p⟩ = A(p^2) p_μ p_ν + B(p^2) η_{μν} . Taking into account the vanishing trace of Q_{μν} , we find ⟨p|Q_{μν} |p⟩ = A(p^2) ( p_μ p_ν − 1 D p^2 η_{μν} ) . For an asymptotic state of many particles, | p_1, p_2, . . . , p_n; asym ⟩ = | p_1 ⟩ | p_2 ⟩ . . . | p_n ⟩, factorization means that Q_{μν} acts additively, which means

⟨ p_1, p_2, . . . , p_n; asym | Q_{μν} | p_1, p_2, . . . , p_n; asym ⟩ = n∑ k=1 A(p^2_k) ( p_{k,μ} p_{k,ν} − 1 D p^2_k η_{μν} ) .

The conservation of Q_{μν} ensures that its values before and after the collision will be identical, given by the condition n∑ k=1 A(m_k) ( p^i_{k,μ} p^i_{k,ν} − 1 D m^2_k η_{μν} ) = n∑ k=1 A(m_k) ( p^f_{k,μ} p^f_{k,ν} − 1 D m^2_k η_{μν} ) , or, equivalently, n∑ k=1 A(m_k) p^i_{k,μ} p^i_{k,ν} = n∑ k=1 A(m_k) p^f_{k,μ} p^f_{k,ν} . The above equation is true for all n-to-n elastic reactions. In particular, it is true for the reaction in which all particles are identical (and therefore have the same rest mass). Consequently, either A = 0 (an utterly trivial case), or {p^i_1, p^i_2, . . . , p^i_n} = {p^f_1 , p^f_2 , . . . , p^f_n} .

This says that for an elastic reaction, if there is this additional conserved quantity Q_{μν} , there can be only a reshuffling of the momenta of the particles; momenta cannot change values in any other way. For the 2-to-2 scattering this means that there can be only forward or backward scattering as seen in figure 1.1.

Figure 1.1: Forward and backward scattering. These are the analogues of transmission and reflection of a wavepacket in Quantum Mechanics.

Any S-matrix has to be analytic in the Mandelstam variables s and t (i.e. analytic on the complex s-t plane). However, this is impossible if only backward and forward scattering are allowed. This rules out the presence of the non-trivial conserved charge Q_{μν} described here when there are at least two Mandelstam variables (except in the case of a non-interacting theory). However, as we saw in an earlier problem, in 1+1 dimensions, there is only one Mandelstam variable, and consequently no analyticity constraint. (Indeed, in 1+1-dimensions, even without an exotic conserved charge, only backward and forward scattering are possible.) Therefore, in 1+1 dimensions it is feasible to have non-trivial models in which there is an extra spacetime symmetry with an associated conserved tensorial charge.

Incidentally, let us point out the this analysis can be used to show another loophole in the Coleman-Mandula Theorem. Our discussion made use of the fact that the conserved charge Q_{μν} is additive when acting on asymptotic multi-particle states. To formulate this a little more mathematically, let | a(p_a) ⟩ ⊗ | b(p_b) ⟩ be a 2-particle state in the Hilbert space H ⊗ H. Additivity of the charge means that the action of Q^{μν}_{total} on H ⊗ H is given by Q^{μν}_{total} = Q_{μν} ⊗ I + I ⊗ Q_{μν} . There are symmetries (but not Lie group symmetries) that do not satisfy this condition, and hence are possible in non-trivial physical theories. Supersymmetry and quantum groups (see chapter 9) are two such possibilities. The analogous analysis determines what range of possible symmetries can arise in these generalized cases.

Chapter 2

GENERAL PRINCIPLES OF CFT

Big fleas have little fleas upon their backs to bite them, and little fleas have lesser fleas, and so ad infinitum. Swift

References: It all started with [92]. A standard reference for CFT is [333]. However, now there are a few books on the subject [186, 420], as well as a few shorter reviews for the impatient reader [68, 134, 203]. A recent review on CFT from an algebraic perspective is [308]. One can also find a review of irrational CFTs, which are not examined in the present document, in [364].

2.1 BRIEF THEORY

2.1.1 Basic Notions of CFT The basic object of study of QFT is the set of Green’s functions of the local fields of the theory. These Green’s functions or correlation functions are denoted ⟨T (A_1(x_1)A_2(x_2)...A_n(x_n))⟩ .

Usually, the time ordering operator T is not written explicitly. In the Langrangian approach, the above Green’s functions can be expressed as functional integrals

⟨ A_1(x_1)A_2(x_2)...A_n(x_n) ⟩ = 1 Z dμ [ϕ] A_1(x_1)A_2(x_2)...A_n(x_n) e^{− i}_ℏ^{S[ϕ]} ,

where S[ϕ] is the action for the theory, expressed in terms of a set of fundamental fields ϕ.

Any physical QFT must be translationally and rotationally invariant. Translational invariance results, via Noether’s Theorem, in the energy-momentum conservation law ∂^μT_{μν} = 0 , (2.1) where T_{μν} is the energy-momentum tensor defined by T_{μν} ≡ − 4π √ g δS δg^{μν} . (2.2)

It can always be defined such that it is symmetric, with T_{μν} = T_{νμ}. In general, QFTs are not scale invariant. Scale invariance is restored at the points where the beta function β(λ) of the coupling constant λ vanishes. At these points, the dilatation current D_μ = T_{μν} x^ν is conseved due to scale invariance, i.e., ∂^μD_μ = ∂^μ(T_{μν} x^ν ) = 0 .

Since the energy-momentum tensor is itself conserved, this conservation law for D_μ in turn implies that the energy momentum tensor of the theory is traceless Θ ≡ T^μ_μ = 0 . (2.3) Applying condition (2.3) in conjunction with the locality of the energy-momentum tensor implies invariance under conformal transformations, too, that is, invariance under coordinate transformations y^μ = y^μ(x) for which the metric is invariant up to an overall factor Ω: ds^2 = g_{μν} (x) dx^μdx^ν = Ω(y) g_{μν} (y) dy^μdy^ν . To see this, we define the conformal currents J_μ ≡ T_{μν} f^ν , which obviously generalize the translation current T_{μν} a^ν and the dilatation current T_{μν} x^ν . Clearly ∂_μJ^μ = 1 2 T^{μν} (∂_μf_ν + ∂_ν f_μ) .

In d space-time dimensions, these currents will be conserved if

∂_μf_ν + ∂_ν f_μ = 2 d η_{μν} ∂_ρf^ρ . This is simply the conformal Killing equation, which in two dimensions is solved by z → z^′ = f(z) , z → z^′ = f(z) . This decoupling of variables allows one to handle the coordinates z and z as independent; the reality condition z = z^∗ can be imposed at the end of the day.

In complex coordinates, the energy-momentum conservation law (2.1) becomes ∂T_{zz} = 0 , ∂T_{zz} = 0 , (2.4) where ∂ = ∂_z, ∂ = ∂_z . Equation (2.4) implies that T_{zz} = T (z) , T_{zz} = T (z) , (2.5) and thus one can expand the components of the energy-momentum tensor in Laurent series

T (z) = +∞∑ n=−∞ L_n z^{n+2} ,

T (z) = +∞∑ n=−∞ L_n z^{n+2} .

The coefficients L_n and L_n satisfy two independent Virasoro algebras:

[L_n, L_m] = (n − m) L_{n+m} + c 12 n(n^2 − 1) δ_{n+m,0} , (2.6) [ L_n, L_m ] = (n − m) L_{n+m} + c 12 n(n^2 − 1) δ_{n+m,0} , (2.7) [ L_n, L_m ] = 0 . (2.8)

The numbers c and c are called central charges.

The Operator Product Expansion (OPE) plays a central role in the study of CFT. According to the OPE assumption, in any QFT, the product of local operators acting at points that are sufficiently close to each other may be expanded in terms of the local fields of theory, as in A_i(x)A_j (y) ∼ ∑ k C^k_{ij} (x − y) A_k(y) . This statement is usually an asymptotic statement in QFT. In CFT though, it becomes an exact statement, A_i(x)A_j (y) = ∑ k C^k_{ij} (x − y) A_k(y) . (2.9)

In qualitative terms, the reason this statement becomes exact is that scale invariance prevents the appearance of any length parameter l in the theory. Consequently, there is no parameter to control the expansion, and thus terms like e^{−l/|x−y|} which would signal the breakdown of the exactness of the expansion (2.9) cannot arise. Note that in two dimensions the l.h.s. of equation (2.9) is time-ordered:

T (A_i(x)A_j (y)) = ∑ k C^k_{ij}(x − y) A_k(y) . When using complex variables, the time-ordering becomes radial-ordering as has been pointed out in section 1.1.4: R(A_i(z, z)A_j (w, w)) = ∑ k C^k_{ij}(z − w, z − w) A_k(w, w) .

By abuse of the notation, it is customary to omit^1 the symbol R.

1We shall often use this convention, although not always.

One can translate the Virasoro algebra (2.6)-(2.8) into OPEs: T (z)T (w) = c/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (z_2) z − w + reg , T (z)T (w) = c/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w + reg ,

T (z)T (w) = reg ,

where “reg” refers to non-singular terms that do not blow up as z → w.

One of the most exciting results of two dimensional CFT is that one can classify all possible theories. To this end, we will introduce the notion of a primary field. First, recall that a classical tensor T_{z...zz...z} in two dimensions would transform under a change of variables as Tz...z n z...z_n (z, z) → T^′_{z...zz...z}(z^′, z^′) = ( ∂z ∂z^′ )_n ( ∂z ∂z^′ )_n T_z′_{...z}′_z′_{...z}′ (z, z) .

Taking into account that in quantum field theory, fields may acquire anomalous dimensions, we define a primary field to be a field that under a change of variables obeys the transformation law ϕ(z, z) → ϕ^′(z^′, z^′) = ( ∂z ∂z^′ )_Δ ( ∂z ∂z^′ )_Δ

ϕ(z, z) . (2.10)

The real numbers Δ and Δ are known, respectively, as the left and right conformal weights of the field ϕ. In particular, D = Δ + Δ is the usual anomalous scale dimension of ϕ, and s = Δ − Δ is the spin of ϕ.

The decoupling of the holomorphic and anti-holomorphic degrees of freedom will allow us frequently to concentrate on the holomorphic part of the theory; however, we must keep in mind that the full theory also has an anti-holomorphic part, with analogous properties.

The OPE of a primary field (2.10) with the energy-momentum tensor is T (z)ϕ(w, w) = Δ (z − w)^2 ϕ(w, w) + ∂_wϕ(w, w) z − w + reg .

By a simple inspection of the T (z)T (w) OPE, we can immediately conclude that the energy-momentum tensor is not a primary field, due to the extra term with the central charge. Only when c = 0 is T (z) is a primary field, with weight 2. The extra term in the OPE of the energy-momentum tensor with itself induces a corresponding term in the ‘tensorial’ transformation law of T (z): T (z) → T^′(w) = ( ∂z ∂w )_2 T (z) + c 12 S(w, z) .

This equation may be considered as the definition of the anomalous term S(w, z) which can be found to be S(w, z) = z^{′′′} z^′ − 3 2 ( z^{′′} z^′ )_2 , where z^′ = dz/dw. This expression is known in the mathematics literature as the Schwarzian derivative.

The vacuum | ∅ ⟩ of any CFT satisfies L_n | ∅ ⟩ = 0 , n ≥ −1 . For a field ϕ with conformal weight Δ, we also define the state | Δ ⟩ ≡ ϕ(0) | ∅ ⟩ , which has the properties

L_0 | Δ ⟩ = Δ | Δ ⟩ , L_n | Δ ⟩ = 0 , n > 0 .

The space of states [ϕ] ≡ { L_{−n1} L_{−n2} ...L_{−nl} | Δ ⟩ , n_1 ≥ n_2 ≥ ... ≥ n_l > 0 } is known as the Verma module built over the field ϕ. The state L_{−n1} L_{−n2} ...L_{−nl} | Δ ⟩ is called a descendant of | Δ ⟩, and the quantity ∑_l j=1 n_j is the level of such a descendant.

Obviously, the Virasoro algebra maps the Verma module [ϕ] into itself; this implies that this space is a representation space of the Virasoro algebra.

2.1.2 Massless Free Boson The simplest and one of the most important examples of CFT is the massless free boson, for which the action is S = g 4π ∫∫ d^2z ∂Φ∂Φ , (2.11)

where g is a normalization parameter. (Often we will take g = 1/2.) The propagator is the solution of the equation ∂∂ ⟨ Φ(z, z)Φ(w, w) ⟩ = − 2π g δ^{(2)}(z − w) .

Therefore, ⟨ Φ(z, z)Φ(w, w) ⟩ = − 1 2g ln |z − w|^2 . (2.12)

The free boson can be decomposed into a holomorphic part and an anti-holomorphic part, producing the decomposition Φ(z, z) = ϕ(z) + ϕ(z) .

The result (2.12) for the propagator immediately implies ⟨ϕ(z)ϕ(w)⟩ = − 1 2g ln(z − w) , (2.13) ⟨ ϕ(z)ϕ(w) ⟩ = − 1 2g ln(z − w) , (2.14) ⟨ ∂_zϕ(z)∂_wϕ(w) ⟩ = − 1/2g (z − w)^2 , ⟨ ∂_zϕ(z)∂_wϕ(w) ⟩ = − 1/2g (z − w)^2 , ⟨ ∂_zϕ(z)∂_wϕ(w) ⟩ = π 2g δ^{(2)}(z − w) .

The energy-momentum tensor for the massless free boson is

T (z) = − g : ∂ϕ∂ϕ : . (2.15)

From this, it follows that T (z)T (w) = 1/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w + reg . (2.16)

The central charge for the massless free boson is c = 1. One can also easily calculate that T (z)∂_wϕ(w) = 1 (z − w)^2 ∂_wϕ + 1 z − w ∂_w(∂_wϕ) + reg ,

i.e., the free boson field acquires no anomalous scale dimension.

Other interesting primary operators are the normal ordered exponentials

V_α(z) = : e^{iαϕ(z)} : , (2.17)

usually referred to as vertex operators. One can easily derive the OPE

T (z)V_α(w) = α^2 (z − w)^2

V_α(w) + 1 z − w ∂_wV (w) + reg . (2.18)

In other words, the conformal weights of the vertex operator (2.17) are (α^2/4g, 0).

2.1.3 Massless Free Fermion Another important example of CFT is the massless free Majorana-Weyl fermion, for which the action is S = λ 2π ∫∫ d^2z Ψ∂/Ψ , (2.19) where λ is a normalization parameter (which we often we will set equal to 1). The 2- dimensional spinor Ψ has two components: Ψ = [ ψ ψ ] . The action can then be written in the equivalent form S = λ 2π ∫∫ d^2z ( ψ∂ψ + ψ∂ψ ) . (2.20)

The propagator is the solution of the equation ∂ ⟨ ψ(z)ψ(w) ⟩ = 2π λ δ(z − w) , ∂ ⟨ ψ(z)ψ(w) ⟩ = 2π λ δ(z − w) . The result for the propagator is: ⟨ψ(z)ψ(w)⟩ = 1/λ z − w , ⟨ ψ(z)ψ(w) ⟩ = 1/λ z − w . The energy-momentum tensor for the massless free fermion is

T (z) = λ 2 : ψ∂ψ : . From this it follows that T (z)T (w) = 1/4 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w + reg .

The central charge for the massless free fermion is c = 1/2. One can also easily verify the OPE result T (z)ψ(w) = 1/2 (z − w)^2 ψ(w) + 1 z − w ∂_wψ(w) + reg .

Like the free boson, the free fermion field acquires no anomalous scale dimension.

2.1.4 The bc-System A generalization of the free fermion system is the so-called bc-system which includes two anticommuting fields b(z, z) and c(z, z) of weights j and 1 − j, respectively, so that T (z)b(w) = j b(w) (z − w)^2 + ∂_wb(w) z − w + reg , T (z)c(w) = (1 − j) c(w) (z − w)^2 + ∂_wc(w) z − w + reg .

The action for the bc-system is S = 1 2π ∫∫ d^2z ( b∂c + b∂c ) . (2.21)

The holomorphic propagators of the theory are then ⟨ b(z)c(w) ⟩ = 1 z − w , ⟨ c(z)b(w) ⟩ = 1 z − w . The energy-momentum tensor is given by

T (z) = − j : b(z) ∂c(w) : +(1 − j) : ∂b(z) c(z) : ,

from which one finds T (z)T (w) = −2(6j^2 − 6j + 1)/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) z − w + reg .

The central charge for the bc-system is

c = − 2 (6j^2 − 6j + 1) .

A variation of the bc-system is the βγ-system, which includes two commuting fields β(z, z) and γ(z, z) of weights j and 1 − j, respectively, that obey the action: S = 1 2π ∫∫ d^2z ( β∂γ + β∂γ ) . (2.22)

Since the ‘statistics’ of the theory has changed, some of the signs in various formulæ will be reversed. In particular, the holomorphic propagators of the theory are ⟨ β(z)γ(w) ⟩ = 1 z − w , ⟨ γ(z)β(w) ⟩ = −1 z − w . As a result, the central charge for the βγ-system is

c = 2 (6j^2 − 6j + 1) .

2.1.5 Boson with Background Charge An interesting modification of the free boson theory is a model that includes a coupling between the boson and the scalar curvature^2: S = g 4π ∫∫ d^2z ∂Φ∂Φ + ie_0 4π ∫∫ d^2z √ g̃R Φ . 2Notice that the normalization factor has nothing to do with the determinant of the metric tensor which is also typically denoted by g. Here, we are momentarily denoting this determinant as g̃ to avoid confuction.

Incidentally, notice that this coupling is non-minimal. The constant e_0 is known as the background charge.

The (holomorphic) energy-momentum tensor for this theory reads:

T (z) = − g : ∂ϕ∂ϕ : + ie_0∂^2ϕ , (2.23)

Such a total derivative will not affect the status of T (z) as a generator of conformal transformations, but it does modify the value of the central charge, which is now

c = 1 − 6 g e^2_0 . (2.24)

It also modifies the conformal weights of the vertex operators (2.17); the new weights are Δ_α = α(α − 2e_0) 4g . (2.25)

Consistency requires

V^†_α = V_{2e0−α} ,

such that ⟨ V^†_α (z)V_α(w) ⟩ = 1 (z − w)^{2Δα} . The introduction of the background charge modifies the transformation properties of the boson such that it is consistent with (2.25). In particular, ϕ(z)^{z→w}→ ϕ(w) + ie_0 2g ln dw dz , and so e^{iαϕ(z) z→w}→ ( dw dz )_α2_{/4g} e^{iαϕ(w)} e^{− αe02g ln dwdz} = ( dw dz )^{α(α−2e}0^)_{4g}

e^{iαϕ(w)} . (2.26)

2.1.6 Minimal Models of CFT An important subclass of CFTs is that of the so-called Minimal Models (MMs). These models are characterized by two relatively prime positive integers r and s, and the model corresponding to a particular pair of such integers is denoted M_{rs}. Each such model has only a finite number of primary fields ϕ_{mn} , 1 ≤ m ≤ r − 1, 1 ≤ n ≤ s − 1. The corresponding conformal weights are given by

Δ_{mn} = (mr − ns)^2 − (r − s)^2 4rs . (2.27)

The central charge of such a model is

c = 1 −

6(r − s)^2 rs . (2.28)

Not all the MMs are unitary; some contain negative norm states. Calculating the norm of the the state L_{−1} | ϕ ⟩, we see that ||L_{−1} | ϕ ⟩ ||^2 = ⟨ ϕ | L^†_{−1} L_{−1} | ϕ ⟩ = ⟨ ϕ | L_1 L_{−1} | ϕ ⟩ = ⟨ ϕ | [L_1 , L_{−1}] | ϕ ⟩ = ⟨ ϕ | 2L_0 | ϕ ⟩ = 2Δ|| | ϕ ⟩ ||^2 ,

where we used the fact that L^†_{−n} = L_n. Therefore, for any CFT (not just a minimal model) to be unitary, it must only have primary fields with positive conformal weights. Among the MMs, then, the only unitary models are those with

s = r + 1 .

The central charge of such models is thus

c = 1 − 6 r(r + 1) , r = 3, 4, 5, . . . . We call these models the Unitary Minimal Models (UMMs).

2.1.7 A Prelude to Chapters 10 and 15

We have pointed out that the left and right sectors of a CFT are studied independently. There are several reasons^3 to impose the condition c = c; here, though, we will simply use the condition, rather than justifying it.

The first model of the UMMs has (r, r) = (3, 3), or (c, c) = (1/2, 1/2). This model has three primary operators Φ_{11}, Φ_{21}, and Φ_{12} with conformal weights (0, 0), (1/2, 1/2), and (1/16, 1/16), respectively.

CFT provides a classification of models according to critical behavior in 2-dimensions, and so one can identify the particular CFT model that matches the critical behavior of a known statistical mechanical system.

Consider a mechanical system with an order parameter σ. For high temperature, the 2-point correlation function of this field falls off exponentially ⟨ σ(z, z)σ(0, 0) ⟩ ∝ r^{−r/ξ} , (2.29) where z = re^{iϕ}, and ξ is called the correlation length, which is a function of the temperature T . The quantity m = ξ^{−1} has the dimensions of mass, and it is a measure of how far the system is from criticality (where m = 0). When T equals a critical temperature T_c, the correlation function (2.29) takes the form ⟨ σ(z, z)σ(0, 0) ⟩ ∝ r^{−η} , where η is called the critical exponent of the order parameter. Similarly, there are critical exponents for other quantities of the system.

3For example, requiring cancellation of local gravitational anomalies in order to allow a system to consistently couple to 2-dimensional gravity translates to the condition c = c [31].

The Ising system is defined on a lattice such that at each site i of the lattice there is a spin variable σ_i taking values in {1, −1}. The Hamiltonian of the system is H = h ∑ i σ_i − J ∑ i σ_iσ_{i+1} .

In the continuum limit, it takes the form of a free Dirac fermion H = ∫ dx [ Ψiγ_5 dΨ dx + m ΨΨ + h.c. ] . The critical exponent η for the 2-dimensional Ising model is η = 1/4, i.e. ⟨ σ_iσ_j ⟩ ∝ |i − j|^{−1/4} . We notice the similarity with the 2-point correlation function ⟨ Φ_{12}Φ_{12} ⟩ of the UMM(3). This is an indication that the UMM(3) might describe the critical behavior of the Ising model. To draw this conclusion, one must find a complete map for a rest quantities of the two models. This can, in fact, be done, establishing the desired identification. In particular, the energy operator of the Ising model ε_i has a 2-point correlation function ⟨ ε_iε_j ⟩ ∝ |i − j|^{−2} , and therefore it can be identified with the primary operator Φ_{21} in the UMM(3).

UMM(3) Ising Model Φ_{11} (11)-primary operator 1 identity Φ_{12} (12)-primary operator σ spin variable Φ_{21} (21)-primary operator ε energy variable

Table 2.1: The identification of the critical behavior of the Ising model with the UMM(3).

A final comment is in order here. At the critical point the free fermion becomes massless with energy operator ε ∼ ψ(z)ψ(z). Moving away from criticality is equivalent to adding a perturbation Φ_{pert} = δm ψ(z)ψ(z) = δm Φ_{21} to the kinetic term (conformal action).

The Ising model is, of course, only a single case among many models for which the critical behavior has been succesfully identified with a particular CFT; some examples are listed in the following table.

model c Ising 1/2 tricritical Ising 7/10 3-state Potts 4/5 tricritical 3-state Potts 6/7

Table 2.2: Some statistical models for which the critical behavior has been identified with particular CFTs given by the value of the central charge.

2.2 EXERCISES

1. Consider a classical CFT on a Riemann surface M that has genus h and no boundary.

Usually, we study tensorial objects transforming as T (z) → ( dz dw )_m T (z) , m ∈ Z . Is it possible to define objects that transform in a similar way, but with fractional values of m, i.e. m ∈ Q?

2. Show that if ϕ(z) is a primary field, then in general ∂_zϕ(z) is not primary. Is there any exception?

3. Consider a possible central extension of the classical Virasoro algebra (1.44)

[L_n, L_m] = (n − m) L_{n+m} + c_{nm} , (2.30)

where [c_{nm} , L_r] = 0 , ∀n, m, r . (a) From the Jacobi relations deduce the constraints on c_{nm}.

(b) Use the freedom to shift the L_n’s by a constant (i.e., to make the change L_n → L_n + a_n) to set c_{n,0} = c_{0,n} = c_{1,−1} = 0.

(c) Find the most general solution for c_{nm} satisfying the conditions in part (b). 4. The Kac formula predicts a null state of dimension Δ_{1,3} + 3 in the module of highest weight Δ_{1,3}. Find the explicit form of this null state as a descendant, i.e., in the form

| χ ⟩ = (L_{−3} + · · ·) | Δ_{1,3} ⟩ .

5. For the free boson theory described by the action (2.11), show that the Euclidean propagator is ⟨ Φ(z, z) Φ(0) ⟩ = − 1 2g ln |z|^2 .

6. For the free boson theory, show that: R ( ∂_zϕ(z) : e^{iαϕ(w)} : ) = : ∂_zϕ(z)e^{iαϕ(w)} : − iα 2g 1 z − w : e^{iαϕ(w)} : . Generalize the above identity to the case R ( (∂_zϕ)^k : e^{iαϕ(w)} : ) .

7. Prove the following identity for a free boson: R ( : e^{iαϕ(z)} : : e^{iβϕ(w)} : ) = (z − w)^{αβ/2g} : e^{iαϕ(z)}e^{iβϕ(w)} : . (2.31) 8. For the free boson theory, the scalar field can be expanded as i∂_z ϕ = ∑ n α_n z^{−n−1} , n ∈ Z . Compute the commutation relations of the modes α_n.

9. Construct the Virasoro generators L_n’s in terms of the modes ϕ_n for the bosonic action (2.23).

10. It is often relevant to consider the CFT of a free boson compactified on a circle of radius r, so that ϕ(σ + β, t) ∼ ϕ(x, t) + 2πr w , w ∈ Z . This relation is to be interpreted as follows. If the spatial coordinate is compact (i.e. a circle of length β), then the boson field is a multi-valued function with its values at any one point differing by an amount 2πr. Discuss the CFT of the compactified boson.

11. For the free fermion theory S = λ 2π ∫∫ d^2z (ψ∂ψ + ψ∂ψ) , show that the Euclidean propagator is ⟨ ψ(z)ψ(w) ⟩ = 1 λ 1 z − w . 12. In the free fermion theory, consider expanding the fermion field as ψ(z) = ∑ r ψ_r z^{−r−1/2} , r ∈ Z + 1/2 . Compute the anticommutation relations of the modes ψ_r.

13. Let ψ(z) be a dimension 1/2 free fermion field. Compute the first regular term L_{−2}(ψ(z)) (i.e., express it in terms of the field ψ) in the OPE R(T (w)ψ(z)) = 1 2 ψ(z) (w − z)^2 + ∂_zψ(z) w − z + L_{−2}(ψ(z)) + . . .

two different ways:

(a) using T (w) =^1_2 : ψ(w)∂_wψ(w) : and calculating the OPE explicitly; and (b) using the null state predicted by the Kac formula.

14. We can treat the bc-system and the βγ-system in a unified fashion by defining a quantity ε (which we call the signature) that takes the value +1 for a bc-system and the value −1 for a βγ-system. Then the generic BC-system S = 1 2π ∫∫ d^2z (B∂C + B∂C) , can give us either a bc-system or a βγ-system, depending on whether we have commutating or anticommuting fields (with ϵ identifying which situation we have). Using this unified notation, compute, for both the bc-system and the βγ-system, (a) the energy-momentum tensor T (z); and (b) the central charge c.

15. A puzzle: From the OPE R(T (z)T (w)) show that ⟨ ∂_zΘ(z)T (w) ⟩ = 2cπ 3 ∂^2_z ∂_wδ(z − w) . This implies that Θ(z) cannot vanish identically for a CFT. However, recall that if Θ(z) is not identically zero the theory cannot be conformally invariant. How can these two statements both be true?

16. The Liouville action: In two dimensions, dimensional arguments require that the trace of the energy-momentum tensor of a theory S on a Riemann surface with scalar curvature R be given by Θ = a R + b , (2.32)

where a and b are two constants (which can be computed exactly using well-known methods of QFT). The non-vanishing of this trace is known as the conformal anomaly (or trace anomaly).

Using equation (2.32), find an action S_L = S [σ], such that the energy-momentum tensor of the action S^′ = S + S_L

has vanishing trace. The field σ is called the Liouville field and S_L is called the Liouville action.

17. For a boson on a curved two-dimensional manifold M with action S = α ∫∫ M d^2ξ √ gg^{ab}∂_aΦ∂_bΦ + β ∫∫ M d^2ξ √ gR Φ , compute the energy-momentum tensor as defined by the equation (2.2).

2.3 SOLUTIONS

1. The solution of this problem requires the use of some topology — in particular, it makes use of the Chern (characteristic) classes for the Riemann surface M. The integral of the tangent bundle over M gives the Euler characteristic

χ(M) = 2 (1 − h) = ∫ M c_1(T M) .

The analogous integral of any other line bundle E over M must be an integer, as well, ∫ M c_1(E) = n .

Recall that a tensor on a manifold M is a section of the tangent bundle T M (a holomorphic tangent bundle in our case). Higher order tensors are sections of other bundles. If an object T (z) belongs to a line bundle E of M formed as the m-th power of the holomorphic tangent bundle,

T (w) = ( dz dw )_m T (z) , m ∈ Q , then c_1(E) = m c_1(T M) .

Integrating this relation over M, we find a relation that restricts the allowed values of n:

n = 2 m (1 − h) ,

Notice that, consequently, the line bundle with m = 1/2 is always acceptable. This line bundle (which is, loosely speaking, the square root of T M) is called the canonical bundle of M, and it gives rise to fermions on the surface M.

For other values of m, the corresponding bundle can be constructed only in special cases, namely if h − 1 is a multiple of m. For example, for m = 1/(2k) , k ∈ Z, the bundle E can be constructed only on Riemann surfaces for which h − 1 is a multiple of k.

2. Using the relation T (z)ϕ(w) = Δ (z − w)^2 ϕ(w) + 1 z − w ∂_wϕ(w) + reg for the OPE of a primary field, we find T (z)∂_wϕ(w) = 2Δ (z − w)^3 ϕ(w) + Δ + 1 (z − w)^2 ∂_wϕ(w) + 1 z − w ∂_w(∂_wϕ(w)) + reg .

A piece proportional to ϕ/(z − w)^3 has appeared in the OPE, and therefore ∂_wϕ is not primary. However, notice that if ϕ is a primary field of conformal weight zero, that is with Δ = 0, then this problematic term drops out, and then in this case ∂_wϕ is a primary field of conformal weight 1. (As an added exercise, compare this with what you know about the free massless boson.)

3. (a) We start by imposing the Jacobi identity for L_l, L_m, and L_n:

[L_l, [L_m, L_n]] + [L_n, [L_l, L_m]] + [L_m, [L_n, L_m]] = 0 .

Substituting the proposed algebra (2.30), we obtain the equation (m − n)(l − m − n)L_{l+m+n} + (m − n)c_{l,m+n} + (l − m)(n − l − m)L_{l+m+n} + (l − m)c_{n,n+l} + (n − l)(m − n − l)L_{l+m+n} + (n − l)c_{m,n+l} = 0 . (2.33) This is the main restriction on the form of c_{nm}. However, since

[L_n, L_m] = − [L_m, L_n] ,

there is an additional constraint on the c’s, which is c_{mn} = − c_{nm} . (b) Our algebra is isomorphic to another one, which we find by making the transformation L^′_n = L_n + α_n , for any n. We will choose specific values for the constants α_n as we proceed. Explicitly, [ L^′_n, L^′_m ] = (n − m)L^′_{n+m} + c^′_{n+m} , where c^′_{nm} = c_{nm} − (n − m)α_{n+m} . (2.34) We wish to set c^′_{−1,1} = 0 and c^′_{n0} = c^′_{0n} = 0. To set c^′_{n0} = 0, we must simply choose

α_n = 1 n c_{n0} , n ≠ 0 .

Of course, c^′_{00} = 0 automatically, and once c^′_{n0} = 0, then c^′_{0n} = 0. We still have α_0 to specify, and we can use this freedom to set c^′_{−1,1} = 0; this is achieved by choosing α_0 = 1 2 c_{−1,1} . Thus, by setting α_n = 1 n c_{n0} , n ≠ 0 , α_0 = 1 2 c_{1,−1} , the algebra of the L^′_n has c^′_{n0} = c^′_{0n} = 0 ∀n and c^′_{−1,1} = 0. (c) For l = 0, (2.33) applied to the L^′_n gives (m − n) c^′_{0,m+n} − (n + m) c^′_{nm} = 0 . This is true if and only if (n + m) c^′_{nm} = 0 .

Therefore c^′_{nm} = 0 , n + m ≠ 0 , while c^′_{nm} is left undetermined if n + m = 0. We can thus write c^′_{nm} ≡ c_n δ_{n,−m} . Now if we consider the case l = −(m + 1) and n = 1, (2.33) yields

(m − 1) c^′_{−(m+1),(m+1)} + (−2m − 1) c^′_{1,−1} + (m + 2) c^′_{m,−m} = 0 . This in turn yields the recursion relation c_{m+1} = m + 2 m − 1 c_m , which implies that

c_{m+1} = c_2 m∏ k=2 k + 2 k − 1 = m(m + 1)(m + 2) 6 c_2 .

Defining c ≡ 2c_2, we can write c_m = m(m^2 − 1) 12 c . Our final result is thus c^′_{nm} = m(m^2 − 1) 12 c δ_{n,−m} .

4. At level 3, the descendant states are: | i ⟩ ≡ L_{−3} | Δ ⟩ | j ⟩ ≡ L_{−1} L_{−2} | Δ ⟩ | k ⟩ ≡ L^3_{−1} | Δ ⟩

Let | χ ⟩ be a null state constructed from them: 0 = | χ ⟩ ≡ α | i ⟩ + β | j ⟩ + γ | k ⟩ . (2.35) One of the coefficients α, β, and γ is irrelevant, but we are going to keep all three of them just for æsthetic reasons! By scalar multiplication of (2.35) with | i ⟩, | j ⟩, and | k ⟩, respectively, we get the following system of equations: α ⟨ i | i ⟩ + β ⟨ i | j ⟩ + γ ⟨ i | k ⟩ = 0 α ⟨ j | i ⟩ + β ⟨ j | j ⟩ + γ ⟨ j | k ⟩ = 0 α ⟨ k | i ⟩ + β ⟨ k | j ⟩ + γ ⟨ k | k ⟩ = 0 (2.36)

Notice that we have a homogeneous linear system to be solved for α, β, and γ. Nontrivial solutions exist if the determinant of the coefficients is zero:

D ≡ | | | | ⟨ i | i ⟩ ⟨ i | j ⟩ ⟨ i | k ⟩ ⟨ j | i ⟩ ⟨ j | j ⟩ ⟨ j | k ⟩ ⟨ k | i ⟩ ⟨ k | j ⟩ ⟨ k | k ⟩

| | | | = 0 .

It is easy to calculate the elements of the above matrix using the Virasoro algebra commutators,

[L_n, L_m] = (n − m) L_{n+m} + c 12 n (n^2 − 1) δ_{n,−m} . One finds the inner products take the following forms:

⟨ i | i ⟩ = ⟨ Δ | L_3 L_{−3} | Δ ⟩ = ⟨ Δ | [L_3, L_{−3}] | Δ ⟩ = 6Δ + 2c , ⟨ j | j ⟩ = ⟨ Δ | L_2 L_1 L_{−1} L_{−2} | Δ ⟩ = ⟨ Δ | [L_2 L_1, L_{−1} L_{−2}] | Δ ⟩ = . . . = 34 Δ + Δ c + 8 Δ^2 + 2 c , ⟨ k | k ⟩ = . . . = 48 Δ^3 + 64 Δ^2 + 20 Δ , ⟨ i | j ⟩ = ⟨ j | i ⟩ = 16Δ + 2 c , ⟨ i | k ⟩ = ⟨ k | i ⟩ = 24 Δ , ⟨ j | k ⟩ = ⟨ k | j ⟩ = 6 Δ (6 Δ + 3) .

Now it is straightforward, though a little messy, to solve the system of equations (2.36). After some calculations, one finds

D = Δ^2 (Δ − Δ^+_1 ) (Δ − Δ^+_2 ) (Δ − Δ^−_1 ) (Δ − Δ^−_2 ) ,

where

Δ^±_1 = 1 − c 96 ( 3 ± √ 25 − c 1 − c )_2 − 4 = 1 16 [ (5 − c) ± √ (1 − c) (25 − c) ] ,

Δ^±_2 = 1 − c 96 ( 4 ± 2 √ 25 − c 1 − c )_2 − 4 = 1 6 [ (7 − c) ± √ (1 − c) (25 − c) ] .

Setting D = 0, we find that Δ = 0, Δ^±_1 , or Δ^±_2 . The solution Δ = 0 gives a null state at level 1, while Δ = Δ^±_1 are exactly the values that give a null state at level 2. Thus the solution Δ = Δ^±_2 is the one corresponding to the null state at level 3. Using these values and two of the three equations of the system (2.36), we can solve for β/α and γ/α (or for β and γ, if we accept α = 1). We find: β α = − 2 Δ + 2 , γ α = 1 (Δ + 1) (Δ + 2) , so that the level 3 null state is | χ ⟩ = [ L_{−3} − 2 Δ + 2

L_{−1} L_{−2} + 1 (Δ + 1) (Δ + 2)

L^3_{−1} ] | Δ ⟩ .

5. The boson propgator G(x, x^′) is the solution of the differential equation

g∂^μ∂_μG(x, x^′) = −2πδ^{(2)}(x − x^′) . (2.37)

One can proceed in several ways to solve this equation.

First Solution: The first way of calculating the boson propagator is by far the simplest one, once one realizes the analogies with Poisson’s equation in electromagnetism. In particular, recall that Poisson’s equation for the potential ϕ is

∇^2ϕ = − 4π ρ , (2.38)

where ρ is the electric charge density. Equation (2.37) becomes identical to (2.38) for a linear charge distribution of infinite length and density ρ = − 1 2g δ^{(2)}(x − x^′) .

However, in this geometry, the symmetry of problem allows us to perform the calculation in a very simple way. Using Gauss’s law, one can calculate the electric field at distance r from the infinite line, obtaining

E_r = 1 g 1 r . From this, the calculation of the potential ϕ is straightforward, since E_r = −^{∂ϕ}_{∂r} , and thus one determines that ϕ(r) = − 1 g ln r + constant .

Using the convention that ϕ(r_0) = 0, this fixes ϕ(r) = − 1 g ln r r_0 . This is of course the result for the boson propagator, too. Noting that r = |z|, we finally get the desired result expressed in complex coordinates, G(z, z) = − 1 2g ln |z|^2 .

Second Solution: Even without the analogy to the electric field, one can still calculate the boson propagator quite easily by making use of the symmetries in Green’s equation (2.37). First, observe that equation (2.37) is translationally and Lorentz invariant. This implies that the Green’s function is a function of the radius r only, G(x, x^′) = G(r) . Writing equation (2.37) in polar coordinates, 1 r d dr ( r dG dr ) = 0 , (2.39)

one immediately finds G(r) = a ln r + b ,

where a and b are two constants of integration. To calculate these constants, we need two boundary conditions.

Notice that equation (2.39) is singular for r = 0; therefore, we will derive a boundary condition to handle the singularity at this point. To this end, recall Green’s Theorem on the plane, ∫

⟲

∂D P dx + Qdy = ∫∫ D ( ∂Q ∂x − ∂P ∂y ) dxdy , where P (x, y) and Q(x, y) are two functions with continuous derivatives and D is the region of the plane interior to the curve ∂D. For the case Q = ∂G ∂x , P = − ∂G ∂y , Green’s Theorem tell us that ∫

⟲

∂D ∇G · ⃗n dl = ∫∫ D ∇^2G dS , where ⃗n is the outward-pointing normal vector on ∂D. Taking the domain D to be a circular region of radius ε → 0, we see that dG dr | | |_{r=ε} · 2πε −→ − 2π g . Comparing this with dG dr = a 1 r , we conclude that a = −1/g.

The constant b is calculated by introducing a normalization condition, which we choose arbitrarily to be G(r_0) = 0 for some distance r_0. Thus, finally, we obtain G(r) = − 1 g ln r r_0 , which, as we saw in the first solution to this problem, is exactly the desired propagator when put in complex form.

Third Solution: Our last way of calculating the boson propagator is simply to grind through the calculation. It is straightforward, in the sense that no analogy or trick is used; however, it does require a relatively higher level of comfort with the calculation of integrals.

The Fourier transform of G(x − x^′) is given by

G̃(k) = ∫∫ d^2x e^{−ik·(x−x′)} G(x − x^′) . The inverse transformation is G(x − x^′) = ∫∫ d^2k (2π)^2 e^{+ik·(x−x′)} G̃(x − x^′) . (2.40) We also know that δ(x − x^′) = ∫∫ d^2k (2π)^2 e^{+ik·(x−x′)} . (2.41)

Substituting equations (2.40) and (2.41) into the definitions of the propagator, we find

G̃(k) = 2π g 1 k^2 . Notice that this propagator exhibits the well-known 1/k^2 behaviour for a massless boson in two dimensions. Now we can do the integrations in (2.40) using polar coordinates:

G̃(x − x^′) = 2π g ∫∫ d^2k (2π)^2 e^{ik·(x−x′)} k^2 = 1 2πg ∫_{+∞} 0 dk ∫_{2π} 0 dθ e^{ikr cos θ} k = 1 g ∫_{+∞} 0 dk J_0(kr) k , (2.42)

where we have set set r ≡ x − x^′, and where J_0 is a Bessel function of the first kind. Since the small x behavior of J_0(x) is

J_0(x) = 1 − x^2 4 + . . . , the integral in (2.42) diverges; therefore we regulate its infrared behavior introducing a reference point r_0:

G_{reg}(r) = G(r) − G(r_0) . The regulated propagator is then

G_{reg}(r) = 1 g ∫_{+∞} 0 dk J_0(kr) − J_0(kr_0) k . (2.43)

The integral in this equation can be evaluated in many ways. At the end of this problem, we present one method, which applied here shows that ∫_{+∞} 0 dk J_0(kr) − J_0(kr_0) k = − ln r r_0 , thus leading once more to the result G(z, z) = − 1 2g ln |z|^2 .

APPENDIX The integral in (2.43) is a case of a broad category of integrals known as Frullani integrals, which are given by I [f(x)] ≡ ∫_{+∞} 0 dx f(bx) − f(ax) x .

58 CHAPTER 2: GENERAL PRINCIPLES OF CFT

We now evaluate the Frullani integral for functions f(x) with properties similar to J0(x), i.e. (i) lim_{x→+∞} f(x) = finite, (ii) f^′(x) is continuous and integrable on [0, +∞). The above two conditions imply ∫_{+∞} 0 dx f^′(x) = f(+∞) − f(0) . We now define the integral I(α) = ∫_{+∞} 0 dx f^′(ax) . (2.44) The integration can be trivially performed to give I(α) = f(+∞) − f(0) α . (2.45) Now let us calculate the integral ∫_b a dα I(α) in two ways: first using the definition (2.44), and second based on the result (2.45). The definition (2.44) gives ∫_b a dα I(α) = ∫_b a dα ∫_{+∞} 0 dx f^′(ax) = ∫_{+∞} 0 dx ∫_b a dα f^′(ax) = ∫_{+∞} 0 dx f(bx) − f(ax) x . (2.46)

Using equation (2.45), on the other hand, we find ∫_b a dα I(α) = [f(+∞) − f(0)] ∫_b a dα α = [f(+∞) − f(0)] ln b a . (2.47)

Comparing the two results, (2.46) and (2.47), we conclude that ∫_{+∞} 0 dx f(bx) − f(ax) x = [f(+∞) − f(0)] ln b a .

6. Expanding the exponential in a power series, we have ∂_zϕ(z) : e^{iαϕ(w)} : = ∂_zϕ(z) +∞∑ n=0 : [iαϕ(w)]^n n! : . Using Wick’s theorem [386], this becomes ∂_zϕ(z) : e^{iαϕ(w)} : = : ∂_zϕ(z)e^{iαϕ(w)} : + ∂_z ϕ(z)ϕ(w) +∞∑ n=1 (iα)^n : [ϕ(w)]^{n−1} : n! n .

Notice the factor n which appears as a result of all the possible contractions of ∂_zϕ(z) with ϕ^n(w). Using (2.13), we can now write ∂_zϕ(z) : e^{iαϕ(w)} : = : ∂_zϕ(z)e^{iαϕ(w)} : − iα 2g ∂_z ln(z − w) +∞∑ n=1 : [iαϕ(w)]^{n−1} (n − 1)! :

= : ∂_zϕ(z)e^{iαϕ(w)} : − iα 2g 1 z − w +∞∑ m=0 : [iαϕ(w)]^m m! : = : ∂_zϕ(z)e^{iαϕ(w)} : − iα 2g 1 z − w : e^{iαϕ(w)} : , which is the desired result.

Having worked the simple case and mastered the ideas, we can now proceed to the general case. For simplicity, let us set A ≡ ∂_zϕ(z) and B ≡ iαϕ(w) . According to Wick’s theorem, the OPE R ( : A^k : : e^B : ) = : A^k : +∞∑ n=0 : B^n : n! is calculated by adding all possible contributions for one contraction, two contractions, three contractions, etc., up to k contractions.

We notice that the term B^n can contribute l contractions if n ≥ l. In particular, when the inequality n ≥ l is satisfied : A^k : : B^n : contributes (AB)^l k(k − 1) · · · (k − l + 1) n(n − 1) · · · (n − l + 1) l! = (AB)^l k!n! (k − l)!l!(n − l)! since there are k(k − 1) · · · (k − l + 1) ways to chose the l A’s and n(n − 1) · · · (n − l + 1) ways to choose the l B’s. The number is divided by l! since the pairs AB are indistinguishable. In this way, we find R ( : A^k : : e^B : ) = : A^k e^B : + (AB) : A^{k−1} +∞∑ n=1 B^{n−1} : n! n! k! (k − 1)! 1!(n − 1)!

+ (AB)^2 : A^{k−2} +∞∑ n=2 B^{n−2} : n! n! k! (k − 2)! 2!(n − 2)! + · · · + (AB)^k : A^{k−k} +∞∑ n=k B^{n−k} : n! n! k! (k − k)! k!(n − k)!

= : A^k e^B : + k∑ l=1 (AB)^l l! : A^{k−l} +∞∑ n=l B^{n−l} : (n − l)! k! (k − l)! = : A^k e^B : + k∑ l=1 ( k l ) (AB)^l : A^{k−l} +∞∑ m=0 B^m : m! = : A^k e^B : + k∑ l=1 ( k l ) (AB)^l : A^{k−l}e^B : , or R ( : A^k : : e^B : ) = k∑ l=0 ( k l ) (AB)^l : A^{k−l}e^B : . (2.48)

Substituting the values of A and B in terms of the scalar fields, we arrive at our final result: R ( : (∂_z ϕ(z))^k : : e^{iαϕ(w)} : ) = k∑ l=0 ( k l ) (−iα/2g)^l (z − w)^l : (∂_zϕ(z))^{k−l} e^{iαϕ(w)} : .

7. We prove this identity employing the same method we used in the solution to the preceding problem. Using Wick’s theorem, the initial product of the two exponentials

: e^{iαϕ(z)} : : e^{iβϕ(w)} : = +∞∑ n=0 : [iαϕ(z)]^n n! : +∞∑ n=0 : [iβϕ(w)]^m m! : equals a sum of terms, each of which takes into account all possible zero, single, double, triple, etc. contractions. In particular, the term with zero contractions is +∞∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! : , the term with one contraction is +∞∑ n=1 +∞∑ m=1 −αβϕ(z)ϕ(w) : [iαϕ(z)]^{n−1} [iβϕ(w)]^{m−1} n! m! : n m 1! , the term with two contractions is +∞∑ n=2 +∞∑ m=2 [ −αβϕ(z)ϕ(w) ]_2 : [iαϕ(z)]^{n−2} [iβϕ(w)]^{m−2} n! m! : n(n − 1) m(m − 1) 2! , and so on. The factors in the r.h.s. of the above expressions count all possible ways that the corresponding contractions can be performed. Therefore

: e^{iαϕ(z)} : : e^{iβϕ(w)} : = +∞∑ n=0 : [iαϕ(z)]^n n! : +∞∑ n=0 : [iβϕ(w)]^m m! :

= +∞∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! :

+ +∞∑ n=1 +∞∑ m=1 −αβϕ(z)ϕ(w) 1! : [iαϕ(z)]^{n−1} [iβϕ(w)]^{m−1} (n − 1)! (m − 1)!

+ +∞∑ n=2 +∞∑ m=2

[ −αβϕ(z)ϕ(w) ]_2 2! : [iαϕ(z)]^{n−2} [iβϕ(w)]^{m−2} (n − 2)! (m − 2)! : + · · ·

= +∞∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! :

+ −αβϕ(z)ϕ(w) 1! +∞∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! :

+ [ −αβϕ(z)ϕ(w) ]_2 2! : +∞∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! : + · · ·

= +∞∑ k=0

[ −αβϕ(z)ϕ(w) ]_k k! [_{+∞} ∑ n=0 +∞∑ m=0 : [iαϕ(z)]^n [iβϕ(w)]^m n!m! : ] . The last expression is just a product of exponentials, and thus this equation becomes

: e^{iαϕ(z)} : : e^{iβϕ(w)} : = exp ( −αβ ϕ(z)ϕ(w) ) : e^{iαϕ(z)} e^{iβϕ(w)} : = (z − w)^{αβ/2g} : e^{iαϕ(z)} e^{iβϕ(w)} : . Another way to prove this result is by direct use of formula (2.48) with A = iαϕ(z) , B = iβϕ(w) . In this way, we find

R(e^Ae^B ) = +∞∑ k=0 : A^ke^B : k! (2.48) = +∞∑ k=0 1 k! k∑ l=0 ( k l ) (AB)^l : A^{k−l}e^B :

= +∞∑ k=0 k∑ l=0 (AB)^l l! : A^{k−l}e^B : (k − l)! .

Changing the summation indices from k, l to l, N, where N = k − l (as is represented pictorially in the figure that follows), we can decouple the two sums in the series.

PSfrag replacements

This re-writing yields

R(e^Ae^B ) = +∞∑ l=0 (AB)^l l! +∞∑ N=0 : A^N e^B : N! = exp ( AB ) : e^Ae^B : .

8. We begin by making a Laurent expansion for i∂_zϕ(z), i∂_zϕ(z) ≡ ∑ n α_nz^{n−1} . From the theory of complex variables, we have the relation

α_n = ∫

⟲

C dz 2πi z^n i ∂ϕ(z) , and thus

[α_n, α_m] = i^2 [∫

⟲

C(z) dz 2πi , ∫

⟲

C(w) dw 2πi ] z^n ∂_zϕ(z) w^m ∂_wϕ(w) .

Notice that C(z) and C(w) must be closed curves around the origin of the complex plane; other than that, there is no other restriction on these curves. Therefore we can keep C(z) fixed and take C(w) = C_2 for the first term of the commutator and

PSfrag replacements

C(w) = C_1 for the second term (see the diagram). Doing so, the above equation becomes

[α_n, α_m] = − ∫

⟲

C(z) dz 2πi ( ∫

⟲

C_2 − ∫

⟲

C_1 ) dw 2πi z^nw^m ∂_zϕ(z) ∂_wϕ(w) = − ∫

⟲

C(z) dz 2πi ∫

⟲

γ dw 2πi z^nw^m R (∂_zϕ(z)∂_wϕ(w)) , where R indicates radial ordering of the fields (analogous to temporal ordering) and the curve γ encircles the point z.

PSfrag replacements

Since R (ϕ(z)ϕ(w)) = − 1 2g ln(z − w) + reg ,

we see that R (∂_zϕ(z)∂_wϕ(w)) = − 1 2g 1 (z − w)^2

+ reg .

and the commutation relation between two α’s becomes:

[α_n, α_m] = − 1 2g ∫

⟲

C(z) dz 2πi ∫

⟲

γ dw 2πi z^nw^m (z − w)^2

= − 1 2g ∫

⟲

C(z) dz 2πi z^n mz^{m−1} = − m 2g δ_{n,−m} , or [α_n, α_m] = n 2g δ_{n,−m} .

9. Substituting the expression i∂ϕ(z) ≡ ∑ n ϕ_n z^{n+1} , which defines the modes of the boson in the presence of the e_0 term in (2.23), we find:

T = g ( ∑ n ϕ_n z^{n+1} )_2

+ e_0 ∂ ∑ n ϕ_n z^{n+1} = g ∑ n,m ϕ_nϕ_m z^{n+m+2} − e_0 ∑ n (n + 1) ϕ_n z^{n+2} = g ∑ k,m ϕ_{k−m}ϕ_m z^{k+2} − e_0 ∑ k (k + 1) ϕ_k z^{k+2} = ∑ k z^{−(k+2)} [ g ∑ m ϕ_{k−m}ϕ_m − e_0 (k + 1) ϕ_k ] . From the last expression, it is obvious that

L_k = g ∑ m ϕ_{k−m}ϕ_m − e_0 (k + 1) ϕ_k .

The modes ϕ_n obey the commutation relations

[ϕ_n, ϕ_m] = n 2g δ_{n,−m} . Using these results,

L_0 = g +∞∑ m=−∞ ϕ_{−m}ϕ_m − e_0 ϕ_0

= g +∞∑ m=1 ϕ_{−m}ϕ_m + g −∞∑ m=−1 ϕ_{−m}ϕ_m + g ϕ^2_0 − e_0 ϕ_0

§2.3: SOLUTIONS 65

= g +∞∑ m=1 ϕ_{−m}ϕ_m + g +∞∑ m=1 ϕ_mϕ_{−m} + g ϕ^2_0 − e_0 ϕ_0

= g +∞∑ m=1 ϕ_{−m}ϕ_m + g +∞∑ m=1 ( ϕ_{−m}ϕ_m + m 2g ) + g ϕ^2_0 − e_0 ϕ_0

= 2g +∞∑ m=1 ϕ_{−m}ϕ_m + 1 2 +∞∑ m=1 m + g ϕ^2_0 − e_0 ϕ_0 ,

or, in other words,

L_0 = 2g +∞∑ m=1 ϕ_{−m}ϕ_m + g ϕ^2_0 − e_0 ϕ_0 + c_0 ,

where c_0 = ∑ m m/2. The constant c_0 can be set to zero by normal ordering.

Comment: In some instances, we will need to introduce the ζ-function renormalization. Then

c_0 = 1 2 +∞∑ m=1 m = 1 2 ζ(−1) = − 1 24 . This last equation is explained in the appendix that follows.

APPENDIX The sum ∑ m m/2 often is denoted by ζ(−1)/2 in analogy with the ζ-function of number theory, ζ(s) = +∞∑ m=1 1 m^s . As defined, this series converges for Re(s) > 1. The series does not converge for other values of s, but for these values, the function ζ(s) is defined uniquely by analytic continuation. In the rest of the document, we will meet the ζ-function on several occasions. Here are two of the properties of the ζ-function:

Γ(s)ζ(s) = ∫_{+∞} 0 x^{s−1}e^{−x} 1 − e^{−x} dx , and ζ(s) = 2(2π)^{s−1} Γ(1 − s) sin πs 2 ζ(1 − s) . Setting s = −1 in the second identity, and noticing that

ζ(2) = +∞∑ n=1 1 n^2 = π^2 6 , we find

ζ(−1) = 2(2π)^{−2} Γ(2) sin −πs 2 ζ(2) = 2 4π^2

1! (−1) π^2 6 = − 1 12 .

10. We consider the free boson defined by the Lagrange density L = 1 8π (∂_μΦ)^2 ,

where Φ is compactified on a circle of radius R. From the Lagrangian, we derive the equation of motion ∂^2_t Φ − ∂^2_σΦ = 0 . (2.49) The canonical momentum is given by Π = ∂L ∂Φ̇ = 1 4π Φ̇ .

Φ and Π satisfy the canonical commutation relations [ Φ(σ, t), Φ(σ^′, t) ] = [ Π(σ, t), Π(σ^′, t) ] = 0 , [ Φ(σ, t), Π(σ^′, t) ] = iδ(σ − σ^′) . The Hamiltonian density for this model is

H ≡ ΠΦ̇ − L = 1 8π [ (∂_tΦ)^2 + (∂_σΦ)^2 ] . (2.50)

As is conventional, to solve equation (2.49), we use the method of separation of variables, setting Φ(σ, t) = Σ(σ) T (t) .

Substituting this in (2.49), we find T̈ T = Σ^{′′} Σ = − k^2 ,

where k^2 is a constant. When k ≠ 0, these last equations give T (t) = a e^{ikt} + b e^{−ikt} , Σ(σ) = c e^{ikσ} + d e^{−ikσ} , while for k = 0, these equations yield T (t) = a + b t , Σ(σ) = c + d σ .

Therefore, a free boson can consist of

Φ_0(σ, t) = ϕ_0 + b_0 σ + c_0 t + d_0 σt , and Φ_k(σ, t) = ã_{−k} e^{ik(σ+t)} + ã_k e^{−ik(σ+t)} + a_k e^{ik(σ−t)} + a_{−k} e^{−ik(σ−t)} , k ≠ 0 . The Hermiticity condition Φ = Φ^† requires

a_{−k} = a^†_k , ã_{−k} = ã^†_k ,

and that ϕ_0, b_0, c_0, d_0, and k be real. The periodicity condition Φ(σ + β, t) = Φ(σ, t) + 2πR w , can be rewritten as

Φ_0(σ + β, t) = Φ_0(σ, t) + 2πR w , Φ_k(σ + β, t) = Φ_k(σ, t) .

The first equation implies that

d_0 = 0 , b_0 = 2πR β w , while the second imposes integer momentum modes: k = 2πn β , n ∈ Z^∗ . Therefore

Φ(σ, t) = Φ_0(σ, t) + ∑ n∈Z^∗ Φ_n(σ, t) = ϕ_0 + 2πR β wσ + 4π β pt + i ∑ n≠0 [ α_n n e^{i 2πβ n(σ−t)} − α_{−n} n e^{i 2πβ n(σ+t)} ]

= ϕ_0 + 2πR β wσ + 4π β pt + i ∑ n≠0 [ α_n n e^{i 2πβ n(σ−t)} + α_n n e^{−i 2πβ n(σ+t)} ] ,

where we redefined α_n ≡ i a_n n , α_n ≡ i ã_{−n} −n , c_0 ≡ 4π β p . Differentiating w.r.t. time, we get Π = 1 4π Φ̇(σ, t) = 1 β p + 1 2β ∑ n≠0 [ α_n e^{i 2πβ n(σ−t)} − α_n e^{i 2πβ n(σ+t)} ] .

From the canonical commutation rules, we see that

[ϕ_0, p] = i , [α_n, α_m] = [α_n, α_m] = n δ_{n+m,0} .

The rest of the commutators vanish. Notice that p has the interpretation of momentum, and therefore has eigenvalues p = n/R. After the analytic continuation t → −iτ, we define z ≡ e^{−i 2πβ (σ+iτ )} = e^{2πβ (−iσ+τ )} , z = e^{2πβ (iσ+τ )} . The series describing the boson thus gives

Φ(z) = ϕ_0 + wR −2i (ln z − ln z) − ip(ln z + ln z) + i ∑ n≠0 [ a_n n z^{−n} + a_n n z^{−n} ]

= ϕ_0 + i ( wR 2 − p ) ln z + i ( − wR 2 − p ) ln z + i ∑ n≠0 [ a_n n z^{−n} − a_{−n} n z^{−n} ] .

The boson field may be decomposed into two chiral components: ϕ(z) = ϕ_0 2 − iα_0 ln z + i ∑ n≠0 α_n nz^n ,

ϕ(z) = ϕ_0 2 − iα_0 ln z + i ∑ n≠0 α_n nz^n ,

where we have defined α_0 ≡ p − wR 2 and α_0 ≡ p + wR 2 . Evaluating the expression (2.50), one determines that the Hamiltonian for the free compactified boson is H = 2π β ( L_0 + L_0 ) , where

L_0 = ( p − Rw 2 )_2 + +∞∑ n=1 α_{−n}α_n − 1 24 ,

L_0 = ( p + Rw 2 )_2 + +∞∑ n=1 α_{−n}α_n − 1 24 .

The vacuum state | ∅; w, k ⟩ is labeled by the winding number w and the momentum integer k. These are also heighest weight states with conformal weights

Δ_{kw} = 1 2 ( k R − Rw 2 )_2 − 1 24 , Δ_{kw} = 1 2 ( k R + Rw 2 )_2 − 1 24 .

11. The fermion propagator G is the solution of the equation ∂G = 2π λ δ^{(2)}(z − w) .

Using the representation (1.19) of the δ-function

δ^{(2)}(z − w) = 1 2π ∂ 1 z − w , the above equation reads ∂G = 1 λ ∂ 1 z − w , from which we can immediately infer that G = 1 λ 1 z − w .

12. Working in the same way as in the case of the free boson, we define iψ(z) ≡ ∑ n ψ_n z^{−n−1/2} , for n ∈ Z + 1/2. Then ψ_n = ∫

⟲ dz 2πi z^{n−1/2} iψ(z) . We now recall that, due to the fermionic nature of the field ψ, changing the order of two ψ’s gives an extra negative sign. Thus we can write the anticommutator in terms of contour integrals as follows: {ψ_n, ψ_m} = i^2 [∫

⟲ dz 2πi , ∫

⟲ dw 2πi ] z^{n−1/2} ψ(z) w^{m−1/2} ψ(w) = ∫

⟲

C(z) dz 2πi ∫

⟲

γ dw 2πi z^{n−1/2} w^{m−1/2} R (ψ(z)ψ(w)) = ∫

⟲

C(z) dz 2πi ∫

⟲

γ dw 2πi z^{n−1/2} w^{m−1/2} −1 z − w , which gives us {ψ_n, ψ_m} = δ_{n,−m} .

13. (a) Using Wick’s theorem, we obtain R (T (w)ψ(z)) = R ( 1 2 : ψ(w)∂_wψ(w) : ψ(z) )

= 1 2 : ψ(w)∂_wψ(w)ψ(z) : − 1 2 ψ(z)ψ(w) ∂_w ψ(w) + 1 2 ∂_wψ(w)ψ(z) ψ(w) = − 1 2 : ψ(w)∂_w ψ(w) ψ(z) : + 1/2 w − z ∂_wψ(w) + 1/2 (w − z)^2 ψ(w) . Then Taylor expanding the field ψ(w) around z gives ψ(w) = ψ(z) + ∂_zψ(z)(w − z) + 1 2 ∂^2_z ψ(z)(w − z)^2 + · · · , and ∂_wψ(w) = ∂_zψ(z) + ∂^2_z ψ(z)(w − z) + · · · , and so we find R (T (w)ψ(z)) = − 1 2 : [ψ(z) + ∂_zψ(z)(w − z) + . . .] [ ∂_zψ(z) + ∂^2_z ψ(z)(w − z) + . . . ] ψ(z) : + 1/2 w − z [ ∂_zψ(z) + ∂^2_z ψ(z)(w − z) + . . . ]

+ 1/2 (w − z)^2 [ ψ(z) + ∂_zψ(z)(w − z) + 1 2! ∂^2_z ψ(z)(w − z)^2 + . . . ]

= 1/2 (w − z)^2 ψ(z) + 1 w − z ∂_zψ(z) + 3 4 ∂^2_z ψ(z) + . . . , where we have used the fact that : ψ(z) ( ∂_zψ(z) ) ψ(z) : = 0 .

From the result of the calculation above and the definition R (T (w)ψ(z)) = ∑ n L_nψ(z) (w − z)^{n+2} , (2.51)

it is thus obvious that L_{−2}ψ(z) = 3 4 ∂^2_z ψ(z) .

(b) Kac’s formula on states

(L_{−2} − 3 4 L_{−1}) | 1/2 ⟩ = 0

can be written as a differential equation on fields: L_{−2}(ψ(z)) − 3 4 L^2_{−1}(ψ(z)) = 0 . (2.52)

From the definition (2.51), we find that L_{−n}(ψ(w)) = ∫

⟲ dz 2πi (z − w)^{−n+1} R (T (z)ψ(w)) . In particular

L_{−1}(ψ(w)) = ∫

⟲ dz 2πi R (T (z)ψ(w)) = ∫

⟲ dz 2πi [ 1/2 (z − w)^2 + 1 z − w ∂_zψ(z) + . . . ] .

Therefore L_{−1}(ψ(w)) = ∂_wψ(w) .

Then (2.52) gives L_{−2}(ψ(z)) = 3 4 ∂^2_z ψ(z) .

14. (a) For a generic BC-system with signature ε, the OPEs between the two fields can be written as B(z)C(w) = 1 z − w , C(z)B(w) = ε z − w . The energy-momentum tensor may now be derived easily using the following argument. Since it is a field of weight 2, it should be a linear combination of all weight 2 products made out of B and C, and so it must be of the form

T (z) = α_1 : B(z) ∂_z C(z) : +α_2 : ∂_zB(z) C(z) : .

The coefficients α_1 and α_2 can be determined by demanding that T (z) leads to the correct conformal weights for B and C. In particular, we must have T (z)B(w) = j B(w) (z − w)^2 + ∂_wB(w) z − w + reg . (2.53)

On the other hand, using the expression for T (z) in terms of the fields B and C, along with the OPEs for these fields, we see that

T (z)B(w) = [α_1 : B(z) ∂_z C(z) : +α_2 : ∂_zB(z) C(z) :] B(w) = α_1 B(z) ∂_z C(z)B(w) + +α_2 ∂_zB(z) C(z)B(w) + reg

= α_1 B(z) ∂_z 1 z − w + α_2 ∂_zB(z) z − w + reg

= −α_1 B(z) (z − w)^2

+ α_2 ∂_zB(z) z − w + reg .

We can now expand B(z) and ∂_zB(z) in Taylor series around w: T (z)B(w) = −α_1 B(w) + (z − w) ∂_wB(w) + O((z − w)^2) (z − w)^2

+ α_2 ∂_wB(w) + O(z − w) z − w + reg

= −α_1 B(w) (z − w)^2 + (−α_1 + α_2)∂_wB(w) z − w + reg .

Comparing the last expression with (2.53), we see that α_1 = −j and α_2 = 1 − j. Therefore, the energy-momentum tensor is given by

T (z) = − j : B(z) ∂_zC(z) : +(1 − j) : ∂_zB(z) C(z) : .

(b) To find the central charge c, we need to compute the OPE for T (z)T (w), using the energy-momentum tensor we obtained in the previous part. In particular, it is enough to focus only on the most singular term of the OPE, the one that is obtained upon two contractions among the fields. The calculation is straightforward, and we present it here:

T (z)T (w) = [−j : B(z) ∂_zC(z) : +(1 − j) : ∂_zB(z) C(z) :] [−j : B(w) ∂_wC(w) : +(1 − j) : ∂_wB(w) C(w) :]

= +j^2 : B(z) ∂_z C(z) : : B(w) ∂_wC(w) :

−j(1 − j) : B(z) ∂_z C(z) : : ∂_wB(w) C(w) : −j(1 − j) : ∂_zB(z) C(z) : : B(w) ∂_wC(w) : +(1 − j)^2 : ∂_zB(z) C(z) : : ∂_wB(w) C(w) :

= j^2 : B(z) ∂_z C(z) : : B(w) ∂_wC(w) :

−j(1 − j) : B(z) ∂_z C(z) : : ∂_wB(w) C(w) :

−j(1 − j) : ∂_zB(z) C(z) : : B(w) ∂_wC(w) :

+(1 − j)^2 : ∂_zB(z) C(z) : : ∂_wB(w) C(w) : + · · ·

= j^2 ∂_w 1 z − w ∂_z ε z − w − j(j − 1) 1 z − w ∂_w∂_z ε z − w −j(j − 1) ∂_w∂_z 1 z − w ε z − w + (1 − j)^2 ∂_z 1 z − w ∂_w ε z − w + · · · = j^2 1 (z − w)^2 −ε (z − w)^2 − j(j − 1) 1 z − w −2ε (z − w)^3 −j(j − 1) , −2 (z − w)^3 ε z − w + (j − 1)^2 1 (z − w)^2 ε (z − w)^2 + · · · = ε −j^2 + 2j(j − 1) − (j − 1)^2 (z − w)^4 + · · · . Thus we conclude that the central charge of the generic BC-system is

c = − ε (6j^2 − 6j + 1) .

15. Starting from the OPE

T (z_1)T (z_2) = c/2 (z_1 − z_2)^4 + 2T (z_2) (z_1 − z_2)^2 + ∂T (z_2) z_1 − z_2

+ reg ,

we see that ⟨ T (z, z)T (w, w) ⟩ = c/2 (z − w)^4 . We rewrite this result in the form ⟨T (z)T (w)⟩ = − c 12 ∂^2_z ∂_w 1 z − w . Differentiating with respect to z, we get ⟨∂_z T (z)T (w)⟩ = − c 12 ∂^2_z ∂_w∂_z 1 z − w δ(z − w) = − cπ 6 ∂^2_z ∂_wδ(z − w) , where we have made use of equation (1.19). Using the conservation of the energy momentum tensor ∂T_{zz} + ∂T_{zz} = ∂T + 1 4 ∂Θ = 0 ⇒ ∂T = − 1 4 ∂Θ , we finally find the relation sought: ⟨∂_zΘ(z)T (w)⟩ = 2cπ 3 ∂^2_z ∂_wδ(z − w) . (2.54)

The confusion that creates the contradictory natury of equations (2.3) and (2.54) is eliminated if we say that the energy-momentum tensors that appear in the two equations are different! Therefore, the puzzle examined in the problem is only superficial, and arises by (bad?) notation.

Let us try to refine our notation. We call the energy-momentum tensor defined by (2.3) the physical energy-momentum tensor T^{(phys)}_{μν} . On the other hand, we call the tensor of equation (2.54) the conformal energy-momentum tensor T^{(conf)}_{μν} . How are the two tensors related? Simply, any acceptable conformally invariant theory is a sum of CFTs, each contributing its own conformal piece to the physical energymomentum tensor: T^{(phys)} μν = ∑ CF T s T^{(conf)} μν . The total theory has c = 0, and therefore ⟨∂_z Θ(z)T (w)⟩ = 0 Thus no paradox is present.

16. The energy-momentum tensor (2.2), can be defined through δS = − 1 4π ∫∫ d^2x √ g T_{μν} δg^{μν} . (2.55) We can write g_{μν} in terms of some reference metric g̃_{μν} by defining g_{μν} = e^σ g̃_{μν} ⇒ g^{μν} = e^{−σ} g̃^{μν} . Then δg^{μν} = −δσ g^{μν} , and equation (2.55) gives δS = 1 4π ∫∫ d^2x √ g T_{μν} g^{μν} δσ = 1 4π ∫∫ d^2x √ g Θ δσ . Since the total theory S^′ has vanishing trace (Θ^′ = 0), the equation just found, applied to the total action S^′, implies that δS^′ = 0. On the other hand, δS^′ = δS + δS_L. We thus conclude that δS_L = −δS = − 1 4π ∫∫ d^2x √ g Θ δσ = − 1 4π ∫∫ d^2x √ g (aR + b) δσ .

§2.3: SOLUTIONS 75

In terms of the reference metric g̃_{μν} (see appendix): √ g = e^σ √ g̃ , R = e^{−σ} ( R̃ + ~△σ ) . Then δS_L = − 1 4π ∫∫ d^2x √ g̃ [ a ( R̃ + Δ̃σ ) + b e^σ ] δσ . This result can be integrated easily:

S_L = − 1 4π ∫∫ d^2x √ g̃ [ a ( R̃ σ + 1 2 σΔ̃σ ) + b e^σ ] . This action is the Liouville action sought. Usually, the parametrization g̃_{μν} = e^ϕ δ_{μν} is used. Then √ g̃ = e^ϕ , R̃ = − e^{−ϕ} ∂_z∂_zϕ , ~△σ = − e^{−ϕ} ∂_z∂_zσ , and S_L = 1 4π ∫∫ d^2x [ a (σ∂_z∂_zϕ + σ∂_z ∂_zσ) − b e^{ϕ+σ} ] . APPENDIX As we have proved in Exercise 6 of Chapter 1, the Riemann surfaces are conformally flat. A metric can then always be chosen such that gμν = ρ δμν . (2.56) Using the equation R = − 2 √ g11g22 [ ∂ ∂x^1 ( 1 √ g11 ∂ ∂x^1 √ g22 ) + ∂ ∂x^2 ( 1 √ g22 ∂ ∂x^2 √ g11 )] , which gives the scalar curvature of a 2-dimensional manifold, we can easily find that for the metric (2.56), R = − 1 ρ (∂^2_1 + ∂^2_2 ) ln ρ = − 1 ρ ∂z ∂z ln ρ . Given a second metric g̃μν = ρ̃ δμν , the corresponding scalar curvature would be

R̃ = − 1 ρ̃ ∂z∂z ln ρ̃ . We can easily find the relation between the two curvatures. If we set ρ = e^σ ρ̃, then R = e^{−σ} ( R̃ − 1 ρ̃ ∂z ∂_zσ ) . Notice that the Laplacian of the metric g̃μν would be: ~△σ = − 1√ g̃ ∂μ (√ g̃g̃^{μν} ∂ν σ ) = − 1 ρ̃ ∂μ ( ρ̃ 1 ρ̃ δ^{μν} ∂ν σ ) = − 1 ρ̃ (∂^2_1 + ∂^2_2 )σ .

Therefore, we may write R = e^{−σ} ( R̃ + ~△σ ) .

17. We need to calculate the variation of S with respect the variation of g_{ab}. Through the calculations, we shall make use of the well-known identities (for a reference on identities for metrics, Christoffel symbols, and related topics, see any standard reference on general relativity, such as [450, 501, 636]): δg_{mn} = −g_{ma}g_{nb}δg^{ab} , δg = g g^{mn} δg_{mn} , δ √ g = 1 2 √ g g^{mn} δg_{mn} , δ( √ gg^{ab}) = √ g (δ^a_mδ^b_n − 1 2 g_{mn}g^{ab}) δg^{mn} , and g^{mn}δg_{ms} = −g_{ms}δg^{mn} . Now we calculate δS, and get δS = α ∫∫ M d^2ξ δ( √ g g^{ab}) ∂_aΦ∂_bΦ + β ∫∫ M d^2ξ δ( √ g g^{ab} R_{ab}) Φ = α ∫∫ M d^2ξ δ( √ g g^{ab}) ∂_aΦ∂_bΦ + β ∫∫ M d^2ξ δ( √ g g^{ab}) R_{ab} Φ + β ∫∫ M d^2ξ √ g g^{ab} δR_{ab} Φ = α ∫∫ M d^2ξ √ g (δ^a_mδ^b_n − 1 2 g_{mn}g^{ab}) ∂_aΦ∂_bΦ + β ∫∫ M d^2ξ (δ^a_mδ^b_n − 1 2 g_{mn}g^{ab}) R_{ab} Φ + β ∫∫ M d^2ξ √ g g^{ab} δR_{ab} Φ = α ∫∫ M d^2ξ √ g (∂_mΦ∂_nΦ − 1 2 g_{mn}g^{ab} ∂_aΦ∂_bΦ) δg^{mn} + β ∫∫ M d^2ξ (R_{mn} − 1 2 g_{mn}R) Φ δg^{mn} + β ∫∫ M d^2ξ √ g g^{ab} δR_{ab} Φ . Therefore T_{mn} = − 4πα(∂_mΦ∂_nΦ − 1 2 g_{mn} ∂_aΦ∂^aΦ) − 4πβ(R_{mn} − 1 2 g_{mn}R) − 4πβ 1 √ g δA δg^{mn} , where A ≡ ∫∫ M d^2ξ √ g g^{ab} δR_{ab} Φ . One must still rearrange the last term in T_{mn} in a convenient form. This requires some work. Before we undertake this task, the reader should keep in mind the following remarks:

• As well-known, the metric is covariantly constant, i.e., g_{mn;r} = 0. We can thus freely move it in and out of a covariant derivative.

• If A_a is a vector, then its divergence is given by

A^a_{;a} = 1 √ g ∂_a( √ gA^a) . (2.57)

• We will drop all terms of the form ∫∫ d^2ξ(· · ·)_{,n} since, by Gauss’ theorem, they become boundary terms and thus vanish.

We now continue with the calculations.

Using the Palatini identity (2.62), we write A = ∫∫ M d^2ξ √ g g^{mn} (δΓ^a_{ma;n} − δΓ^a_{mn;a}) Φ = ∫∫ M d^2ξ √ g g^{mn} δΓ^a_{ma;n} Φ B − ∫∫ M d^2ξ √ g g^{mn} δΓ^a_{mn;a} Φ C .

Note that here and in what follows, the variation symbol “δ” acts only on the object

immediately following it.

We begin re-arranging the integrand in the first term B: B = ∫∫ M d^2ξ √ g g^{mn} δΓ^a_{ma;n} Φ = ∫∫ M d^2ξ √ g (g^{mn} δΓ^a_{ma})_{;n} Φ

(2.57) = ∫∫ M d^2ξ ( √ g g^{mn} δΓ^a_{ma})_{,n} Φ = ∫∫ M d^2ξ ( √ g g^{mn} δΓ^a_{ma} Φ)_{,n} − ∫∫ M d^2ξ √ g g^{mn} δΓ^a_{ma} Φ_{,n} (2.58) = − ∫∫ M d^2ξ √ g g^{mn} ∂_mδ(ln √ g) Φ_{,n} = − ∫∫ M d^2ξ ∂_m( √ g g^{mn} δ(ln √ g) Φ_{,n}) + ∫∫ M dξ^1dξ^2 ∂_m( √ g g^{mn} Φ_{,n}) δ(ln √ g) = ∫∫ M d^2ξ ∂_m( √ g g^{mn} Φ_{,n}) δ √ g √ g (2.57) = ∫∫ M d^2ξ δ √ g Φ^{,m}_{;m} = − 1 2 ∫∫ M d^2ξ √ g δg^{mn}g_{mn} Φ^{,r}_{;r} .

78 CHAPTER 2: GENERAL PRINCIPLES OF CFT

We now continue with the C term: C = ∫∫ M d^2ξ √ g g^{mn} δΓ^a_{mn;a} Φ = ∫∫ M d^2ξ √ g (g^{mn} δΓ^a_{mn});a Φ (2.57) = ∫∫ M d^2ξ ( √ g g^{mn} δΓ^a_{mn}),a Φ = ∫∫ M d^2ξ ∂a( √ g g^{mn} δΓ^a_{mn} Φ) − ∫∫ M d^2ξ √ g g^{mn} Φ,a δΓ^a_{mn} = − ∫∫ M d^2ξ √ g Φ,a g^{mn} δΓ^a_{mn} = ∫∫ M d^2ξ √ g Φ,a [−δ (g^{mn}Γ^a_{mn}) + δg^{mn}Γ^a_{mn}] (2.59) = ∫∫ M d^2ξ √ g Φ,a δ ( 1 √ g ∂s( √ gg^{as}) ) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = ∫∫ M d^2ξ √ g Φ,a δ √ g −g ∂s( √ gg^{as}) + ∫∫ M d^2ξ √ g Φ,a 1 √ g ∂sδ( √ gg^{as}) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = − ∫∫ M d^2ξ Φ,a δ √ g √ g ∂s( √ gg^{as}) + ∫∫ M d^2ξ Φ,a ∂sδ( √ gg^{as}) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = − ∫∫ M d^2ξ Φ,a δ √ g √ g ∂s( √ gg^{as}) + ∫∫ M d^2ξ [∂s (Φ,aδ( √ gg^{as})) − ∂sΦ,aδ( √ gg^{as})] + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = − ∫∫ M d^2ξ Φ,a δ √ g √ g ∂s( √ gg^{as}) − ∫∫ M d^2ξ ∂sΦ,aδ( √ gg^{as}) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} (2.59) = ∫∫ M d^2ξ Φ,a δ √ g g^{mn}Γ^a_{mn} − ∫∫ M d^2ξ ∂sΦ,aδ( √ gg^{as}) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = ∫∫ M d^2ξ Φ,a δ √ g g^{mn}Γ^a_{mn} − ∫∫ M d^2ξ ∂sΦ,a (δ √ g g^{as} + √ g δg^{as}) + ∫∫ M d^2ξ √ g Φ,a δg^{mn}Γ^a_{mn} = − ∫∫ M d^2ξ δ √ g g^{mn} (∂mΦ,n − Γ^a_{mn}Φ,a) − ∫∫ M d^2ξ √ g δg^{mn} (∂mΦ,n − Γ^a_{mn}Φ,a) = − ∫∫ M d^2ξ δ √ g g^{mn} Φ;nm − ∫∫ M d^2ξ √ g δg^{mn} Φ;nm = − ∫∫ M d^2ξ δ √ g Φ^{,a}_{;a} − ∫∫ M d^2ξ √ g δg^{mn} Φ;nm = ∫∫ M d^2ξ 1 2 √ g gmn δg^{mn} Φ^{,a}_{;a} − ∫∫ M d^2ξ √ g δg^{mn} Φ;nm . Combining the results for B and C we arrive at A = ∫∫ M d^2ξ √ g δg^{mn} ( Φ_{;nm} − g_{mn} Φ^{,a}_{;a} ) . Therefore 1 √ g δA δg^{ij} = Φ_{;ik} − Φ^{,a}_{;a} g_{ik} ,

and the energy-momentum tensor is T_{ij} = −4πα ( ∂_iΦ∂_jΦ − 1 2 g_{ij} ∂_aΦ∂^bΦ ) − 4πβ ( R_{ij} − 1 2 g_{ij} R ) − 4πβ ( Φ_{;ij} − g_{ij} Φ^{,a}_{;a} ) .

§2.3: SOLUTIONS 79

APPENDIX For the Christoffel symbols, it is known that

Γ^a_{ma} = ∂m ln √ g = ∂m √ g √ g (2.58) and g^{jk} Γ^a_{jk} = − 1 √ g ∂s( √ g g^{as}) . (2.59)

Since the latter formula is not as well-known, we derive it here. Let A^{ij} be the cofactors of gij , i.e., g = gij A^{ij} From this, we see that ∂g ∂gij = A^{ij} ⇒ gij ∂g ∂gij = gij A^{ij} = g ⇒ ∂g ∂gij = gg^{ij} . On the other hand, from the chain rule, ∂g ∂x^l = ∂g ∂gij ∂gij ∂x^l = gg^{ij} ∂gij ∂x^l . Consequently,

g^{jk}Γ^i_{jk} = 1 2 g^{jk}g^{il} (∂j g_{lk} + ∂_kg_{lk} − ∂_lg_{jk}) = 1 2 g^{jk}g^{il} (2∂j g_{lk} − ∂_lg_{jk}) = g^{jk}g^{il} ∂j g_{lk} − 1 2 g^{jk}g^{il} ∂_lg_{jk} = −∂j g^{jk}g^{il} g_{lk} − 1 2 g^{il} (g^{jk}∂_lg_{jk}) = −∂j g^{ji} − 1 2g g^{il} ∂_lg = − 1 √ g ( √ g ∂j g^{ji} + ∂j √ g g^{ij} ) = − 1 √ g ∂j ( √ g g^{ij} ) . For the Christoffel symbols

Γ^m_{ik} = 1 2 g^{mj} (∂_kgij + ∂ig_{jk} − ∂j g_{ik}) , the variation is

δΓ^m_{ik} = 1 2 δg^{mj} (∂_kgij + ∂ig_{jk} − ∂j g_{ik}) + 1 2 g^{mj} (∂_kδgij + ∂iδg_{jk} − ∂j δg_{ik}) = − 1 2 δg_{ln} g^{ml} g^{nj} (∂_kgij + ∂ig_{jk} − ∂j g_{ik}) + 1 2 g^{mj} (∂_kδgij + ∂iδg_{jk} − ∂j δg_{ik}) = −δg_{ln} g^{ml} Γ^n_{ik} + 1 2 g^{mj} (∂_kδgij + ∂iδg_{jk} − ∂j δg_{ik}) (2.60) = 1 2 δg^{mj} [ ∂_kδgij − Γ^n_{ki} δgnj − Γ^n_{kj} δgin + ∂iδg_{jk} − Γ^n_{ij} δg_{nk} − Γ^n_{ik} δgjn

− ∂j δg_{ik} − Γ^n_{ji} δg_{nk} − Γ^n_{jk} δgin ]

= 1 2 g^{mj} (δg_{ij;k} + δg_{jk;i} − δg_{ik;j} ) . (2.61)

80 CHAPTER 2: GENERAL PRINCIPLES OF CFT

Finally, we study the variation of the Ricci tensor −Rij = ∂aΓ^a_{ij} − ∂j Γ^a_{ia} + Γ^b_{ij} Γ^a_{ba} − Γ^b_{ia} Γ^a_{bj} . We have −δRij = δ∂aΓ^a_{ij} − δ∂j Γ^a_{ia} + δΓ^b_{ij} Γ^a_{ba} + Γ^b_{ij} δΓ^a_{ba} − δΓ^b_{ia} Γ^a_{bj} − Γ^b_{ia} δΓ^a_{bj} = ∂aδΓ^a_{ij} − ∂j δΓ^a_{ia} + δΓ^b_{ij} Γ^a_{ba} + Γ^b_{ij} δΓ^a_{ba} − δΓ^b_{ia} Γ^a_{bj} − Γ^b_{ia} δΓ^a_{bj} = ∂aδΓ^a_{ij} − Γ^b_{ia} δΓ^a_{bj} − Γ^b_{ja} δΓ^a_{ib} + Γ^a_{ba} δΓ^b_{ij}

−∂j δΓ^a_{ia} + Γ^b_{ij} δΓ^a_{ba} + Γ^b_{ja} δΓ^a_{ib} − Γ^a_{bj} δΓ^b_{ia} = δΓ^a_{ij;a} − δΓ^a_{ia;j} . (2.62) This last formula is known as the Palatini identity.

Chapter 3

CORRELATORS IN CFT

References: The standard references for the material in this chapter are the same as in the previous chapter, namely [333, 186, 420]. Bosonization is summarized in [607], which also reprints many original papers. The application of bosonization to 2-dimensional QCD is reviewed in [290].

3.1 BRIEF SUMMARY

3.1.1 Computation of Correlators In any QFT, the Ward identities can be used in the computation of the correlation functions G = ⟨∅|Φ(x_1) · · · Φ(x_N )|∅⟩ . In CFT, there are three holomorphic conformal Ward identities, given by

⟨∅| [L_n, Φ(x_1) · · · Φ(x_N )] |∅⟩ = 0 , n = −1, 0, 1 ; (3.1)

likewise, there are three antiholomorphic conformal Ward identities associated with the generators L_n, n = −1, 0, 1.

Although the identities (3.1) are true for correlation functions of any fields, they are most useful for correlation functions of primary fields. In this case, the conformal Ward identities read N∑ i=1 ∂_{zi} ⟨∅|Φ(x_1) · · · Φ(x_N )|∅⟩ = 0 , N∑ i=1 (z_i∂_{zi} + Δ_i)⟨∅|Φ(x_1) · · · Φ(x_N )|∅⟩ = 0 , N∑ i=1 (z^2_i ∂_{zi} + 2z_iΔ_i)⟨∅|Φ(x_1) · · · Φ(x_N )|∅⟩ = 0 .

All correlation functions containing secondary fields can be obtained by the action of differential operators on correlation functions containing primary fields only. For example, suppose that in the correlation function

G = ⟨∅|Φ_1(x_1) · · · Φ_{N−1}(x_{N−1})Φ_N (x_N )|∅⟩ ,

all fields are primary except

Φ_N (x_N ) = L_{−k1} . . . L_{−kl} Φ(z_N , z_N ) .

Then G = L_{−k1} . . . L_{−kl} ⟨∅|Φ_1(x_1) · · · Φ_{N−1}(x_{N−1})Φ(x_N )|∅⟩ , where L_k = − N−1∑ j=1 [ (1 − k)Δ_j (z_j − z_N )^k + 1 (z_j − z_N )^{k−1} ∂ ∂z_j ] . One can perform similar calculations on correlation functions that contain more descendant fields.

3.1.2 The Bootstrap Approach We can treat the set of OPEs of a QFT as the fundamental information of the theory. Then, knowing the OPEs, one can reconstruct the whole theory. This approach, which we discuss below, is called the bootstrap approach.

Let A be the space of all fields {Φ_i} of the QFT. This space can be decomposed, as usual, into a direct sum of two subspaces, a fermionic subspace F and a bosonic subspace B: A = F ⊕ B . (3.2) The fields that belong in these respective subspaces satisfy the following commutation and anti-commutation relations:

Φ^{(B)}(x)Φ^{(B)}(y) = Φ^{(B)}(y)Φ^{(B)}(x) , (3.3) Φ^{(B)}(x)Φ^{(F )}(y) = Φ^{(F )}(y)Φ^{(B)}(x) , (3.4) Φ^{(F )}(x)Φ^{(F )}(y) = −Φ^{(F )}(y)Φ^{(F )}(x) , (3.5)

where Φ^{(F )}(x) ∈ F and Φ^{(B)}(x) ∈ B. As a result, the selection rules in A are

Φ^{(B)}Φ^{(B)} ∈ B , Φ^{(F )}Φ^{(F )} ∈ B , Φ^{(B)}Φ^{(F )} ∈ F .

The basic assumptions in this (non-Lagrangian) formulation are the following: 1. A is complete, i.e., it contains all fundamental fields, as well as all composite fields.

2. A is an infinite dimensional space that admits a countable basis.

3. A is an associative algebra.

We can now spell out explicitly the equations emerging from the previous assumptions. Let {A_a(x), a = 1, 2, . . .} be a basis in A; notice that this is in concordance with the requirement that we have a countably infinite basis. Then any product A_a(x)A_b(y) in the algebra can be decomposed in terms of the basis fields. It is therefore enough to consider the products^1 of the basis fields among themselves: T ( A_a(x)A_b(y) ) = ∑ k C^c_{ab}(x − y) A_c(y) , (3.6)

where C^c_{ab}(x − y) are c-numbers which are called structure coefficients.

In this approach to QFT, equation (3.6) and the commutation rules (3.3)-(3.5) are understood as constraints on the correlation functions. In particular, if Φ(x) is some field in the QFT, then

⟨T (Φ(x)A_a(x_1)A_b(x_2))⟩ = ∑ k C^c_{ab}(x_1 − x_2) ⟨T (Φ(x)A_c(x_2))⟩ .

Hence, equation (3.6) allows us to calculate all correlation functions of the theory recursively, reducing them ultimately to the 2-point correlation fuctions

⟨T (A_a(x_1)A_b(x_2))⟩ ≡ Δ_{ab}(x_1, x_2) .

Obviously, then, if we know the structure coefficients, we know the QFT. In this way, the problem of the classification of QFTs is reduced to the problem of classifying all possible structure coefficients. One can use the associativity of the algebra A to aid in the calculation of the structure coefficients. The correlation function

⟨T (A_a(x_1)A_b(x_2)A_c(x_3)A_d(x_4))⟩

can be calculated in two different ways by applying the expansion (3.6). One can take the OPEs of A_a(x_1)A_b(x_2) and A_c(x_3)A_d(x_4), or one can instead take the OPEs of A_a(x_1)A_c(x_3) and A_b(x_2)A_d(x_4). Consistency requires that these two computations lead to identical results. This is referred to as crossing symmetry. Mathematically, this takes the form ∑ nm C^n_{ab}(x_1 − x_2)Δ_{nm}(x_2 − x_4)C^m_{cd}(x_3 − x_4) = ∑ nm C^n_{ac}(x_1 − x_3)Δ_{nm}(x_3 − x_4)C^m_{bd} (x_2 − x_4) .

This equation is known as the bootstrap equation, and finding the sets of structure coefficients that satisfy this equation would amount to a classification of QFTs. As mentioned earlier, this whole program is known as the bootstrap appraoch. Making progress using the bootstrap approach has proven to be very hard in more than two dimensions. However,

1Notice that, for convenience, we take the OPEs to be time-ordered.

in two dimensions it becomes easier to implement. For example, for 2-dimensional CFTs, conformal invariance severely restricts the 2-point and 3-point correlation functions; they must be of the form

⟨ Φ_i(z_i, z_i)Φ_j ((z_j , z_j) ⟩ = δ_{ij} z^{2Δi}_{ij} z^{2Δi}_{ij} , and

⟨ Φ_i(z_i, z_i)Φ_j((z_j , z_j )Φ_k((z_k, z_k) ⟩ = C_{ijk} z^{γij}_{ij} z^{γij}_{ij} z^{γjk}_{jk} z^{γjk}_{jk} z^{γki}_{ki} z^{γki}_{ki} , where z_{ij} = z_i − z_j and γ_{ij} = Δ_i + Δ_j − Δ_k (and similarly for z_{ij} and γ_{ij}). Only a set of structure constants in the OPEs remains undetermined:

Φ_i(z_i, z_i)Φ_j (0, 0) = ∑ k C_{ijk} z^{Δk−Δi−Δj} z^{Δk −Δi−Δj} [Φ_k(0, 0)] . where the sum in r.h.s. is over the whole conformal tower. Correlation functions that contain descendants may be computed using the OPEs of T (z)Φ_i(w, w). Finally, the structure constants are the solutions of the bootstrap equation ∑ p C_{ijp} C_{lmp} F^{lm}_{ij} (p|x)F^{lm}_{ij} (p|x) = ∑ q C_{ilq} C_{jmq} F^{jm}_{il} (q|1 − x)F^{jm}_{il} (q|1 − x) , where F^{lm}_{ij} (p|x)F^{lm}_{ij} (p|x) is the contribution of the conformal family [Φ_p] to the 4-point correlation function.

3.1.3 Fusion Rules

The OPEs for any two fields of any conformal families are determined by the OPEs of the corresponding primaries. This fact allows one to write down the so-called fusion rules

[Φ_i] × [Φ_j] = N^k_{ij} [Φ_k]

as a shorthand for the OPEs of the conformal families. More concretely, the l.h.s. of the above equation represents the OPE between a field of the conformal family [Φ_i] and a field of the conformal family [Φ_j]. Then the r.h.s. indicates which conformal families [Φ_k] may have their members appearing in the OPE.

The numbers N^k_{ij} in the fusion rules are integers that count the number of occurrences of the family [Φ_k] in the OPE. Said in another way, they count the number of independent ways to create the field Φ_k from the original fields Φ_i and Φ_j. Due to this interpretation, the numbers N^k_{ij} immediately satisfy the symmetry condition N^k_{ij} = N^k_{ji} . Also, due to the associativity of the algebra of the fields, they satisfy a quadratic constraint. Using the matrix notation N_i = [ N^k_{ij} ] , this quadratic constraint takes the form

N_i N_l = N_l N_i .

Therefore, the matrices N_i form a commutative associative representation of the fusion rules. If the theory contains an infinite number of fields, then these matrices are infinite dimensional. However, there is a special set of CFTs, known as rational CFTs (RCFTs), that contain only a finite number of primary fields. The MMs discussed in Chapter 2 are special cases of RCFTs. The RCFTs can be analyzed completely. In these theories, the matrices N_i can be diagonalized simultaneously, and their eigenvalues form 1-dimensional representations of the fusion rules.

3.1.4 Local vs. Non-Local Fields

The selections rules (3.3)-(3.5) are not the most general possible in two dimensions, as we saw in Chapter 1. Thus in two dimensions, it is appropriate to expand the space of fields A to include generalized selection rules.

In particular, let us denote by π_C (x) the operation of analytic continuation of the point x around the point y on the contour C. In general,

A_a(π_C (x))A_b(y) = R^{ãb̃}_{ab} A_ã(x)A_{b̃}(y) .

PSfrag replacements

In the course of this collection of problems, we will find many realizations of this equation.

An interesting case that we shall study in a later chapter is the case of para-fermions:

A_a(π_C (x))A_b(y) = e^{2πiφab} A_a(x)A_b(y) . (3.7)

The phase φ_{ab} is a real number in the interval [0, 1); it is called the exponent of relative locality of the fields A_a(x) and A_b(x). The two fields A_a(x) and A_b(y) are called mutually local if φ_{ab} = 0; a field A_a(x) is called local if φ_{aa} = 0. According to this definition, bosons are local fields, while a boson and a fermion are mutually local.

Let A_d be a field occurring in the OPE of A_a and A_b: A_a(x)A_b(y) = . . . + C^d_{ab} A_d + . . . . Then the exponent of relative locality of A_d with respect a field A_c is φ_{dc} = {φ_{ac} + φ_{bc}} , where {r} denotes the fractional part of r. From this result, we conclude that the correlation function ⟨A_d(x)A_c(y)⟩ can be non-vanishing only if φ_{dc} = 0, that is, if

φ_{ac} = 1 − φ_{bc} . (3.8)

Consider the special case that the algebra can be generated by the two fields ψ_1 and ψ^†_1 ≡ ψ_{−1}, with the additional condition, motivated by (3.8), that

φ_{1,1} = 1 − φ_{1,−1} ≡ φ .

In this model, we see that we can define a discrete charge Q such that the space A is decomposed into sectors of definite charge: A = +∞⨁ n=−∞ A_n , QA_n = n A_n . (3.9)

In particular, ψ_1 ∈ A_1 , I ∈ A_0 , and ψ^†_1 ∈ A_{−1} .

For two fields Φ_n ∈ A_n and Φ_m ∈ A_m, the selection rule implies that

Φ_n Φ_m ∈ A_{m+n} .

Consequently, the exponent of mutual locality of Φ_n and Φ_m is φ_{nm} = {nmφ} , since Φ_n is in the same charge sector as a product of n ψ_1 fields. Finally, the spins of the fields Φ_n ∈ A_n are calculated trivially from the exponent γ_n. Noticing that

Φ_n(π_C (x))Φ_n(y) = e^{2πin2φ} Φ_n(x)Φ_n(y) ,

and comparing this result with the definition of Lorentz spin s, namely that under a rotation of θ = 2π, Φ(x) → e^{isθ}Φ(x) , we conclude that

s_n = 1 2 {n^2φ} + 1 2 n_k = 1 2 φ_{nn} + 1 2 n_k , where the n_k are integers not determined by the information we have specified.

If φ is rational, we can make a little more progress. Let us find k, N ∈ N such that φ = k/N. Then the decomposition (3.9) is finite since the exponents of mutual locality are periodic with period N: φ_{n+N,m} = {(n + N)mφ} = {nmφ + mk} = {nmφ} = φ_{nm} . In other words, if φ is rational, then the charge Q is a Z_N charge.

3.1.5 Bosonization As has been explained in Chapter 1, in two dimensions, statistics is a matter of convention, and a map can be established between fields of different statistics. One often uses this, changing the initial representation to a bosonic representation, in order to calculate the correlation functions.

In the language of CFT, the free boson with c = 1 is equivalent to two spinors of c = 1/2. The bosonization map is established by

ψ_1 + iψ_2 = √ 2 e^{iϕ} . This is only a special case of more general constructions.

The bc-system can be bosonized using a boson with background charge: T (z) = − 1 2 (∂ϕ)^2 + ie_0∂^2ϕ .

The central charge of this bosonic system is

c = 1 − 12e^2_0 .

By adjusting the coefficient e_0, one can match the central charge of the bc-system.

For example, the case of j = 2 of the bc-system, which is of importance to string theory, is bosonized by a theory with e_0 = 3/2 boson. In this case b(z) = e^{−iϕ(z)} , c(z) = e^{iϕ(z)} . A βγ-system with c = 11 also appears in string theory. Its bosonization proceeds via a j = 0 bc-system of c = −2 and a boson with background charge of c = 13. The latter has a background charge of e_0 = i. The map is given by β = ∂b e^{−ϕ} , γ = c e^ϕ .

3.2 EXERCISES

1. Given any four points x_i, x_j , x_k, x_l we can define their cross-ratio by z_{ijkl} = |x_i − x_j| |x_k − x_l| |x_i − x_l| |x_k − x_j | . Clearly, the cross ratios are invariant under conformal transformations. Find the number of independent variables of the n-point correlation function ⟨ ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n) ⟩ for a conformally invariant theory in D = 2 dimensions by explicitly demonstrating how such a correlation fucntion can be expressed in terms of independent cross ratios.

2. (a) Explain as precisely as possible why, given the Virasoro algebra, we can write Ward identities only for the three generators L_{−1}, L_0, and L_1. (b) Derive the Ward identities of the operators L_{−1}, L_0, and L_1.

3. (a) A function f(x_1, . . . , x_n) is called homogeneous of degree r if f(λx_1, . . . , λx_n) = λ^r f(x_1, . . . , x_n) . (3.10) For a homogeneous function, prove Euler’s identity: n∑ i=1 ∂f ∂x_i x_i = r f .

(b) Show that the Ward identity of L_0 for a correlation function G^{(n)} can be translated to the following statement: G^{(n)} is a homogeneous function of degree ∑_n i=1 Δ_i.

4. Show that any correlation function in CFT has the form G = N∏ i=1 N∏ j=i+1 z^{−γij}_{ij} Y ,

where z_{ij} = z_i − z_j and Y is a function of the cross-ratios (see the solution to Exercise 1). Find the equations satisfied by the γ_{ij} .

5. Show that it is always possible to choose the 2-point functions such that

⟨ ϕ_i(z_1)ϕ_j (z_2) ⟩ = δ_{ΔiΔj} (z_1 − z_2)^{2Δi}

. (3.11)

6. Let ϕ(z) be a field of conformal weight Δ with Fourier modes ϕ_n. Show that ϕ^†_n = ϕ_{−n} .

§3.2: EXERCISES 89

7. Show that a 3-point correlation function ⟨ ϕ_i(z_1)ϕ_j (z_2)ϕ_k(z_3) ⟩ is fully determined up to a constant. Then relate this constant to the OPE of the given fields.

8. Determine the functional form of an arbitrary 4-point correlation function, and show that it depends on an arbitrary function of a single variable.

9. For a free boson ϕ(z), show that the correlation function ⟨_n ∏ j=1 e^{iaj ϕ(zj )} ⟩

must vanish unless ∑_n j=1 a_j = 0.

10. Calculate the correlation function of the previous excercise. 11. (a) Derive the differential equation satisfied by the correlation function ⟨ σ(z_1, z_1)σ(z_2, z_2) . . . σ(z_{2M−1}, z_{2M−1})σ(z_{2M} , z_{2M} ) ⟩ of 2M spin fields in the Ising model.

(b) Solve the differential equation obtained in part (a) for the case of four spins and show that the solution can be expressed in terms of the hypergeometric function.

12. Consider the generic OPE

R (ϕ_n(z, z) ϕ_m(0, 0)) = ∑ p ∑ {k} ∑ {k} c^{p;{k}{k}} nm ϕ^{{k}{k}} p z^{Δn+Δm−Δp ∑ ki} z^{Δn+Δm−Δp−∑ ki} , with c^{p;{k}{k}} nm = c^p_{nm} β^{p;{k}}_{nm} β^{p;{k}}_{nm} . (3.12) Describe a method that can be used to calculate the coefficients c^{p;{k}{k}}_{nm} .

13. In the theory of open strings, the lowest order contribution to the tachyon-tachyon scattering amplitude is given by the CFT correlation function A = ∫ dz_3 ⟨ c(z_1)c(z_2)c(z_4)V_1V_2V_3V_4 ⟩ , where c(z) is a weight j = 2 c-field of a bc-system (which in this context are ghosts), and V_i = e^{ikμi Xμ(zi)} is the vertex operator for a tachyon, which has k^2 = 2.

Compute the amplitude A in terms of standard functions of mathematical physics.

3.3 SOLUTIONS

1. Translation invariance requires that G^{(n)} depend only on the differences x_i −x_j, i < j.

Since x_i − x_j = (x_i − x_1) − (x_j − x_1) , G^{(n)} depends only on the n − 1 vectors x_i − x_1, i = 2, 3, . . . , n, i.e. it depends on 2(n − 1) variables.

Furthermore, rotational invariance implies that G^{(n)} depends only on the magnitudes r_{ij} of x_i − x_j , ∀i, j and the relative orientations of these vectors, and not on their absoluate orientations. Since

r^2_{ij} = r^2_{i1} + r^2_{j1} − 2r_{i1}r_{j1} cos θ_{ij} ,

where θ_{ij} is the angle between x_i − x_1 and x_j − x_1, and since in two dimensions, all these angles are determined once one knows θ_{i1}, the Green function can be written in terms of the n − 1 magnitudes r_{i1} and the n − 2 angles θ_{i2}. (One has i > 1 for the magnitudes, and i > 2 for the angles.) One can see this represented in figure 3.1.

PSfrag replacements

Figure 3.1: In D = 2 dimensions, knowlege of the angles θ_{2i}, i = 3, 4, . . . , n is enough to determine the relative orientation of the vectors x_1 − x_i.

Continuing, scale invariance requires that G^{(n)} depends only on ratios r_{ij}/r_{kl} and the angles (and in our case, we can represent the angles using magnitudes of vectors). Since any arbitrary ratio r_{ij}/r_{kl} can be written in the form r_{ij} r_{kl} = r_{ij} r_{12} r_{12} r_{kl} , we can consider G^{(n)} as a function of

u_{ij} = r_{ij} /r_{12} .

Obviously, we have now one variable less since u_{12} = 1. Therefore, so far, G^{(n)} depends on 2(n − 2) variables u_{1i}, u_{2i} i = 3, 4, . . . , n.

Finally, special conformal invariance requires that G^{(n)} depends only on the crossratios r_{ij} r_{kl} r_{il}r_{kj} = u_{ij} u_{il} ( u_{kj} u_{kl} )_{−1} . We can thus consider G^{(n)} as a function of u_{ij} u_{il} . Aparently we have 2(n − 3) such quantities: u_{1i} u_{13} , u_{2i} u_{23} , i = 4, . . . , n . Therefore, the number of independent variables the correlation function can depend upon is 2(n − 3).

2. (a) Let G be a group of transformations with generators T_a, i.e., if U ∈ G then U = e^{iαaTa} for some α^a.

The fields of the theory transform as ϕ → ϕ^′ = UϕU^{−1} = e^{iαT} ϕe^{−iαT} . For infinitesimal transformations, i.e., transformations with infinitesimal α, the fields transform as ϕ → ϕ^′ = ϕ + iα [T, ϕ] . The Ward identities are obtained from the group elements that leave the vacuum invariant: U | ∅ ⟩ = | ∅ ⟩ , ⟨ ∅ | U^{−1} = ⟨ ∅ | , which is equivalent to saying that the Ward identities are obtained using those generators of G that annihilate the vacuum state, i.e., those T_a such that ⟨ ∅ | T_a = T_a | ∅ ⟩ = 0 . For such generators, the correlation function

G^{(n)} = ⟨ ∅ | ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n) | ∅ ⟩ , can be re-written as follows:

G^{(n)} = ⟨ ∅ | U^{−1}Uϕ_1(x_1)U^{−1}Uϕ_2(x_2)U^{−1}U . . . UU^{−1}ϕ_n(x_n)U^{−1}U | ∅ ⟩ = ⟨ ∅ | (Uϕ_1(x_1)U^{−1})(Uϕ_2(x_2)U^{−1}) . . . (Uϕ_n(x_n)U^{−1}) | ∅ ⟩ = ⟨ ∅ | ϕ^′_1(x_1)ϕ^′_2(x_2) . . . ϕ^′_n(x_n) | ∅ ⟩ ≃ ⟨ ∅ | ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n) | ∅ ⟩ + iα^a ⟨ ∅ | [T_a, ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n)] | ∅ ⟩ = G^{(n)} + iα^a ⟨ ∅ | [T_a, ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n)] | ∅ ⟩ .

From the above result we infer that

⟨ ∅ | [T_a, ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n)] | ∅ ⟩ = 0 ,

for all generators T_a that annihilate the vacuum.

Thus, given the Virasoro algebra, we will have a Ward identity for each generator that annihilates the vacuum. Therefore, we must first establish which generators do so. Not all Virasoro operators annihilate the vacuum, since if this were true, that is, if L_n | ∅ ⟩ = 0 , ∀n , then we would have [L_n, L_m] | ∅ ⟩ = 0 , ∀n, m , which is not true, because of the central charge in the algebra.

However, we do notice now that the central term cancels if n, m ≥ 0. Thus we can consistently set L_n | ∅ ⟩ = 0 , ∀n ≥ 0 . Moreover, the central term still vanishes when L_{−1} is added to the list of operators that annihilate the vacuum, and so it is consistent to have

L_{−1} | ∅ ⟩ = 0 .

Using the Hermiticity condition L^†_n = L_{−n}, we see that ⟨ ∅ | L_{−n} = 0 , ∀n ≥ −1 . Therefore, we can see that the three operators

L_{−1} , L_0 , L_1

constitute the maximal set of Virasoro generators that can annihilate the vacuum from both the left and right.

(b) The Ward identities for a generic conformal field theory can now be derived in straightforward fashion. We have, for j = −1, 0, and 1,

0 = ⟨ ∅ | [L_j , ϕ_1(x_1)ϕ_2(x_2) . . . ϕ_n(x_n)] | ∅ ⟩ = n∑ i=1 ⟨ ∅ | ϕ_1(x_1)ϕ_2(x_2) . . . [L_j , ϕ_i] . . . ϕ_n(x_n) | ∅ ⟩

= n∑ i=1 ⟨ ∅ | ϕ_1(x_1)ϕ_2(x_2) . . . L_jϕ_i . . . ϕ_n(x_n) | ∅ ⟩ ,

where

L_{−1}ϕ_i(x_i) = ∂ ∂z_i , L_0ϕ_i(x_i) = z_i ∂ ∂z_i + Δ_i ,

L_1ϕ_i(x_i) = z^2_i ∂ ∂z_i + 2x_iΔ_i .

3. (a) Differentiating the defining relation (3.10) of a homogeneous function with respect to λ, we find d dλ f(u_1, . . . , u_n) = r λ^{r−1} f(x_1, . . . , x_n) , where we have defined u_i = λx_i. Setting λ = 1 gives d dλ f(u_1, . . . , u_n) | | |_{λ=1} = r f(x1, . . . , xn) . The derivative appearring in the l.h.s. is calculated using the chain rule: d dλ f(u_1, . . . , u_n) = n∑ i=1 ∂f(u_1, . . . , u_n) ∂u_i du_i dλ = n∑ i=1 ∂f(u_1, . . . , u_n) ∂u_i x_i . When λ = 1, we have u_i = x_i, and therefore d dλ f(u_1, . . . , u_n) | | λ=1 = n∑ i=1 ∂f(x_1, . . . , x_n) ∂x_i x_i , thus completing the proof of Euler’s identity.

(b) Recall now that any correlation function G^{(n)} is a function of the n(n − 1)/2 differences z_{ij} = z_i − z_j , i < j: G = G(z_{ij} ) . It is now easy to see that the L_0 Ward identity takes the form n∑ i=1 n∑ j>i z_{ij} ∂G ∂z_{ij} = − n∑ i=1 Δ_i G .

The desired result now follows by a direct comparison with Euler’s equation.

4. The Ward identity of L_{−1} for the correlation function G is ( ∂ ∂z_1 + . . . + ∂ ∂z_N ) G = 0 ,

which implies that G is a function of the differences z_{ij} only, i.e., G = G(z_{ij} ) , i < j . The L_0 Ward identity requires that G be a homogeneous function of degree (− ∑_N i=1 Δ_i).

We thus write G = N∏ i=1 N∏ j=i+1 z^{−γij}_{ij} Y ,

with_N ∑ i=1 N∑ j=i+1 γ_{ij} = N∑ i=1 Δ_i .

Therefore, Y is a homogeneous function of degree zero; it will be a function of the independent cross ratios. Now, under the transformations z → f(z) = az + b cz + d ⇒ z_{ij} → z_{ij} (cz_i + d)(cz_j + d) , the correlation function, as written above, transforms as G → N∏ i=1 N∏ j=i+1 (cz_i + d)^{γij} (cz_j + d)^{γij} G .

This should be compared with the way the correlation should transform under these transformations: G → N∏ i=1 (cz_i + d)^{2Δi} G .

Therefore, straighforwardly, we find that the numbers γ_{ij} must satisfy the equations: ∑ j ′γ_{ij} = 2Δ_i ,

where we have defined γ_{ij} = γ_{ji}.

5. Let G(z_1, z_2) = ⟨ ∅ | ϕ_1(z_1)ϕ_2(z_2) | ∅ ⟩ .

Substituting in the Ward identity for L_{−1}, we find ∂G ∂z_1 + ∂G ∂z_2 = 0 ,

which implies that G is a funtion only of the difference z_1 − z_2. The L_0 Ward identity for G gives

z_1 ∂G ∂z_1 + z_2 ∂G ∂z_2 + (Δ_1 + Δ_2)G = 0 .

Setting z = z_1 − z_2, the above equation takes the simple form z dG dz + (Δ_1 + Δ_2)G = 0 ,

which gives G(z) = A z^{Δ1+Δ2} , where A is a constant.

Finally, we make use of the L_1 Ward identity for G, which states that

z^2_1 ∂G ∂z_1 + z^2 ∂G ∂z_2 + (2z_1Δ_1 + 2z_2Δ_2)G = 0 .

Inserting the expression we had just found for G, we arrive at the algebraic equation

z (Δ_1 − Δ_2) A = 0 , from which we conclude that A = 0 if Δ_1 ≠ Δ_2. When Δ_1 = Δ_2, we can rescale the fields in the theory such that A = 1. So, finally, G(z) = 1 z^{2Δ1} , which is the desired result.

Incidentally, let us make the following observation. For z = re^{iθ}, the full 2-point correlation function takes the form (including the holomorphic and the antiholomorphic dependence) G = e^{−2iθ(Δ−Δ)} r^{2(Δ1+Δ2)} . Under rescaling r → λr, the correlation function scales as G → λ^{−2(Δ+Δ)} G .

From this, we read the scaling dimension of the fields to be h = Δ + Δ. Under rotations, θ → θ + α, the correlation function changes as G → e^{−2iα(Δ−Δ)} G . From this, the spin of the fields is seen to be s = Δ − Δ.

6. The expansion of the field ϕ(z) in terms of its modes is ϕ(z) = ∑ n ϕ_n z^{−n−Δ} . Then ϕ^†(z) = ∑ n ϕ^†_n z^{−n−Δ} . (3.13) The Hermitian conjugate ϕ^†(z) of the field is constrained by the condition ⟨ ϕ|ϕ ⟩ = 1 . This implies that ⟨ ϕ | ≡ lim_{z→0} ⟨ ∅ | ϕ^†(z) = lim_{w→∞} ⟨ ∅ | ϕ(w)w^{2Δ} . (3.14) To check this, notice that under the transformation w = 1/z, ϕ(w) = ( dw dz )_{−Δ} ϕ(1/z) = z^{−2Δ} ϕ(1/z) .

Then ⟨ ϕ|ϕ ⟩ = lim_{z→0} lim_{w→∞} ⟨ ∅ | ϕ(w)w^{2Δ}ϕ(z) | ∅ ⟩ , or using (3.11) ⟨ ϕ|ϕ ⟩ = lim_{z→0} lim_{w→∞} ⟨ ∅ | w^{2Δ} (w − z)^{2Δ} | ∅ ⟩ = 1 . Now, equation (3.14) implies

lim_{z→0} ⟨ ∅ | ϕ^†(z) = lim_{z→0} ⟨ ∅ | ϕ(1/z)z^{−2Δ} ,

which in turn means that

ϕ^†(z) = z^{−2Δ} ϕ(1/z) = z^{−2Δ} ∑ n ϕ_n z^{n+Δ} = ∑ n ϕ_n z^{n−Δ} (n=−m) = ∑ m ϕ_{−m} z^{−m−Δ} . (3.15)

Note that in the last line, we have relabeled using m = −n. Then, comparing equations (3.13) and (3.15), we arrive immediately at the result ϕ^†_n = ϕ_{−n} .

7. The Ward identity from L_{−1} for the correlation function G is ( ∂ ∂z_1 + ∂ ∂z_2 + ∂ ∂z_3 ) G = 0 ,

which implies that G is a function of the differences z_1 − z_2, z_2 − z_3, and z_3 − z_1 only, i.e., G = G(z_1 − z_2, z_2 − z_3, z_3 − z_1) .

For simplicity, we will set

α = z_1 − z_2 , β = z_2 − z_3 , and γ = z_3 − z_1 ,

so we can write G as a function G(α, β, γ). Subsituting this expression in the Ward identity for L_0, we find α ∂G ∂α + β ∂G ∂β + γ ∂G ∂γ = − (Δ_1 + Δ_2 + Δ_3) G .

We can solve the last equation using the method of separation of variables: G = A(α)B(β)Γ(γ) . Then α A ∂A ∂α + β B ∂B ∂β + γ Γ ∂Γ ∂γ = − (Δ_1 + Δ_2 + Δ_3) , from which we conclude that α A ∂A ∂α = a , β B ∂B ∂β = b , γ Γ ∂Γ ∂γ = c , where a, b, and c are three constants such that a + b + c = − (Δ_1 + Δ_2 + Δ_3) .

Therefore

A = (constant) α^a , B = (constant) β^b , Γ = (constant) γ^c , and so G = (constant) α^a β^b γ^c .

Finally, to calculate the constants a, b, and c, we substitute the last expression in the Ward identity of L_1, which gives:

(a + c + 2Δ_1)z_1 + (a + b + 2Δ_2)z_2 + (b + c + 2Δ_3)z_3 = 0 . Since z_1, z_2, and z_3 are independent, we conclude that a + c + 2Δ_1 = a + b + 2Δ_2 = b + c + 2Δ_3 = 0 .

These algebraic equations are solved easily, yielding

a = Δ_3 − Δ_1 − Δ_2 , b = Δ_1 − Δ_2 − Δ_3 , and c = Δ_3 − Δ_1 − Δ_2 . So our final result reads G = C_{ijk} (z_1 − z_2)^{Δ1+Δ2−Δ3} (z_2 − z_3)^{Δ2+Δ3−Δ1} (z_1 − z_2)^{Δ1+Δ2−Δ3} , where C_{ijk} is a constant that depends only on the fields that enter in the correlation function. In fact, it follows that C_{ijk} is related to the OPE of the given fields by ϕ_i(z)ϕ_j (w) = C_{ijk}ϕ_k + . . .

8. From the result of Exercise 4 G = 1 z^{γ12}_{12} z^{γ13}_{13} z^{γ14}_{14} z^{γ23}_{23} z^{γ24}_{24} z^{γ34}_{34} Y (z_{ij} ) , where

γ_{12} + γ_{13} + γ_{14} = 2Δ_1 , γ_{21} + γ_{23} + γ_{24} = 2Δ_2 , γ_{31} + γ_{32} + γ_{34} = 2Δ_3 , γ_{41} + γ_{42} + γ_{43} = 2Δ_3 ,

and γ_{ij} = γ_{ji}.

The function Y must be homogeneous of degree 0; therefore, it can be written as a function of the cross ratios. There are only two independent cross ratios; without loss of generality, we choose z_{12} z_{34} z_{13} z_{24} and z_{14} z_{23} z_{13} z_{24} . It is a quick exercise to see that these two cross ratios sum to unity, that is, if we define z_{12} z_{34} z_{13} z_{24} ≡ x then z_{14} z_{23} z_{13} z_{24} = 1 − x . Thus, Y = Y (x). The correlation function depends on the function Y (x).

9. We define the chiral current J(z) ≡ i ∂ϕ(z) , which has conformal dimensions (1,0). Notice that ⟨J(z)J(0)⟩ = 1 z^2 , and therefore for large z, J(z) ∼ 1 z^2 . We will use this information shortly.

Now observe that ⟨ J(z) n∏ j=1 e^{iaj ϕ(zj )} ⟩ = ∑ k ⟨ J(z)e^{iakϕ(zk )} ∏ j≠k e^{iaj ϕ(zj )} ⟩

= ∑ k α_k z − w_k ⟨_n ∏ j=1 e^{iaj ϕ(zj )} ⟩ ,

where we made use of Exercise 6 in Chapter 2. For large z, the preceding result reads 0 1 z + 1 z^2 G + O ( 1 z^3 ) = ∑ k α_k z ( 1 − w_k z )_{−1} G = ∑ k α_k z ( 1 − w_k z )_{−1} G = ∑ k α_k z [ 1 + w_k z + ( w_k z )_2 + · · · ] G

= 1 z ( ∑ k α_k ) G + O ( 1 z^2 ) .

Comparing the two sides, we conclude that ( ∑ k α_k ) G = 0 .

Therefore G can only be non-vanishing when ∑ k α_k = 0 .

10. We first notice that ∂_{zi} G = ⟨ e^{ia1 ϕ(z1)} · · · ia_1 : ∂_{zi} ϕ(z_i)e^{iaiϕ(zi)} : · · · e^{ian ϕ(zn)} ⟩

= a_i ⟨ e^{ia1ϕ(z1)} · · · : J(z_i)e^{iaiϕ(zi)} : · · · e^{ian ϕ(zn)} ⟩

= ∑ j≠i a_ia_j z_i − z_j G .

This first order differential equation is solved easily by multiplying both sides by

p = exp − ∑ j≠i ∫ a_ia_j z_i − z_j dz_i = ∏ j≠i (z_i − z_j )^{−aiaj} . Then the differential equation reads ∂_{zi} (pG) = 0 , ∀i , which gives G = A ∏ i<j (z_i − z_j )^{aiaj} , where A is a constant. To calculate the constant, we consider the 2-point correlation function ⟨ e^{iaϕ(z)}e^{ibϕ(w)} ⟩ , which can be calculated easily from standard identities in QFT: ⟨ e^{iaϕ(z)}e^{ibϕ(w)} ⟩ = e^{−ab⟨ ϕ(z)ϕ(w) ⟩} = e^{ab ln(z−w)} = (z − w)^{ab} . Therefore, A = 1, and thus G = ∏ i<j (z_i − z_j )^{aiaj} . (3.16)

11. (a) Let g^{(4)} be the holomorphic part of the correlation function. Given the state | σ ⟩ = σ(0) | ∅ ⟩, one can construct a null state | χ ⟩ = ( L_{−2} − 4 3 L^2_{−1} ) | σ ⟩ . Then 0 = ⟨ χ(z_1)σ(z_2) . . . σ(z_{2M} ) ⟩ = ⟨ ( L_{−2} − 4 3 L^2_{−1} ) σ(z_1)σ(z_2) . . . σ(z_{2M} ) ⟩

= ( L_{−2} − 4 3 L^2_{−1} ) ⟨ σ(z_1)σ(z_2) . . . σ(z_{2M} ) ⟩ ≡ ( L_{−2} − 4 3 L^2_{−1} ) g^{(4)} ,

with

L_{−2} = 2M∑ j=2 ( 1/16 z^2_{1j} + 1 z_{1j} ∂ ∂z_j ) , and

L_{−1} = − 2M∑ j=2 ∂ ∂z_j .

From the L_{−1} Ward identity, we know that 2M∑ j=1 ∂g^{(4)} ∂z_j = 0 ⇒

∂g^{(4)} ∂z_1 = − 2M∑ j=2 ∂g^{(4)} ∂z_j = L_{−1}g^{(4)} ⇒ ∂ ∂z_1 = L_{−1} .

Inserting this last result in the previous expression, we find that 4 3 ∂^2g^{(4)} ∂z^2_1 − 2M∑ j=2 ( 1/16 z^2_{1j} + 1 z_{1j} ∂ ∂z_j ) g^{(4)} = 0 .

(b) Let G^{(4)}(z_i, z_i) ≡ ⟨ σ(z_1, z_1) σ(z_2, z_2) σ(z_3, z_3) σ(z_4, z_4) ⟩ .

As we have discussed in Exercise 8, the conformal Ward identities determine the functional form of G^{(4)} to be

G^{(4)}(z_i, z_i) = 1 z^{γ12}_{12} z^{γ13}_{13} z^{γ14}_{14} z^{γ23}_{23} z^{γ24}_{24} z^{γ34}_{34} 1 z^{γ12}_{12} z^{γ13}_{13} z^{γ14}_{14} z^{γ23}_{23} z^{γ24}_{24} z^{γ34}_{34} Y (x, x) , where z_{ij} ≡ z_i − z_j, x ≡ z_{12} z_{34} z_{13} z_{24} , and similar definitions for the conjugate (i.e., overbarred) quantities. In addition, we have ∑ j ′ γ_{ij} = 2 Δ_i = 1/8 , and ∑ j ′ γ_{ij} = 2 Δ_i = 1/8 .

We can rewrite G^{(4)} as

G^{(4)}(z_i, z_i) = ( z_{13} z_{24} z_{12} z_{34} )_{1/8} 1 z^{1/8}_{23} z^{1/8}_{41} ( z_{13} z_{24} z_{12} z_{34} )_{1/8} 1 z^{1/8}_{23} z^{1/8}_{41} F (x, x)

= ( 1 x z_{23} z_{41}

)_{1/8} ( 1 x z_{23} z_{41} )_{1/8} F (x, x) . (3.17)

The holomorphic part g^{(4)} of G^{(4)} satisfies the differential equation − 4 3 ∂^2g^{(4)} ∂z^2_1 + 3∑ j=2 ( 1/16 z^2_{1j} + 1 z_{1j} ∂ ∂z_j ) g^{(4)} = 0 . (3.18)

There is a similar equation for the antiholomorphic part g^{(4)}(x) of G^{(4)}.

If we use (3.17) to substitute for

g^{(4)} = (x z_{23} z_{41})^{−1/8} f(x)

in (3.18), we find the second order differential equation x (1 − x) d^2f dx^2 + ( 1 2 − x ) df dx + 1 16 f = 0 , (3.19)

which is the differential equation sought.

(b) Compare^2 the last equation (3.19) with the well-known hypergeometric differential equation x (1 − x) d^2 dx^2 + [c − (1 + a + b) x] dF dx − a b F = 0 . We immediately see that (3.19) is a special case of the hypergeometric equation for which c = 1/2 and a = −b = 1/4 .

Therefore, the solution to our differential equation can be expressed in terms of the hypergeometric function by f(x) = A F (a, b; c; x) + B x^{1−c} F (a + 1 − c, b + 1 − c; 2 − c; x) = A F ( 1 4 , − 1 4 ; 1 2 ; x ) + B x^{1/2} F ( 3 4 , 1 4 ; 3 2 ; x ) , where A and B are constants. Recall that the hypergeometric function can be expanded as F (a, b; c; x) ≡ +∞∑ n=0 1 n! (a)_n (b)_n (c)_n z^n , where (a)_n is the Barnes symbol:

(a)_n ≡ a (a + 1) . . . (a + n − 1) =

Γ(a + n)

Γ(a) . 2One can solve (3.19) by making the substitution x = sin^2 θ, in which case one finds

d^2f d^2θ + 1 4 f = 0 .

This equation has the obvious solution

f = A cos θ 2 + B sin θ 2 . However, we present yet another, longer but completely direct approach to solve (3.19) since, if one does not know the final answer, it would require a terrible amount of imagination and experience to write down this transformation.

Two standard properties of the hypergeometric function [3] are F ( n 2 , − n 2 ; 1 2 ; sin^2 θ ) = cos nθ , F ( n + 1 2 , − n − 1 2 ; 3 2 ; sin^2 θ ) = sin nθ n sin θ . In particular, setting n = 1/2, F ( 1 4 , − 1 4 ; 1 2 ; sin^2 θ ) = cos θ 2 , and F ( 3 4 , 1 4 ; 3 2 ; sin^2 θ ) = 1 cos^θ_2 . If we write sin^2 θ ≡ x , then f(x) = A cos θ 2 + B^′ sin θ 2 . Notice that cos θ 2 = √ 1 − sin^2 θ 2 = √ 1 − 1 − cos θ 2 = 1 √ 2 √ 1 + cos θ = 1 √ 2 √ 1 + √ 1 − sin^2 θ = 1 √ 2 √ 1 + √ 1 − x and sin θ 2 = 1 √ 2 √ 1 − √ 1 − x . Therefore f(x) = α f_1(x) + β f_2(x) , where f_1(x) ≡ √ 1 + √ 1 − x , and f_2(x) ≡ √ 1 − √ 1 − x . If we restore the antiholomorphic part, G^{(4)} can be written as

G^{(4)}(z_i, z_i) = | | 1 x z_{23} z_{41} | |^{1/4} 2∑ i,j=1 α_{ij} f_i(x) f_j (x) .

Since the field σ(z, z) is local, G^{(4)}(z_i, z_i) must be single-valued. This condition is better seen using the θ, θ variables. Under the substitution θ → −θ , θ → −θ , (3.20)

G^{(4)}(z_i, z_i) is single-valued if there are not cross terms, i.e.

G^{(4)}(z_i, z_i) = | | 1 x z_{23} z_{41} | |^{1/4} (a |f_1(x)|^2 + b |f_2(x)|^2) .

Actually, the substitution (3.20) takes into account the analytical continuation only around the point (x = 0, x = 0). However, the differential equation (3.19) has another singular point, namely (x = 1, x = 1), which corresponds to (θ = π/2, θ = π/2). Single-valuedness here implied that a = b, i.e. that

G^{(4)}(z_i, z_i) = | | | 1 x z_{23} z_{41} | | | 1/4 a ( |f_1(x)|^2 + |f_2(x)|^2 ) . (3.21)

Finally, to calculate the coefficient a we proceed as follows: For z_1 ≃ z_2 and z_3 ≃ z_4, equation (3.21) gives

G^{(4)}(z_i, z_i) ∼ 2a |z_{12}|^{1/4} |z_{34}|^{1/4}

. (3.22)

On the other hand, using the OPE

σ(z_1, z_1) σ(z_2, z_2) ∼ 1 |z_{12}|^2 , we can find the singular part of G^{(4)} = ⟨ σσσσ ⟩ independently, obtaining

G^{(4)}(z_i, z_i) ∼ 1 |z_{12}|^{1/4} |z_{34}|^{1/4}

. (3.23)

Comparing (3.22) and (3.23), we conclude that a = 1/2. Thus the final result is

G^{(4)}(z_i, z_i) = 1 2 | | 1 x z_{23} z_{41} | |^{1/4} ( |f_1(x)|^2 + |f_2(x)|^2 ) .

12. We can use the OPE in general to write

ϕ_n(z, z) ϕ_m(0, 0) = ∑ p c^p_{nm} χ^p_{nm}(z) χ^p_{nm}(z) z^{Δp−Δn−Δm} z^{Δp−Δn−Δm} ϕ_p(0, 0) ,

where χ^p_{nm}(z) ≡ ∑ {k} β^{pj {k}} nm z^{∑ ki} L_{−k1} . . . L_{−kn} . . . (3.24)

In the following, we will drop the antiholomorphic part, and concentrate on

ϕ_n(z) ϕ_m(0) = ∑ p c^p_{nm} χ^p_{nm}(z) z^{Δp −Δn−Δm} ϕ_p(0) . (3.25)

Since ϕ_n(0) | ∅ ⟩ = | Δ_n ⟩ , applying (3.25) to the vacuum | ∅ ⟩, we get

ϕ_n(z) | Δ_m ⟩ = ∑ p c^p_{nm} χ^p_{nm}(z) z^{Δp−Δn−Δm} | Δ_p ⟩ . (3.26)

We define | z, Δ_p; nm ⟩ ≡ χ^p_{nm}(z) | Δ_p ⟩ . (3.27) Then for any L_s, s > 0 we get

[L_s, ϕ_n(z)] | Δ_m ⟩ = L_sϕ_n(z) | Δ_m ⟩ − ϕ_n(z)L_s | Δ_m ⟩ = L_sϕ_n(z) | Δ_m ⟩ = ∑ p c^p_{nm} z^{Δp−Δn−Δm} L_s | z, Δ_p; nm ⟩ ⇒ [ z^{s+1}∂_z + (s + 1) Δ_n z^s ] ϕ_n(z) | Δ_m ⟩ = ∑ p c^p_{nm} z^{Δp−Δn−Δm} L_s | z, Δ_p; nm ⟩ ⇒ [ z^{s+1}∂_z + (s + 1) Δ_n z^s ] ∑ p c^p_{nm} z^{Δp−Δn−Δm} | z, Δ_p; nm ⟩ = ∑ p c^p_{nm} z^{Δp−Δn−Δm} L_s | z, Δ_p; nm ⟩ ⇒ [ z_s (Δ_p − Δ_n − Δ_m + z^{s+1}∂_z + (s + 1) Δ_n z^s ] | z, Δ_p; nm ⟩ = L_s | z, Δ_p; nm ⟩ . (3.28)

These equations determine the state | z, Δ_p; nm ⟩. Actually, the first two equations, with s = 1 and s = 2, are sufficient to determine the state (this arises from the fact that the L’s have to obey the Virasoro algebra). If we could determine the action of L_s on | z, Δ_p; nm ⟩ and solve (3.28), then we would be able to find the coefficients β^{p; {k}} nm using (3.24) and (3.27). Since we cannot proceed in this direct way, we instead introduce the Taylor expansion | z, Δ_p; nm ⟩ ≡ ∞∑ N=0 z^N | N, Δ_p; nm ⟩ . (3.29)

We will show that the solution can now be approximated up to any chosen order. From the definitions (3.24), (3.27), and (3.29), we see that

L_0 | N, Δ_p; nm ⟩ = (Δ_p + N) | N, Δ_p; nm ⟩ .

Substituting (3.29) in (3.28), we find

[N + (s + 1)Δ_n + Δ_p − Δ_n − Δ_m] | N, Δ_p; nm ⟩ = L_s | N, Δ_p; nm ⟩ .

Therefore L_s | N, Δ_p; nm ⟩ = 0 , N < s L_s | N + s, Δ_p; nm ⟩ = [N + sΔ_n + Δ_p − Δ_m] | N, Δ_p; nm ⟩ .

We have already mentioned that we need only the equations for s = 1 and s = 2, which are now

L_1 | N + 1 ⟩ = (N + Δ_n + Δ_p − Δ_m) | N ⟩ , and (3.30) L_2 | N + 2 ⟩ = (N + 2Δ_n + Δ_p − Δ_m) | N ⟩ . (3.31)

where we have simplified the notation for convenience.

Let us now compute the state | z, Δ_p; nm ⟩ up to second order, i.e., determine the coefficients of the following expansion: | z, Δ_p; nm ⟩ = [ 1 + z β^{p;1}_{nm} L_{−1} + z^2 (β^{p;1,1}_{nm} L^2_{−1} + β^{p;2}_{nm} L_{−2}) + . . . ] | Δ_p ⟩ . This amounts to writing the states | N = 0 ⟩, | N = 1 ⟩, and | N = 2 ⟩ as linear combinations of states from the Verma module of | Δ_p ⟩. One finds

| N = 0 ⟩ = | Δ_p ⟩ , | N = 1 ⟩ = αL_{−1} | Δ_p ⟩ , | N = 2 ⟩ = (γL^2_{−1} + δL_{−2}) | Δ_p ⟩ ,

where α ≡ β^{p;1}_{nm} , γ ≡ β^{p;1,1}_{nm} , and δ ≡ β^{p;2}_{nm} . We present the calculation explicitly. Equation (3.30) for N = 0 implies

(Δ_n + Δ_p − Δ_m) | Δ_p ⟩ = L_1 | N = 1 ⟩ = α L_1 L_{−1} | Δ_p ⟩ = α [L_1, L_{−1}] | Δ_p ⟩ = α 2L_0 | Δ_p ⟩ = 2αΔ_p | Δ_p ⟩ .

Therefore, α = Δ_n + Δ_p − Δ_m 2Δ_p .

From (3.31) for N = 0, we get

(2Δ_n + Δ_p − Δ_m) | Δ_p ⟩ = L_2 | 2 ⟩ = L_2 (γ L^2_{−1} + δ L_{−2}) | Δ_p ⟩ = (γ [ L_2, L^2_{−1} ] + δ [L_2, L_{−2}]) | Δ_p ⟩ = [ γ 6Δ_p + δ (4Δ_p + c 2 ) ] | Δ_p ⟩ , or, in other words,

6Δ_p γ + ( 4Δ_p + c 2 ) δ = 2Δ_n + Δ_p − Δ_m . (3.32)

Again, from (3.30), but now for N = 1, we have (Δ_n + Δ_p − Δ_m + 1) | 1 ⟩ = L_1 | 2 ⟩ ⇒ (Δ_n + Δ_p − Δ_m + 1) α L_{−1} | 2 ⟩ = (γ [ L_1, L^2_{−1} ] + δ [L_1, L_{−2}]) | Δ_p ⟩ = L_1(γL^2_{−1} + δL_{−2}) | Δ_p ⟩ = [γ 2(2Δ_p + 1) + 3δ)] L_{−1} | Δ_p ⟩ ⇒ 2(2Δ_p + 1) γ + 3δ = (Δ_n + Δ_p − Δ_m + 1) α . (3.33) The system of (3.32) and (3.33) can be solved explicitly for γ and δ. This calculation gives γ = (4Δ_p +^c_2 ) (Δ_n + Δ_p − Δ_m + 1) (Δ_n + Δ_p − Δ_m) − (6Δ_n + 3Δ_p − 3Δ_m) 2Δ_p [2Δ_p (8Δ_p − 5) + c (1 + 2Δ_p)] 2Δ_p δ = (Δ_m + Δ_n − Δ_p) + 2(Δ_nΔ_p + Δ_mΔ_p + 3Δ_nΔ_m) − (3Δ^2_n + 3Δ^2_m − Δ^2_p) 2 Δ_p (8Δ_p − 5) + c (1 + 2Δ_p)

Now it is clear how we can obtain all the coefficients β^{p;{k}}_{nm} up to n-th order. All we have to do is to solve a linear algebraic system of P (n)-th order. Then we obtain the initial coefficients c^{p;{k}{k}}_{nm} by using equation (3.12). This method is straightforward in principle, but discouraging in practice!

13. In the amplitude expressed as A = ∫ dz_3 ⟨ c(z_1)c(z_2)c(z_4)V_1V_2V_3V_4 ⟩ = ∫ dz_3 ⟨ c(z_1)c(z_2)c(z_4) ⟩ ⟨ V_1V_2V_3V_4 ⟩ ,

one can calculate the correlation functions inside the integral easily by using the bosonized version of c(z) and the result of the problem 10. This enables us to re-write the amplitude as A = ∫ dz_3 z_{12}z_{14}z_{24} ∏ i<j e^{ki·kj ln zij} = ∫ dz_3 z_{12}z_{14}z_{24} ∏ i<j z^{ki·kj}_{ij} .

Since the result should not depend on the positions at which we have placed the ghosts, we can choose, without loss of generality, z_1 → ∞ , z_2 = 1 , and z_4 = 0 .

Then

P ≡ z^{k1·k2+1}_{12} z^{k1·k3}_{13} z^{k1·k4+1}_{14} z^{k2·k3}_{23} z^{k2·k4+1}_{24} z^{k3·k4}_{34}

z_2=1,z_4=0

= (z_1 − 1)^{k1 ·k2+1}z^{k1·k3}_{13} z^{k1·k4+1}_1 (1 − z_3)^{k2·k3} 1^{k2·k4+1}z^{k3·k4}_3 . Now momentum conservation gives k_3 = − (k_1 + k_2 + k_4) .

Using this value of k_3 in the exponent of z_{13} in P , we find

P = (z_1 − 1)^{k1·k2+1}z^{−k1·(k1+k2+k4)}

13 z^{k1·k4+1}_1 (1 − z_3)^{k2·k3} z^{k3·k4}_3 = (z_1 − 1)^{k1·k2+1}z^{k1·k4+1}_1 z^{k21 +k1·k2+k1·k4} 13 (1 − z_3)^{k2·k3} z^{k3·k4}_3 z_1→∞ = (1 − z_3)^{k2·k3} z^{k3·k4}_3 , where we have used the tachyon condition k^2_1 = 2. As a result, we end up with the Veneziano amplitude, namely A = ∫_1 0 dz_3 (1 − z_3)^{k2·k3} z^{k3·k4}_3 = B(k_2 · k_3 + 1, k_3 · k_4 + 1) , where B(x, y) stands for the well-known (beta) B-function.

Chapter 4

OTHER MODELS IN CFT

References: Orbifolds are reviewed in [333], affine algebras in [333, 297]. For information on the WZWN model, see [297, 629]. A review on the WZWN model from the functional integral point of view is [319].

4.1 BRIEF SUMMARY

4.1.1 Orbifolds

Let M be a manifold and Γ a discrete group acting on M, i.e., a map σ : Γ × M → M is given. One generally writes this as a group element γ acting on a point x of the manifold. A point x ∈ M is a fixed point of this map provided that there is a γ_0 ∈ Γ such that γ_0 · x = x and γ_0 ≠ id. The orbit of x is the set Γ · x generated by the action of all the elements of Γ on x. Then the quotient space O = M/Γ is the set of all distinct orbits of M under Γ. Such a quotient space is called an orbifold (from orbit manifold). When the action σ has no fixed points, then O is an ordinary manifold. When σ has fixed points, then O is not exactly an ordinary manifold, because of the behavior at the fixed points when the quotient space is constructed.

PSfrag replacements

Figure 4.1: The quotient space of a manifold M by the group Γ. For ease of visualization, we have drawn continuous (instead of discrete) orbits.

The concept of an orbifold thus generalizes that of a manifold. This is relevant for our purposes, as one can define CFTs on orbifolds. In particular, given a modular invariant conformal field theory T that admits a discrete symmetry group Γ, one can construct an orbifold CFT (which is modular invariant) by taking the original CFT T and modding out by Γ.

PSfrag replacements

Figure 4.2: The orbifold obtained from the circle by modding out by a Z_2 reflection group. The group Z_2 identifies points that are symmetric with respect to the horizontal axis, and therefore the map has two fixed points. Compare this action with the action in RP^1 = S^1/Z_2 ≃ S^1, where Z_2 identifies points symmetric with respect to origin of the coordinate system. In this case, the action on S^1 has no fixed points and the quotient space is a manifold, namely S^1.

One can adopt the notation Z_T = □

to denote the partition function of T . Then the partition function of T /Γ is given by

Z_{T /Γ} = 1 |Γ| ∑ g,h∈Γ gh=hg g □_h .

4.1.2 WZWN Model

Given a group manifold G, we can define a corresponding σ-model, which is a theory with action S_0 = k 16π ∫∫ d^2x tr ( ∂_ag(x)∂^ag^{−1}(x) ) , where g(x) is a field that takes its values in the group G. This action is not conformally invariant. However, one can make the theory conformally invariant by adding a Wess- Zumino term, leading to the action

S = S_0 + k 24 ∫∫∫ d^3y f^{abc} tr [( g(y)∂_ag^{−1}(y) ) ( g(y)∂_bg^{−1}(y) ) ( g(y)∂_cg^{−1}(y) )] , (4.1)

where k is now an integer. The Wess-Zumino term, which has been added to the action, is topological. The integral is over a 3-dimensional space which has the physical two-dimensional space as its boundary; the Wess-Zumino term is the integral of a total derivative, and so ultimately only depends on the physical two-dimensional space, not on the particular extension into the three-dimensional space. Single-valuedness of the action leads to the requirement that k be an integer.

The model (4.1) has a local symmetry G ⊗ G which acts on the fields as^1 g(z, z) → Ω(z)g(z, z)Ω(z) , Ω ∈ G, Ω ∈ G . This symmetry is generated by the currents

J^a(z) = − k 2 (∂^ag) g^{−1} and

J^a(z) = − k 2 g^{−1} (∂^ag) .

One has the associated OPEs

J^a(z)J^b(w) = k/2 δ^{ab} (z − w)^2 + f^{ab}_c J^c(w) z − w + reg .

The modes J^a_n of J^a(w), J^a(z) = ∑ n J^a_n z^{n+1} , satisfy an affine ĝ Kac-Moody algebra with level k: [ J^a_m, J^b_n ] = i f^{ab}_c J^c_{m+n} + k 2 m δ^a δ_{m+n,0} . The energy-momentum tensor is

T (z) = 1 k + h̃_g ‡ J_a(z)J_a(z) ‡ , where ‡ ‡ denotes normal ordering with respect to the modes of J^a(z), and h̃_g is the dual Coxeter number of ĝ. Unitarity of the model requires that k be a positive integer (just as single-valuedness of the action exponential does). From the OPE of the energy-momentum tensor, we find that c = k dim g k + h̃_g . The heighest weight representations at level k are labeled by a vector p in the set {p ∈ P | p · ω_i ≥ 0 , p · ρ ≤ k } , where P is the weight lattice of ĝ, {ω_i} the corresponding fundamental weights, and ρ half the sum of the positive roots in ĝ. The primary fields have dimensions

Δp = p · (p + 2ρ) k + h̃_g . 1The groups G and G are isomorphic; we use the overbar simply to indicate which side each group acts from.

4.1.3 Parafermions The CFT UMM(3) is probably the simplest of the MMs; it includes a fermion field ψ with weight (1/2, 0), a spin variable σ, and a disorder variable μ. Together with the energymomentum tensor T , they build an algebra that enjoys a Z_2 symmetry. This model is related to the Ising model of statistical physics.

One expects, correctly, that a similar construction is possible with other cyclic groups. Indeed, an algebra that enjoys an analogous Z_3 symmetry is constructed as follows. We start with two fields ψ and ψ^† which both have weight (2/3, 0); we call these parafermion fields. Although such objects are non-local, together with the energy-momentum tensor, they can be used to build a local CFT algebra: T (z)T (w) = c/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂_wT (w) z − w + · · · , T (z)ψ(w) = (2/3)ψ(w) (z − w)^2 + ∂_wψ(w) z − w + · · · , ψ(z)ψ(w) = aψ(w) (z − w)^{2/3} + · · · , ψ(z)ψ^†(w) = 1 (z − w)^{4/3} ( 1 + 8 9c T (w) + · · · ) . Associativity fixes the values of the constants in this algebra to c = 4/5 and a = 2/ √ 3. Just as the Z_2 model is related to the Ising model, this model is related to the 3-state Potts model of statistical mechanics.

The above two cases are the first two models in the series of parafermionic models. The series is parametrized by the natural number N ∈ N ∖ {0, 1}. The N-th model enjoys a Z_N symmetry similar to the previous cases. In particular, the N-th model contains N − 1 parafermions ψ_1, . . . , ψ_{N−1} which are primary fields with conformal weights

Δ_k = k(N − k) N , k = 1, 2, . . . , N − 1 , which thus satisfy T (z)ψ_k(w) =

Δ_kψ_k(w) (z − w)^2 + ∂_wψ_k(w) z − w + · · · . These fields also obey the conjugation relation ψ^†_k = ψ_{N−k} . The defining OPEs of the algebra are:

ψ_k(z)ψ_k′ (w) = c_{kk}′ (z − w)^{2kk′/N} [ψ_{k+k}′ (w) + O(z − w)] , k + k^′ < N , ψ_k(z)ψ^†_{k′} (w) = c_{k,N−k}′ (z − w)^{2k(N−k′)/N} [ψ_{k−k}′ (w) + O(z − w)] , k < k^′ , ψ_k(z)ψ^†_k(w) = 1 (z − w)^{2k(N−k)/N} [ I + 2Δ_k c (z − w)^2 T (w) + O ( (z − w)^3 )] .

Demanding associativity determines the central charge; its value is c = 2(N − 1) N + 2 . The model also contains a set of N spin fields σ with weights Δ(σ_k) = l(N − l) 2N(N + 2) , l = 0, 1, . . . , N − 1 . The theory includes N different sectors differentiated according to the modes A_n of ψ_1: ψ_1 = ∑ n A_n z^{n+ k(N−k)}N . One of the most interesting results of the parafermionic models is their relation to the SU(2)_N WZWN model. One can show that (as we will discuss in the problems) SU(2)_N WZWN model ≃ Z_N parafermion model ⊗ free boson (4.2) The map between the two sides of this equivalence is given by: J_+(z) = ψ_1(z) : e^i

√_2 N ϕ(z) : , J_−(z) = ψ^†_1(z) : e^{−i}

√_2 N ϕ(z) : , H(z) = √ N ∂ϕ(z) . The primary fields of the WZWN model G_l(z, z) are constructed as products of the spin fields σ_l(z, z) and the vertex operators of the free boson by G_l(z, z) = σ_l(z, z) : e^{i l2√N ϕ(z)} : . Therefore any correlation function of WZWN fields will factorize into a correlation fuction of spin fields in the parafermion model and a correlation function of vertex operators for a free boson:

⟨ G_{l1} (z_1, z_1)G_{l2} (z_2, z_2) . . . G_{ln} (z_n, z_n) ⟩ = ⟨ σ_{l1} (z_1, z_1)σ_{l2} (z_2, z_2) . . . σ_{ln} (z_n, z_n) ⟩ × ⟨ V_{l1} (z_1, z_1)V_{l2} (z_2, z_2) . . . V_{ln} (z_n, z_n) ⟩ .

This identity can be used for the computation of all correlators in the parafermionic theory.

4.2 EXERCISES

1. We say that two elements g, h ∈ Γ are conjugate, and write g ∼ h, if there is a k ∈ Γ such that g = khk^{−1}. The set [g] ≡ {h ∈ Γ | h ∼ g} is called the conjugacy class of g. Let N(g) be the set N(g) ≡ {h ∈ Γ | hg = gh} . This set is called the stabilizer group or the isotropy group of g. Show that |Γ| = |N(g)| | [g] | , ∀g , where the notation |S| stands for the number of elements in S. Then show that the partition function of an orbifold can be rewritten in the form:

Z_{T /Γ} = ∑ [h]∈Γ/∼ 1 | [h] | ∑ g∈N(h) g □_{[h]} .

2. The free boson and the SU(2) WZWN model at level 1 both have c = 1. In fact, these CFTs are equivalent, and we can express the currents of the WZWN model in terms of the free boson field.

(a) Find the bosonized expressions for the currents J^±(z) and H(z) such that their OPEs satisfy the SU(2) Kac-Moody algebra at level 1.

(b) The level 1 SU(2) WZWN model has a single primary field in the spin 1/2 representation. Find the bosonized expression for this field.

3. The SU(2) WZWN model at level 2 has c = 3/2, as does the CFT consisting of a free boson ϕ plus a free fermion ψ. As in the previous problem, one can show an equivalence between these two CFTs.

(a) For suitable constants a and b, one can represent the Kac-Moody currents in the form J^±(z) = ψ exp(±iaϕ) and H(z) = ib ∂_z ϕ .

Find these constants.

(b) Find the representation of the primary fields (spin 1/2 and 1) of the WZWN theory in terms of the free boson and fermion.

4. Derive the following Ward identity (where Φ^j is a primary field of spin j): ∂ ∂z_i − 1 k + 2 N∑ j≠i t^a_i t^a_j z_i − z_j ⟨ Φ^{j1} (z_1) . . . Φ^{jN} (z_N ) ⟩ = 0

§4.2: EXERCISES 117

by using the null state χ = ( L_{−1} − 1 k + 2 J^a_{−1}t^a ) Φ^j .

5. Using only the parafermion algebra, calculate a recursion relation for the correlation functions ⟨ ψ_1(z_1) . . . ψ_1(z_n)ψ^†(z^′_1) . . . ψ^†_1(z^′_n) ⟩ . 6. Using the map (4.2), rederive the recursion relation found in the previous problem.

7. Show that the Z_k parafermion algebra is only consistent with the conformal Ward identities if the central charge is given by c = 2(k − 1)/(k + 2).

4.3 SOLUTIONS

1. (a) We can address the first part of the problem by studying the general case of Γ acting on the finite set M: Γ × M → M : (g, x) → g · x . Let Γ · x be the orbit of x ∈ M, and let Γ_x be the isotropy group of x, i.e., Γ_x = {g ∈ Γ | g · x = x} . We will show that |Γ| = |Γ_x| |Γ · x| . (4.3) The group Γ has |Γ| elements. When Γ acts on x, each element takes x to some point on its orbit. The action of Γ on x generates |Γ| images of x. (Here, we are counting degeneracies; for example, if a point on the orbit is produced by the action of two distinct group elements, we count this as two images.)

We will compute this number again, but using another method, and then compare the two results. Let y be a point in the orbit Γ · x. Then there exists an element γ ∈ Γ such that γ · x = y . Let h ∈ Γ_x, so that h · x = x. Then the group element g = γh ∈ Γ , has the property g · x = (γh) · x = γ(h · x) = γ · x = y . Therefore for each point y of the orbit Γ · x, there are exactly |Γ_x| elements of Γ that map x to y. Since the orbit has |Γ·x| distinct points, the point x has |Γ_x| |Γ·x| images under the action of the group. Equating our two results for this quantity gives us the desired identity (4.3). In the case that M is itself the group Γ, this becomes the result we wished to derive.

(b) Rewriting the partition function in the form asked is straightforward if we use the identity proved above:

Z_{T /Γ} = 1 |Γ| ∑ g,h∈Γ gh=hg g □_h

= ∑ h∈Γ 1 |N(h)| | [h] | ∑ g∈N(h) g □_h = ∑ h∈Γ/∼ 1 |N(h)| | [h] | |N(h)| ∑ g∈N(h) g □_{[h]} = ∑ [h]∈Γ/∼ 1 | [h] | ∑ g∈N(h) g □_{[h]} .

To go from the second to the third equality, we noticed that N(h) depends only on the conjugacy class and not h itself.

2. (a) Using our general normalization ⟨ ϕ(z) ϕ(w) ⟩ = − 1 2g ln(z − w) , we will prove that the fields J^±(z) ≡ e^{±2i√gϕ(z)} and H(z) ≡ 2i √ g ∂_zϕ(z) (4.4) satisfy the defining OPEs of the su(2) Kac-Moody algebra

J^a(z) J^b(w) = k q^{ab} (z − w)^2 + f^{ab}_c z − w J^c(w) + reg (4.5)

at level k = 1. We use the following conventions for the structure constants: f^{0 +}_+ = − f^{+ 0}_+ = f^{− 0}_− = − f^{0 −}_− = 2 , f^{+ −}_0 = − f^{− +}_0 = 1 .

The Killing form, consequently, will be 1 2 q^{0 0} = q^{+ −} = q^{− +} = 1 .

We can write the current-current OPEs (4.5) explicitly for k = 1: J^+(z) J^+(w) = reg , J^−(z) J^−(w) = reg , H(z) H(w) = 2 (z − w)^2

+ reg ,

J^+(z) J^−(w) = 1 (z − w)^2 + 1 z − w H(w) + reg ,

H(z) J^±(w) = ± 2 z − w + reg .

We now check that the fields defined by (4.4) satisfy the previous OPEs. J^+(z) J^+(w) = : e^{2i√gϕ(z)} : : e^{2i√gϕ(w)} : = (z − w)^2 : e^{4i√gϕ(z)} : + · · · = reg , J^−(z) J^−(w) = : e^{−2i√gϕ(z)} : : e^{−2i√gϕ(w)} :

= (z − w)^2 : e^{−4i√gϕ(w)} : + · · · = reg , H(z) H(w) = 2i √ g ∂_z : ϕ(z) : 2 i √ g : ∂_wϕ(w) :

= − 4g ∂_z∂_wϕ(z)ϕ(w) + reg = − 4g ( − 1 2g 1 (z − w)^2 ) + reg = 2 (z − w)^2

+ reg ,

J^+(z) J^−(w) = : e^{2i√gϕ(z)} : : e^{−2i√gϕ(w)} : = 1 (z − w)^2 + 2 i √ g ∂_w ϕ(w) z − w + reg = 1 (z − w)^2 + 1 z − w H(w) + reg ,

H(z) J^±(w) = 2i √ g ∂_zϕ(z) e^{±2i√gϕ(z)} = 2i √ g −i (±2 √ g) 2g (z − w) e^{±2i√gϕ(w)} + reg = ±2 e^{±2i√gϕ(z)} z − w + reg = ±2 z − w J^±(w) + reg .

(b) Let Φ^{(1/2)}_m , m = ±1/2, be the WZWN primary field. Using the general formula Δ ( Φ^{(j)} ) = j (j + 1) k + 2 , we see that Δ ( Φ^{(1/2)} ) = 1 4 . To find a bosonized expression for Φ^{(1/2)}_m we write Φ^{(1/2)}_m (z) = e^{imαϕ(z)} .

The constant α is chosen so that Δ ( Φ^{(1/2)}_m ) = m^2α^2 4g = 1 4 ⇒ α = 2 √ g . We will show now explicitly that the expression Φ^{(1/2)}_m (z) = e^{2i√gmϕ(z)} is a representation of the algebra su(2). Recall that, in general, if ϕ_{(r)} transforms as a representation (r) of the algebra g, then

J^{(a)}(z) ϕ_{(r)}(w) ∼ t^a_{(r)} z − w ϕ_{(r)}(w) , where the t^a_{(r)} are representation matrices of the algebra g. In our case, it is easy to use the bosonic OPEs, as we did in part (a), to find:

J^+(z) [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] ∼ 1 z − w [ 0 1 0 0 ] [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] ,

J^−(z) [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] ∼ 1 z − w [ 0 0 1 0 ] [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] ,

H(z) [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] ∼ 1 z − w [ −1 0 0 1 ] [ Φ^{(1/2)}_{−1/2} Φ^{(1/2)}_{+1/2} ] .

3. (a) We will prove the map (4.2) for the general case. We thus seek a representation of the Kac-Moody algebra at a generic level of the form J^+(z) = a ψ e^{+iαϕ(z)} , J^−(z) = a ψ^† e^{−iαϕ(z)} , H(z) = ib ∂_zϕ(z) . Without loss of generality, we choose ψ_1 as the representative of the parafermion fields. Then J^+(z) = a ψ_1 e^{+iαϕ(z)} , J^−(z) = a ψ^†_1 e^{−iαϕ(z)} . The parameter α is fixed by dimensional arguments:

1 = Δ(J^±) = Δ(ψ_1) + Δ(e^{±iαϕ(z)}) = ( 1 − 1 N ) + α^2 4g . Hence α = 2 √ g N . The constants a and b cannot be fixed by dimensional arguments; instead, we use the requirement that J^±(z) and H(z) form a representation of the Kac-Moody algebra. Using Wick’s theorem, we see that J^+(z)J^−(w) = a^2 : ψ_1(z)e^{iαϕ(z)} : : ψ_1(w)e^{−iαϕ(w)} : = a^2 ψ_1(z)ψ_1(w) e^{iαϕ(z)}e^{−iαϕ(w)} + · · · = a^2 (z − w)^{−2+2/N} (z − w)^{−2/N} + · · · = a^2 (z − w)^2 + · · · .

Comparing this with the OPE for the Kac-Moody algebra at level N,

J^+(z)J^−(w) = N (z − w)^2 + · · · , we conclude that equivalence will require that a = √ N. Similarly, the other OPEs require that b = 2 √ gN. Therefore, we arrive at the map

J^+(z) = √ N ψ_1 e^{2i} √_{gN ϕ(z)} , J^−(z) = √ N ψ^†_1 e^{−2i} √_{gN ϕ(z)} , H(z) = 2i √ gN ∂_zϕ(z) , as given in the introduction of the model.

(b) Now we confine ourselves to the case of level N = 2. We have two primary fields, Φ^{(1)}_m (z) and Φ^{(1/2)}_m (z), to write in terms of a boson field ϕ(z), a fermion field ψ(z), and a spin field σ(z). We notice that the weights of the fields are rational numbers:

Δ(Φ^{(1)}) = 1 2 and Δ(Φ^{(1/2)}) = 3 16 . Since Δ(ϕ) = 0

and derivatives increase the dimension by one, in the bosonized form of the Φ’s, the boson must enter in the expression in the form of a vertex operator. Thus we will have expressions of the form e^{imαϕ(z)}, for suitable values of m. Taking into account that Δ(ψ) = 1 2 and Δ(σ) = 1 16 , we see that the only possibility is

Φ^{(1)}(z) ≡

Φ^{(1)}_{−1}(z) Φ^{(1)}_0 (z) Φ^{(1)}_1 (z) = e^{−i√2gϕ(z)} ψ(z) e^{i√2gϕ(z)} ,

Φ^{(1/2)}(z) ≡ [ Φ^{(1/2)}_{−1/2}(z) Φ^{(1/2)}_{1/2} (z) ] = [ σ(z) e^{−i} √_{g2 ϕ(z)} σ(z) e^i √_{g2 ϕ(z)} ] .

The reader may be surprised that dimensional analysis is so effective, so we think it useful to present the OPEs of the Φ’s with the generators of the algebra; notice that the matrices which appear are indeed the 2-dimensional and 3-dimensional representations of su(2) with which we are familiar from quantum mechanics. The OPEs are:

J^+(z) Φ^{(1)}(w) ∼ 1 z − w 0 1 0 0 0 1 0 0 0

Φ^{(1)}(w) ,

J^−(z) Φ^{(1)}(w) ∼ 1 z − w 0 0 0 1 0 0 0 1 0

Φ^{(1)}(w) ,

H(z) Φ^{(1)}(w) ∼ 1 z − w −1 0 0 0 0 0 0 0 1

Φ^{(1)}(w) ,

J^+(z) Φ^{(1/2)}(w) ∼ 1 z − w [ 0 1 0 0 ] Φ^{(1/2)}(w) ,

J^−(z) Φ^{(1/2)}(w) ∼ 1 z − w [ 0 0 1 0 ] Φ^{(1/2)}(w) ,

H(z) Φ^{(1/2)}(w) ∼ 1 z − w [ −1 0 0 1 ] Φ^{(1/2)}(w) .

We have given each of the above expressions up to a constant, the determination of which is left as an exercise to the reader.

4. In the following, the notation Φ^{(j)}_{(r)} stands for the primary field Φ^{(j)}(z) of spin j in the representation (r). Since χ = ( L_{−1} − 1 k + 2

J^a_{−1} t^a_{(ri)} ) Φ^{(ji)}_{(ri)}(z_i) ≡ L_{−1} Φ^{(ji)}_{(ri)}(z_i)

is a null state, ⟨( L_{−1} − 1 k + 2

J^a_{−1} t^a_{(ri)} ) Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(ji)}_{(ri)}(z_i) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ = 0 , (4.6)

where the operator L_{−1} is acting on Φ^{(ji)}_{(ri)}(z_i). We have seen though that ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . L_{−1} Φ^{(ji)}_{(ri)}(z_i) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ = − N∑ n≠i ∂ ∂z_n ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩

= ∂ ∂z_i ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ (4.7)

On the other hand, ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . J^a_{−1} t^a(r_i) Φ^{(ji)}_{(ri)}(z_i) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩

= ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . ∫

⟲ dw 2πi J^a(w) w − z_i t^a_{(ri)} Φ^{(ji)}_{(ri)}(z_i) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩

= ∫

⟲ dw 2πi 1 w − z_i ⟨ J^a(w) Φ^{(j1 )}_{(r1 )}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ t^a_{(ri)} = ∫

⟲ dw w − z_i ∑ n≠i t^a_{(rn)} w − z_n ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ t^a_{(ri)}

= ∑ n≠i t^a_{(rn)} t^a_{(ri)} z_i − z_n ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ . (4.8)

Using (4.6)–(4.8), we thus arrive at the equation ∂ ∂z_i − 1 k + 2 ∑ n≠i t^a_{(rn)} t^a_{(ri)} z_i − z_n ⟨ Φ^{(j1)}_{(r1)}(z_1) . . . Φ^{(jN )}_{(rN )}(z_N ) ⟩ = 0 .

5. We start by recalling the classic Mittag-Leffler theorem.

Theorem [Mittag-Leffler] Let f(z) be a complex function of a complex variable such that: (i) f(z) is analytic at z = 0;

(ii) f(z) has only simple poles a_1, a_2, . . . on the finite z-plane (without loss of generality, these are given in order of increasing magnitude) with corresponding residues b_1, b_2, . . .; (iii) there exists a sequence of positive numbers R_N such that R_N → +∞ when N → +∞ and the circle C_N = {|z| = R_N } does not pass through any pole of f(z) for any values of N; (iv) there exists a real number M such that |f(z)| < M on the circles C_N for all N. Then if z is not a pole of f(z):

f(z) = f(0) + ∑ k b_k { 1 z − a_k + 1 a_k } .

The above formulation of the Mittag-Leffler theorem is simple, yet very useful. There are several other equivalent formulations. Here is an example taken from an introductory modern text [355] on complex variables:

Theorem [Mittag-Leffler] Let U ⊆ C be any open set. Let a_1, a_2, . . . be a finite or countably infinite set of distinct

§4.3: SOLUTIONS 125

Figure 4.3: The set of poles a_1, a_2, . . . of a function f(z) for which the Mittag-Leffler theorem is applicable may be finite or countably infinite. The circle C_N does not pass through any pole.

elements of U with no accumulation point in U. Suppose, for each j, that U_j is a neighborhood of a_j and a_j ∉ U_k if k ≠ j. Further assume, for each j, that f_j is a meromorphic function defined on U_j with a pole at a_j and no other poles. Then there exists a meromorphic function f on U such that f − f_j is holomorphic on U_j for every j and which has no poles other than those at the a_j .

Now let us state and prove^2 a ‘generalized’ Mittag-Leffler theorem.

Theorem Let f(z) be a complex function of a complex variable such that:

(i) f(z) is analytic at z = 0;

(ii) f(z) has only double poles a_1, a_2, . . ., on the finite z-plane with corresponding residues b_1, b_2, . . .. Furthermore, let c_1, c_2, . . . be the coefficients of the terms 1/(z − a_1)^2, 1/(z − a_2)^2, . . . in the Laurent expansion of f(z). Without loss of generality we may assume that the poles are ordered with increasing magnitude;

(iii) there exists a sequence of positive numbers R_N such that R_N → +∞ when N → +∞ and the circle C_N = {|z| = R_N } does not pass through any pole of f(z) for any values of N;

(iv) there exists a real number M such that |f(z)| < M on the circles C_N for all N.

2We rush to make the folowing comment: In textbooks of complex analysis, one never finds more than the Mittag-Leffler theorem. This is because this theorem is all one needs. If f(z) has a double pole at z = a, then (z − a)f(z) has a simple pole at z = a, and one can continue from this point. However, we will make use of the ‘generalized’ Mittag-Leffler theorem since it appears, at least superficially, simpler to apply in our case.

Then if z is not a pole of f(z):

f(z) = f(0) + ∑ k b_k [ 1 z − a_k + 1 a_k ] + ∑ k c_k [ 1 (z − a_k)^2 − 1 a^2_k ] . (4.9)

Proof We choose a point J which is not a pole of f(z). Then the function F (z) ≡ f(z) z − J has double poles at a_1, a_2, . . ., and a simple pole at J. By using the Residue Theorem, we can write ∫

⟲

C_N dz 2πi f(z) z − J = Res_{z=J} F (z) + N∑ k=1 Res_{z=ak} F (z) ,

where we have assumed that C_N contains the poles a_1, . . ., a_N . Now,

Res_{z=ak} F (z) = lim_{z→ak} d dz (z − a_k)^2 F (z) = lim_{z→ak} [ 1 z − J d dz (z − a_k)^2 f(z) −

(z − a_k)^2 (z − J)^2 f(z) ]

= b_k a_k − J − c_k (a_k − J)^2 , and Res_{z=J} F (z) = f(J) .

Consequently, ∫

⟲

C_N dz 2πi f(z) z − J = f(J) + N∑ k=1 [ b_k a_k − J − c_k (a_k − J)^2 ] . (4.10)

Since f(z) is analytic at z = 0, setting J = 0 in the previous relation gives ∫

⟲

C_N dz 2πi f(z) z = f(0) + N∑ k=1 [ b_k a_k − c_k a^2_k ] . (4.11)

By subtracting (4.11) from (4.10), we get J ∫

⟲

C_N dz 2πi f(z) z (z − J) = f(J) − f(0) + N∑ k=1 b_k [ 1 a_k − J − 1 a_k ]

+ N∑ k=1 c_k [ 1 a^2_k − 1 (a_k − J)^2 ] .(4.12)

Let us notice now that | | | ∫

⟲

C_N dz 2πi f(z) z (z − J) | | | ≤ M R_N (R_N − J) → 0 , as N → +∞ . This implies that, in the limit N → +∞, (4.12) gives our advertised formula, namely

f(J) = f(0) + ∑ k b_k [ 1 J − a_k + 1 a_k ] + ∑ k c_k [ 1 (J − a_k)^2 − 1 a^2_k ] . ■

We can derive a corollary of the above result for a function f(z) that vanishes asymptotically. Suppose lim |z|→+∞ f(z) = 0 .

Then taking the limit |z| → +∞ of (4.9), we find

0 = f(0) + ∑ k b_k a_k − ∑ k c_k a^2_k . Using this result, (4.9) simplifies to f(z) = ∑ k b_k z − a_k + ∑ k c_k (z − a_k)^2 .

We will use the above result to derive a recursion relation for the function

g(z_1) ≡ ⟨ ψ_1(z_1) . . . ψ_1(z_n)ψ^†(z^′_1) . . . ψ^†_1(z^′_n) ⟩ . (We are suppressing the dependence of g on variables other than z_1 for simplicity, as we will be using g to define another function that does in fact depend only on z_1.) Now g(z_1), as defined, has branch cuts, and the Generalized Mittag-Leffler Theorem we obtained above is not directly applicable. However, we can define a new function f(z_1) which is a product of g(z_1) and some factors that remove the branch cuts. Towards this end, we observe that the branch cuts in the variable z_1 come from the OPEs:

ψ_1(z)ψ_1(z_i) = c_{11} (z_1 − z_i)^{2/N}

[ψ_2(z_i) + O(z_1 − z_i)] and

ψ_1(z)ψ^†_1(z^′_i) = 1 (z_1 − z^′_i)^{2−2/N} [ 1 + O ( (z_1 − z_i)^2 )] . Therefore, the function f(z_1) should be defined as

f(z_1) ≡ [_n ∏ i=1 (z_1 − z_i)^{2/N} ] [_n ∏ i=1 (z_1 − z^′_i)^{−2/N} ] g(z_1) .

The first factor removes any branch cuts or poles at the points z_1 = z_i. The second factor removes the branch cuts at the points z_1 = z^′_i, but leaves double poles at these points. Moreover, ψ_1(z)^{|z|≫1}≃ 1 z^{2−2/N} |z|→+∞ → 0 . This guarantees that f(z_1) → 0 as |z_1| → +∞. Therefore, f(z_1) can be expressed in the form f(z_1) = ∑ k b_k z_1 − z^′_k + ∑ k c_k (z_1 − z^′_k)^2

, (4.13)

where b_k = b_k(z_2, . . . , z_n; z^′_1, . . . , z^′_n) and c_k = c_k(z_2, . . . , z_n; z^′_1, . . . , z^′_n). To finish the problem we must compute these functions. In fact, it is easily seen that b_k = lim_{z1→z′k} d dz_1 [ (z_1 − z^′_k)^2 f(z_1) ] , and c_k = lim_{z1→z′k} [ (z_1 − z^′_k)^2 f(z_1) ] . In the limit z_1 → z^′_k, the contraction ψ_1(z_1)ψ_1(z^′_k) will be dominant; therefore, the second of the above equations gives:

c_k = lim_{z1→z′k}(z_1 − z^′_k)^2 [_n ∏ i=2 (z_1 − z_i)^{2/N} ] [_n ∏ i=1 (z_1 − z^′_i)^{−2/N} ]

× ⟨ ψ_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ^†_1(z^′_k . . .) ⟩

= lim_{z1→z′k}(z_1 − z^′_k)^2 [_n ∏ i=2 (z_1 − z_i)^{2/N} ] [_n ∏ i=1 (z_1 − z^′_i)^{−2/N} ] (−1)^{2(n+k−2)/N} (z_1 − z^′_k)^{2−2/N} × ⟨ ψ̂_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k . . .) ⟩

= lim_{z1→z′k}(−1)^{2(n+k−2)/N} [_n ∏ i=2 (z_1 − z_i)^{2/N} ] [^n∏ i=1 i≠k (z_1 − z^′_i)^{−2/N} ]

× ⟨ ψ̂_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k . . .) ⟩

= (−1)^{2(n+k−2)/N} [_n ∏ i=2 (z^′_k − z_i)^{2/N} ] n∏ i=1 i≠k (z^′_k − z^′_i)^{−2/N}

× ⟨ ψ̂_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k . . .) ⟩

= [_n ∏ i=2 (z^′_k − z_i)^{2/N} ] [_{k−1} ∏ i=1 (z^′_i − z^′_k)^{−2/N} ] [_n ∏ i=k+1 (z^′_k − z^′_i)^{−2/N} ]

× ⟨ ψ̂_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k . . .) ⟩ , where the factors (−1)^{2/N} came from the analytic continuation of a parafermion as one encircles another, i.e., from

ψ_1(π_C (x))ψ_1(y) = (−1)^{2/N} ψ_1(y)ψ_1(x) ,

and where we have used the notation that a caret (‘hat’) above a quantity indicates that this quantity is to be omitted. Analogous calculations determine also that

b_k = d dz^′_k [_n ∏ i=2 (z^′_k − z_i)^{2/N} ] [_{k−1} ∏ i=1 (z^′_i − z^′_k)^{−2/N} ] [_n ∏ i=k+1 (z^′_k − z^′_i)^{−2/N} ]

× ⟨ ψ̂_1(z_1)ψ_2(z_2) . . . ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k . . .) ⟩

= 2 N n∑ i=2 1 z^′_k − z_i − ∑ i=1,i≠k 1 z^′_k − z^′_i [_n ∏ i=2 (z_i − z^′_k)^{2/N} ] [_{k−1} ∏ i=1 (z^′_i − z^′_k)^{−2/N} ]

× [_n ∏ i=k+1 (z^′_k − z^′_i)^{−2/N} ] ⟨ ψ̂_1(z_1) . . . ψ̂^†_1(z^′_k) ⟩ .

Substituting these results for b_k and c_k in (4.13), we find the recursion relation first written by Zamolodchikov and Fateev: ⟨ ψ_1(z_1) . . . ψ_1(z_n) ψ^†_1(z^′_1) . . . ψ^†_1(z^′_n) ⟩ = [_n ∏ i=2 (z_1 − z_i)^{−2/N} ] [_n ∏ i=1 (z_1 − z^′_i)^{2/N} ]

× n∑ k=1 1 (z_1 − z_k)^2 + 2/N z_1 − z^′_k n∑ l=2 1 z^′_k − z_l − n∑ l=1,l≠k 1 z^′_k − z_l × [_n ∏ i=2 (z_i − z^′_k)^{2/N} ] [_{k−1} ∏ i=1 (z^′_i − z^′_k)^{−2/N} ] [_n ∏ i=k+1 (z^′_k − z^′_i)^{−2/N} ]

× ⟨ ψ̂(z_1) . . . ψ_1(z_n) ψ^†_1(z^′_1) . . . ψ̂^†_1(z^′_k) . . . ψ^†_1(z^′_n) ⟩ .

6. The mapping between the WZWN model and the parafermion model lets us write the currents as

J^+(z) = √ N ψ_1(z) e^{2i} √_{gN ϕ(z)} , J^−(z) = √ N ψ^†_1(z) e^{−2i} √_{gN ϕ(z)} , and H(z) = 2i √ gN ∂_z ϕ(z) .

Then the correlation function ⟨ ψ_1(z_1) · · · ψ_1(z_n) ψ^†_1(z^′_1) · · · ψ^†_1(z^′_2) ⟩ can be computed from the identity ⟨ J^+(z_1) · · · J^+(z_n)J^−(z^′_1) · · · J^−(z^′_n) ⟩ = N^n ⟨ ψ_1(z_1) · · · ψ_1(z_n) ψ^†_1(z^′_1) · · · ψ^†_1(z^′_2) ⟩

× ⟨ e^{2i} √_{gN ϕ(z1)} . . . e^{2i} √_{gN ϕ(zn)} e^{−2i} √_{gN ϕ(z′1)} . . . e^{−2i} √_{gN ϕ(z′n)} ⟩

= N^n ⟨ ψ_1(z_1) · · · ψ_1(z_n) ψ^†_1(z^′_1) · · · ψ^†_1(z^′_2) ⟩

× ∏ i<j (z_i − z_j)^2 ∏ i<j (z^′_i − z^′_j )^2 ∏ i,j (z_i − z^′_j )^{2/N} . The computation of the correlation function of the parafermions is thus reduced to a computation of a correlation function of currents in the WZWN model. For simplicity, we will concentrate on the 4-point correlation function for the remainder of this solution; the computation can be handled in the same way for higher point correlation functions. Therefore, let us consider the 4-point function ⟨ J^+(z_1)J^+(z_2)J^−(z^′_1)J^−(z^′_2) ⟩ . First, we recognize that ⟨ J^+(z_1) J^+(z_2) J^−(z^′_1) J^−(z^′_2) ⟩ = ⟨ J^+(z_1)J^−(z^′_1)J^+(z_2)J^−(z^′_2) ⟩

+ ⟨ J^+(z_1) J^−(z^′_2)J^+(z_2)J^−(z^′_1) ⟩

= ⟨ J^+(z_1J^−(z^′_1)J^+(z_2)J^−(z^′_2) ⟩ + (z^′_1 ↔ z^′_2) .

One then computes ⟨ J^+(z_1)J^−(z^′_1)J^+(z_2)J^−(z^′_2) ⟩ = ⟨ [ N (z_1 − z^′_1)^2 + H(z) z_1 − z^′_1) ] J^+(z_2) J^−(z^′_2) ⟩

= N (z_1 − z^′_1)^2 ⟨ J^+(z_2) J^−(z^′_2) ⟩ + 1 z_1 − z^′_1 ⟨ H(z^′_1) J^+(z_2) J^−(z^′_2) ⟩

= N (z_1 − z^′_1)^2 ⟨ J^+(z_2) J^−(z^′_2) ⟩

+ 1 z_1 − z^′_1 [⟨ H(z^′_1) J^+(z_2) J^−(z^′_2) ⟩ + ⟨ H(z^′_1) J^−(z^′_2) J^+(z_2) ⟩]

= N (z_1 − z^′_1)^2 ⟨ J^+(z_2) J^−(z^′_2) ⟩

+ 1 z_1 − z^′_1 [ 2 z^′_1 − z_2 − 2 z^′_1 − z^′_2 ] ⟨ J^+(z_2) J^−(z^′_2) ⟩

= N { 1 (z_1 − z^′_1)^2 + 2/N z_1 − z^′_1 [ 1 z^′_1 − z_2 − 1 z^′_1 − z^′_2) ]} ⟨ J^+(z_2) J^−(z^′_2) ⟩ .

Finally, we have ⟨ J^+(z_2) J^−(z^′_2) ⟩ = (z_2 − z^′_2)^{−2/N} ⟨ ψ_1(z_2) ψ^†_1(z^′_2) ⟩ . Putting everything together, we obtain the relation ⟨ ψ_1(z_1) ψ_1(z_2) ψ^†_1(z^′_1) ψ^†_1(z^′_2) ⟩ = (z_1 − z_2)^{−2/N} (z_1 − z^′_1)^{2/N} (z_1 − z^′_2)^{2/N} (z_2 − z^′_1)^{2/N} (z^′_1 − z^′_2)^{−2/N} × [ 1 (z_1 − z^′_1)^2 + 2/N z_1 − z^′_1 ( 1 z^′_1 − z_2 − 1 z^′_1 − z^′_2 )] ⟨ ψ_1(z_2) ψ^†_1(z^′_2) ⟩

+ (z_2 − z^′_2)^{2/N} (z^′_1 − z^′_2)^{−2/N} × [ 1 (z_1 − z^′_1)^2 + 2/N z_1 − z^′_2 ( 1 z^′_2 − z_2 − 1 z^′_2 − z^′_1 )] ⟨ ψ_1(z_2) ψ^†_1(z^′_1) ⟩ (4.14)

which is exactly the relation we found in the previous problem.

7. The central charge may be found using the 2-point correlation function of the energymomentum tensor, since ⟨ T (z) T (w) ⟩ = c/2 (z − w)^4 . Therefore, let us first find an expression for the energy-momentum tensor in terms of the parafermions. To motivate the definition which is about to follow, let us think initially about the well-understood Z_2 case. For this model, we have seen that^3 T (z) = − 1 2 : ψ(z) ∂ψ(z) : . (4.15)

Notice that (4.15) can be written as T (z) = − 1 2 [ : ψ(z)ψ(z) : + : 1 (z^′ − z) ψ(z) (z^′ − z)∂ψ(z) : ]

= − 1 2 lim_{z′→z} : 1 (z^′ − z) ψ(z) [ ψ(z) + (z^′ − z)∂ψ(z) + O ( (z^′ − z)^2 ) ] : = 1 2 lim_{z′→z} 1 (z − z^′) : ψ(z)ψ(z^′) : . (4.16)

Furthermore, since ψ^† = ψ , 3The normalization in this problem is that of Zamolodchikov and Fateev.

equation (4.16) can be written in the more convenient (for our purposes) form

T (z) = lim_{z′→z} : 1 z − z^′ ψ(z)ψ^†(z^′) : . (4.17)

This equation is very suggestive: the energy-momentum tensor for the free fermion can be extracted from the OPE of the fermion with its hermitian conjugate. We shall generalize equation (4.17) to the Z_N case. For any parafermion ψ_k, we have the OPE

ψ_k(z) ψ^†_k(z^′) = 1 (z − z^′)^{2Δk} [ 1 + α (z − z^′) Ψ^{(1)}_k + β (z − z^′)^2 Ψ^{(2)}_k + . . . ] . Obviously, the conformal dimensions of the fields Ψ^{(1)}_k , Ψ^{(2)}_k , . . . are

Δ(Ψ^{(1)}_k ) = 1 , Δ(Ψ^{(1)}_k ) = 0 , Δ(Ψ^{(2)}_k ) = 2 , Δ(Ψ^{(2)}_k ) = 0 , . . . , . . . , and therefore the corresponding spins are s(Ψ^{(1)}_k ) = 1 , s(Ψ^{(2)}_k ) = 2, . . . .

A spin 1 field creates a U(1) symmetry (compare with QED), for which Z_N ⊂ U(1) . Since our parafermion theory should not have this larger symmetry group, we impose the condition Ψ^{(1)}_k (z) ≡ 0 on our algebra. On the other hand, there is only one spin 2 field in the theory, so we must identify this with the energy-momentum tensor, i.e., Ψ^{(2)}_k (z) ≡ T (z) .

Using the method we have described in Exercise 12 of Chapter 3, we find β = 2Δ_k c . Thus, we define the energy-momentum tensor for the parafermion theories as follows:

T (z) = 1 β lim_{z′→z} 1 (z − z^′)^2 [ −1 + (z − z^′)^{2Δk} ψ_k(z) ψ^†_k(z^′) ]

= c 2Δ_k : lim_{z′→z} 1 (z − z^′)^{2−2Δk} ψ_k(z) ψ^†_k(z^′) : . (4.18)

Given this equation for the energy-momentum tensor, we have the OPE

⟨ T (z_1)T (z_2) ⟩ = lim_{z′1→z1} lim_{z′2→z2} c^2 4Δ^2_k 1 (z_1 − z^′_1)^2 1 (z_2 − z^′_2)^2 × [ −1 + (z_1 − z^′_1)^{2Δk} (z_2 − z^′_2)^{2Δk} ⟨ ψ_k(z_1) ψ^†_k(z^′_1)ψ_k(z_2) ψ^†_k(z^′_2) ⟩ ] . This result is true for any parafermion ψ_k. However, since we have already studied the correlation functions

⟨ ψ_1(z_1) . . . ψ_1(z_n)ψ^†_1(z^′_1) . . . ψ^†_1(z^′_n) ⟩ ,

we are going to use the fields ψ_1 and ψ^†_1 to find c. In this case, then,

⟨ T (z_1)T (z_2) ⟩ = lim_{z′1→z1} lim_{z′2→z2} c^2 4Δ^2_1 1 (z_1 − z^′_2)^2 1 (z_2 − z^′_2)^2 × [ −1 + (z_1 − z^′_1)^{2Δ1} (z_2 − z^′_2)^{2Δ1} ⟨ ψ_1(z_1) ψ^†_1(z^′_1)ψ_1(z_2) ψ^†_1(z^′_2) ⟩ ]

= lim_{z′1→z1} lim_{z′2→z2} c^2 4Δ^2_1 1 (z_1 − z^′_2)^2 1 (z_2 − z^′_2)^2 × [ −1 + (z_1 − z^′_1)^{2Δ1} (z_2 − z^′_2)^{2Δ1} (−1)^{2N} G ] , where in the second equality we used the non-local behavior of parafermions

ψ_1(z_2)ψ^†_1(z^′_1) = (−1)^{2Δ1} ψ^†_1(z^′_1)ψ_1(z_2) = (−1)^{−2/N} ψ^†_1(z^′_1)ψ_1(z_2) ,

and then set G ≡ ⟨ ψ_1(z_1) ψ_1(z_2) ψ^†_1(z^′_1) ψ^†_1(z^′_2) ⟩ . Inserting ⟨ ψ_1(z) ψ^†_1(z^′) ⟩ = 1 (z − z^′)^{2Δ1} = 1 (z − z^′)^{2−2/N} in equation (4.14), we get

G = (z_1 − z_2)^{−2/N} (z_1 − z^′_1)^{2/N} (z_1 − z^′_2)^{2/N} (z_2 − z^′_1)^{2/N} (z^′_1 − z^′_2)^{−2/N} (z_2 − z^′_2)^{2/N} × {[ 1 (z_1 − z^′_1)^2 + 2/N z_1 − z^′_1 ( 1 z^′_1 − z_2 − 1 z^′_1 − z^′_2 )] 1 (z_2 − z^′_2)^2 + [ 1 (z_1 − z^′_2)^2 + 2/N z_1 − z^′_2 ( 1 z^′_2 − z_2 − 1 z^′_2 − z^′_1 )] 1 (z_2 − z^′_2)^2 } . The calculations become more transparent if we use the variables ξ ≡ (z^′_1 − z^′_2)(z_1 − z_2) (z_1 − z^′_2)(z_2 − z^′_1)

, ϵ ≡ z_1 − z^′_1 , and η ≡ z_2 − z^′_2 .

The prefactor in the expression of G is then just ξ^{−2/N} ϵ^{2/N} η^{2/N} . The quantity in the curly bracket can be writen in the form { . . . } = 1 ϵ^2 1 η^2 ( a + b ξ + d ξ^2 ) , with a = b = 2 N (N − 1) = 2 Δ_1 , and d = 1 .

Then G = ϵ^{−2Δ1} η^{−2Δ1} ξ^{−2/N} ( a + b ξ + d ξ^2 ) , and ⟨ T (z_1)T (z_2) ⟩ = lim_{ϵ→0} lim_{η→0} c^2 4Δ^2_1 1 ϵ^2 1 η^2

[ −1 + (−1)^{2N} ξ^{− 2N} ( a + bξ + dξ^2 ) ] . (4.19)

If the limit in equation (4.19) exists when ϵ and η approach zero independently, it must also exist when ϵ = η. In this case (see the appendix of this problem solution), ξ = − [ 1 + ϵ^2 y^2 + ϵ^4 y^4

+ O(ϵ^6) ] , where y = z^′_1 − z^′_2. Notice that because of the factor 1/ϵ^4 which appears in equation (4.19), in the limit ϵ → 0, terms of order O(ϵ^k) for k > 4 do not contribute. Putting everything together, we find

⟨ T (z_1)T (z_2) ⟩ = lim_{ϵ→0} c^2 4Δ^2_1 1 ϵ^4 { −1 + (−1)^{2N} (−1)^{− 2N} ( 1 + ϵ^2 y^2 + ϵ^4 y^4

+ O(ϵ^6)

)_− 2_N

× [ a − b ( 1 + ϵ^2 y^2 + ϵ^4 y^4

+ O(ϵ^6) ) + d ( 1 + ϵ^2 y^2 + ϵ^4 y^4

+ O(ϵ^6) )_2 ]}

= lim_{ϵ→0} c^2 4Δ^2_1 1 ϵ^4 { −1 + ( 1 − 2 N ϵ^2 y^2 − 2 N ϵ^4 y^4 + N + 2 N^2 ϵ^4 y^4 )

× [ a − b ( 1 + ϵ^2 y^2 + ϵ^4 y^4 ) + d ( 1 + 2 ϵ^2 y^2 + 2 ϵ^4 y^4 + ϵ^4 y^4 ) ] + O(ϵ^6) }

= lim_{ϵ→0} c^2 4Δ^2_1 1 ϵ^4 { (−1 + a − b + d) + ϵ^2 y^2 [ −b + 2d − 2 N (a − b + d) ]

+ ϵ^4 y^4 [ −b + 3d − 2 N (−b + 2d) + ( −1 N + 2 N^2 (a − b + d) ) ] + O(ϵ^6) }

= lim_{ϵ→0} c^2 4Δ^2_1 1 ϵ^4 [ ϵ^4 y^4

(N^2 + N − 2) N^2

+ O(ϵ^6) ] ,

§4.3: SOLUTIONS 135

i.e.,

⟨ T (z_1)T (z_2) ⟩ = c^2 4Δ^2_1

(N^2 + N − 2)

N^2 1 y^4 , which gives c 2 = c^2 4Δ^2_1

(N + 2)(N − 1) N^2 ⇒ c = 2(N − 1) N + 2 . APPENDIX Considering the cross ratio ξ as a function of z1 and z2, we write down the Taylor expansion of ξ around the point z1 = z^′_1 and z2 = z^′_2: ξ (z1, z2) = +∞∑ n=0 1 n! (ϵ ∂z_1 + η ∂z_2 )^n ξ(z^′_1, z^′_2) . (4.20)

One can easily see that

∂z_1 ξ(z1, z2) =

(z^′_1 − z^′_2) (z2 − z^′_2) (z2 − z^′_1) (z1 − z^′_2)^2 and ∂z_2 ξ(z1, z2) =

(z^′_1 − z^′_2) (z^′_2 − z1) (z1 − z^′_2) (z2 − z^′_1) , and thus ∂z_1 ξ(z^′_1, z^′_2) = ∂z_2 ξ(z^′_1, z^′_2) = 0 .

We also notice that ξ(z^′_1, z^′_2) = − 1 .

We can see further that

∂^k_{z1} ξ(z1, z2) =

(z^′_1 − z^′_2) (z2 − z^′_2) (z2 − z^′_1) (z1 − z^′_2)^{k+1}

(−1)^{k+1} k!

⇒ ∂z_2 ∂^k_{z1} ξ(z1, z2) =

(z^′_1 − z^′_2) (z^′_2 − z^′_1) (z2 − z^′_1)^2 (z1 − z^′_2)^{k+1}

(−1)^{k+1} k!

⇒ ∂^m_{z2} ∂^k_{z1} ξ(z1, z2) =

−(z^′_1 − z^′_2)^2 (z1 − z^′_2)^{k+1} (z2 − z^′_1)^{m+1}

(−1)^{k+1} k!(−1)^{m+1} m!

⇒ ∂^m_{z2} ∂^k_{z1} ξ(z^′_1, z^′_2) = k! m! (−1)^k (z^′_1 − z^′_2)^{k+m} , mk ≠ 0 . For mk = 0, we have

∂^m_{z2} ∂^k_{z1} ξ(z^′_1, z^′_2) = 0 , mk = 0 .

Thus, (4.20) is written ξ(z1, z2) = +∞∑ n=0 1 n! (ϵ ∂z_1 + η ∂z_2 )^n ξ(z^′_1, z^′_2)

= −1 + +∞∑ n=2 (ϵ ∂z_1 + η ∂z_2 )^n ξ(z^′_1, z^′_2)

= −1 + +∞∑ n=2 1 n! n∑ k=0 ( n k ) ϵ^k η^{n−k} ∂^k_{z1} ∂^{n−k}_{z2} ξ(z^′_1, z^′_2)

136 CHAPTER 4: OTHER MODELS IN CFT

= −1 + +∞∑ n=2 1 n! n−1∑ k=1 ( n k ) ϵ^k η^{n−k} ∂^k_{z1} ∂^{n−k}_{z2} ξ(z^′_1, z^′_2)

= −1 + +∞∑ n=2 1 n! n−1∑ k=1 n! k! (n − k)! ϵ^k η^{n−k} k! (n − k)! (−1)^k (z^′_1 − z^′_2)^n

= −1 + +∞∑ n=2 1 (z^′_1 − z^′_2)^n [_{n−1} ∑ k=1 (−1)^k ϵ^k η^{n−k} ]

= −1 + +∞∑ n=2 1 y^n [_{n−1} ∑ k=1 (−1)^k ϵ^k η^{n−k} ] . If ϵ = η, then n−1∑ k=1 (−1)^k ϵ^k η^{n−k} = ϵ^n n−1∑ k=1 (−1)^k = { − ϵ^n , if n is even , 0 , if n is odd ,

and so ξ(z1, z2) = −1 − +∞∑ k=1 ( ϵ y )_{2k} .

Chapter 5

CONSTRUCTING NEW MODELS IN CFT

References: The Coulomb gas formulation (CGF) is reviewed in [223]. For discussions of the coset construction, see [344, 297]. These topics are also treated in the CFT textbooks [186, 420].

5.1 BRIEF SUMMARY

5.1.1 Coulomb Gas Construction or Formulation

The Coulomb Gas Construction (CGC) is a standard method of generating CFT minimal models which have particular symmetries, starting from a set of bosonic fields. Sometimes the models generated this way were previously known by other methods; in this case perhaps it makes more sense to refer to the CGF of these models, i.e., to view this as a bosonized description of these models. We will give an overview of the method using the MMs of Chapter 2.

Consider a free boson in the presence of a background charge, normalized such that T = − 1 2 (∂ϕ)^2 + iα_0 √ 2∂^2ϕ .

Then the central charge is c = 1 − 24 α^2_0 ,

and the conformal weight of the vertex operator

V_α(z) = e^i √ 2αϕ(z) is given by Δ_α = α(α − 2α_0) .

For the theory of a boson with a background charge, there is a conserved U(1) current J(z) = 1 √ 2 i∂ϕ(z) .

The corresponding charge Q measures the ‘strength’ of the vertex, and is given by Q = 1 √ 2 ∫ dz 2πi i∂ϕ . The vertex (2.17) has α units of charge: [Q, V_α] = α V_α . Due to the background charge, a correlation function

⟨ V_{α1} (z_1)V_{α2} (z_2)...V_{αn} (z_n) ⟩

vanishes by the U(1) symmetry unless the net charge of the averaged operator is 2α_0, i.e., unless_n ∑ k=1 α_k = 2α_0 .

Correlation functions that do not satisfy this neutrality condition can be made non-vanishing using screening charges. A screening charge is an operator

S_± = ∫ dz 2πi J_±(z) , which has the effect of reducing the total charge without affecting the conformal properties of the function. The last condition requires

J_±(z) = e^i √ 2α_±ϕ(z) , α ± = α_0 ± √ α^2_0 + 1 .

Now, a correlation function that does not satisfy the neutrality condition, such as

⟨ V_{2α0−α}(z_1)V_α(z_2)V_α(z_3)V_α(z_4) ⟩ ,

may be transformed into one that does satisfy the neutrality condition by inserting a sufficient number of screening operators. Suppose, therefore, that we insert some screening operators, and construct the correlation function ⟨ V_{2α0−α}(z_1)V_α(z_2)V_α(z_3)V_α(z_4)S^{n−1}_+ S^{m−1}_− ⟩ . For a given n and m, this will satisfy the neutrality condition for certain values of the charge α; one finds that α must take one of the discrete values α_{mn} = 1 2 [(1 − m)α_− + (1 − n)α_+] , n, m ∈ N^∗ . (5.1)

The corresponding primary fields are then V_{αmn} (z) = e^i √ 2α_{mn}ϕ(z) ≡ ϕ mn(z) , (5.2)

§5.1: BRIEF SUMMARY 139

with their conformal weights equal to

Δ_{mn} = 1 4 [ (α_− m + α_+ n)^2 − (α_+ + α_−)^2 ] . (5.3)

The above construction does not impose any constraint on the allowed values of the central charge c, or equivalently, on the value of α_0. However, if we require that the number of primary fields be finite, say 1 ≤ n ≤ s − 1 and 1 ≤ m ≤ r − 1, where r, s ∈ N ∖ {0, 1}, one must impose α_+ = √ r s , α_− = − √ s r . (5.4)

Obviously, r and s must be relatively prime, as we can always cancel their common factors. When the condition (5.4) is met, we recover the MMs of CFT we described in the previous chapter.

5.1.2 Coset Construction As we have seen in the WZWN model, an affine algebra ĝ generated by currents J_a that satisfy OPEs

J^a(z)J^b(w) = k/2 δ^{ab} (z − w)^2 + f^{ab}_c J^c(w) z − w + reg

gives rise to a Virasoro algebra with energy-momentum tensor

T (z) = 1 k + h̃_g

‡ J_a(z)J_a(z) ‡ , (5.5)

and central charge c = k dim g k + h̃_g . When T is written as in equation (5.5), we say that it has been expressed in the Sugawara construction.

Given a subalgebra h ⊂ g, one can construct a new conformal theory which corresponds to the coset g/h as follows. Let T_g and T_h be the energy-momentum tensors of the CFTs from the the Sugawara construction for g and h, respectively. Then their difference

T_{g/h} = T_g − T_h commutes with the h current algebra and the Sugawara construction on g, i.e.

T_{g/h}(z)J_A(w) = reg , A = 1, 2, . . . , dim h , T_{g/h}(z)T_g(w) = reg .

The commutativity properties of the energy-momentum tensor T_{g/h} imply that the Sugawara construction T_g = T_{g/h} + T_h is a tensor product CFT, formed by tensoring the coset CFT with the CFT on h. The conformal anomaly of the coset CFT is

c_{g/h} = c_g − c_h .

5.2 EXERCISES

1. Consider the bosonic theory of Exercise 17 of Chapter 2, with β = ie_0/4π, defined on a Riemann surface M with no boundary and with genus h. Show that the correlation function ⟨ ∏ i e^{iαiΦ(ξi)} ⟩

can be non-vanishing only if ∑ i α_i = e_0 (1 − h) .

2. Consider the free boson theory with background charge. The energy momentum tensor is T (z) = −g ∂_zϕ∂_zϕ + ie_0∂^2_z ϕ . Expand the boson field in modes according to i∂_zϕ = ∑ n ϕ_n z^{n−1}. (a) Compute the commutation relations of the generators L_n with the modes ϕ_m. (b) Find the ϕ^†_n.

(c) Define a U(1) charge operator Q such that [Q, V_α(w)] = α V_α(w) . in terms of the modes. Then show that for a generic operator O with charge q, [Q, O] = q O , and that the expectation value ⟨ O ⟩ can be non-zero only if q = 2e_0.

3. Construct the screening charges for the theory of a free boson with a background charge. Do this for generic normalization.

4. One way to construct irreducible representations of the Virasoro algebra is as follows.

A module [Φ_Δ] is called degenerate if it contains at least one state | χ ⟩ with the properties L_n | χ ⟩ = 0 , n > 0 , L_0 | χ ⟩ = (Δ + N) | χ ⟩ ,

for some N ∈ N^∗ , which is called the degeneration level. Such states, when found, must be set equal to zero (null states), as otherwise the representation would be reducible. This amounts to factorization of [Φ_Δ] by [χ].

To construct null vectors for the module [V_α] = [V_{2α0−α}], we start with a highest weight state | | V_{2α0−α−nα±} ⟩, and use screening operators to create another highest

§5.2: EXERCISES 141

weight state | χ ⟩, which has charge 2α_0 − α and weight Δ_α + N. Such a state, being in [V_α], must must be null, from which condition we can derive the allowed spectrum of charges and the degeneration level.

Use this method to derive the spectrum of the highest weight operators in the case of the CFT of a boson in the presence of a background charge.

5. With the help of the screening charges, derive the fusion relations of the MMs.

6. Derive a contour integral representation for the correlation function of Exercise 11 from Chapter 3 by using the CGF.

7. A character for a Verma module built over the field Φ_Δ with conformal weight Δ is defined by χ_Δ(q) = q^{−c/24} tr ( q^{L0} ) . Since for any state in the Verma module, the eigenvalue of L_0 has the form Δ + N, the character takes the form

χ_Δ(q) = q^{Δ−c/24} +∞∑ N=0 p(N) q^N . The coefficient p(N) in the expansion counts the number of states at level N. (a) Show that if there are no null states, then

χ_Δ(q) = q^{Δ−c/24} +∞∏ n=1 (1 − q^n) .

(b) Show that if there is a null state at level N, then

χ_Δ(q) = q^{Δ−c/24} (1 − q^N ) +∞∏ n=1 (1 − q^n) .

(c) Explain how to generalize this to cases with null states within null states.

8. For the primary field Φ_{mn} of the minimal model MM(r, s), prove the Rocha-Caridi formula χ_{mn} = q^{−c/24} +∞∏ n=1 (1 − q^n) +∞∑ k=−∞ ( q^{amn(k)} − q^{bmn(k)} ) , (5.6)

where a_{mn}(k) = (2rsk + sn − mr)^2 − (r − s)^2 4rs , and b_{mn}(k) = (2rsk + sn + mr)^2 − (r − s)^2 4rs .

5.3 SOLUTIONS

1. Using the path integral representation, the correlation function given in the problem can be written as ⟨ ∏ i e^{iαiΦ(ξi)} ⟩ = dμ [Φ] e^{−α ∫∫ d2ξ√ggab∂}a^{Φ∂}b^Φ e^{−i e0}_{2π}^{∫∫ d2ξ√gRΦ} ∏ i e^{iαiΦ(ξi)} . This must be invariant under a shift in the bosonic field Φ → Φ + δ . However, introducing this transformation in the path integral, we find ⟨ ∏ i e^{iαiΦ(ξi)} ⟩ → ⟨ ∏ i e^{iαiΦ(ξi)} ⟩ e^i(^{∑i αi− e02π} ∫∫ d^2ξ √ gR)δ .

Thus the correlation function is invariant only if ∑ i α_i − e_0 2π ∫∫ d^2ξ √ gR = 0 . If this equation is not satisfied, then the correlation function vanishes. On the other hand, the Gauss-Bonnet theorem states that for a manifold without boundary ∫∫ d^2ξ √ gR = 4π (1 − h) . Thus, for the correlation function to be non-zero, it is necessary to have ∑ i α_i = 2e_0 (1 − h) .

2. (a) We define the modes of T (z) and ϕ(z) using the standard relations T (z) ≡ ∑ n L_n z^{−n−2} , i ∂_zϕ(z) ≡ ∑ n ϕ_n z^{−n−1} . From Cauchy’s formula, we then have the explicit formulæ:

L_n = ∫

⟲ dz 2πi z^{n+1} T (z) , and

ϕ_n = ∫

⟲ dz 2πi z^n i ∂_z ϕ(z) .

Repeating the standard argument, we find that

[L_n, L_m] = ∫

⟲ dw 2πi ∫

⟲ dz 2πi z^{n+1} w^m i R ( T (z) ∂_wϕ(w)) . (5.7)

In order to proceed, we need to find the OPE R (T (z)∂_wϕ(w)). Notice that

T (z) = T_{old}(z) + ie_0 ∂^2ϕ(z) .

Then we find that

R ( T (z) ∂_wϕ(w)) = R ( T_{old}(z) ∂_wϕ(w)) + i e_0 R ( ∂^2_z ϕ(z) ∂_wϕ(w) ) = ∂_wϕ(w) (z − w)^2 + ∂_w (∂_wϕ(w)) z − w − ie_0 g 1 (z − w)^3

+ reg .

Substituting in (5.7),

[L_n, ϕ_m] = − m ϕ_{m+n} + e_0 2g n (n − 1) δ_{n,−m} . (5.8) The above relation is true for any n and m. (b) Let ϕ(z) = x_0 − iϕ_0 ln z + i ∑ n≠0 ϕ_n n z^{−n} , for which the expansion of modes i∂ϕ(z) = ∑ n ϕ_n z^{−n−1} follows. As we have seen, for a field Φ(z) with weight Δ, the adjoint is the original field evaluated at the point 1/z and multiplied by z^{−2Δ} (see the solution of Exercise 12 of Chapter 3): Φ^†(z) = z^{−2Δ} Φ^′ ( 1 z ) . Therefore, for the bosonic field in the presence of background charge, recalling (2.26), we must have

ϕ^†(z) = ϕ ( 1 z ) + ie_0 g ln 1 z + ie_0 2g ln(−1) = ( x_0 + ie_0 2g ln(−1) ) + ( −iϕ_0 + ie_0 g ) ln 1 z + i ∑ n≠0 ϕ_n n z^n . Then −i∂ϕ^†(z) = ( ϕ_0 − e_0 g ) 1 z + ∑ n≠0 ϕ_{−n} z^{−n−1} .

From the last relation, we see that

ϕ^†_0 = ϕ_0 − e_0 g , and ϕ^†_n = ϕ_{−n} , n ≠ 0 . (c) From the OPE R(∂ϕ(z)e^{iaϕ(w)}) = −ia/2g z − w e^{iaϕ(w)} + reg ,

we see that the operator ϕ_0 ≡ ∫

⟲ dz 2πi i∂ϕ(z) , satisfies the commutation relation

[ϕ_0, V_a(w)] = ∫

⟲ dz 2πi R (i∂ϕ(z)V_a(w)) = a 2g V_a(w) . This implies that the charge operator we are looking for is Q ≡ 2g ϕ_0 . As we have seen in Exercise 9 of Chapter 2,

L_0 = 2g +∞∑ n=1 ϕ_{−n}ϕ_n + g ϕ^2_0 − e_0 ϕ_0 .

The vacuum state | ∅ ; e_0 ⟩ must be annihilated by this operator, so 0 = L_0 | ∅ ; e_0 ⟩ = (gx^2 − e_0x) | ∅ ; e_0 ⟩ , where we also used the fact that for n > 0, ϕ_n | ∅ ; e_0 ⟩ = 0, and that ϕ_0 | ∅ ; e_0 ⟩ = x | ∅ ; e_0 ⟩. The last equation implies that x = e_0/g. The commutation relation [Q, O] = q O now implies q ⟨ ∅ ; e_0 | O | ∅ ; e_0 ⟩ = 2g ⟨ ∅ ; e_0 | ϕ_0 O | ∅ ; e_0 ⟩ − 2g ⟨ ∅ ; e_0 | O ϕ_0 | ∅ ; e_0 ⟩ = 2g ⟨ ∅ ; e_0 | ( ϕ^†_0 + e_0 g ) O | ∅ ; e_0 ⟩ − 2g ⟨ ∅ ; e_0 | O ϕ_0 | ∅ ; e_0 ⟩

= 2g ( e_0 g + e_0 g ) ⟨ ∅ ; e_0 | O | ∅ ; e_0 ⟩ − 2g e_0 g ⟨ ∅ ; e_0 | O | ∅ ; e_0 ⟩ , or (q − 2e_0) ⟨ ∅ ; e_0 | O | ∅ ; e_0 ⟩ = 0 .

From this, it follows immediately that

q ≠ 2e_0 ⇒ ⟨ O ⟩ = 0 ,

while ⟨ O ⟩ can be non-zero if and only if q = 2e_0.

3. A screening charge S = ∫

⟲ dz J(z) should be an operator that does not change the conformal properties if inserted in the correlation functions. This implies that

Δ_J = 1 ,

since in this case S commutes with the Virasoro generators. To see this, we first notice that for unit conformal weight R (T (z)J(w)) = ∂_w ( J(w) z − w ) + reg . (5.9)

Then

[L_n, J(z)] = ∫

⟲ dw 2πi w^{n+1} R (T (w)J(z)) = ∂_z ( T (z) ∫

⟲

z dw 2πi w^{n+1} w − z )

= ∂_z ( z^{n+1}J(z) ) , ∀n . For n ≥ −1, the function ∂_z(z^{n+1}J(z)) = (n + 1)z^nJ(z) + z^{n+1}∂J(z) is analytic, and

[L_n, S] = ∫

⟲ dz 2πi ∂_z ( z^{n+1}J(z) ) = 0 . (5.10)

This result says, in particular, that the screening operator S commutes with the generators L_{−1}, L_0, and L_1 which generate the global conformal group, as well as with all the L_k, k > 0, which annihilate the null states (see the next problem). What do you think happens for n < −1?

For a free boson, J(z) may be of the form ∂ϕ or e^{iαϕ}. The first choice gives us the U(1) charge ∫

⟲ dz 2πi i∂ϕ = ϕ_0 .

Therefore we consider the second possibility, J(z) = e^{iαϕ(z)}. Then we must have

1 = Δ_J = α(α − 2e_0) 4g ⇒ α^2 − 2e_0α − 4g = 0 ,

the solution of which is α ≡ e_± = e_0 ± √ e^2_0 + 4g .

Therefore, there are two screening charges:

S_± = ∫

⟲ dz e^{ie±ϕ} .

4. Given the vertex operator V_{2α0−α−nα+} (w), we can form the operator

χ^+ = ∫

⟲

C_1 dz_1 2πi ∫

⟲

C_2 dz_2 2πi · · · ∫

⟲

C_n dz_n 2πi J_+(z_1)J_+(z_2) · · · J_+(z_n)V_{2α0 −α−nα+} (w) , (5.11)

carrying 2α_0 − α units of charge.

Using equation (5.10), we can show that the operator χ^+ defined above is a highest weight operator

L_0χ^+ = (Δ_α + N) χ^+ , L_kχ^+ = 0 , k > 0 ,

where Δ_α stands for the conformal weight of V_α and N is a number that will be computed below. To prove this, we examine the properties of the integrand in equation (5.11). Let us concentrate on the variable z_1 (similar considerations are valid for any of the variables). Using the identity e^i √ 2aϕ(z)eib √ 2ϕ(w) = (z − w)2ab : eia √ 2ϕ(z)eib √ 2ϕ(w) : , we see that the factor

(z_1 − z_2)^{2α2+} (z_1 − z_3)^{2α2+} . . . (z_1 − z_n)^{2α2+} (z_1 − w)^{2α+(2α0 −α−nα+)}

will apppear. The branch cuts are avoided if

2α^2_+(n − 1) + 2α_+(2α_0 − α − nα_+) = − m − 1 , (5.12) where m = 1, 2, . . .. The value m = 0 is excluded, as it gives V_{2α0−α}. We thus have

L_kχ^+ = ∫

⟲

C_1 dz_1 2πi ∫

⟲

C_2 dz_2 2πi · · · ∫

⟲

C_n dz_n 2πi L_kJ_+(z_1)J_+(z_2) · · · J_+(z_n)V_{2α0−α−nα+} (w) = ∫

⟲

C_1 dz_1 2πi ∫

⟲

C_2 dz_2 2πi · · · ∫

⟲

C_n dz_n 2πi J_+(z_1)L_kJ_+(z_2) · · · J_+(z_n)V_{2α0−α−nα+} (w) = ∫

⟲

C_1 dz_1 2πi ∫

⟲

C_2 dz_2 2πi · · · ∫

⟲

C_n dz_n 2πi J_+(z_1)L_kJ_+(z_2) · · · J_+(z_n)V_{2α0−α−nα+} (w) = · · · · · · = ∫

⟲

C_1 dz_1 2πi ∫

⟲

C_2 dz_2 2πi · · · ∫

⟲

C_n dz_n 2πi J_+(z_1)J_+(z_2) · · · J_+(z_n)L_kV_{2α0−α−nα+} (w) = { 0 , if k > 0 , Δ_{2α0−α−nα+} χ^+ , if k = 0 , .

We have thus proved that χ^+ is a highest weight operator and thus a null operator in [V_α].

The spectrum of the theory is determined directly from what has been written above. In particular, equation (5.12), when we use the facts that

2α_0 = α_+ + α_− and α_+α_− = − 1 ,

gives α = 1 − m 2 α_− , m = 1, 2, . . . . We could repeat the same line of reasoning for the case of J_−. Doing so leads to the result α = 1 − n 2 α_+ , n = 1, 2, . . . . Combining the two results, we have thus found that the spectrum of primary operators V_α is in one-to-one correspondence with the charges α_{mn} = 1 − m 2 α_− + 1 − n 2 α_+ , m, n = 1, 2, . . . . To assist us later, we make some additional comments here. The charge 2α_0 − α_{mn} corresponds to α_{−m,−n}, while the charge 2α_0 − α_{mn} − nα_+ corresponds to α_{−m,n}. The conformal weights have the properties Δ_{mn} = Δ_{−m,−n} and Δ_{−m,n} = Δ_{mn} + mn . From this we conclude that the module [V_{mn}] admits a null state at level nm. Finally, notice that if α_+ = √ r/s, then Δ_{mn} = Δ_{r−m,s−n} . This implies that the spectrum in this case is restricted to a finite number of primary fields with m ≤ r − 1 and n ≤ s − 1.

5. To study the fusion rules [ϕ_{m1,n1} ] × [ϕ_{m2,n2} ] , we must study the 3-point correlation functions ⟨ ϕ_{m1 ,n1} ϕ_{m2,n2} ϕ_{m3,n3} ⟩ , and find for what combination of the indices these correlation functions do not vanish. According to the CGF, this correlation function is computed by ⟨ V_{2α0−α1} V_{α2} V_{α3} S^{N+}_+ S^{N−}_− ⟩ , (5.13)

where α_i is the charge corresponding to the pair of integers m_i and n_i. Charge neutrality in the last equation requires

(2α_0 − α_1) + α_2 + α_3 + N_+α_+ + N_−α_− = 2α_0 ,

or in other words,

−α_1 + α_2 + α_3 + N_+α_+ + N_−α_− = 0 .

Substituting the charges with their equivalent expressions from equation (5.1), we find ( 1 + m_1 − m_2 − m_3 2 + N_+ ) α_+ + ( 1 + n_1 − n_2 − n_3 2 + N_− ) α_− = 0 .

Let us consider first the cancellation of the α_+ charges. Since N_+ ≥ 0, the quantity 1 + m_1 − m_2 − m_3 must be an even negative integer:

1 + m_1 − m_2 − m_3 = even , 1 + m_1 − m_2 − m_3 ≤ 0 . (5.14)

Instead of (5.13), one could have used either of the following two correlators: ⟨ V_{α1} V_{2α0−α2} V_{α3} S^{M+}_+ S^{M−}_− ⟩ , ⟨ V_{α1} V_{α2} V_{2α0 −α3} S^{L+}_+ S^{L−}_− ⟩ . In these cases, one finds analogous constraints, respectively:

1 − m_1 + m_2 − m_3 = even , 1 − m_1 + m_2 − m_3 ≤ 0 , or (5.15) 1 − m_1 − m_2 + m_3 = even , 1 − m_1 − m_2 + m_3 ≤ 0 . (5.16)

Adding the first relations of (5.14), (5.15), and (5.16) gives:

m_1 + m_2 + m_3 = odd .

The second relation of (5.16) implies that

m_3 ≤ m_1 + m_2 − 1 ,

while the second relations of (5.14) and (5.15) imply that

m_3 ≥ m_2 − m_1 + 1 m_3 ≥ m_1 − m_2 + 1 } ⇒ m_3 ≥ |m_1 − m_2| + 1 .

Identical results are obtained for the second index using the cancellation of the α_− charges. We can thus write the fusion rules as follows:

[ϕ_{m1,n1} ] × [ϕ_{m2,n2} ] =

m_1+m_2−1 ∑ m3=|m1−m2|+1 m1+m2+m3=odd

n_1+n_2−1 ∑ n3=|n1−n2|+1 n1+n2+n3=odd [ϕ_{m3,n3} ] .

For the MMs, Φ_{mn} = Φ_{r−m,s−n} , and therefore [ϕ_{m1,n1} ] × [ϕ_{m2,n2} ] = [ϕ_{r−m1,s−n1} ] × [ϕ_{r−m2,s−n2} ] . Applying the formula we found above, we see

m_1+m_2−1 ∑ m3=|m1−m2|+1 m1+m2+m3=odd

n_1+n_2−1 ∑ n3=|n1−n2|+1 n1+n2+n3=odd

[ϕ_{m3,n3} ] = 2r−m_1−m_2−1 ∑ m3=|m1−m2|+1 m1+m2+m3=odd

2s−n_1−n_2−1 ∑ n3=|n1−n2|+1 n1+n2+n3=odd [ϕ_{m3,n3} ] ,

or ∑ m3>min{m1+m2−1,2r−m1−m2−1} m1+m2+m3=odd ∑ n3>min{n1+n2−1,2s−n1 −n2−1} n1+n2+n3=odd

[ϕ_{m3,n3} ] = 0 .

So, finally, the fusion rules for the MMs are

[ϕ_{m1,n1} ] × [ϕ_{m2,n2} ] =

min{m_1+m_2−1,2r−m_1−m_2−1} ∑ m3=|m1−m2|+1 m1+m2+m3=odd

min{n_1+n_2−1,2s−n_1−n_2−1} ∑ n3=|n1−n2|+1 n1+n2+n3=odd [ϕ_{m3,n3} ] .

6. For the Ising model c = 1/2. This means that, using the CGF, one has 1−24α^2_0 = 1/2, which sets the value of the background charge to be

α_0 = − 1 4 √ 3 . Then α_+ = √ 3 2 and α_− = − 2 √ 3 . The field σ(z) has conformal dimension 1/16, and corresponds to ϕ_{12} with charge α_{12} = −α_+/2 = − √ 3/4.

Using the prescription of the CGF, the correlation function G^{(4)}(z_i) = ⟨ σ(z_1) σ(z_2) σ(z_3) σ(z_4) ⟩ maps to the bosonic correlator

G^{(4)}(z_i) = ⟨ ϕ_{12}(z_1) ϕ_{12}(z_2) ϕ_{12}(z_3) ϕ_{12}(z_4) ⟩ = ∫

⟲

C dv ⟨ V_{α12} (z_1) V_{α12} (z_2) V_{α12} (z_3) V_{2α0 −α12} (z_4) J_+(v) ⟩ ,

which, upon using the identity ⟨_n ∏ i=1 V_{αi} (z_i) ⟩ = n∏ i=1 n∏ j=i+1 (z_i − z_j)^{2αi αj} , takes the form G^{(4)}(z_i) = (z_1 − z_2)^{2α212} (z_1 − z_3)^{2α212} (z_1 − z_4)^{2α12 (2α0−α12 )} ×(z_2 − z_3)^{2α212} (z_2 − z_4)^{2α12 (2α0−α12)} (z_3 − z_4)^{2α12 (2α0 −α12)} × ∫

⟲

C dv (z_1 − v)^{2α12 α+} (z_2 − v)^{2α12 α+} (z_3 − v)^{2α12 α+} (z_4 − v)^{2α+(2α0 −α12)} .

Recall from equation (3.17) that the (holomorphic) correlation function can be expressed as G^{(4)} = (xz_{23}z_{41})^{−1/8} f(x) ⇒ f(x) = (xz_{23}z_{41})^{1/8} G^{(4)} .

We can take advantage of conformal invariance to fix the values of the points z_1, z_2, z_3, and z_4. We choose z_1 = 0 , z_2 = x , z_3 = 1 , and z_4 → ∞ .

Then, using all of the above, we have

f(x) = x^{1/2} (1 − x)^{1/2} ∫

⟲

C dv v^α (x − v)^α (1 − v)^α , where α = 2α_{12}α_+ = − 3/4 .

Now we have to choose the contour C of integration; we have two independent choices, which are clearly depicted in the figure below:

PSfrag replacements

Other choices are not independent. This means that we have two independent solutions:

f_1(x) = x^{1/2} (1 − x)^{1/2} ∫_∞ 1 dv v^α (x − v)^α (1 − v)^α , and (5.17)

f_2(x) = x^{1/2} (1 − x)^{1/2} ∫_x 0 dv v^α (x − v)^α (1 − v)^α . (5.18)

The function f(x) will be a linear combination of f_1(x) and f_2(x). Now recall that the hypergeometric function has the following integral representation: F (a, b; c; x) ≡ Γ(c) Γ(b) Γ(c − b)

∫_1 0 du u^{b−1} (1 − u)^{c−b−1} (1 − xu)^{−a} , (5.19)

for |x| < 1, Re c > Re b > 0. For other values, we can define F by analytic continuation.

By making the substitutions v = 1/u and v = xu in the integrals of equations (5.17) and (5.18), respectively, we find

f_1(x) = x^{1/2} (1 − x)^{1/2}

∫_1 0 du u^{−3α−2} (1 − xu)^α (1 − u)^α , and

f_2(x) = (1 − x)^{1/2}

∫_1 0 du u^α (1 − xu)^α (1 − u)^α .

Using the representation of the hypergeometic function (5.19), we see

f_1(x) = x^{1/2} (1 − x)^{1/2} F (−α, −3α − 1; −2α; x) = x^{1/2} (1 − x)^{1/2} F ( 3 4 , 5 4 ; 3 2 ; x ) , f_2(x) = (1 − x)^{1/2} F (−α, α + 1; 2α + 2; z) = x^{1/2} (1 − x)^{1/2} F ( 3 4 , 1 4 ; 1 2 ; x ) ,

There is an identity for the hypergeometric function that is useful in the present context: F ( 1 2 + a, a; 2a; x ) = 2^{2a−1} (1 − x)^{−1/2} ( 1 + √ 1 − x )_{1−2a} . Substituting the values a = 3/4 and α = 1/4 in this identity gives, respectively, F ( 3 4 , 5 4 ; 3 2 ; x ) = 1 √ 2 (1 − x)^{−1/2} 1 √ 1 + √ 1 − x , and F ( 3 4 , 1 4 ; 1 2 ; x ) = √ 2 (1 − x)^{−1/2} √ 1 + √ 1 − x . Thus

f_1(x) = 1 √ 2 √ x √ 1 + √ 1 − x , f_2(x) = √ 2 √ 1 + √ 1 − x . The function f_1(x) can easily be rewritten in an equivalent form:

f_1(x) = 1 √ 2 √ x √ 1 + √ 1 − x √ 1 − √ 1 − x √ 1 − √ 1 − x = 1 √ 2 √ x √ 1 − √ 1 − x √ 1 − (1 − x) = 1 √ 2 √ 1 − √ 1 − x . We have thus found the same functions as in Exercise 11 of Chapter 3.

7. (a) A state at level N has the form L^{nN}_{−N} . . . L^{n2}_{−2}L^{n1}_{−1} | Δ ⟩ , with the level N given by

N = N n_N + (N − 1) n_{N−1} + . . . + 2 n_2 + n_1 .

Therefore, there are as many states at level N as there are partitions p(N) of N into k parts (n_1, n_2, . . . , n_k) with k = 1, 2, . . . , N according to p(N) = ∑ n1,n2,...,nN n1+2n2+...+NnN =N 1 .

Consequently, +∞∑ N=0 p(N)q^N = +∞∑ N=0 ∑ n1,n2,...,nN n1+2n2+...+NnN =N q^{n1+2n2+...+NnN}

= ∑ n_1,n_2,...,n_N ,... q^{n1+2n2+...+NnN +...}

= +∞∑ n_1=0 q^{n1} +∞∑ n_2=0 q^{2n2} · · · +∞∑ n_N =0 q^{NnN} · · · = 1 1 − q 1 1 − q^2 1 1 − q^3 · · · = 1 ∏_{+∞} k=1(1 − q^k) . Hence, without null states,

χ_Δ(q) = q^{Δ−c/24} ∏_{+∞} k=1(1 − q^k) . (b) We saw above that, without a null state, one has

χ_{naive}(q) = q^{Δ−c/24} ∏_{+∞} k=1(1 − q^k) . However, once there are null states, this expression overcounts the states. To compensate, we must subtract the null states .

If there is a null state | Δ + N ⟩ at level N, then all states of the form L^{nk}_{−k} . . . L^{n2}_{−2}L^{n1}_{−1} | Δ + N ⟩ are also null. They form a Verma module over | Δ + N ⟩. Therefore the corresponding character is given by

χ_{null}(q) = q^{Δ+N−c/24} ∏_{+∞} k=1(1 − q^k) . The correct counting of states is therefore given by

χ_Δ(q) = χ_{naive} − χ_{null}(q) = q^{Δ−c/24} ∏_{+∞} k=1(1 − q^k)

(1 − q^N ) .

(c) Referring to part (b), if the Verma module over the null state | Δ + N ⟩ itself has a null state at level M, then we must first subtract the null states from this module to find the correct number of states that we should subtract from χ_{naive}. This gives

χ_{naive} − [χ_{null} − χ_{null of null}] , or q^{Δ−c/24} ∏_{+∞} k=1(1 − q^k)

(1 − q^N + q^{N+M} ) .

It now becomes obvious how to extend this in cases where the null states within the null states continue to a deep level, or even ad infinitum:

χ_{naive} − { χ_{null} − [ χ_{null of null} − ( χ_{null of null of null} − ( · · · ) )]} , Also, it is straightforward to generalize these results to cases in which the Verma modules have more than one null state at each subtraction step, and which can then overlap (see problem 8).

8. Before we proceed to the solution, we introduce some notation to simplify our formulæ. Let a(k) ≡ Δ_{m,n+2sk} = Δ_{m−2rk,n} , and b(k) ≡ Δ_{−m,n+2sk} = Δ_{−m−2rk,n} , where we have also used the properties Δ_{mn} = Δ_{r−m,s−n} = Δ_{−m,−n} = Δ_{r+m,s+n} . We also let [a(k)] = [V_{m,n+2sk}] and [b(k)] = [V_{−m,n+2sk}] . To solve this problem, we directly apply the results from the previous problems. In Exercise 4, we saw that the module [V_{mn}] = [a(0)] of the MMs admits a null state with weight Δ_{−m,n} = b(0). Because of the symmetry Δ_{mn} = Δ_{r−m,s−n}, the same module also admits a second null state with weight Δ_{−(r−m),s−n} = Δ_{r−m,−s+n} = Δ_{−m,−2s−n} = b(−1). Therefore, to compute the number of states for [a(0)] we must subtract the states of [b(0)] and [b(−1)]:

[a(0)] − [b(0)] − [b(−1)] .

However, this is not the end, since, by the same argument, the modules [b(0)] and [b(−1)] have null states themselves. Continuing this way, we discover an infinite tower of null states embedded within null states. Using simple arguments as above, we find the following embeddings:

• The module [a(k)] , k > 0 has null states with weights b(k) and b(−k − 1). • The module [a(−k)] , k > 0 has null states with weights b(k) and b(−k − 1).

• The module [b(k)] , k > 0 has null states with weights a(k + 1) and a(−k − 1). • The module [b(−k)] , k > 0 has null states with weights a(k) and a(−k).

The following diagram makes it easy to appreciate the series of embeddings:

PSfrag replacements

Since there is overlapping among the modules of the null states, we must be careful to subtract each null state only once. Notice, too, that the various modules are entering in the series with alternating signs:

PSfrag replacements

Therefore, χ_{mn}(q) = q^{−c/24} ∏_{+∞} n=1(1 − q^n) ∑ k∈Z ( q^{a(k)} − q^{b(k)} ) . The product ∏_{+∞} n=1(1 − q^n) appears often when one considers characters and related objects. It is standard and convenient to define the Detekind η-function η(q) ≡ q^{1/24} +∞∏ n=1 (1 − q^n) ,

which we will encounter again often.

Chapter 6

MODULAR INVARIANCE

References: The mathematical literature on the topics covered in this chapter is vast. However, most of the main tools and techniques can also be found in physics-oriented papers and books, such as [94, 186, 333, 420]. A popular reference on Riemann surfaces is [249], and one on θ-functions is [509]. A recent short introduction to the theory of functions on compact surfaces is [438]. More results on algebraic geometry may be found in the classic book [357].

6.1 BRIEF SUMMARY

6.1.1 Riemann ϑ-function On the sphere (or, equivalently, on the compactified plane), the monomials z − z_i can be viewed as the fundamental building blocks out of which functions are built.^1 The analogous building blocks for functions defined on higher genus Riemann surfaces are the so-called ϑ-functions discussed in this chapter.

The Riemann ϑ-function is defined by the expression

ϑ(u_1, u_2, . . . , u_g|τ_{ij}) ≡ +∞∑ m_1=−∞ +∞∑ m_2=−∞ . . . +∞∑ m_g =−∞ e^{2πi} g∑ j=1 u_j m_j e^{πi} g∑ j,k=1 m_iτ_{ij} m_j .

The convergence of the Riemann ϑ-function is guaranteed if Imτ_{ij} > 0. Usually the following compact notation is used: ϑ(u|τ ) = ∑ m∈Z^g e^{2πi}um e^{πi}m^T τ m , (6.1)

where u and m are column matrices, and τ is a g × g symmetric matrix: u ≡ [u_i] , m ≡ [m_i] , τ ≡ [τ_{ij}] . 1See, for example, the Mittag-Leffler theorem in Chapter 4.

When there is simply a dot product such as u_im_i, to avoid clutter we will write this as um rather than the more proper u^T m. When the ϑ-function is related to a Riemann surface, the parameter g is the genus of the surface and τ is the period matrix.

One can also introduce the Riemann ϑ-function with characteristics: ϑ [ a b ] (u|τ ) ≡ ∑ m∈Z^g e^{2πi(}m^+a^{)(}u^+b^) e^{πi(}m^+a^{)T} τ^(m^+a^) (6.2)

= e^{2πi}a^(u^+b^) e^{πi}a^T τ a ϑ(u + τ a + b|τ ) , (6.3)

where a, b ∈ R^g .

For g = 1, we introduce the simplified notation q ≡ e^{2iπτ} , z ≡ e^{2iπu} . In addition, in mathematical physics, the following notation is typically used: ϑ_1(u|τ) ≡ +∞∑ m=−∞ (−1)^m z^{m+1/2} q^{(m+1/2)2 /2} = − iϑ [ 1/2 1/2 ] (u|τ) ;

ϑ_2(u|τ) ≡ +∞∑ m=−∞ z^{m+1/2} q^{(m+1/2)2 /2} = ϑ [ 1/2 0 ] (u|τ) ;

ϑ_3(u|τ) ≡ +∞∑ m=−∞ z^m q^{m2/2} = ϑ [ 0 0 ] (u|τ) ; and

ϑ_4(u|τ) ≡ +∞∑ m=−∞ (−1)^m z^m q^{m2/2} = ϑ [ 0 1/2 ] (u|τ) . The above four functions are called the Jacobi ϑ_i-functions (i = 1, 2, 3, 4).

In C^g , we construct the lattice Lτ : Lτ = Z^g + τ Z^g = {r ∈ C^g | ∃l, n ∈ Z^g, r = l + τ n} . The ϑ-function is completely characterized by its behavior under shifts in the above lattice: ϑ [ a b ] (u + τ n + l|τ ) = e^{−πi}n^{Tk} τ n e^{−2πi}n^(u^+b^) e^{2πi}al ϑ [ a b ] (u|τ ) (6.4)

In other words, the ϑ-function is a section of a (holomorphic line) bundle on the complex torus J(Σ) = C^g Lτ . J(Σ) is called the Jacobian of the Riemann surface Σ.

One sees in addition that ϑ [ a + n b + l ] (u|τ ) = e^{2πi}al ϑ [ a b ] (u|τ ) . (6.5)

6.1.2 The Modular Group

For a surface Σ, let Diff^+(Σ) be the group of all orientation preserving diffeomorphisms of Σ, and let Diff^+_0 (Σ) be the (normal) subgroup of all such diffeomorphisms connected to the identity. The quotient group

M(Σ) =

Diff^+(Σ) Diff^+_0 (Σ)

is called the modular group (or mapping class group). A non-trivial class in M(Σ) (i.e., element of M(Σ)) is called a modular transformation. For any such class, we can always choose a representative given by a Dehn twist D_γ defined as follows. Let γ be a loop on Σ. We now cut the surface Σ along the loop and twist one of the edges thus produced by 2π while leaving the other unaltered. Finally, we glue back the two edges. A complete set of generators is produced when we consider all Dehn twists along curves which wind around a single handle or at most two handles.

A matrix representation M(D_γ ) of the Dehn twists D_γ can be found by considering their action on the homology basis. The intersection matrix is invariant under diffeomorphisms, and so the action of M(Σ) on H_1(Σ, Z) must also preserve the intersection matrix, and therefore M(D_γ ) ∈ Sp(2g, Z). In fact, it is known that the matrices M(D_γ ) generate all of Sp(2g, Z).

A Dehn twist about a homologically trivial cycle does not affect the homology class of any curve^2; it is thus represented by a unit matrix. All such twists generate a subgroup T (Σ) of M(Σ) known as the Torelli group. One can show that

Sp(2g, Z) =

M(Σ) T (Σ) .

PSfrag replacements

Figure 6.1: The torus is the quotient space of the plane divided by a 2-dimensional lattice.

2Be careful! This twist is still non-trivial.

6.1.3 Partition Functions and Modular Invariance

Mapping the plane into a cylinder, the dilation operators on the plane become the translation operators on the cylinder:

L^{cyl}_{−1} = 2πi ω_1 ( L^{pl}_0 − c 24 ) and L^{cyl}_{−1} = − 2πi ω_1 ( L^{pl}_0 − c 24 ) . The constant −c/24 arises as a Casimir effect due to the periodic boundary conditions. Assuming periodic boundary conditions on the bases of the cylinder, we create a toroidal geometry, with cycles ω_1 and ω_2. The partition function is thus given by

Z = tr ( e^{ω2Lcyl−1+ω2Lcyl−1} )

= e^{−2πi c24} (_{ω2} ω1 +^{ω2}_{ω1} ) tr ( e^{2πi ω2ω}1^{Lpl0} e^{2πi ω2ω}1^{Lpl0} ) . Defining τ ≡ ω_2 ω_1 and q ≡ e^{2πiτ} , and taking into account the decomposition of the Hilbert space into holomorphic and antiholomorphic pieces, we can write the partition function as Z = ∑ Δ,Δ N_{ΔΔ} χ_Δ(τ) χ_Δ(τ) ,

where χ_Δ is the character for the Verma module built over the field with dimension Δ. The partition function contains the whole operator content of a model.

Mathematically speaking, the torus is the quotient of the complex plane divided by the lattice Λ generated by the vectors ω_1 and ω_2. Physical intuition suggests that the partition function may depend on the geometry of the torus parametrized by τ, but it should be invariant under different choices of the lattice basis ω_1, ω_2. In other words, the transformations [ ω^′_1 ω^′_2 ] = [ a b c d ] [ ω_1 ω_2 ] , a, b, c, d ∈ Z , ad − bc = 1 should not affect the partition function. These transformations constitute the group SL(2, Z), and, since they do not change τ, we call this the modular group of the torus. The parameter τ is called the modular parameter (or simply the modulus) of the torus.

SL(2, Z) can be generated by the following two transformations of τ:

T : τ → τ + 1 ⇒ (ω_1, ω_2) → (ω_1, ω_1 + ω_2) , S : τ → − 1 τ ⇒ (ω_1, ω_2) → (ω_2, −ω_1) .

The requirement of modular invariance of the partition function reduces, therefore, to the conditions Z(τ + 1) = Z(−1/τ) = Z(τ) . Let χ(τ) be a vector that contains the characters for all the representations present in a particular model. The partition function then takes the form Z(τ) = χ^†N χ . Different models at fixed c corresponds to different matrices N . Modular invariance implies

N = T N T^† and N = SN S^† .

The first equation simply requires Δ − Δ ∈ Z — only integer spins are allowed. The second equation is a Diophantine equation that strongly restricts the allowed matrices N .

There is a remarkable formula found by E. Verlinde and proved by Moore and Seiberg. The matrices N_i = [ N^k_{ij} ] that determine the fusion rules

[ϕ_i] × [ϕ_j] = N^k_{ij} [ϕ_k] ,

can be written in terms of the modular S-matrix as follows:

N^k_{ij} = ∑ n S^n_j S^n_i S^k_n S^k_0 . This equation is known as the Verlinde formula. A corollary of this formula is that the modular S-matrix diagonalizes the matrices [N_i]:

N_i = S D_i S^† ,

where D_i = diag [ S^n_i S^n_0 ] .

6.2 EXERCISES

1. (a) From the definition (6.2), prove equation (6.3) for the Riemann ϑ-function with characteristics.

(b) Now use equation (6.3) to prove properties (6.4) and (6.5). 2. (a) For a function g(x_1, x_2, ..., x_g) let

F_1 ≡ +∞∑ m_1=−∞ +∞∑ m_2=−∞ . . . +∞∑ m_g =−∞ g(m_1, m_2, ..., m_g) , and

F_2 ≡ +∞∑ n_1=−∞ +∞∑ n_2=−∞ . . . +∞∑ n_g =−∞ +∞∫ −∞ dy_1 +∞∫ −∞ dy_2 . . . +∞∫ −∞ dy_g g(y_1, y_2, ..., y_g) e^{−2πi} ∑_g j=1 n_j y_j .

Show that F_1 = F_2 .

This formula is known as the Poisson resummation formula. (b) Use the Poisson resummation formula to prove that the Riemann function (6.1) can also be written in the form: ϑ(u|τ ) = i^{g/2} √ | det τ | e^{−πi}u^T τ^{−1}u ∑ n e^{2πi}n^T τ^{−1}u e^{−πi}n^T τ^{−1}n .

3. Prove that Jacobi’s ϑ_3-function has only one zero, which is located at^1_2 τ +^1_2 . 4. In this problem, you are to prove Jacobi’s triple identity +∞∏ n=1 (1 − q^n) (1 + w q^{n−1/2}) (1 + w^{−1} q^{n−1/2}) = +∞∑ n=−∞ w^n q^{n2/2} , (6.6)

for |q| < 1 and w ≠ 0. You should do this two different ways:

(a) Prove the result using physical arguments [333], starting by writing down the grand canonical partition function for a free system of fermion and antifermion oscillators. (b) Prove the results purely mathematically [37]. Define P (q, w) ≡ +∞∏ n=1 (1 + w q^{n−1/2}) (1 + w^{−1} q^{n−1/2}) and

Q(q, w) ≡ 1 +∞∏ n=1 (1 − q^n) +∞∑ n=−∞ w^n q^{n2/2} ,

§6.2: EXERCISES 163

and then prove that both satisfy the functional relation X(q, w) = q^{1/2} w X(q, qw) . Use this to establish (6.6).

5. Derive Euler’s pentagonal number theorem +∞∏ k=1 (1 − q^k) = +∞∑ k=−∞ (−1)^k q^{k(3k−1)2} ,

using the following two methods: (a) Use Jacobi’s triple identity.

(b) Use the Rocha-Caridi formula for the minimal model with p = 2 and q = 3. 6. (a) Find an infinite product expression for each of the Jacobi ϑ_i-functions.

(b) Let θ_i(τ) ≡ ϑ_i(0|τ) . Show that η^3(τ) = 1 2 θ_2(τ)θ_3(τ)θ_4(τ) .

7. Write down the matrix representation of the Dehn twists for a genus two surface. 8. Compute the partition function for a free boson. Then verify that it is modular invariant.

9. Compute the partition function for a compactified free boson, i.e., a free boson restricted to move on a circle. Then verify that this partition function is modular invariant.

10. (a) Find the characters χ_0, χ_{1/2}, and χ_{1/16} of the free fermion theory by direct enumeration of the states.

(b) Determine the modular transformation matrix S acting on the character basis of part (a).

(c) Show that S diagonalizes the fusion rules of the theory.

11. Generalizing part (b) of Exercise 10, show that under the T and S transformations, the character vector of the MMs transforms as T χ(τ) = χ(τ + 1) and Sχ(τ) = χ(−1/τ) , and derive the exact form of the matrices T and S.

12. For a theory with dyons (q, g) (i.e., a particle with electric charge q and magnetic charge g), the Dirac-Schwinger-Zwanziger (DSZ) condition says that the charges of any two dyons satisfy the quantization equation

q_1g_2 − q_2g_1 = 2πn_{12} , n_{12} ∈ Z . (6.7)

(a) Show that the general solution of this equation takes the form

q = q_0 ( n + θ 2π m ) , g = g_0 m ,

where n, m ∈ Z; q_0 and g_0 are constants; and θ is a parameter with a value 0 ≤ θ < 2π. (b) Show that the parameter θ is related to CP violation. In particular, show that for θ = 0 and θ = π, the theory is CP invariant, while for all other values of θ between 0 and 2π, the theory violates CP invariance. (c) Rewrite the solution of part (a) in the form

q + ig = q_0 (n + m τ) .

Explain how this form shows that the solutions to the DSZ condition (6.7) satisfy an SL(2, Z) invariance. Discuss the transformation properties of q + ig under this group.

6.3 SOLUTIONS

1. (a) From the definition (6.2), we have: ϑ [ a b ] (u|τ ) ≡ ∑ m e^{2πi(}m^+a^{)(}u^+b^) e^{πi(}m^+a^{)T} τ^(m^+a^) = ∑ m e^{2πi}m^{T (}u^+b^) e^{2πi}a^(u^+b^) e^{πi}m^T τ m e^{πi}m^T τ a e^{πi}a^T τ m e^{πi}a^T τ a .

Since the matrix τ is symmetric, one has e^{πi}m^T τ a e^{πi}a^T τ m = e^{2πi}m^T τ a . Hence, ϑ [ a b ] (u|τ ) = ∑ m e^{2πi}m^{T (}u^+b^) e^{2πi}a^(u^+b^) e^{πi}m^T τ m e^{2πi}m^T τ a e^{πi}a^T τ a = e^{2πi}a^(u^+b^) e^{πi}a^T τ a ∑ m e^{2πi}m^{T (}u^+τ a^+b^) e^{πi}m^T τ m ,

which gives the formula sought: ϑ [ a b ] (u|τ ) = e^{2πi}a^(u^+b^) e^{πi}a^T τ a ϑ(u + τ a + b|τ ) .

(b) Before we proceed to prove equations (6.4) and (6.5), we first obtain, as an intermediate step, an expression for ϑ(u + τ n + l|τ ) in terms of ϑ(u|τ ). One observes that ϑ(u + τ n + l|τ ) = ∑ m∈Z^g e^{2πi(}u^+τ n^+l^)m e^{πi}m^T τ m = ∑ m∈Z^g e^{2πi}um e^{2πi(}τ n^)m e^{πi}m^T τ m ,

since the dot product lm is an integer, i.e., e^{2πi}lm = 1. Now we make the change of variables m = k − n, which yields ϑ(u + τ n + l|τ ) = ∑ k∈Z^g e^{2πi}u^(k^−n^) e^{2πi(}τ n^{)(}k^−n^) e^{πi(}k^−n^{)T} τ^(k^−n^) = e^{−2πi}un e^{−2πi(}τ n^)n e^{πi}n^T τ n ∑ k∈Z^g e^{2πi}uk e^{πi}k^T τ k e^{2πi(}τ n^)k e^{−πi}n^T τ k e^{−πi}k^T τ n = e^{−2πi}un e^{−πi(}τ n^)n ∑ k∈Z^g e^{2πi}uk e^{πi}k^T τ k .

Thus, ϑ(u + τ n + l|τ ) = e^{−2πi}un e^{−πi(}τ n^)n ϑ(u|τ ) . Now we are ready to prove formulæ(6.4) and (6.5). To do this, we will make use of equation (6.3) (which we proved in part (a) of this problem solution) and the equation we just derived. In particular, ϑ [ a b ] (u + τ n + l|τ ) = e^{2πi}a^(u^+τ n^+l^+b^) e^{πi}τ^T τ aϑ(u + τ n + l + τ a + b|τ )

= e^{2πi}a^(u^+τ n^+l^+b^) e^{πi}τ^T τ aϑ(u + τ α + b|τ ) e^{−2πi(}u^+τ b^)n e^{−πi(}τ n^)n = e^{−πi(}τ n^)n e^{−2πi(}u^+b^)n e^{2πi}al e^{2πi}a^(u^+b^) e^{πi}a^T τ a ϑ(u + τ a + b|τ ) = e^{−πi(}τ n^)n e^{−2πi(}u^+b^)n e^{2πi}al ϑ [ a b ] (u|τ ) . Additionally, ϑ [ a + n b + l ] (u|τ ) = e^{2πi(}a^+n^{)(}u^+b^+l^) e^{πi(}a^+n^{)T} τ^(a^+n^) ϑ(u + τ a + τ n + b + l|τ )

= e^{2πi(}a^+n^{)(}u^+b^+l^) e^{πi(}a^+n^{)T} τ^(a^+n^) ϑ(u + τ a + b|τ ) e^{−2πi(}u^+τ a^+b^)n e^{−πi(}τ n^)n .

Since e^{2πi}nl = 1 and some of the exponentials cancel each other, we obtain, in the end, ϑ [ a + n b + l ] (u|τ ) = e^{2πi}al e^{2πi}a^(u^+b^) e^{πi}a^T τ a ϑ(u + τ a + b|τ ) = e^{2πi}al ϑ [ a b ] (u|τ ) .

2. (a) We define the function f(x) ≡ ∑ m∈Z^g g(x + m) . (6.8)

Clearly, the function f is periodic, and so it can be expanded in a Fourier series. We thus write f(x) = ∑ n an e^{2πi}b^·x , (6.9) with an = ∫_1 0 f(y) e^{−2πi}n^·y dy = ∑ m ∫_1 0 g(y + m) e^{−2πi}n^·y dy = ∑ m ∫ m_{+1} m g(w) e^{−2πi}n^{·(}w^−m^) dw ,

where in the second equality we have used the definition of f, and in the third equality we have made the change of variables w = y + m. In addition, 1 stands for a vector with all its components equal to 1. To proceed further, we notice that e^{−2πi}n^·m = 1 . Then an = ∑ m ∫ m_{+1} m g(w) e^{−2πi}n^·w dw = ∑ m ∫_{+∞} −∞ g(w) e^{−2πi}n^·w dw .

Inserting this result into the expression (6.9), we find f(x) = ∑ m e^{−2πi}n^·x ∫_{+∞} −∞ g(w) e^{−2πi}n^·w dw ,

or, in other words, ∑ m g(x + m) = ∑ m e^{−2πi}n^·x ∫_{+∞} −∞ g(w) e^{−2πi}n^·w dw .

For the special case x = 0, we find the Poisson resummation formula ∑ n g(m) = ∑ m ∫_{+∞} −∞ g(w) e^{−2πi}n^·w dw . (6.10)

(b) Comparing the definition (6.1) of the ϑ-function with that of the auxiliary function (6.8) we used in part (a), we see that g(u) = e^{2πi}u^·m e^{πi}m^T τ m .

Inserting this in the identity (6.10), we can rewrite the ϑ-function as ϑ(u|τ ) = ∑ n ∫ d⃗y g(⃗y) e^{−2πi⃗n·⃗y} = ∑ n ∫ d⃗y e^{2πi⃗y·⃗n} e^{πi⃗n}τ^{⃗n} e^{−2πi⃗n·⃗y} = ∑ n ∫ d⃗y e^{πi⃗n}τ^{⃗n}e^{−2πi(⃗u−⃗n)·⃗y} = ∑ n ∫ d⃗y e^{−π ⃗N}T^{⃗N} e^{2π(⃗U − ⃗N)·⃗y} , where we have set ⃗u ≡ i⃗U , n ≡ iN , and T ≡ iτ . The integral that has appeared is Gaussian, and so is easily evaluated according to the standard result ∫ d⃗y e^{−⃗y}A^{⃗y} eB^{⃗y} = π^{g/2} √ det A e^{14} B^T A^{−1}B .

Therefore ϑ(u|τ ) = ∑ n π^{g/2} √ det(πT ) e^{− 14 4π2(⃗U− ⃗N)} T^{−1}_{π (⃗U− ⃗N)}

= ∑ n 1 (−i)^{g/2} √ det τ e^{−iπ(⃗u−⃗n)}τ^{−1(⃗u−⃗n)}

= i^{g/2} √ det τ ∑ n e^{−iπ⃗u}τ^{−1⃗u}e^{+iπ(⃗u}τ^{−1⃗n+⃗n}τ^{−1⃗u)}e^{−iπ⃗n}τ^{−1⃗n}

= i^{g/2} √ det τ e^{−iπ⃗u}τ^{−1⃗u} ∑ n e^{2iπ⃗n}τ^{−1⃗u}e^{−iπ⃗n}τ^{−1⃗n} , which completes the proof.

3. From the general properties of the ϑ-function, we can see that ϑ_3(u + aτ + b|τ) = e^{−πia2τ} e^{−2πiau} ϑ_3(u|τ) , and ϑ_3(−u|τ) = ϑ_3(u|τ) , where a, b ∈ Z. We can differentiate the first of these equations, which produces the identity ϑ^′_3(u + aτ + b|τ) = e^{−πia2τ} e^{−2πiau} [ ϑ^′_3(u|τ) − 2πia ϑ_3(u|τ) ] .

Using the above equations, we find that

ϑ^′_3(u + 1) ϑ_3(u + 1|τ) = ϑ^′_3(u) ϑ_3(u|τ) , and

ϑ^′_3(u + τ) ϑ_3(u + τ|τ) = ϑ^′_3(u) ϑ_3(u|τ) − 2πi . PSfrag replacements

Now from complex analysis, we know that N_{roots} − N_{poles} = 1 2πi ∫

⟲

unit cell ϑ^′_3(u) ϑ_3(u) du = 1 2πi ∫_1 0 ϑ^′_3(x) ϑ_3(x) dx + 1 2πi ∫_τ 0 ϑ^′_3(1 + iy) ϑ_3(1 + iy) idy + 1 2πi ∫_0 1 ϑ^′_3(x + τ) ϑ_3(x + τ) dx + 1 2πi ∫_0 τ ϑ^′_3(iy) ϑ_3(iy) idy = 1 2πi ∫_1 0 ϑ^′_3(x) ϑ_3(x) dx + 1 2πi ∫_τ 0 ϑ^′_3(iy) ϑ_3(iy) idy − 1 2πi ∫_1 0 ( ϑ^′_3(x) ϑ_3(x) − 2πi ) dx − 1 2πi ∫_τ 0 ϑ^′_3(iy) ϑ_3(iy) idy = 1 .

In the same way, we can show that N_{poles} = 1 2πi ∫

⟲

unit cell ϑ_3(u)du = 0 .

Therefore, ϑ_3 has no poles and only one root in the unit cell.

From the properties of ϑ_3, we see that if u_0 is a root, so are u_0 + aτ + b and −u_0. This means that the set of all roots of ϑ_3 form a periodic set with respect to the lattice Z + τZ and is also symmetric around 0. So symmetry dictates that the single root of ϑ_3 must be located at one of the points 0, 1/2, τ/2, or (τ + 1)/2. This is the point

τ +1

2 as can be checked^3explicitly from the definition of ϑ_3:

ϑ_3 ( u + 1 2 τ + 1 2 ) = q^{−1/8} +∞∑ m=−∞ (−)^mz^mq^{(m+1/2)2 /2}

3One can also verify explicitly that the other values, 0, 1/2, and τ /2, render the ϑ3-function non-vanishing.

which, for u = 0, gives

ϑ_3 ( 1 2 τ + 1 2 ) = q^{−1/8} +∞∑ m=−∞ (−1)^mq^{(m+1/2)2 /2}

= q^{−1/8} −1∑ m=−∞ (−1)^mq^{(m+1/2)2 /2} + q^{−1/8} +∞∑ m=0 (−1)^mq^{(m+1/2)2 /2}

= q^{−1/8} n=+∞∑

n=1 (−1)^nq^{(n−1/2)2 /2} + q^{−1/8} +∞∑ m=0 (−1)^mq^{(m+1/2)2 /2} n=l+1 = −q^{−1/8} l=+∞∑

l=0 (−1)^lq^{(l+1/2)2 /2} + q^{−1/8} +∞∑ m=0 (−1)^mq^{(m+1/2)2 /2} = 0 .

4. (a) The grand canonical partition function of the system is Ξ = ∑ configurations e^{−βE+μβN} ,

where N is the total fermion number N = N_f − N¯_f , which takes values in Z. If n_k and n̄_k are the occupation numbers for the k-th fermion and antifermion modes,

In particular, from its definition, it is straightforward to see that

ϑ3(0|τ ) = +∞∑ m=−∞ q^{m2 /2} ≠ 0 .

Then from the properties ϑ3(u + 1/2|τ ) = ϑ4(u|τ ) , ϑ3(u + τ /2|τ ) = e^{−iπu} q^{−1/8} ϑ2(u|τ ) , for u = 0 we find ϑ3(1/2|τ ) = ϑ4(0|τ ) , ϑ3(τ /2|τ ) = q^{−1/8} ϑ2(0|τ ) . Using the definition of ϑ2-function ϑ3(τ /2|τ ) = q^{−1/8} +∞∑ m=−∞ q^{(m+1/2)2 /2} ≠ 0 .

Also, by consulting the results of problem 6 of this chapter, one can immediately see that ϑ4(0|τ ) is non-zero, and thus ϑ3(1/2|τ ) is non-zero.

respectively, then N_f = ∑ k n_k , and N¯_f = ∑ k n̄_k . The Hamiltonian of the system is

H = E_0 ∑ k ( k − 1 2 ) (n_k + n̄_k) .

We will use the symbols w and q for the fugacity and ‘fundamental’ Boltzman weight, respectively, i.e., w ≡ e^{βμ} and q ≡ e^{−βE0} . We now calculate the grand canonical partition function in two distinct ways. First, we write the grand canoncial partition function as a simple infinite product as follows: Ξ = ∑ configurations q ∑ k (k−^1_2 )(nk+n̄k) w ∑ k (n_k+n̄_k)

= ∑ configurations q ∑ k (k−1/2) n_k w ∑ k n_k q ∑ k (k−1/2) n̄_k w ∑ k n̄_k

= ∑ {n_k},{n̄_k} ∏ k ( q^{k−1/2}w )_{nk} ∏ k ( q^{k−1/2}w^{−1} )_{n̄k}

= +∞∏ k=1 1∑ n_k=0 ( q^{k−1/2}w )_{nk}^1∑ n̄_k=0 ( q^{k−1/2}w^{−1} )_{n̄k}

= +∞∏ k=1 ( 1 + q^{k−1/2}w ) ( 1 + q^{k−1/2}w^{−1} ) . (6.11)

The second way we calculate the grand canoncial partition function begins by expressing Ξ as an infinite sum involving canonical partition functions. We see that Ξ = ∑ configurations e^{−βE} w^N

= +∞∑ N=−∞ w^N ∑_′ configurations e^{−βE}

≡ +∞∑ N=−∞ w^N Z_N (q) , (6.12)

where Z_N (q) is the partition function of the system for a fixed fermion number N. At fixed N, the energy E of the system is a sum of the energy E_N for the first N levels filled plus the energy ΔE for zero fermion number excitations. The energy E_n is given by E_N = E_0 N∑ k=1 (k − 1/2) =

E_0 N^2 2 . The zero fermion number excitations have equal numbers of fermions and anti-fermions, i.e., n_k = n̄_k. In terms of n_k, then, we have ΔE = E_0 m∑ k=1 k n_k , up to some level m. However, there can be excitations for all possible values of m, thus implying that Z_N (q) = ∑ excitations e^{−βEN} e^{−βΔE}

= q^{N22} +∞∑ m=0 q m∑ k=1 k n_k

= q^{N22} +∞∏ n=1 +∞∑ k_n=0 q^{n kn}

= q^{N22} +∞∏ n=1 1 1 − q^n . Substituting this in (6.12), we get Ξ = +∞∏ n=1 1 1 − q^n +∞∑ N=−∞ w^N q^{N22} .

Combining this result with (6.11) proves Jacobi’s triple identity. (b) For P (q, w) we have P (q, qw) = +∞∏ n=1 (1 + wq^{n+1−1/2})(1 + w^{−1}q^{n−1−1/2})

= +∞∏ n=1 (1 + wq^{n+1−1/2}) +∞∏ n=1 (1 + w^{−1}q^{n−1−1/2}) .

In the first product, we make the change of variables k = n + 1, while in the second product, we make the change of variables l = n − 1. This yields P (q, qw) = +∞∏ k=2 (1 + wq^{k−1/2}) +∞∏ l=0 (1 + w^{−1}q^{l−1/2})

= 1 + w^{−1}q^{−1/2} 1 + wq^{1/2} +∞∏ k=1 (1 + wq^{k−1/2}) +∞∏ l=1 (1 + w^{−1}q^{l−1/2})

= 1 + w^{−1}q^{−1/2} 1 + wq^{1/2} P (q, w) = q^{−1/2}w^{−1} P (q, w) .

Similarly, for Q(q, w), we find

Q(q, qw) = 1 ∏_{+∞} n=1(1 − q^n) +∞∑ l=−∞ q^{l2/2} q^l w^l

= 1 ∏_{+∞} n=1(1 − q^n) q^{−1/2} +∞∑ l=−∞ q^{(l+1)2/2} w^l .

Making the change of variables k = l+1, we finally arrive at the desired result, namely

Q(q, qw) = q^{−1/2} 1 ∏_{+∞} n=1(1 − q^n) +∞∑ k=−∞ q^{k2/2} w^{k−1} = q^{−1/2}w^{−1} Q(q, w) . This last result shows that P (q, w) = const Q(q, w) . To complete the proof, we must calculate this constant. This is simplified by comparing the coefficients of w^0.

To this end, we first make a small digression on partitions. Any partition of n into parts n = p_1 + p_2 + . . . + p_n, 0 ≤ p_1 ≤ p_2 ≤ . . . ≤ p_n ≤ n can be rearranged in a matrix ( a_1 a_2 . . . a_r b_1 b_2 . . . br ) , (6.13)

called the Frobenius symbol, such that

0 ≤ a_1 < a_2 < . . . a_r , 0 ≤ b_1 < b_2 < . . . b_r , n = r + r∑ i=1 a_i + r∑ i=1 b_r .

To understand how this map can be created, let us examine a specific example. Consider the following partition of the number 20:

20 = 5 + 5 + 3 + 3 + 2 + 1 + 1 .

This can be represented graphically: • • • • • • • • • • • • • • • • • • • Notice that the diagonal has r = 3 dots. We erase them. Then the rows to the right of the diagonal give a_1, a_2, and a_3, and the columns to the left of the diagonal give b_1, b_2, and b_3: ∗ ∗ ∗ ∗ ← a_1 ⋆ ∗ ∗ ∗ ← a_2 ⋆ ⋆ ← a_3 ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ↑ ↑ ↑ b_1 b_2 b_3

That is, we have rewritten the partition as

20 = 3 + (4 + 3 + 0) + (6 + 3 + 1) ,

giving us the Frobenius symbol ( 4 3 0 6 3 1 ) . For each partition of n, there is exactly one Frobenius symbol. Turning this around, for each n, we can construct p(n) Frobenius symbols, where as usual +∞∑ n=0 p(n) q^n = +∞∏ n=1 1 1 − q^n .

Now, returning to calculating the coefficient of the constant term in P (q, w), we observe that we get a contribution with weight 1 every time we have a product of r terms wq^{n−1/2} with r terms w^{−1}q^{m−1/2}: q^{−r+n1+n2+...+nr+m1+m2+...+mr} .

This term can be mapped to the Frobenius symbol ( n_1 − 1 n_2 − 1 . . . n_r − 1 m_1 − 1 m_2 − 1 . . . m_r − 1 ) , (6.14)

since the entries satisfy all the required properties. Therefore, the sum of contributions is exactly the number of Frobenius symbols. This determines that const=1, so that P (q, ω) = Q(q, ω), and the proof is complete.

5. (a) In Jacobi’s triple identity, we use w = −p^{−1/2} and q = p^3 to obtain +∞∏ n=1 (1 − p^{3n}) (1 − p^{3n−2}) (1 − p^{3n−1}) = +∞∑ n=−∞ (−1)^n p^{−n/2} p^{3n2/2} .

Since for every k ∈ Z, there exists n ∈ Z such that

k = 3n , k = 3n − 1 , or k = 3n − 2 ,

when n runs over all Z, k also runs over all Z. Therefore, the product in the previous equation is exactly_{+∞} ∏ k=1 (1 − q^n) .

Putting everything together, we arrive at Euler’s pentagonal number theorem. (b) For p = 2 and q = 3, the central charge is c = 0, and the model has only the identity operator. Therefore, χ_{1,1} = 1. From the Rocha-Caridi formula

χ_{1,1} = 1 +∞∏ n=1 (1 − q^n) +∞∑ k=−∞ ( q^{6k2+k} − q^{6k2+5k+1} ) .

From this we conclude that +∞∏ n=1 (1 − q^n) = +∞∑ k=−∞ ( q^{6k2+k} − q^{6k2+5k+1} )

= +∞∑ k=−∞ [ (−1)^{2k} q^{3(2k)}

2+(2k)

2 + (−1)^{2k−1} q^{3(2k−1)}

2+(2k−1) 2 ]

= +∞∑ l=−∞ (−1)^l q^{3l2+l2} ,

where to go from the first equality to the second, we just rewrite the various quantities in an equivalent form, and to go from the second equality to the third, we just notice that the two terms are the even and odd partial sums of one sum. Setting l = −n in the last equation, we find again the advertised relation.

6. (a) In Jacobi’s triple identity, we set w = z or w = −z. In these two cases, we find, respectively,

ϑ_3(u|τ) = +∞∏ n=1 (1 − q^n)(1 + zq^{n−1/2})(1 + z^{−1}q^{n−1/2}) , and

ϑ_4(u|τ) = +∞∏ n=1 (1 − q^n)(1 − zq^{n−1/2})(1 − z^{−1}q^{n−1/2}) .

For ϑ_2, we set w = zq^{1/2} in Jacobi’s triple identity, which gives +∞∑ n=−∞ z^nq^{n2+n2} = +∞∏ n=1 (1 − q^n)(1 + zq^n)(1 + z^{−1}q^{n−1}) .

The l.h.s. can be rearranged to give +∞∑ n=−∞ z^nq^{n2+n2} = +∞∑ n=−∞ z^nq^{(n+1/2)} 2 2 q^{−1/8}

= z^{−1/2}q^{−1/8} +∞∑ n=−∞ z^{n+1/2}q^{(n+1/2)} 2 2 = z^{−1/2}q^{−1/8} ϑ_2(u|τ) , and therefore

ϑ_2(u|τ) = z^{1/2}q^{1/8} +∞∏ n=1 (1 − q^n)(1 + zq^n)(1 + z^{−1}q^{n−1}) .

In the same way, setting w = −zq^{1/2} in Jacobi’s trible identity, we find that

ϑ_1(u|τ) = z^{1/2}q^{1/8} +∞∏ n=1 (1 − q^n)(1 − zq^n)(1 − z^{−1}q^{n−1}) .

(b) From the results of part (a), we have

θ_2(τ) = q^{1/8} +∞∏ n=1 (1 − q^n)(1 + q^n)(1 + q^{n−1})

= 2q^{1/8} +∞∏ n=1 (1 − q^n)(1 + q^n)^2 ; (6.15) θ_3(τ) = +∞∏ n=1 (1 − q^n)(1 + q^{n−1/2})(1 + q^{n−1/2})

= +∞∏ n=1 (1 − q^n)(1 + q^{n−1/2})^2 ; and (6.16)

θ_4(τ) = +∞∏ n=1 (1 − q^n)(1 − q^{n−1/2})(1 − q^{n−1/2})

= +∞∏ n=1 (1 − q^n)(1 − q^{n−1/2})^2 . (6.17)

Multiplying these results together, we find

θ_2(τ)θ_3(τ)θ_4(τ) = 2q^{1/8} [_{+∞} ∏ n=1 (1 − q^n)

]_3 [_{+∞} ∏ n=1 (1 + q^n)(1 + q^{n−1/2})(1 − q^{n−1/2})

]_2

= 2 η^3(τ) f^2(q) ,

where f(q) = +∞∏ n=1 (1 + q^n)(1 + q^{n−1/2})(1 − q^{n−1/2})

= +∞∏ n=1 (1 + q^n)(1 − q^{2n−1}) . (6.18)

To complete the proof, we must show that f(q) = 1. Let us break the infinite product of terms 1 + q^n into terms with odd and even powers. Then, f(q) = +∞∏ n=1 (1 + q^{2n})(1 + q^{2n−1})(1 − q^{2n−1})

= +∞∏ n=1 (1 + q^{2n})(1 − q^{2(2n−1)})

(6.18)

= f(q^2) .

From this identity we can compute the derivatives of f(q) at q = 0. These are

f^′(q) = 2qf^′(q^2) , f^{′′}(q) = 2f^′(q^2) + 4q^2f^{′′}(q^2) , f^{′′′}(q) = 4qf^{′′}(q^2) + 8qf^{′′}(q^2) + 8q^3f^{′′′}(q^2) , . . . . . .

from which we see that 0 = f^′(0) = f^{′′}(0) = . . .. Then from the Taylor expansion

f(q) = f(0) + f^′(0) q + f^{′′}(0) 2! q^2 + · · · ,

we find f(q) = f(0) = 1, which completes our proof.

7. For the canonical homology basis {a_1, a_2, b_1, b_2}, we consider the Dehn twists along the cycles a_1, a_2, b_1, b_2, and a^{−1}_1 a_2.

Figure 6.2: The cycles for a genus 2 Riemann surface.

After twisting along the cycle a_1 the new cycles will look as in figure 6.3.

Figure 6.3: A Dehn twist around the a_1 cycle.

From this we conclude that

M(D_{a1} ) =

1 0 0 0 0 1 0 0 1 0 1 0 0 0 0 1 .

Similarly, we can find the following matrices:

M(D_{b1} ) =

1 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 , M(D^{b2} ) = 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 1 ,

M(D_{a2} ) =

1 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1

, M(Da^{−1}_1 a2 ) =

1 0 0 0 0 1 0 1 −1 1 1 0 1 −1 0 1 .

8. The trace Z = q^{−c/24} q^{−c/24} tr ( q^{L0} q^{L0} )

is a product of independent contributions from different oscillators α_{−n} and momentum p. The contribution from the states { | k, n ⟩ ≡ α^k_{−n} | ∅ ⟩ , k = 0, 1, 2, . . . } , which have L_0 | k, n ⟩ = kn | k, n ⟩ , is_{+∞} ∑ k=0 q^{kn} = 1 + q^n + q^{2n} + . . . = 1 1 − q^n . The contribution from the states {| p ⟩ , p ∈ R} , which have L_0 | p ⟩ = p^2 2 | p ⟩ , is ∫_{+∞} −∞ dp q^{p2/2} q^{p2/2} = ∫_{+∞} −∞ dp e^{−2π}Im^{τ p2} = √ 1 2Imτ . Therefore, putting all the factors together, the partition function for the free boson is Z = 1 √ 2Imτ 1 η(q)η(q) , where η(q) is the Dedekind η-function. Its modular properties (see the appendix) are

η(τ + 1) = e^{iπ/12} η(τ) , η(−1/τ) = √ −iτ η(τ) .

Therefore, under the T -transformation, Z → Z^′ = 1 √ 2Im(τ + 1) 1 η(τ + 1)η(τ + 1) = 1 √ 2Imτ 1 e^{iπ/12}η(τ) e^{−iπ/12}η(τ ) = 1 √ 2Imτ 1 η(τ)η(τ ) = Z . Likewise, under the S-transformation, Z → Z^′ = 1 √ 2Im^{−1}_τ 1 η(−1/τ)η(−1/τ ) = 1 √ 2Im^{−1}_τ 1 η(−1/τ)η(−1/τ ) = 1 √ Imτ_{τ τ} 1 √ −iτη(τ) √ iτ η(τ) = Z .

APPENDIX

From the definition of the Dedekind η-function η(q) ≡ q^{1/24} +∞∏ n=1 (1 − q^n) ,

we see that under a T -transformation, η(q) → q^{1/24} e^{iπ/12} +∞∏ n=1 (1 − e^{2πin}q^n) = q^{1/24} e^{iπ/12} +∞∏ n=1 (1 − q^n) = e^{iπ/12} η(q) .

To determine how η behaves under an S-transformation, we use the identity

η^3(τ ) = 1 2 θ2(τ )θ3(τ )θ4(τ ) . From the properties of the ϑ function, it is easy to show that θ2(−1/τ ) = √ −iτ θ4(τ ) , (6.19) θ3(−1/τ ) = √ −iτ θ3(τ ) , and (6.20) θ4(−1/τ ) = √ −iτ θ2(τ ) . (6.21)

Thus we see that η(−1/τ ) = √ −iτ η(τ ) . (6.22)

9. The compactification of the boson on a circle of radius R has two consequences. First, the momenta p are quantized, restricted to the values p = m R , m ∈ Z . Second, there are new winding states, because of the boundary conditions Φ(σ + 2π) ∼ Φ(σ) + 2πR w , w ∈ Z . The boson decomposes into two chiral components: ϕ(z) = x − ip ln z + i ∑ n≠0 α_n n z^{−n} and ϕ(z) = x − ip ln z + i ∑ n≠0 α_n n z^{−n} . The eigenvalues of p and p are, respectively, p = m R + wR 2 and p = m R − wR 2 . We see that the contribution of the bosonic modes in the present case is identical to the contribution of these modes in the previous problem. However, the integral over the momentum states becomes a discrete sum: ∫_{+∞} −∞ dp q^{p2/2} q^{p2/2} −→ ∑ m,w q(^{mR + wR2} )^{2/2} q(^{mR − wR2} )^{2/2} .

Therefore, Z = √ 2 ImτZboson ∑ m,w q(^{mR + wR2} )^{2/2} q(^{mR − wR2} )^{2/2} ,

where Zboson stands for the partition function of the uncompactified boson. Under the T -transformation Z → Z^′ = √ 2 ImτZboson ∑ m,w q(^{mR + wR2} )^{2/2} q(^{mR − wR2} )^{2/2}e^{−iπ}(^{mR + wR2} )^{/2} e^{iπ}(^{mR − wR2} )^{/2} = √ 2 ImτZboson ∑ m,w q(^{mR + wR2} )^{2/2} q(^{mR − wR2} )^{2/2} e^{−2iπmw} = √ 2 ImτZboson ∑ m,w q(^{mR + wR2} )^{2/2} q(^{mR − wR2} )^{2/2} = Z .

To study the transformation of Z under the S-transformation, we first rewrite Z in an equivalent form using the Poisson resummation formula. We see that we can write Z as Z = √ 2 ImτZboson ∑ m,w f(m, w) = √ 2 ImτZboson ∑ ⃗x f̃(⃗x) , where f(m, w) ≡ q(^{mR + wR2} )^{/2} = exp [ −iπτ ( m^2 R^2 + w^2R^2 4 + wm ) + iπτ ( m^2 R^2 + w^2R^2 4 − wm )]

= exp [ −iπ ( (τ − τ) m^2 R^2 + (τ − τ) w^2R^2 4 + (τ + τ)wm )]

= exp [ −iπ ( 2iImτ m^2 R^2 + iImτ w^2R^2 2 + 2Reτ wm )]

= e^{−iπ ⃗mT A(τ ) ⃗m} , and f̃(⃗x) = ∫ d⃗xe^{−2πi⃗x· ⃗m} f(⃗m) = ∫ d⃗xe^{−2πi⃗x· ⃗m} e^{−π ⃗mT A ⃗m} = π √ det(πA) e^{− 14 (2πi⃗x)T (πA)−1(2πi⃗x)} = 1 ττ e^{π⃗xT A−1(τ )⃗x} , where, for convenience, we have defined ⃗m = [ m w ] and A(τ) =

[_2 Imτ_{R2} −iReτ −iReτ^{R2} Im^τ_2 ] , and A^{−1}(τ) = [_{R2} Imτ_2 iReτ

iReτ^2Im^τ_{R2} ] . Therefore, the partition function is Z = √ 2 Imτ √ ττ Zboson(τ) ∑ ⃗x e^{π⃗xT A−1(τ )⃗x} . Under an S-transformation, we now see that Z → Z^′ = √ 2 Im −1 τ √ ττ Zboson(τ) ∑ ⃗x e^{π⃗xT A−1(−1/τ )⃗x}

= √ 2 Imτ √ ττ √ ττ Zboson(τ) ∑ ⃗x e^{π⃗xT P A−1(τ )P ⃗x} = √ 2 Imτ Zboson(τ) ∑ ⃗x e^{π⃗xT P A−1(τ )P ⃗x} , where we have taken advantage of the fact that A^{−1}(−1/τ) = [_{R2} Imτ_2 −iReτ

−iReτ^2Im^τ_{R2} ]

= P A^{−1}(τ)P , P = [ 0 1 1 0 ] . If we now make the change of variables ⃗n = P ⃗x (which amounts simply to a permutation of the components of ⃗x), then at last we see that Z → Z^′ = √ 2 Imτ Zboson(τ) ∑ ⃗n e^{π⃗nT A−1(τ )⃗n} = Z .

10. (a) The map w → z = e^w maps the w-cylinder to the z-plane. The fermion on the cylinder is

ψcyl = z^{1/2} ψ(z) = ∑ n e^{−nw} ψ_n . After going around the cycle of the cylinder, w → w + 2πi, the fermion may return to its initial value or take an opposite value. Thus n can take values either in Z (the P sector, with periodic boundary conditions) or in Z + 1/2 (the A sector, with antiperiodic boundary conditions). The L_0 operator is given by

L_0 = ∑ n nψ_{−n}ψ_n + c_0 ,

where c_0 = 1/24 in the P sector and c_0 = −1/48 in the A sector. (For the derivation of these values, see Exercise 4 of Chapter 7.)

Starting with the vacuum state | ∅ ⟩, one can build a tower of states for the free fermion using the operators ψ_{−n}, n > 0: ψ_{−nk} . . . ψ_{−n1} | ∅ ⟩ . The calculation of trq^{L0} is elementary. First we notice that

trq^{L0} = q^{c0} tr ( q^{∑n>0 nψ−nψn} )

= q^{c0} tr ( ⨂ n>0 q^{nψ−nψn} ) .

Now we notice that the subspace generated by the the n-mode has a very simple basis, given by {| ∅ ⟩ , ψ_{−n} | ∅ ⟩} . As a result, the trace we compute above becomes

trq^{L0} = q^{c0} tr ( ⨂ n>0 [ 1 0 0 q^n ])

= q^{c0} ∏ n>0 tr [ 1 0 0 q^n ]

= q^{c0} ∏ n>0 (1 + q^n) .

There is a related trace that it is useful to compute. The operator (−1)^F measures the number of fermions mod 2 in a state (it takes the value −1 for a fermionic state, and +1 for a bosonic state). Repeating the previous calculation, we find that tr ( (−1)^F q^{L0} ) = q^{c0} ∏ n>0 tr [ 1 0 0 −q^n ]

= q^{c0} ∏ n>0 (1 − q^n) .

The traces we have found do not give immediately the characters of the primary fields. Let us study the A sector first. Table 6.1 gives some of the states of this sector. We see that the representation is actually the sum [0] ⊕ [1/2]. The module [0] contains states with an even number of fermions, while the module [1/2] contains states with an odd number of fermions. In other words, the two modules can be separated by using the projection operators

P_± =

1 ± (−1)^F 2 .

Therefore

χ_0 = trA ( P_+q^{L0} ) = 1 2 trAq^{L0} + 1 2 trA ( (−1)^F q^{L0} )

= 1 2 q^{−1/48} (_{+∞} ∏ n=1 (1 + q^{n−1/2}) + +∞∏ n=1 (1 − q^{n−1/2}) )

= 1 2 [√ θ_3(τ) η(τ) + √ θ_4(τ) η(τ) ] ,

L_0 state 0 | ∅ ⟩ 1/2 ψ_{−1/2} | ∅ ⟩ 3/2 ψ_{−3/2} | ∅ ⟩ 2 ψ_{−3/2}ψ_{−1/2} | ∅ ⟩ 5/2 ψ_{−5/2} | ∅ ⟩ 3 ψ_{−5/2}ψ_{−1/2} | ∅ ⟩ 7/2 ψ_{−7/2} | ∅ ⟩

Table 6.1: The first states of the A sector of the free fermion.

and χ_{1/2} = trA ( P_−q^{L0} ) = 1 2 trAq^{L0} − 1 2 trA ( (−1)^F q^{L0} )

= q^{−1/48} (_{+∞} ∏ n=1 (1 + q^{n−1/2}) − +∞∏ n=1 (1 − q^{n−1/2}) )

= 1 2 [√ θ_3(τ) η(τ) − √ θ_4(τ) η(τ) ] .

In the P sector, the anticommutation relations

{ψ_0, ψ_n} = 0 , n ≠ 0 , {ψ_0, ψ_0} = 1 , and { ψ_0, (−1)^F } = 0 require two degenerate ground states | 1/16; ± ⟩. The modules built over them have, obviously, equal numbers of states, and therefore we can conclude immediately that

χ_{1/16} = trPq^{L0}

= q^{1/24} +∞∏ n=1 (1 − q^n)

= 1 √ 2 √ θ_2(τ) η(τ) .

(b) By definition, when one performs the modular transformation S : τ → τ^′ = − 1 τ , the characters transform according to a matrix S as

χ_i(τ) → χ_i(τ^′) = S_{ij} χ_j(τ) .

Using the modular properties of the ϑ-function and η-function, given in equations (6.19)-(6.22), we find

χ_0(τ) → χ_0(τ^′) = = 1 2 ( √ θ_3(τ) η(τ) + √ θ_2(τ) η(τ) )

= 1 2 [ √ θ_2(τ) η(τ) + 1 2 (√ θ_3(τ) η(τ) + √ θ_4(τ) η(τ) ) + 1 2 ( √ θ_3(τ) η(τ) − √ θ_4(τ) η(τ) )]

= 1 2 [ √ 2 χ 1_{16} (τ) + χ_0(τ) + χ 1_2 (τ) ] , i.e., χ_0(τ) → 1 2 χ_0(τ) + 1 2 χ 1_2 (τ) + 1 √ 2 χ 1_{16} (τ) . (6.23)

In the same way, we find

χ 1_2 (τ) → 1 2 χ_0(τ) + 1 2 χ 1_2 (τ) − 1 √ 2 χ 1_{16} (τ) , (6.24)

χ 1_{16} (τ) → 1 √ 2 χ_0(τ) − 1 √ 2 χ 1_2 (τ) . (6.25)

From equations (6.23), (6.24), and (6.25), we see that

S = 1 2 1 2 1√ 2 1 2 1 2 −^{1√}_2 1√ 2 −^{1√}_2 0

. (6.26)

Notice that S^{−1} = S^† = S .

Should we have expected this result? (c) The fusion rules are written in general as

[ ϕ_i ] [ ϕ_j ] = N^k_{ij} [ ϕ_k ] ,

and the matrices to be diagonalized are

N_i ≡ [ N^k_{ij} ] .

In the case of Ising model, the conformal families are

[ ϕ_i ] : [ 1 ] , [ ϵ ] , and [ σ ] ,

and the non-trivial fusion rules are

[ ϵ ] [ ϵ ] = [ 1 ] , [ ϵ ] [ σ ] = [ σ ] , and [ σ ] [ σ ] = [ 1] + [ ϵ ] .

Hence, the corresponding N_i matrices are

N_1 =

1 0 0 0 1 0 0 0 1 , N_ϵ = 0 1 0 1 0 0 0 0 1

, and N_σ =

0 0 1 0 0 1 1 1 0 .

It is a trivial matter now to show that

S N_1 S = diag( 1, 1, 1 ) , S N_ϵ S = diag( 1, 1, −1 ) , and S N_σ S = diag( √ 2, − √ 2, 0 ) .

11. Under the T transformation, T : τ → τ + 1, the powers of the parameter q transform as q^a → q^a e^{2πia}, and any character

χ_Δ = q^{Δ−c/24} +∞∑ N=0 p(N) q^N transforms as

χ_Δ(q) → χ_Δ(q^′) = q^{Δ−c/24} e^{2πi(Δ−c/24)} +∞∑ N=0 p(N) q^N e^{2πiN}

= q^{Δ−c/24} e^{2πi(Δ−c/24)} +∞∑ N=0 p(N) q^N = e^{2πi(Δ−c/24)} χ_Δ(q) .

This is a general result. In particular, for the minimal model MM(r, s), this becomes χ_Δ(q)^T→ e^{−2πi} (_1 24 −^{(mr−ns)2} 4rs ) χ_Δ(q) .

To find the transformation of the characters under the S transformation, we write the characters in a more convenient form. Let n_± ≡ sn ± mr and N ≡ 2rs . Then a(k) = (Nk + n_−)^2 − (r − s)^2 2N , and b(k) = (Nk + n_+)^2 − (r − s)^2 2N . Thus χ(q) = 1 η(q) +∞∑ k=−∞ ( q^{(Nk+n−)} 2 2N − q^{(Nk+n+)} 2 2N ) ,

where, as usual, η(q) = q^{−1/24} +∞∏ n=1 (1 − q^n) .

Define the function Θ_{λ,N} (τ) ≡ +∞∑ k=−∞ e^{iπτ (Nk+λ)} 2 N . With this definition, we can write χ_{m,n}(q) = 1 η(q) [ Θ_{n−,N} − Θ_{n+,N} ] .

It is now straightforward to work out the behavior of Θ_{λ,n}(τ) under the S transformation: Θ_{λ,N} (τ) → Θ_{λ,N} (− 1 τ ) = +∞∑ k=−∞ e^{− πiτ (Nk+λ)} 2 N

(6.10) = +∞∑ k=−∞ ∫_{+∞} −∞ dy e^{− πiτ (Ny+λ)} 2 N e^{−2πiky} x=Ny+λ = 1 N +∞∑ k=−∞ e^{2πikλN} ∫_{+∞} −∞ dx e^{− πiτ x2N} e^{− 2πikxN}

= 1 N +∞∑ k=−∞ e^{2πikλN} √ τ iN e^{πiτ k2N} .

§6.3: SOLUTIONS 189

To continue further, we observe that any integer k can be written in the form k = mN + λ^′, where λ^′ ∈ {0, . . . , N − 1}. Then the previous expression can be written as

Θ_{λ,N} (τ) → Θ_{λ,N} (− 1 τ ) = 1 N +∞∑ m=−∞ N∑ λ^′=0 e^{2πi (mN+λ} ′)λ N √ Nτ i e^{πiτ (mN+λ} ′)2 N

= √ −iτ N N−1∑ λ^′=0 e^{2πi λ′λN} +∞∑ m=−∞ e^{πiτ (mN+λ} ′)2 N

= √ −iτ N N−1∑ λ^′=0

e^{2πi λ′λN} Θ_λ′_{,N} (τ) . (6.27)

Notice also that the function Θ defined above has the properties

Θ_{−λ,N} = Θ_{λ,N} = Θ_{λ+N,N} . (6.28)

Using the property (6.27), we can write the transformation of the character under the S transformation in the form χ_{m,n}(q) → χ_{m,n}(q^′) = 1 √ N 1 η(q) +∞∑ λ^′=0 N−1∑ λ^′=0 ( e^{2πi λ} ′n − N − e^{2πi λ} ′n + N ) Θ_λ′_{,N} (τ) .

Now, λ runs over 0, . . . , 2rs − 1, or, equivalently, over −rs, . . . , rs. Using the property (6.28), we can thus write χ_{m,n}(q) → χ_{m,n}(q^′) = 1 √ N 1 η(q) rs∑ λ^′ =1 ( e^{2πi λ} ′ n − N − e^{2πi λ} ′n + N + e^{−2πi λ} ′ n − N − e^{−2πi λ} ′n + N ) Θ_λ′_{,N} (τ)

= 2 √ N 1 η(q) rs∑ λ^′ =1 [ cos ( 2π λ^′n_− N ) − cos ( 2π λ^′n_+ N )] Θ_λ′_{,N} (τ)

= 4 √ N 1 η(q) rs∑ λ^′ =1 [ sin ( π λ^′(n_+ + n_−) N ) sin ( π λ^′(n_+ − n_−) N )] Θ_λ′_{,N} (τ)

= 4 √ N 1 η(q) rs∑ λ^′ =1 [ sin ( π λ^′n r ) sin ( π λ^′m s )] Θ_λ′_{,N} (τ) ,

where we have used the identity

cos A − cos B = 2 sin A + B 2 sin A − B 2 , as well as the relationships

n_+ + n_− N = n r and n_+ − n_− N = m s .

190 CHAPTER 6: MODULAR INVARIANCE

Finally, we rewrite the sum over λ^′ as a sum over m^′ and n^′. To do this, we recognize that λ^′ must take the values n^′_± = sn^′ ± rm^′. Then χ_{m,n}(q^′) = 4 √ N 1 η(q) ∑ n^′_− [ sin ( π n^′_−n r ) sin ( π n^′_−m s )] Θ_n′_{−,N} (τ)

+ 4 √ N 1 η(q) ∑ n^′_+ [ sin ( π n^′_+n r ) sin ( π n^′_+m s )] Θ_n′_{+,N} (τ)

= 4 √ N 1 η(q) ∑ n^′_− sin ( π nn^′s r − πm^′n ) sin ( πn^′m + π mm^′r s ) Θ_n′_{−,N} (τ)

+ 4 √ N 1 η(q) ∑ n^′_+ sin ( π nn^′s r + πm^′n ) sin ( πn^′m − π mm^′r s ) Θ_n′_{+,N} (τ)

= 4 √ N 1 η(q) ∑ n^′_− (−)^{m′ n} sin ( π nn^′s r ) (−)^{n′m} sin ( π mm^′r s ) Θ_n′_{−,N} (τ)

+ 4 √ N 1 η(q) ∑ n^′_+

(−) (−)^{m′ n} sin ( π nn^′s r ) (−)^{n′m} sin ( π mm^′r s ) Θ_n′_{+,N} (τ)

= 4 √ N 1 η(q) ∑ n^′ ,m^′ (−)^{m′ n+n′m} sin ( π nn^′s r ) sin ( π mm^′r s ) ( Θ_n′_{−,N} (τ) − Θ_n′_{+,N} (τ) )

= 2 √ 2 √ rs ∑ n^′ ,m^′ (−)^{m′n+n′ m} sin ( π nn^′s r ) sin ( π mm^′r s ) χ_m′_{,n}′ (q) .

12. (a) We can assume without loss of generality that there are states with electric charge but no magnetic charge. (We can always choose a basis in which this is true.) Let q_0 > 0 be the smallest such positive electric charge. There is guaranteed to be such a charge if there is magnetic charge, due to the DSZ quantization condition [198, 588, 678]. The DSZ condition for the electric charge q_0 (with no magnetic charge) and a dyon (q_i, g_i) implies that q_0g_i = 2π n_i ⇒ g_i = 2π q_0 n_i , for some integer n_i. Therefore the smallest positive magnetic charge that can exist in this theory is g_0 = 2π q_0 m_0 ,

where m_0 = min{|n_j |}_j and depends on the details of the theory. Next, the DSZ condition for two dyons (q_1, g_0) and (q_2, g_0) implies

q_1 − q_2 = n m_0 q_0 , for some integer n. The integer n must be a multiple of m_0, or else it would be possible to construct a state with electric charge between 0 and q_0. This analysis leads to the conclusion, then, that the difference of the electric charges is quantized, although the actual values of the electric charges may be arbitrary. We thus parametrize the electric charge as q = q_0n + Θ .

It proves convenient to write Θ = q_0^θ_{2π} , i.e.,

q = q_0 ( n + θ 2π ) . Since θ → θ + 2π is equivalent to n → n + 1, we can take θ to be an angular variable with values in [0, 2π).

We can repeat the previous argument for states of magnetic charge mg_0. Then the result is q = q_0 ( n + m θ 2π ) . This is usually referred to as the Witten effect [644, 645]. (b) A CP transformation on the electric and magentic charges has the effect (q, g) → (−q, g) . Therefore, a CP invariant theory must have both states (q, g) and (−q, g) in its spectrum. We then apply the DSZ condition for (q, g_0) and (−q, g_0):

2qg_0 = 2πn ⇒ 2q_0 = q_0n ⇒ q_0 ∈ 1 2 Z . Comparing this with the general solution of the DSZ condition, we see that CP invariant states require θ = 0 or θ = π. Any other value of θ signals CP violation. (c) The general solution

q = q_0 ( n + q_0 θ 2π m ) , g = g_0 m ,

of the DSZ condition can also be written in the form

q + ig = q_0 (n + θ τ) ,

upon defining τ ≡ θ 2π + i 2πm_0 q^2_0 .

Physical states | n, m ⟩ with electric and magnetic charges (q, g) are located on a discrete 2-dimensional lattice with periods q_0 and q_0τ. We can change the basis of this lattice with an SL(2, Z) transformation τ → aτ + b cτ + d , a, b, c, d ∈ Z, ad − bc = 1 , without changing the physics. Under such a transformation, there is a corresponding transformation of the electric and magnetic charges, given by [ n m ] → [ a b c d ] [ n m ] . The effect of the transformation on the charges can be studied by considering the effect of the two generating transformations T and S. The effect of T : τ → τ + 1 is trivial, producing θ → θ + 2π ⇒ | n, m ⟩ → | n − m, m ⟩ , The effect of S : τ → −1/τ is less trivial — it interchanges the magnetic and electric roles! For example, if θ = 0, then | n, m ⟩ → | m, −n ⟩. This duality between electric and magnetic charges is the simplest example of a phenomenon that has become central to our understanding of string theory and related fields [26, 112, 173, 181, 235, 345, 349, 369, 387, 390, 391, 421, 430, 486, 605].

Bibliography

Warning! The bibliography contains some references for PART II. However, it is not yet complete. Please notify us for any missing references related to PART I only.

[1] E. A. Abbott, Flatland, Dover 1992.

[2] E. Abdalla, M. C. B. Abdalla, K. D. Rothe, Non-Perturbative Methods in 2-Dimensional QFT, World Scientific 1991.

[3] M. Abramowitz, I. A. Stegun, Handbook of Mathematical Functions, Dover 1968. [4] M. Ademollo, L. Brink, A. D’Adda, R. D’Auria, E. Napolitano, S. Sciuto, E. D. Giudice, P. DiVecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Pettorini, Supersymmetric strings and colour confinement, Phys. Lett. B62 (1976) 105.

[5] M. Ademollo, L. Brink, A. D’Adda, R. D’Auria, E. Napolitano, S. Sciuto, E. D. Giudice, P. DiVecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Pettorini, J. Schwarz, Dual string with U(1) colour symmetry, Nucl. Phys. B111 (1976) 77.

[6] M. Adler, P. van Moerbecke, Completely Integrable Systems, Euclidean Lie Algebras, and Curves, Adv. in Math. 38 (1980) 267.

[7] I. Affleck, Universal Term in Free Energy at a Critical Point and the Conformal Anomaly, Phys.

Rev. Lett. 56 (1986) 746.

[8] I. Affleck, CFT Approach to the Kondo Effect, Act. Phys. Pol. 26 (1995) 1869. [9] I. Affleck, A. W. W. Ludwig, Nucl. Phys. B352 (1991) 849. [10] I. Affleck, A. W. W. Ludwig, Nucl. Phys. B360 (1991) 641.

[11] I. Affleck, A. W. W. Ludwig, Universal Non-integer Ground State Degeneracy in Critical Quantum Systems, Phys. rev. Lett. 67 (1991) 161.

[12] I. Affleck, M. Oshikawa, H. Saleur, Boundary Critical Phenomena in the 3-State Potts Model, J. Phys. A 31 (1998) 5827.

[13] C. Ahn, D. Bernard, A. LeClair, Fractional SUSYs in Perturbed Coset CFTs and Integrable Soliton Theory, Nucl. Phys. B346 (1990) 409.

[14] Y. Akutsu, T. Deguchi, M. Wadati, Exactly Solvable Models and New Link Polynomials, J. Phys.

Soc. Jap. 56 (1987) 3039 and 3464.

[15] Y. Akutsu, A. Kuniba, M. Wadati, Exactly Solvable IRF Models, I, II, III, IV, and V, J. Phys. Soc.

Jap. 55 (1986) 1092, 1466, 1880, 2166, and 2605.

[16] F. C. Alcaraz, R. Köberle, Hidden Parafermions in ZN Theories, Phys. Rev. 24 (1981) 1562. [17] A. Y. Alekseev, L. Faddeev, (T^∗G)t: A Toy Model for CFT, Comm. Math. Phys. 159 (1994) 549. [18] A. Y. Alekseev, L. Faddeev, An Involution and Dynamics for the q-Deformed Quantum Top,

hep-th/9406196¿

194 BIBLIOGRAPHY

[19] A. Y. Alekseev, A. Recknagel, V. Schomerus, Generalization of the Knizhnik-Zamolodchikov- Equations, Lett. Math. Phys. 41 (1997) 169, [20] E. Alvarez, P. Meessen, String Primer, hep-th/9810240.

[21] O. Alvarez, Conformal Anomaly and the Index Theorem, Nucl. Phys. B286 (1987) 175. [22] O. Alvarez, Theory of Strings with Boundaries: Fluctuations, Topology, and Quantum geometry. [23] L. Alvarez-Gaumé, J.-B. Bost, G. Moore, P. Nelson, C. Vafa, Bosonization on Higher Genus Surfaces, Commun. Math. Phys. 112 (1987) 503.

[24] L. Alvarez-Gaumé, C. Gómez, G. Sierra, Hidden Quantum Symmetries in Rational Conformal Field Theories, Nucl. Phys. B319 (1989) 155.

[25] L. Alvarez-Gaumé, C. Gómez, G. Sierra, QG Interpretation of Some CFTs, Phys. Lett. B220 (1989) 142.

[26] L. Alvarez-Gaumé, S. F. Hassan, Introduction to S-Duality in N = 2 Symmetric Gauge Theories,

hep-th/9701069.

[27] L. Alvarez-Gaumé, G. Moore, P. Nelson, C. Vafa, J.-B. Bost, Bosonization in Arbitrary Genus, Phys. Lett. B178 (1986)41.

[28] L. Alvarez-Gaumé, G. Moore, C. Vafa, Theta Functions, Modular Invariance, and Strings, Comm.

Math. Phys. 106 (1986) 1.

[29] L. Alvarez-Gaumé, P. Nelson, Riemann Surfaces and String Theories, in Supersymmetry, Supergravity, Superstrings ’86, B. de Wit, P. Fayet, M. Grisaru, eds, World Scientific 1986.

[30] L. Alvarez-Gaumé, G. Sierra, Topics in CFT, in Physics and Mathematics of Strings, L. Brink et al., eds, World Scientific.

[31] L. Alvarez-Gaumé, E. Witten, Gravitational Anomalies, Nucl. Phys. B234 (1984) 269. [32] L. Alvarez-Gaumé, F. Zamora, Duality in QFT, hep-th/9709180.

[33] M. Ameduri, C. J. Efthimiou, B. Gerganov, On the Integrability of the Bukhvostov-Lipatov Model,

hep-th/9810184.

[34] M. Ameduri, C. J. Efthimiou, Is the classical Bukhvostov-Lipatov model integrable? A Painlevé analysis, J. of Nonlin. Math. Phys. 5 (1998) 132.

[35] M. Ameduri, R. Konik, A. LeClair, Boundary SG Interactions at the Free Fermion Point, Phys.

Lett. B354 (1995) 376.

[36] G. Anderson, G. Moore, Rationality in CFT, Commun. Math. Phys. 117 (1988) 441. [37] G. E. Andrews, q-Series: Their Development and Applicability in Analysis, Number Theory, Combinatorics, Physics, and Computer Algebra, AMS 1986.

[38] G. E. Andrews, R. J. Baxter, P. J. Forrester, 8-Vertex SOS Model and Generalized Rogers- Ramanujan-Type Identity, J. Stat. Phys. 35 (1984) 193.

[39] I. Antoniadis, C. Bachas, Conformal Invariance and Parastatistics in Two Dimensions, Nucl. Phys.

B278 (1986) 343.

[40] G. F. Antonio, Y. Frishman, D. Zwanziger, Phys. Rev. D6 (1972) 988. [41] S. A. Apikyan, Infinite Additional Symmetries in the Two Dimensional Conformal QFTs, Mod. Phys.

Lett. A2 (1987) 317.

[42] S. A. Apikyan, Al. B. Zamolodchikov, Conformal Blocks related to Conformally Invariant Ramond States of a Free Scalar, Sov. Phys. JEPT 65 (1987) 19.

[43] T. Apostol, Introduction to Analytic Number Theory, Springer-Verlag 1984. [44] H. Aratyn, C. P. Constantinidis, L. A. Ferreira, J. F. Gomez, A. H. Zimerman, Higher Spin Symmetries of the Conformal Affine Toda Model, Phys. Lett. B281 (1992) 245.

BIBLIOGRAPHY 195

[45] I. Ya. Aref’eva, Quantum Group Gauge Fields, in Sakharov Memorial Lectures in Physics, L. V.

Keldysh, V.Ya. Fainberg, Nova Science 1992.

[46] I. Ya. Aref’eva, V. E. Korepin, Scattering in two-dimensional model with Lagrangian L = (1/γ) [ (1/2)(∂μu)^2 + m^2(cos u − 1) ] , JETP Lett. 20 (1974) 312.

[47] A. E. Arinshtein, V. A. Fateyev, A. B. Zamolodchikov, Quantum S-matrix of the (1+1)- dimensional Toda chain, Phys. Let. B87 (1979) 389.

[48] P. Arnold, M. Mattis, Operator Products in 2-Dimensional Critical Theories, Nucl. Phys. B295 (1988) 363.

[49] Y. Asai, M. Jimbo, T. Miwa, Y. Pugai, Free Field Construction for Correlation Functions of the 8-Vertex Model, J. Phys. A29 (1996) 6595.

[50] Y. Asai, M. Jimbo, T. Miwa, Y. Pugai, Bosonization of vertex operators for the A^{(1)}_{n−1} face model, J. Phys. A29 (1996) 6595.

[51] H. Au-Yang, B. M. McCoy, J. H. Perk, S. Tang, M. L. Yan, Phys. Let. A123 (1987) 219. [52] O. Babelon, C.-M. Viallet, IMs, YBE, and QGs, Part I, SISSA 54 EP. [53] J. Bagger, M. Goulian, Coulomb Gas Representation on Higher Genus Surfaces, Nucl. Phys. B330 (1990) 488.

[54] J. Bagger, D. Nemeschansky, S. Yankelowicz, Virasoro Algebras with Central Charge c > 1, Phys. Rev. lett. 60 (1988) 389.

[55] Z. Bajnok, A new approach to the correlation functions of W -algebras, hep-th/9906185. [56] Z. Bajnok, C2 Toda Theory in the Reduced WZWN Framework, Int. J. Mod. Phys. A9 (1994) 5387. [57] Z. Bajnok, Null Vectors of the W BC2 Algebra, Phys. Lett. B320 (1994) 36. [58] Z. Bajnok, L. Palla, G. Takács, A2 Toda Model in Reduced WZWN Framework and the Representations of the W -Algebra, Nucl. Phys. B385 (1992) 329.

[59] F. A. Bais, P. Bouwknegt, M. Surridge, K. Schoutens, Extensions of the Virasoro algebra constructed from Kac-Moody algebras using higher order Casimir invariants, Nucl. Phys. B304 (1988) 348.

[60] F. A. Bais, P. Bouwknegt, M. Surridge, K. Schoutens, Coset construction for extended Virasoro algebras, Nucl. Phys. B304 (1988) 371.

[61] D. Bak, S. P. Kim, S. K. Kim, K.-S. Soh, J. H. Yee, Factorization and q-deformed Algebra of Quantum Anharmonic Oscillator, hep-th/9808144.

[62] I. Bakas, E. Kiritsis, Grassmannian Coset Models and Unitary Representations of W∞, Mod. Phys.

Lett. A5 (1990) 2039.

[63] I. Bakas, E. Kiritsis, Bosonic Realization of a Universal W Algebra and Z∞ Parafermions, Nucl.

Phys. B343 (1990) 185; Erratum ibid B350 (1990) 512.

[64] I. Bakas, E. Kiritsis, Universal W Algebras in QFT, Int. J. Mod. Phys. A6 (1991) 2871. [65] I. Bakas, E. Kiritsis, Structure and Representations of the W∞ Algebra, Prog. Theor. Phys. Suppl.

102 (1990) 15.

[66] J. Balog, L. Fehér, P. Forgács, L. O’ Raifeartaigh, A. Wipf, Toda Theory and W -Algebra from a Gauged WZNW Point of View, Ann. Phys. 203 (1990) 76.

[67] J. Balog, L. Fehér, P. Forgács, L. O’ Raifeartaigh, A. Wipf, Kac-Moody Realization of W - Algebras, Phys. Lett. B244 (1990) 435.

[68] T. Banks, Lectures on CFT, in The Santa Fe TASI 87: Proceedings, R. Slansky, G. West, World Scientific 1988.

196 BIBLIOGRAPHY

[69] T. Banks, L. J. Dixon, D. Friedan, E. Martinec, Phenomenology and CFT or Can String Theory Predict the Weak Mixing Angle?, Nucl. Phys. B299 (1988) 613.

[70] P. Bántay, Permutation Orbifolds, hep-th/9910079.

[71] P. Bántay, P. Vecsernyés, Mapping Class Group Representations and Generalised Verlinde Formula, hep-th/9506186.

[72] K. Bardakci, Conformal Models of Thirring Type and the Affine Virasoro Construction,

hep-th/9908176.

[73] K. Bardakçi, M. B. Halpern, New dual quark models, Phys. Rev. D3 (1971) 2493. [74] P. Baseilhac, Hidden symmetries in QFTs from Extended Complex Numbers, hep-th/9905133. [75] P. Baseilhac, V. A. Fateev, Fermion-Boson Duality in Integrable QFT, hep-th/9905221. [76] M. Bauer, P. di Francesco, C. Itzykson, J.-B. Zuber, Singular Vectors of the Virasoro Algebra, Phys. lett. B260 (1991) 323.

[77] M. Bauer, P. di Francesco, C. Itzykson, J.-B. Zuber, Covariant Differential Equations and Singular Vectors in Virasoro Representations, Nucl. Phys. B362 (1991) 515.

[78] R. J. Baxter, Ann. Phys. 70 (1972) 193.

[79] R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press 1982. [80] R. J. Baxter, J. H. H. Perk, H. Au-Yang, Phys. Lett. A128 (1988) 138. [81] V. V. Bazhanov, N. Yu. Reshetikhin, Critical RSOS Models and CFT. [82] R. E. Behrend, P. A. Pearce, A Construction of Solutions to Reflection Equations for Interaction- Round-a-Face Model, J. Phys. A29 (1996) 7828.

[83] R. E. Behrend, P. A. Pearce, D. L. O’Brien, Interaction-Round-a-Face Models with Fixed Boundary Conditions: The ABF Fusion Hierarchy, J. Stat. Phys. 84 (1996) 1.

[84] R. E. Behrend, P. A. Pearce, V. B. Petkova, J.-B. Zuber, On the Classification of Bulk and Boundary CFTs, Phys. Lett. B444 (1998) 163.

[85] R. E. Behrend, P. A. Pearce, V. B. Petkova, J.-B. Zuber, Boundary Conditions in RCFTs,

hep-th/9908036.

[86] R. E. Behrend, P. A. Pearce, J.-B. Zuber, Integrable Boundaries, CBC, and ADE Fusion Rules, J. Phys. A31 (1998) L763.

[87] A. A. Belavin, Dynamical Symmetry of Integrable Quantum Systems, Nucl. Phys. B180 (1981) 189. [88] A. A. Belavin, V. G. Drinfel’d, Solutions of the Classical YBE for Simple Lie Algebras, Funk. An.

Priloz. 16 (1982) 1.

[89] A. A. Belavin, V. G. Knizhnik, A. Yu. Morozov, A. M. Perelomov, JETP Lett. 43 (1986) 411. [90] A. A. Belavin, V. G. Knizhnik, Algebraic Geometry and the Geometry of Quantum Strings, Phys.

Lett. B168 (1986) 201.

[91] A. A. Belavin, V. G. Knizhnik, Complex Geometry and the Theory of Quantum Strings, Sov. Phys.

JEPT 64 (1986) 214.

[92] A. Belavin, A. Polyakov, A. Zamolodchikov, Infinite Conformal Symmetry in Two-Dimensional QFT, Nucl. Phys. B241 (1984) 333.

[93] A. Belavin, A. Polyakov, A. Zamolodchikov, Infinite Conformal Symmetry of Critical Fluctuations in Two-Dimensions, J. Stat. Phys. 34 (1984) 763.

[94] E. D. Belokolos, A. I. Bobenko, V. Z. Encl’skii, A. R. Its, V. B. Matveev, Algebro-Geometric Approach to Nonlinear Integrable Equations, Springer-Verlag 1994.

[95] D. Bernard, Quantum Lie Algebras and Differential Calculus on QGs, SPhT-90-071.

BIBLIOGRAPHY 197

[96] D. Bernard, Quantum Symmetries in 2D Massive Field Theories, SPhT-91-124. [97] D. Bernard, (Perturbed) CFT Applied To 2D Disordered Systems: An Introduction, hep-th/9509137. [98] D. Bernard, On the Wess-Zumino-Witten models on the torus, Nucl. Phys. B303 (1988) 77. [99] D. Bernard, On the Wess-Zumino-Witten models on Riemann surfaces, Nucl. Phys. B309 (1988) 145.

[100] D. Bernard, A. LeClair, Residual Quantum Symmetries of the Restricted SG Theories, Nucl. Phys.

B340 (1990) 721.

[101] D. Bernard, A. LeClair, Nonlocal Currents in 2D QFT: An Alternative to the Quantum Inverse Scattering Method, SPhT-90-173.

[102] D. Bernard, A. LeClair, QG Symmetries and Non-Local Currents in 2D QFT, Com. Math. Phys.

142 (1991) 99.

[103] D. Bernard, A. LeClair, The Fractional Supersymmetric SG Models, Phys. Lett. B247 (1990) 309. [104] D. Bernard, J. Thierry-Mieg, Level One Representations of the Simple Affine Kac-Moody Algebras in their Homogeneous Gradations, Com. Math. Phys. 111 (1987) 181.

[105] , M. Bershadsky, Superconformal Algebras in Two Dimensions with Arbitrary N, Phys. Lett. B174 (1986) 285.

[106] M. Bershadsky, V. Knizhnik, M. Teitelman, Superconformal symmetry in Two Dimensions, Phys.

Lett. B151 (1985) 31.

[107] M. Bershadsky, A. Radul, CFTs with Additional ZN Symmetry, Int. J. Mod. Phys. A2 (1987) 165. [108] L. C. Biedenharn, Quantum Groups: A Review, Int. J. Theor. Phys. 32 (1993) 1789. [109] L. C. Biedenharn, A q-Boson Realization of the Quantum Group SUq (2) and the Theory of q-Tensor Operators.

[110] D. Bigatti, Non-Commutative Geometry for Outsiders, hep-th/9802129. [111] A. Bilal, Introduction to W -algebras, CERN-TH 6083/91.

[112] A. Bilal, Duality in N = 2 SUSY SU(2) Yang-Mills Theory: A Pedagogical Introduction to Work of Seiberg and Witten, hep-th/9601007.

[113] A. Bilal, J.-L. Gervais, Systematic approach to conformal systems with extended Virasoro symmetries, Phys. Lett. B206 (1988) 412.

[114] A. Bilal, J.-L. Gervais, Systematic construction of conformal theories with higher spin Virasoro symmetries, Nucl. Phys. B318 (1989) 579.

[115] A. Bilal, I. I. Kogan, On Gravitational Dressing of 2D Field Theories in Chiral Gauge, Nucl. Phys.

B449 (1995) 569, [116] L. Birke, J. Fuchs, C. Schweigert, Symmetry Breaking Boundary Conditions and WZW Orbifolds,

hep-th/9905038.

[117] H. W. J. Blöte, J. L. Cardy, M. P. Nightingale, Conformal Invariance, the Central Charge, and Universal Finite-Size Amplitudes at Criticality, Phys. Rev. Lett. 56 (1986) 742.

[118] R. Blumenhagen, W. Eholzer, A. Honecker, K. Hornfleck, R. Hübel, Unifying W-algebras, Phys. Lett. B332 (1994) 51, [119] R. Blumenhagen, M. Flohr, A. Kliem, W. Nahm, A. Recknagel, R. Varnhagen, W -algebras with two and three generators, Nucl. Phys. B361 (1991) 255.

[120] A. I. Bobenko, Exploring Surfaces through Methods from the Theory of Integrable Systems. Lectures on the Bonnet problem, math.DG/9909003.

[121] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the monster, Proc. Natl. Acad. Sci. USA 83 (1986) 3068.

198 BIBLIOGRAPHY

[122] R. Borcherds, Monstrous moonshine and monstrous Lie superalgebras, Invent. Math. 109 (1992) 405. [123] W. Boucher, D. Friedan, A. Kent, Determinant Formulæand Unitarity for the N = 2 Superconformal Algebras in Two Dimensions or Exact Results on String Compactification, Phys. Lett. B172 (1986) 316.

[124] M. J. Bowick, S. G. Rajeev, The Complex Geometry of String Theory and Loop Space, in Frontiers in Particle Theory, World Scientific 1988.

[125] H. W. Braden, E. Corrigan, P. E. Dorey, R. Sasaki, Affine Toda field theory and exact Smatrices, Nucl. Phys. B 338 (1990) 689.

[126] H. W. Braden, E. Corrigan, P. E. Dorey, R. Sasaki, Multiple poles and other features of affine Toda field theory, Nucl. Phys. B 356 (1991) 469.

[127] E. Brezin, J. Zinn-Justin, eds, Fields, Strings, and Critical Phenomena, North Holland 1990. [128] W. Boucher, D. Friedan, A. Kent, Determinant Formulæand Unitary Representations of the N = 2 Superconformal Algebras in Two Dimensions, or Exact Results on String Compactification, Phys. Lett. B172 (1986) 316.

[129] P. Bowcock, P. Goddard, Coset constructions and extended conformal algebras, Nucl. Phys. B305 (1988) 685.

[130] P. Bowcock, G. M. T. Watts, On the classification of quantum W-algebras, Nucl. Phys. B379 (1992) 63.

[131] P. Bowcock, G. M. T. Watts, Null vectors of the W3 algebra, Phys. Lett. B297 (1992) 282. [132] P. Bouwknegt, Extended Conformal Algebras, Phys. Lett. B207 (1988) 295. [133] P. Bouwknegt, K. Schoutens, W -Symmetry in CFT, Phys. Rep. 223 (1993) 183. [134] D. Boyanovsky, C. M. Naon, An Introduction to Conformal Invariance in Quantum field Theory and Statistical Mechanics, Riv. Nuov. Cim. 13 (1990) 1.

[135] T. Brzeziński, Quantum Fibre Bundles, q-alg/9508008. [136] J. L. Cardy, Conformal Invariance and Statistical Mechanics, in [127].

[137] J. L. Cardy, Boundary Conditions, Fusion Rules, and the Verlinde Formula, Nucl. Phys. B324 (1989) 581.

[138] J. L. Cardy, Conformal Invariance and Surface Critical Behavior, Nucl. Phys. B240 (1984) 514. [139] J. L. Cardy, Operator Content of 2-Dimensional Conformally Invariant Theories, Nucl. Phys. B270 [FS16] (1986) 527.

[140] J. L. Cardy, Conformal Invariance and the Yang-Lee Singularity in Two Dimensions, Phys. Rev.

Lett. 54 (1985) 1354.

[141] J. L. Cardy, Effect of Boundary Conditions on the Operator Content of Two-Dimensional Conformally Invariant Theories, Nucl. Phys. B275 [FS17] (1986) 200.

[142] J. L. Cardy, Conformal Inavriance and Universality in Finite-Size Scaling, J. Phys. A17 (1984) L385.

[143] J. L. Cardy, Finite-Size Scaling in Strips: Antiperiodic Boundary Conditions, J. Phys. A17 (1984) L961.

[144] J. L. Cardy, Continuously Varying Exponents and the Value of the Central Charge, J. Phys. A20 (1987) L891.

[145] J. L. Cardy, D. C. Lewellen, Bulk and Boundary Operators in CFT, Phys. Lett. B259 (1991) 274. [146] J. L. Cardy, I. Peschel, Finite Dependence of the Free Energy in Two-Dimensional Critical Systems, Nucl. Phys. B300 [FS22] (1988) 377.

BIBLIOGRAPHY 199

[147] A. Cappelli, Modular Invariant Partition Functions of Superconformal Theories, Phys. Lett. B185 (1987) 82.

[148] A. Cappelli, C. Itzykson, J.-B. Zuber, Modular Invariant Partition Functions in Two Dimensions, Nucl. Phys. B280 [FS18] (1987) 445.

[149] A. Cappelli, C. Itzykson, J.-B. Zuber, The ADE Classification of Minimal and A^{(1)}_1 Conformal Invariant Theories, Comm. Math. Phys. 113 (1987) 1.

[150] M. Chaichian, A. Demichev, Introduction to Quantum Groups, World Scientific 1996. [151] M. Chaichian, D. Ellinas, Z. Popowicz, Quantum Conformal Algebra with Central Extension, Phys. Lett. B248 (1990) 95.

[152] Z. Chang, Quantum Group and Quantum Symmetry, Phys. Rep. 262 (1995) 137. [153] V. Chari, A. Pressley, A Guide to Quantum Groups, Cambridge University Press 1994. [154] I. Cherednik, Factorizing Particles on a Half-Line and Root Systems, Teor. Mat. Fiz. 61 (1984) 35. [155] I. Cherednik, Notes on Affine Algebras I, BONN-HE-90-04.

[156] P. Christe, R. Flume, The 4-Point Correlations of All Primary Operators of the d = 2 Conformally Invariant SU(2) σ-Model with Wess-Zumino Term, Nucl. Phys. B282 (1987) 466.

[157] P. Christe, M. Henkel, Introduction to Conformal Invariance and its Applications to Critical Phenomena, Springer-Verlag 1993.

[158] P. Christe, G. Mussardo, Integrable systems away from criticality: the Toda field theory and Smatrix of the tricritical Ising model, Nucl. Phys. B 330 (1990) 465.

[159] P. Christe, G. Mussardo, Elastic S-matrices in 1+1 dimensions and Toda field theories, Int. J.

Mod. Phys. A5 (1990) 4581.

[160] J. D. Cohn, D. Friedan, Supercharacters and Chiral Asymmetry in SCFT, Nucl. Phys. B296 (1988) 779.

[161] S. Coleman, There Are No Goldstone Bosons in Two Dimensions, Comm. Math. Phys. 31 (1973) 259.

[162] S. Coleman, J. Mandula, All Possible Symmetries of the S-Matrix, Phys. Rev. 159 (1967) 1251. [163] S. Coleman, H. J. Thun, On the prosaic origin of the double poles in the sine-Gordon S-matrix, Commun. Math. Phys. 61 (1978) 31.

[164] C. De Concini and V. G. Kac, Colloque Dixmier 1989, Progress in Math. 92, Birkhäuser 1990. [165] C. De Concini, V. G. Kac, Int. J. Mod. Phys. A7 Suppl. 1 (1992) 141. [166] F. Constantinescu, E. Magyari, Problems in Quantum Mechanics, Pergamon Press 1982. [167] E. Corrigan, Recent Developments in Affine Quantum Toda Field Theory, hep-th/9412213. [168] E. Corrigan, Integrable Field Theory with Boundary Conditions, hep-th/9612138. [169] E. Corrigan, P. E. Dorey, R. Sasaki, On a generalised bootstrap principle, Nucl. Phys. B408 (1993) 579.

[170] E. Corrigan, P. E. Dorey, P. E. Rietdijk, R. Sasaki, Affine Toda Field Theory on a Half-Line, Phys. Lett. B333 (1994) 83.

[171] A. Coste, T. Gannon, Remarks on Galois symmetry in RCFTs, Phys. Lett. B323 (1994) 316. [172] C. Crnkovic, G. Sotkov, M. Stanishkov, Phys. Lett. B220 (1989) 397. [173] A. Dabholkar, Lectures on Orientifolds and Duality, hep-th/9804208. [174] A. Das, Integrable Models, World Scientific 1989.

[175] E. Date, M. Jimbo, T. Miwa, M. Okado, Automorphic Properties of Local Height Probabilities for Integrable SOS Models, Phys. Rev. B35 (1987) 2105.

200 BIBLIOGRAPHY

[176] J. A. deAziarraga, F. Rodenas, An Introduction to Quantum Groups and Non-Commutative Differential Calculus, q-alg/9502003.

[177] B. deWitt, Supermanifolds, Cambridge University Press. [178] P. Degiovanni, Z/NZ CFTs, Comm. Math. Phys. 127 (1990) 71. [179] G. W. Delius, Introduction to Quantum Lie Algebras, q-alg/9605026.

[180] G. W. Delius, M. T. Grisaru, D. Zanon, Exact S-matrices for nonsimply-laced affine Toda theories, Nucl. Phys. B382 (1992) 365.

[181] E. D’Hoker, P. H. Phong, SW Theory and Integrable Systems, hep-th/9903068. [182] A. K. Dewdney, Planiverse, Poseidon Press 1984.

[183] H. W. Diehl, The Theory of Boundary Critical Phenomena, cond-mat/9610143. [184] P. Di Francesco, Integrable Lattice Models, Graphs, and Modular Invariant CFTs, Int. J. Mod.

Phys. A7 (1992) 407 .

[185] P. Di Francesco, P. Ginsparg, J. Zinn-Justin, 2D Gravity and Random Matrices, Phys. Rep. 254 (1995) 1.

[186] P. Di Francesco, P. Mathieu, D. Sénéchal, Conformal Field Theory, Springer 1997. [187] P. Di Francesco, H. Saleur, J.-B. Zuber, Critical Ising Correlation Functions in the Plane and on the Torus, Nucl. Phys. B290 (1987) [FS20] 527.

[188] P. Di Francesco, H. Saleur, J.-B. Zuber, Relations Between the Coulomb Gas Picture and Conformal Invariance of 2-Dimensional Critical Models, J. Stat. Phys. 49 (1987) 57.

[189] P. DiFrancesco, J.-B. Zuber, SU(N) Lattice Integrable Models Associated with Graphs, Nucl. Phys.

B338 (1990) 602.

[190] P. DiFrancesco, J.-B. Zuber, SU(N) Lattice Integrable Models and Modular Invariance, in Recent Developments in CFTs, S. Randjbar, E. Sezgin, J.-B. Zuber, eds, World Scientific 1990.

[191] R. Dijkgraaf, Les Houches Lectures on Fields, Strings, and Duality, hep-th/9703136. [192] R. Dijkgraaf, Chiral Deformations of CFTs, hep-th/9609022.

[193] R. Dijkgraaf, C. Vafa, E. Verlinde, H. Verlinde, The Operator Algebra of Orbifold Models, Comm. Math. Phys. 123 (1989) 485.

[194] R. Dijkgraaf, E. Verlinde, Nucl. Phys. Suppl. B5 (1988) 110.

[195] R. Dijkgraaf, E. Verlinde, H. Verlinde, c = 1 CTFs on Riemann Surfaces, Comm. Math. Phys.

115 (1988) 649.

[196] R. Dijkgraaf, E. Verlinde, H. Verlinde, On Moduli Spaces of CFTs with c ≥ 1., in Perspectives in String Theory, World Scientific 1988.

[197] A. Dimakis, F. Müller-Hoissen, Pseudo-Riemannian Metrics in Models based on Non-Commutative Geometry, gr-qc/9908022. bibitemDimakis2 A. Dimakis, F. Müller-Hoissen, Bi-Differential Calculi and Integrable Models, math-ph/9908015.

[198] P. A. M. Dirac, Proc. Roy. Soc. A133 (1931) 60.

[199] P. A. M. Dirac, Forms of Relativistic Dynamics, Rev. Mod. Phys. 21 (1949) 392. [200] P. Di Vecchia, J. L. Petersen, M. Yu, On the Unitary Representations of N = 2 Superconformal Theory, Phys. Lett. B172 (1986) 211.

[201] P. Di Vecchia, J. L. Petersen, M. Yu, H. Zheng, N = 2 Extended Superconformal Theories in Two Dimensions, Phys. Lett. B162 (1985) 327.

[202] P. Di Vecchia, J. L. Petersen, M. Yu, H. Zheng, Explicit Construction of Unitary Representations of the N = 2 Superconformal Algebra, Phys. Lett. B174 (1986) 280.

BIBLIOGRAPHY 201

[203] L. J. Dixon, Introduction to Conformal Field Theory and String Theory, in TASI 89. [204] L. J. Dixon, D. Friedan, E. Martinec, S. Shenker, The CFT of Orbifolds, Nucl. Phys. B282 (1987) 13.

[205] L. J. Dixon, J. A. Harvey, C. Vafa, E. Witten, Strings on orbifolds I, Nucl. Phys. B261 (1985) 678.

[206] L. J. Dixon, J. A. Harvey, C. Vafa, E. Witten, Strings on orbifolds II, Nucl. Phys. B274 (1986) 285.

[207] L. J. Dixon, P. Ginsparg, J. A. Harvey, ĉ = 1 SCFT, Nucl. Phys. B306 (1988) 470. [208] L. Dolan, P. Goddard, P. Montague, CFT of twisted vertex operators, Nucl. Phys. B338 (1990) 529.

[209] L. Dolan, P. Goddard, P. Montague, CFT, Triality and the Monster Group, Phys. Lett. B236 (1990) 165.

[210] L. Dolan, P. Goddard, P. Montague, CFTs, Representations and Lattice Constructions, Commun.

Math. Phys. 179 (1996) 61.

[211] R. Donagi, SW Integrable Models, alg-geom/9705010.

[212] C. Dong, Vertex algebras associated with even lattices, J. Algebra 161 (1993) 245. [213] C. Dong, H. Li, G. Mason, Certain associative algebras similar to U(sl2) and Zhu’s algebra A(VL), J. Algebra 196 (1997) 532, C. Dong, H. Li, G. Mason, [214] C. Dong, H. Li, G. Mason, Vertex Operator Algebras and Moonshine: A survey, Advanced Studies in Pure Mathematics 24 (1996) 101.

[215] C. Dong, H. Li, G. Mason, Twisted representations of vertex operator algebras, Math. Ann. 310 (1998) 571.

[216] P. Dorey, Exact S-matrices, hep-th/9810026.

[217] P. Dorey, Partition Functions, Interwiners, and the Coxeter Element, Int. J. Mod. Phys. A8 (1993) 193.

[218] P. Dorey, Root systems and purely elastic S-matrices, Nucl. Phys. B358 (1991) 654. [219] P. Dorey, Root systems and purely elastic S-matrices II, Nucl. Phys. B374 (1992) 741. [220] P. Dorey, Hidden geometrical structures in integrable models, in Integrable Quantum Field Theories, Plenum 1993.

[221] M. Dörrzapf, Analytic expressions for singular vectors of the N = 2 superconformal algebra, Commun. Math. Phys. 180 (1996) 195, [222] Vl. S. Dotsenko, Critical Behavior and Associated Conformal Algebra of the Z3 Potts Model, Nucl.

Phys. B235 [FS11] (1984) 54.

[223] Vl. S. Dotsenko, Lectures on Conformal Field Theory, Adv. Stud. in Pure Math. 16 (1988) 123. [224] V. S. Dotsenko, Solving the SU(2) CFT Using the Wakimoto Free-Field Representation, Nucl. Phys.

B358 (1991) 547.

[225] Vl. S. Dotsenko, V. A. Fateev, Conformal Algebra and Multipoint Correlation Functions in 2D Statistical Mechanics, Nucl. Phys. B240 [FS12] (1984) 312.

[226] Vl. S. Dotsenko, V. A. Fateev, 4-pt Correlation Functions and the Operator Algebra in 2D Conformally Invariant Theories with Central Charge c < 1, Nucl. Phys. B251 [FS13] (1985) 691.

[227] M. R. Douglas, G/H CFT, CALT-68-1453.

[228] V. G. Drinfel’d, Hopf Algebras and the Quantum YBE, Soviet. Math. Dokl. 32 (1985) 254. [229] V. G. Drinfel’d, Quantum Groups, in Proceedings of the International Congress of Mathematicians, Berkeley 1986, A. M. Gleason, ed., American Mathematical Society 1987.

202 BIBLIOGRAPHY

[230] V. G. Drinfel’d, Quasi-Hopf Algebras, Leningrad Math. Journ. 1 (1990) 1419. [231] B. Duplantier, H. Saleur, Exact Surface and Wedge Exponents for Polymers in Two Dimensions, Phys. Rev. Lett. 57 (1986) 3179.

[232] R. J. Eden, P. V. Landshoff, D. I. Olive, J. C. Polkinghorne, The Analytic S-matrix, Cambridge University Press 1966.

[233] C. J. Efthimiou, Quantum Group Symmetry for the Φ12 -perturbed and Φ21 -perturbed minimal models of CFT, Nucl. Phys. B398 (1993) 697.

[234] C. J. Efthimiou, Finding Exact Values For Infinite Sums, Math. Magazine 72 (1999) 45. [235] C. J. Efthimiou, B. R. Greene, eds, Fields, Strings, and Dualities, World Scientific 1997. [236] T. Eguchi, H. Ooguri, Conformal and Current Algebras on a General Riemann Surface, Nucl. Phys.

B282 (1987) 308.

[237] T. Eguchi, H. Ooguri, Chiral Bosonization on Riemann Surfaces, Phys. Lett. B187 (1987) 127. [238] T. Eguchi, A. taormina, On the Unitary Representations of N = 2 and N = 4 Superconformal Algebras, Phys. Lett. B210 (1988) 125.

[239] W. Eholzer, M. Flohr, A. Honecker, R. Hübel, W. Nahm, R. Varnhagen, Representations of W -algebras with two generators and new rational models, Nucl. Phys. B383 (1992) 249.

[240] H. Eichenherr, Minimal Operator Algebras in superconformal QFT, Phys. Lett. B151 (1985) 26. [241] J. Erdmenger, H. Osborn, Conserved Currents and the Energy Momentum Tensor in Conformally Invariant Theories for General Dimensions Nucl. Phys. B483 (1997) 431.

[242] J.Evslin, M.B.Halpern, J.E.Wang, Cyclic Coset Orbifolds, hep-th/9912084. [243] L. D. Faddeev, Integrable Models, QGs, and CFT, in Integrable Systems, QGs, and CFT. [244] L. D. Faddeev, L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer 1986. [245] L. D. Faddeev, L. A. Takhtajan, What is the Spin of a Spin Wave?, Phys. Lett. A85 (1981) 375. [246] L. D. Faddeev, Les Houches Session XXIX (1982) 563.

[247] L. D. Faddeev, N.Yu. Reshetikhin, L. A. Takhtajan, Quantization of Lie Groups and Lie Algebras, Leningrad Math. J. 1 (1990) 193.

[248] G. Faltings, A proof for the Verlinde formula, J. Alg. Geom. 3 (1994) 347. [249] H. M. Farkas, I. Kra, Riemann Surfaces, Springer 1980.

[250] V. A. Fateev, S. L. Lukyanov, Vertex Operators of Quantum Universal Enveloping Algebras, Int.

J. Mod. Phys. A7 (1992) 1325.

[251] V. A. Fateev, S. L. Lukyanov, The Models of 2-Dimensional conformal QFT with Zn Symmetry, Int. J. Mod. Phys. A3 (1988) 507.

[252] V. A. Fateev, A. B. Zamolodchikov, Conformal field theory and purely elastic S-matrices, Int. J.

Mod. Phys. A5 (1990) 1025.

[253] V. A. Fateev, A. B. Zamolodchikov, Conformal QFT Models in Two Dimensions Having Z3 Symmetry, Nucl. Phys. B280 (1987) [FS18] 644.

[254] V. A. Fateev, A. B. Zamolodchikov, Spin 4/3 Parafermionic Currents in 2-Dimensional CFT.

MMs and Tricritical Z3 Potts Model, Theor. Math. Phys. 71 (1988) 451. [255] P. Fendley, Sigma Models as Perturbed CFTs, hep-th/9906036.

[256] B. L. Feigin, D. B. Fuchs, Verma Modules Over the Virasoro Algebra, in Lecture Notes in Mathematics 1060, Springer 1984.

[257] B. L. Feigin, D. B. Fuchs, Cohomology of Some Nilpotent Subalgebras of the Virasoro and Kac- Moody lie Algebras, J. Geom. Phys. 5 (1988) 209.

BIBLIOGRAPHY 203

[258] B. L. Feigin, D. B. Fuchs, Invariant Skew-Symmetric Differential Operators on the Line and Verma Modules over the Virasoro Algebra, Funct. Anal. Appl. 16 (1982) 114.

[259] B. L. Feigin, E. V. Frenkel, Integrals of Motion and QGs, in Integrable Systems and Quantum Groups.

[260] B. Feigin, M. Jimbo, T. Miwa, A. Odesskii, Y. Pugai, Algebra of screening operators for the deformed Wn algebra, q-alg/9702029.

[261] B. L. Feigin, T. Nakanishi, H. Ooguri, The Annihilating Ideals of Minimal Models, Int. J. Mod.

Phys. A7 (1992) 217.

[262] G. Felder, BRST Approach to Minimal Models, Nucl. Phys. B317 (1989) 215. [263] G. Felder, CFT and Integrable Systems Associated to Elliptic Curves, hep-th/9407154. [264] G. Felder, J. Fröhlich, G. Keller, Braid matrices and structure constants for minimal conformal models, Commun. Math. Phys. 124 (1989) 647.

[265] G. Felder, J. Fröhlich, J. Fuchs, C. Schweigert, CBCs and 3-Dimensional Topological Field Theory, hep-th/9909140.

[266] G. Felder, K. Gawedzki, A. Kupiainen, The Spectrum of WZW Models, Nucl. Phys. B249 (1988) 355.

[267] F. Ferrari, Int. J. Mod. Phys. A 5 (1990) 2799. [268] F. Ferrari, Int. J. Mod. Phys. A 7 (1992) 5131.

[269] F. Ferrari, J. Sobczyk, W. Urbanic, J. Math. Phys. 36 (1995) 3216.

[270] A. E. Ferdinand, M. E. Fisher, Bounded and Inhomogeneous Ising Models I. Specific-Heat Anomaly of a Finite Lattice, Phys. Rev. 185 (1969) 832.

[271] G. Feverati, F. Ravanini, G. Takacs, Nonlinear Integral Equation and Finite Volume Spectrum of Minimal Models Perturbed by Φ13 , hep-th/9909031.

[272] J. M. Figueroa-O’Farrill, S. Schrans, The Spin-6 extended conformal algebra, Phys. Lett. B245 (1990) 471.

[273] M. A. I. Flohr, On modular invariant partition functions of conformal field theories with logarithmic operators, Int. J. Mod. Phys. A11 (1996) 4147.

[274] P. Forrester, R. Baxter, Further Exact Solutions of the 8-Vertex SOS Model and Generalizations of Rogers-Ramanujan Identities, J. Stat. Phys. 38 (1985) 435.

[275] S. Forte, Quantum Mechanics and Field Theory with Fractional Spin and Statistics, SPhT/90-180. [276] P. Fré, P. Soriani, The N = 2 Wonderland, World Scientific 1995.

[277] M. D. Freeman, On the mass spectrum of affine Toda field theory, Phys. Lett. B261 (1991) 57. [278] I. Frenkel, Y.-Z. Huang, J. Lepowsky, On axiomatic approaches to vertex operator algebras and modules, Mem. Am. Math. Soc. 104 (1993) 1.

[279] I. B. Frenkel, V. G. Kac, Basic representations of affine Lie algebras and dual resonance models, Invent. Math. 62 (1980) 23.

[280] I. Frenkel, J. Lepowsky, A. Meurman, Vertex Operator Algebras and the Monster, Academic Press 1988.

[281] I. B. Frenkel, Y. Zhu, Vertex operator algebras associated to representations of affine and Virasoro algebras, Duke. Math. Journ. 66 (1992) 123.

[282] D. Friedan, Introduction to Polyakov’s String Theory, in Recent Advances in Field Theory and Statistical Mechanics, J.-B. Zuber, R. Stora, eds, Elsevier Science Publishers 1984.

[283] D. Friedan, E. Martinec, S. Shenker, Conformal Invariance, SUSY, and String Theory, Nucl.

Phys. B271 (1986) 93.

204 BIBLIOGRAPHY

[284] D. Friedan, Z. Qiu, S. Shenker, Conformal Invariance, Unitarity, and Critical Exponents in Two Dimensions, Phys. Rev. Lett. 52 (1984) 1575.

[285] D. Friedan, Z. Qiu, S. Shenker, Details of the Non-Unitarity Proof for Highest Weight Representations of the Virasoro Algebra, Comm. Math. Phys. 107 (1986) 535.

[286] D. Friedan, Z. Qiu, S. Shenker, Superconformal Invariance in Two Dimensions and the Tricritical Ising Model, Phys. Lett. B151 (1985) 37.

[287] D. Friedan, S. Shenker, The Analytic Geometry of 2-Dimensional CFT, Nucl. Phys. B281 (1987) 509.

[288] A. Fring, H. C. Liao, D. I. Olive, The mass spectrum and coupling in affine Toda theories, Phys.

Lett. B266 (1991) 82.

[289] A. Fring, D. I. Olive, The fusing rule and the scattering matrix of affine Toda theory, Nucl. Phys.

B379 (1992) 429.

[290] Y. Frishman, J. Sonnenschein, Bosonization and QCD in Two Dimensions, Phys. Rep. 223 (1993) 309.

[291] J. Fröhlich, Statistics of Fields, the YBE, and the Theory of Knots and Links. in Cargèse Lectures 1987, G. t’Hooft, ed, Plenum Press 1988.

[292] J. Fröhlich, T. Kerler, Quantum groups, quantum categories and quantum field theory, Lecture Notes in Mathematics, Springer 1992.

[293] J. Fröhlich, C. King, The Chern-Simons theory and knot polynomials, Commun. Math. Phys. 126 (1989) 167.

[294] S. Fubini, A. J. Hansen, R. Jackiw, New Approach to Field Theory, Phys. Rev. D7 (1973) 1732. [295] J. Fuchs, B. Schellekens, C. Schweigert, The resolution of field identification fixed points in diagonal coset theories, Nucl. Phys. B461 (1996) 371.

[296] J. Fuchs, Lectures on Conformal Field Theory and Kac-Moody Algebras, hep-th/9702194. [297] J. Fuchs, Affine Lie Algebras and Quantum Groups, Cambridge University Press 1992. [298] J. Fuchs, A. Klemm, The computation of the operator algebra in non-diagonal CFTs, Ann. Phys.

194 (1989) 303.

[299] J. Fuchs, C. Schweigert, A Classifying Algebra for Boundary Conditions, Phys. Lett. 414 (1997) 251.

[300] J. Fuchs, C. Schweigert, Completeness of Boundary Conditions for the Critical Three-State Potts Model, Phys. Lett. B441 (1998) 141.

[301] J. Fuchs, C. Schweigert, Orbifold Analysis of Broken Bulk Symmetries, Phys. Lett. B447 (1999) 266.

[302] J. Fuchs, P. van Driel, WZW fusion rules, quantum groups, and the modular matrix S, Nucl. Phys.

B346 (1990) 632.

[303] P. Furlan, A. C. Ganchev, V. B. Petkova, Quantum groups and fusion rules multiplicities, Nucl.

Phys. B343 (1990) 205.

[304] P. Furlan, A. C. Ganchev, V. B. Petkova, Fusion matrices and c < 1 (quasi)local CFTs, Int. J.

Mod. Phys. A5 (1990) 2721; Erratum ibid A5 (1990) 3641.

[305] P. Furlan, G. M. Sotkov, I. T. Todorov, 2-Dimensional Conformal QFT, Riv. Nuovo Cim. 12 (1989) 1.

[306] F. Gabbiani, J. Fröhlich, Operator algebras and CFT, Commun. Math. Phys. 155 (1993) 569. [307] M. R. Gaberdiel, An explicit construction of the quantum group in chiral WZW-models, Commun.

Math. Phys. 173 (1995) 357,

BIBLIOGRAPHY 205

[308] M. R. Gaberdiel, An Introduction to CFT, hep-th/9910156.

[309] M. R. Gaberdiel, P. Goddard, Axiomatic Conformal Field Theory, hep-th/9810019. [310] M. R. Gaberdiel, H. G. Kausch, A local logarithmic CFT, Nucl. Phys. B538 (1999) 631. [311] M. R. Gaberdiel, H. G. Kausch, A rational logarithmic CFT, Phys. Lett. B386 (1996) 131. [312] T. Gannon, Monstrous Moonshine and the Classification of CFT, math.QA/9906167. [313] T. Gannon, The Classification of Affine SU(3) Modular Invariant Partition Functions, Comm. Math.

Phys. 161 (1994) 233.

[314] T. Gannon, The Cappelli-Itzyskon-Zuber ADE classification, math.QA/9902064. [315] T. Gannon, The Classification of SU(3) modular invariants revisited, Ann. Poincare 65 (1996) 15. [316] T. Gannon, U(1)^m modular invariants, N = 2 minimal models, and the quantum Hall effect, Nucl.

Phys. B491 (1997) 659.

[317] K. Gawȩdzki, SU(2) WZW theory at higher genera, Commun. Math. Phys. 169 (1995) 329. [318] K. Gawȩdzki, Coulomb Gas Representation of the SU(2) WZW Correlators at Higher Genera, Lett.

Math. Phys. 33 (1995) 335.

[319] K. Gawȩdzki, Conformal Field Theory: A Case Study, hep-th/9904145.

[320] I. M. Gelfand, D. B. Fairlie, The Algebra of Weyl Symmetrised Polynomial, Commun. Math. Phys.

136 (1991) 487.

[321] D. Gepner, Lectures on N = 2 String Theory.

[322] D. Gepner, New CFTs Associated with Algebras and Their Partition Functions, Nucl. Phys. B290 [FS20] (1987) 10.

[323] D. Gepner, Z. Qiu, Modular Invariant Partition Functions for Parafermionic Field Theories, Nucl.

Phys. B285 [FS19] (1987) 423.

[324] D. Gepner, E. Witten, String Theory on Group Manifolds, Nucl. Phys. B278 (1986) 493. [325] B. Gerganov, Integrable Marginal Points in the N-Cosine Model, hep-th/9905214. [326] J.-L. Gervais, A. Neveu, The Dual string Spectrum in Polyakov’s Quantization I, Nucl. Phys. B199 (1982) 59.

[327] J.-L. Gervais, A. Neveu, The Dual string Spectrum in Polyakov’s Quantization II, Nucl. Phys. B209 (1982) 125.

[328] J.-L. Gervais, A. Neveu, New Quantum Treatment of Liouville Field Theory, Nucl. Phys. B224 (1983) 329.

[329] J.-L. Gervais, A. Neveu, Novel Triangle Relation and Absence of Tachyons in Liouville String Field Theory, Nucl. Phys. B238 (1984) 125.

[330] J.-L. Gervais, A. Neveu, Green Functions and Scattering Amplitudes in Liouville String Field Theory I, Nucl. Phys. B238 (1984) 396.

[331] F. Grieres, Conformal Invariance in 2d Conformal and Integrable Systems, in Walgebras, and in their supersymmetric extensions, nlin.SI/0002036.

[332] P. Ginsparg, Curiosities at c = 1, Nucl. Phys. B295 [FS21] (1988) 153. [333] P. Ginsparg, Applied Conformal Field Theory in [127].

[334] P. Ginsparg, Some Statistical Mechanical Models and Conformal Field Theories, in Superstrings ’89, M. Green et al., eds, World Scientific 1990.

[335] P. Ginsparg, G. Moore, Lectures on 2D Gravity and 2D String Theory, hep-th/9304011. [336] P. Ginsparg, C. Vafa, Toroidal Compactification of Non-Supersymmetric Heterotic Strings, Nucl.

Phys. B289 (1987) 414.

206 BIBLIOGRAPHY

[337] A. Giveon, M.B. Halpern, E.B. Kiritsis, N.A. Obers, The Superconformal Master Equation, Int. J. Mod. Phys. A7 (1992) 947.

[338] A. Giveon, M.B. Halpern, E.B. Kiritsis, N.A. Obers, Exact c-Function and c-Theorem on Affine Virasoro Space, Nucl. Phys. B357 (1991) 655.

[339] F. Gliozzi, J. Scherk, D. Olive, SUSY, SUGRA theories and the Dual Spinor Model, Nucl. Phys.

B122 (1977) 253.

[340] P. Goddard, Meromorphic CFT, in Infinite dimensional Lie Algebras and Lie Groups, V. G. Kac, ed., World Scientific, 1989.

[341] P. Goddard, A. Kent, D. Olive, Virasoro algebras and coset space models, Phys. Lett. B152 (1985) 88. [342] P. Goddard, A. Kent, D. Olive, Unitary representations of the Virasoro and Super-Virasoro algebras, Commun. Math. Phys. 103 (1986) 105.

[343] P. Goddard, D. Olive, Kac-Moody Algebras, Conformal Symmetry and Critical Exponents, Nucl.

Phys. B257 (1985) 226.

[344] P. Goddard, D. Olive, Kac-Moody and Virasoro Algebras in Relation to Quantum Physics, Int. J.

Mod. Phys. A1 (1986) 303.

[345] P. Goddard, D. Olive, Rep. Progr. Phys. 41 (1978) 1357.

[346] P. Goddard, A. Schwimmer, Unitary construction of extended conformal algebras, Phys. Lett. B206 (1988) 62.

[347] C. J. Goebel, On the sine-Gordon S-matrix, Prog. Theor. Phys. Supp. 86 (1986) 261. [348] J. F. Gomes, The Triviality of Representations of the Virasoro Algebra with Vanishing Central Element and L0 Positive, Phys. lett. B171 (1986) 75.

[349] C. Gómez, R. Hernández, E. López, Integrability, Duality, and Strings, hep-th/9604043. [350] C. Gómez, G. Sierra, Quantum group meaning of the Coulomb gas, Phys. Lett. B240 (1990) 149. [351] C. Gómez, G. Sierra, The quantum symmetry of RCFTs, Nucl. Phys. B352 (1991) 791. [352] S. Ghoshal, A. Zamolodchikov, Boundary S-Matrix and Boundary State in Two-Dimensional Integrable QFT, Int. J. Mod. Phys. A9 (1994) 3841, Err. ibid. 4353.

[353] M. Green, J. Schwarz, E. Witten, Superstring Theory, vol. 1,2, Cambridge University Press, 1987. [354] B. Greene, String Theory On Calabi-Yau Manifolds, in [235].

[355] R. E. Greene, S. G. Krantz, Function Theory of one Complex Variable, John Wiley & Sons 1997. [356] C. Gómez, M. Ruiz-Altaba, G. Sierra, Quantum Groups in 2-Dimensional Physics, Cambridge University Press 1993.

[357] P. Griffiths, J. Harris, Principles of Algebraic Geometry, Jon Wiley & Sons 1978. [358] V. Gurarie, Logarithmic Operators in CFT, Nucl. Phys. B410 (1993) 535, [359] R. Haag, J. Łopuszański, M. Sohnius, Nucl. Phys. B288 (1975) 257. [360] M. B. Halpern, Phys. Rev. D4 (1971) 2398.

[361] M. B. Halpern, Quantum Solitons Which are SU(N) Fermions, Phys. Rev. D12 (1975) 1684. [362] M.B. Halpern, E. Kiritsis, General Virasoro Construction on Affine G, Mod. Phys. Lett. A4 (1989) 1373; Erratum ibid A4 (1989) 1797.

[363] M.B. Halpern, E. Kiritsis, N.A. Obers, M. Porrati, J. P. Yamron, New Unitary Affine Virasoro Constructions, Int. J. Mod. Phys. A5 (1990) 2275.

[364] M. B. Halpern, E. Kiritsis, N. A. Obers, K. Clubok, Irrational Conformal Field Theory, Phys.

Rep. 265 (1996) 1.

BIBLIOGRAPHY 207

[365] K.-J. Hamada, M. Takao, Spin-4 Current Algebra, Phys. Lett. B209 (1988) 247. [366] S. Hamidi, C. Vafa, Interactions on Orbifolds, Nucl. Phys. B279 (1987) 465. [367] B. Hatfield, QFT of Point Particles and Strings, Addison-Wesley 1992.

[368] N. J. Hitchin, G. B. Segal, R. S. Ward, Integrable Systems: Twistors, Loop Groups, and Riemann Surfaces, Oxford University Press 1999.

[369] Z. Hlousek and D. Spector, Topological Charges and Central Charges in 3 + 1 Dimensional Supersymmetry, Phys. Lett. B 283 (1992) 75.

[370] T. Hollowood, Solitons in affine Toda field theories, Nucl. Phys. B384 (1992) 523. [371] A. Honecker, Automorphisms of W -Algebras and Extended CFTs, Comm. Math. Phys. B400 (1993) 574.

[372] K. Hornfeck, Classification of Structure Constant for W -Algebras from Highest Weights, Nucl. Phys.

B411 (1994) 307.

[373] K. Huang, Statistical Mechanics, 2nd edition, John Wiley & Sons 1987.

[374] Y.-Z. Huang, A theory of tensor products for module categories for a vertex operator algebra: IV, J.

Pure Appl. Algebra 100 (1995) 173.

[375] Y.-Z. Huang, Vertex operator algebras and CFT, Int. J. Mod. Phys. A7 (1992) 2109. [376] Y.-Z. Huang, Applications of the geometric interpretation of vertex operator algebras, in Proceedings of the XXth International Conference on Differential Geometric Methods in Theoretical Physics, World Scientific 1992.

[377] Y.-Z. Huang, J. Lepowsky, A theory of tensor products for module categories for a vertex operator algebra: I, Selecta Math. (N.S.) 1 (1995) 699.

[378] Y.-Z. Huang, J. Lepowsky, A theory of tensor products for module categories for a vertex operator algebra: II, Selecta Math. (N.S.) 1 (1995) 757.

[379] Y.-Z. Huang, J. Lepowsky, A theory of tensor products for module categories for a vertex operator algebra: III, J. Pure Appl. Algebra 100 (1995) 141.

[380] D. A. Huse, Exact Exponents for Infinitely Many New Multicritical Points, Phys. Rev. B30 (1984) 3908.

[381] D. Iagolnitzer, The S-Matrix, North-Holland 1978.

[382] D. Iagolnitzer, Factorization of the multiparticle S matrix in two-dimensional space-time models, Phys. Rev. D18 (1978) 1275.

[383] C. Itzykson, Level One Kac-Moody Characters and Modular Invariance, Nucl. Phys. Proc. Suppl.

B5 (1988) 150.

[384] C. Itzykson, J.-M. Drouffe, Statistical Field Theory, vol. I, II, Cambridge University Press 1989. [385] C. Itzykson, H. Saleur, J.-B. Zuber, Conformal Invariance and Applications to Statistical Mechanics, World Scientific 1998.

[386] C. Itzykson, J.B. Zuber, Quantum Field Theory, McGraw-Hill 1980.

[387] K. Intriligator, N. Seiberg, Lectures on Supersymmetric Gauge Theories and Electric-Magnetic Duality, hep-th/9509066.

[388] N. Ishibashi, The Boundary and Crosscap States in CFTs, Mod. Phys. Lett. A4 (1987) 251. [389] N. Ishibashi, CFTs on Surfaces with Boundary and Crosscaps, Mod. Phys. Lett. A4 (1987) 161. [390] H. Itoyama, A. Morozov, Prepotential and the SW Theory, hep-th/9512161. [391] H. Itoyama, A. Morozov, Integrability and SW Theory, hep-th/9601168. [392] M. Jimbo, Introduction to the YBE, Int. J. Mod. Phys. A4 (1989) 3759.

208 BIBLIOGRAPHY

[393] M. Jimbo, Quantum Groups and the Yang-Baxter Equation, Springer Verlag 1991. [394] M. Jimbo, Topics from representations of Uq (g) — An introductory guide to physicists, in Nankai Lecture Notes Series, M. L. Ge, ed, World Scientific 1992.

[395] M. Jimbo, A q-difference analog of U(g) and the YBE, Lett. Math. Phys. 10 (1985) 63. [396] M. Jimbo, A q-Analogue of U(gl(N + 1)), Hecke Algebra, and the YBE, Lett. Math. Phys. 11 (1986) 247.

[397] M. Jimbo, T. Miwa, M. Okado, Solvable Models with Broken ZN Symmetry and Hecke’s Indefinite Modular Fords, Nucl. Phys. B275 [FS17] (1986) 517.

[398] V. F. R. Jones, Baxterization, Int. J. Mod. Phys. B1990 701. [399] V. F. R. Jones, Index for subfactors, Invent. Math. 72 (1983) 1.

[400] V. F. R. Jones, A polynomial invariant for links via von Neumann algebras, Bull. Amer. Math. Soc.

12 (1985) 103.

[401] V. G. Kac, Simple graded algebras of finite growth, Funct. Anal. Appl. 1 (1967) 328. [402] V. G. Kac, Infinite dimensional Lie algebras and Dedekind’s η-function, Funct. Anal. Appl. 8 (1974) 68. [403] V. G. Kac, Infinite Dimensional Lie Algebras, 3rd edition, Cambridge University Press 1990. [404] V. G. Kac, Vertex algebras for beginners, American Mathematical Society 1997. [405] V. G. Kac, Contravariant Form for Infinite-Dimensional Lie Algebras and Supealgebras, Lecture Notes in Physics 94 (1979) 441.

[406] L. P. Kadanoff, Correlators Along a Line in the 2-Dimensional Ising Model, Phys. Rev. 188 (1969) 859.

[407] L. P. Kadanoff, Operator Algebra and the Determination of Critical Indices, Phys. Rev. Lett.23 (1969) 1430.

[408] L. P. Kadanoff, A. C. Brown, Correlation Functions on the Critical Lines of the Baxter and Ashkin-Teller Models, Ann. Phys. 121 (1979) 318.

[409] L. P. Kadanoff, H. Ceva, Determination of an Operator Algebra for the 2-Dimensional Ising Model, Phys. Rev. B3 (1971) 3918.

[410] M. Kaku, Hyperspace, Oxford University Press 1994. [411] M. Kaku, String Theory, Springer Verlag 1988.

[412] M. Kaku, Strings, Conformal Fields, and Topology, Springer Verlag 1991. [413] C. Kassel, Quantum Groups, Springer Verlag 1995.

[414] A. Kato, Classification of Modular Invariant Partition Functions in Two Dimensions, Mod. Phys.

Lett. A2 (1987) 585.

[415] H. G. Kausch, Curiosities at c = −2, hep-th/9510149.

[416] H. G. Kausch, Extended conformal algebras generated by a multiplet of primary fields, Phys. Lett.

B259 (1991) 448.

[417] H. G. Kausch, G. M. T. Watts, Quantum Toda Theory and the Casimir Algebra of B2 and C2, Int.

J. Mod. Phys. A7 (1992) 4175.

[418] H. G. Kausch, G. M. T. Watts, Duality in Quantum Toda Theory and W -Algebras, Nucl. Phys.

B386 (1992) 166.

[419] H. G. Kausch, G. M. T. Watts, A study of W-algebras using Jacobi identities, Nucl. Phys. B354 (1991) 740.

[420] S. V. Ketov, Conformal Field Theory, World Scientific 1995.

BIBLIOGRAPHY 209

[421] S. V. Ketov, Solitons, Monopoles, and Duality: from SG to SW, hep-th/9611209. [422] S. Khoroshkin, A. LeClair, S. Pakuliak, Angular Quantization of the SG Model at the Free Fermion Point, hep-th/9904082.

[423] A. N. Kirillov, N. Yu Reshetikhin, Representations of the Algebra Uq (sl(2)), q-Orthogonal Polynomials and Invariants of Links, Steklov preprint LOMI-E-9-88.

[424] E. Kiritsis, Character Formulæand the Structure of the Representations of the N = 1, 2 Superconformal Algebras, Int. J. Mod. Phys. A3 (1988) 1988.

[425] E. Kiritsis, Non-Standard Bosonization Techniques in CFT, Mod. Phys. Lett. A4 (1989) 437. [426] E. Kiritsis, Some Proofs on the Classification of RCFTs with c = 1, CalTech preprint CALT-68-1510. [427] E. Kiritsis, Proof of the Completeness of the Classification of RCFTs with c = 1, Phys. Lett. B217 (1989) 427.

[428] E. Kiritsis, Analytic Aspects of RCFTs, Nucl. Phys. B329 (1990) 591.

[429] T. R. Klassen, E. Melzer, Purely elastic scattering theories and their ultraviolet limits, Nucl. Phys.

B338 (1990) 485.

[430] A. Klemm, On the Geometry Behind N = 2 Suppersymmetric Effective Actions in Four Dimensions,

hep-th/9705131.

[431] A. Klimyk, K. Schmüdgen, Quantum Groups and Their Representations, Springer-Verlag 1997. [432] V. G. Knizhnik, A. B. Zamolodchikov, Current Algebra and Wess-Zumino Model in Two Dimensions, Nucl. Phys. B247 (1984) 83.

[433] V. G. Knizhnik, Sov. Phys. Usp. 32(11) (1989) 945. [434] V. G. Knizhnik, Commun. Math. Phys. 112 (1987) 567.

[435] R. Köberle, J. A. Swieca, Factorizable ZN models, Phys. Lett. B86 (1979) 209. [436] R. Köberle, From Factorizable S-matrices to Conformal Invariance, in Particle Physics, O. J. P. Éboli, M. Gomes, A. Santoro, eds, World Scientific 1992.

[437] V. E. Korepin, L. D. Faddeev, Quantization of solitons, Teor. Mat. Fiz. 25 (1975) 147. [438] D. A. Korotkin, Introduction to the functions on compact Riemann Surfaces and Theta Functions,

solv-int/9911002.

[439] I. K. Kostov, Free Field Presentation of the An Coset Models on the Torus, Nucl. Phys. B300 (1988) 559.

[440] I. K. Kostov, Conformal Field Theory Techniques in Random Matrix models, hep-th/9907060. [441] I. M. Krichever, Russian Math. Surveys 32 (6) (1977), 185. [442] I. M. Krichever, Funct. Anal. Appl. 11 (1) (1977) 12.

[443] I. M. Krichever, S. P. Novikov, Algebras of Virasoro Type, Riemann Surfaces, and Structures of the Theory of Solitons, Funk. Anal. Appl. 21(2) (1987) 46.

[444] I. M. Krichever, S. P. Novikov, Virasoro-Type Algebras, Riemann Surfaces, and Strings in Minkowski Space, Funk. Anal. Appl. 21(4) (1987) 47.

[445] P. P. Kulish, E. K. Sklyanin, Solutions of the YBE, Zapiski nauch. semin. LOMI 95 (1980) 129. [446] P. P. Kulish, N. Yu. Reshetikhin, E. K. Sklyanin, YBE and Representation Theory, Lett. Math.

Phys. 5 (1981) 393.

[447] P. P. Kulish, E. Sklyanin, Algebraic Structures Related to Reflection Equation, 1992. [448] A. Kundu, Quantum Integrable Systems: Basic Concepts and Brief Overview, hep-th/9708114. [449] A. Kundu, Algebraic construction of quantum integrable models including inhomogeneous models,

hep-th/9909042.

210 BIBLIOGRAPHY

[450] L. D. Landau, E. M. Lifshitz, Classical Theory of Fields, 4th edition, Butterworth-Heinemann 1997. [451] M. Lashkevich, Ya. Pugai, Nearest neighbor 2-point correlation function of the Z-invariant 8-vertex model, JETP Lett. 68 (1998) 257.

[452] M. Lashkevich, Ya. Pugai, Free Field Construction for Correlation Functions of the 8-Vertex Model, Nucl. Phys. B516 (1998) 623.

[453] A. LeClair, Infinite QG Symmetry in 2D QFT, CLNS91/1107.

[454] A. LeClair, Restricted SG Theory and the Minimal Conformal Series, Phys. Lett. B230 (1989) 103. [455] A. LeClair, A. Ludwig, G. Mussardo, Integrability of coupled CFTs, Nucl. Phys. B512 (1998) 523.

[456] A. LeClair, D. Nemeschansky, Affine Lie Algebra Symmetry of SG Theory at Reflectionless Points, Mod. Phys. Lett. A11 (1996) 139.

[457] A. LeClair, G. Mussardo, H. Saleur, S. Skorik, Boundary Energy and Boundary States in Integrable QFTs, Nucl. Phys. B453 (1995) 581.

[458] A. LeClair, C. Vafa, Quantum Affine Symmetry as Generalized SUSY, Nucl. Phys. B401 (1993) 413.

[459] A. LeClair, D. Nemeschansky, N. P. Warner, S-Matrices for Perturbed N = 2 SCFT from QGs, Nucl. Phys. B390 (1993) 653.

[460] A. LeClair, F. A. Smirnov, Infinite QG Symmetry of Fields in Massive 2D QFT, Int. J. Mod. Phys.

A7 (1992) 2997.

[461] W. Lerche, C. Vafa, N. P. Warner, Chiral rings in N = 2 SCFTs, Nucl. Phys. B324 (1989) 427. [462] E. Lieb, T. Schultz, D. Mattis, Ann. Phys. 16 (1961) 407.

[463] E. Lieb, T. Schultz, D. Mattis, 2-Dimensional Ising Model as a Soluble Problem of Many Fermions, Rev. Mod. Phys. 36 (1964) 856.

[464] J. H. Lowenstein, Introduction to Bethe Ansatz Approach in (1+1)-Dimensional Models, Proceedings, Les Houches XXIX, Elsevier 1982.

[465] G. Landi, An Introduction to Non-Commutative Spaces and Their Geometry, LNP m51, Springer 1997. [466] D. C. Lewellen, Sewing Constraints for CFTs on Surfaces with Boundaries, Nucl. Phys. B372 (992) 654.

[467] C. Lovelace, Adiabatic Dilatations and Essential Regge Spectrum, Nucl. Phys. B99 (1975) 109. [468] A. W. W. Ludwig, I. Affleck, Nucl. Phys. B428 (1994) 545.

[469] S. L. Lukyanov, V. A. Fateev, Additional Symmetries and Exactly Solvable Models in 2-Dimensional CFT, Sov. Sci. Rev. A15 (1990) 1.

[470] S. Lukyanov, Ya. Pugai, Multi-point Local Height Probabilities in the Integrable RSOS Model, Nucl.

Phys. B473 (1996) 631.

[471] S. Lukyanov, Ya. Pugai, Bosonization of ZF Algebras: Direction Toward Deformed Virasoro Algebra, J. Exp. Theor. Phys. 82 (1996) 1021.

[472] M. Lüscher Quantum non-local charges and absence of particle production in the two-dimensional non-linear σ-model, Nucl. Phys. B135 (1978) 1.

[473] A. Luther, I. Peschel, Calculation of Critical Exponents in Two Dimensions from QFT in One Dimension, Phys. Rev. B12 (1975) 3908.

[474] D. M. McAvity, H. Osborn, CFTs Near a Boundary in General Dimensions, Nucl. Phys. B455 (1995) 522.

[475] D. M. McAvity, H. Osborn, Energy Momentum Tensor in CFTs Near a Boundary, Nucl. Phys.

B406 (1993) 655.

BIBLIOGRAPHY 211

[476] G. Mack, V. Schomerus, Quasi Hopf quantum symmetry in quantum theory, Nucl. Phys. B370 (1992) 185.

[477] A. J. Macfarlane, J. Phys. A22 (1989) 4581.

[478] R. Mackenzie, F. Wilczek, Peculiar Spin and Statistics in Two Space Dimensions, Int. J. Mod.

Phys. A3 (1988) 2827.

[479] J. M. Maillet, V. Terras, On the Quantum Inverse Scattering Problem, hep-th/9911030. [480] S. Majid, Quasitriangular Hopf Algebras and YBEs, Int. J. Mod. Phys. A5 (1990) 1. [481] S. Majid, Foundations of Quantum Group Theory, Cambridge University Press 1996. [482] S. Majid, Reconstruction theorems and RCFTs, Int. J. Mod. Phys. A6 (1991) 4359. [483] S. Mandelstam, K degeneracy in non-additive dual resonance models, Phys. Rev. D7 (1973) 3763. [484] S. Mandelstam, Simple non-additive dual resonance model, Phys. Rev. D7 (1973) 3777. [485] V. I. Man’ko, G. Marmo, S. Solimeno, F. Zaccaria, Physical Non-linear Aspects of Classical and Quantum q-Oscillators, hep-th/9212121.

[486] A. Marshakov, SW Theory and the Integrable Systems, World Scientific 1999. [487] A. Marshakov, Exact Solutions to QFTs and Integrable Equations, Mod. Phys. Lett. A11 (1996) 1169.

[488] A. Marshakov, A. Morozov, LG Models with N = 2 SUSY as Conventional CFTs, Phys. Lett.

B235 (1990) 97.

[489] E. Martinec, QFT: A Guide for Mathematicians. [490] , String Calculus: CFT as a Tool in String Theory.

[491] M. Mattis, Correlations in 2-Dimensional Critical Theories, Nucl. Phys. B285 [FS19] (1987) 671. [492] B. M. McCoy, The Connection Between Statistical Mechanics and QFT, hep-th/9403084. [493] B. M. McCoy, W. Orrick, Single Particle Excitations in the Lattice E8 Ising Model, Phys. Lett.

A230 (1997) 24.

[494] B. M. McCoy, T. T. Wu, Two-dimensional Ising field theory in a magnetic field: Breakup of the cut in the two-point function, Phys. Rev. D18 (1978) 1259.

[495] Yu. I. Manin, Quantum Groups and Non-Commutative Geometry, Montreal Univ. preprint CRM-1561 (1988).

[496] J. McGuire, J. Math. Phys. 5 (1964) 622.

[497] L. Mezincescu, R. Nepomechie, Int. J. Mod. Phys. A6 (1991) 5231.

[498] L. Mazincescu, R. I. Nepomechie, C. Zachos, (Super)Conformal Algebras on the (Super)Torus. [499] A. V. Mikhailov, M. A. Olshanetsky, A. M. Perelomov, Two-dimensional generalised Toda lattice, Commun. Math. Phys. 79 (1981) 473.

[500] J. L. Miramontes, Hermitian Analyticity Versus Real Analyticity in 2-Dimensional Factorised S- Matrix Theories, hep-th/9901145.

[501] C. W. Misner, K. S. Thorne, J. A. Wheeler, Gravitation, Freeman 1973. [502] R. V. Moody, Lie algebras associated with generalized Cartan matrices, Bull. Amer. Math. Soc. 73 (1967) 217.

[503] G. Moore, N. Reshetikhin, A Comment on QG Symmetry in CFT, Nucl. Phys. B328 (1989) 557. [504] G. Moore, N. Seiberg, Polynomial Equations for RCFTs, Phys. Lett. B212 (1988) 451. [505] G. Moore, N. Seiberg, Naturality in CFT, Nucl. Phys. B313 (1989) 16. [506] G. Moore, N. Seiberg, Lectures on RCFT, in Physics, Geometry, and Topology, Plenum Press 1990.

212 BIBLIOGRAPHY

[507] G. Moore, N. Seiberg, Classical and Quantum CFT, Comm. Math. Phys. 123 (1989) 177. [508] A. Yu. Morozov, String Theory and Complex Geometry. [509] D. Mumford, Tata Lectures on Theta, vol. I, II, Birkhäuser 1983, 1984.

[510] G. Mussardo, Off-critical statistical models: factorized scattering theories and bootstrap program, Phys. Rep. 218 (1992) 215.

[511] G. Mussardo, G. Sotkov, Bootstrap Program and Minimal IMs.

[512] G. Mussardo, G. Sotkov, M. Stanishkov, Fusion rules, four-point functions and discrete symmetries of N = 2 superconformal models, Phys. Lett. B218 (1989) 191.

[513] G. Mussardo, G. Sotkov, M. Stanishkov, N = 2 superconformal minimal models, Int. J. Mod.

Phys. A4 (1989) 1135.

[514] M. Nakahara, Geometry, Topology, and Physics, Institute of Physics 1992. [515] W. Nahm, A proof of modular invariance, Int. J. Mod. Phys. A6 (1991) 2837. [516] W. Nahm, Quasi-Rational Fusion Products, Int. J. Mod. Phys. B8 (1994) 3693. [517] S. Nam, The Kac Formula for the N = 1 and the N = 2 Superconformal Algebras, Phys. Lett. B172 (1986) 323.

[518] K. S. Narain, M. H. Sarmadi, C. Vafa, Asymmetric Orbifolds, Nucl. Phys. B288 (1987) 551. [519] Z. Nehari, Conformal Mapping, Dover 1975.

[520] P. Nelson, Lectures on Strings and Moduli Space, Phys. Rep. 149 (1987) 337. [521] R. I. Nepomechie, Conformal Algebra on the Torus and its Supersymmetric Generalizations. [522] B. Nienhuis, Critical Behavior of 2-Dimensional Spin Models and Charge Asymmetry in the Coulomb Gas, J. Stat. Phys. 34 (1984) 731.

[523] S. P. Novikov, Multivalued Functions and Functionals. An Analogue of Morse Theory, Sov. Math.

Dock. 24 (1981) 222.

[524] S. Odake, Beyond CFT: Deformed Virasoro and Elliptic Algebras, hep-th/9910226. [525] C. H. Oh, K. Singh, J. Phys. A: Math. Gen. 25 (1992) L149. [526] D. I. Olive, Exact Electromagnetic Duality, hep-th/9508089.

[527] D. I. Olive, N. Turok, Local conserved densities and zero-curvature conditions for Toda lattice field theories, Nucl. Phys. B257 (1985) 277.

[528] L. Onsager, Phys. Rev. 65 (1944) 117.

[529] M. A. Olshanetsky, A. M. Perelomov, Classical Integrable Finite-Dimensional Systems Related to Lie Algebras, Phys. Rep. 71 (1981) 313.

[530] M. A. Olshanetsky, A. M. Perelomov, Quantum Integrable Systems Related to Lie Algebras, Phys.

Rep. 94 (1983) 313.

[531] H. Osborn, A. Petkos, Implications of Conformal Invariance in Field Theories for General Dimensions, Ann. Phys. 231 (1994) 311.

[532] M. Oshikawa, I Affleck, BCFT approach to the critical 2-dimensional Ising model with a defect line, Nucl. Phys. B495 (1997) 533.

[533] S. Parke, Absence of particle production and factorization of the S matrix in (1+1)-dimensional models, Nucl. Phys. B174 (1980) 166.

[534] V. Pasquier, 2-Dimensional Critical Systems Labelled by Dynkin Diagrams, Nucl. Phys. B285 [FS19] (1987) 162.

[535] V. Pasquier, Lattice Derivation of Modular Invariant Partition Functions on the Torus, J. Phys.

A20 (1987) L1229.

BIBLIOGRAPHY 213

[536] V. Pasquier, Operator Content of the ADE Lattice Models, J. Phys. A20 (1987) 5707. [537] V. Pasquier, H. Saleur, Common Structures Between Finite Systems and Conformal Field Theories Through Quantum Groups, Nucl. Phys. B330 (1990) 523.

[538] P. A. Pearce, Y.-K. Zhou, Interwiners and ADE Lattice Models, Int. J. Mod. Phys. B7 (1993) 3649.

[539] S. Penati, D. Zanon, Quantum Integrability in Two-Dimensional Systems with Boundary,

hep-th/9501105.

[540] M. E. Peskin, B. V. Schroeder, An Introduction to QFT, Addison-Wesley 1995. [541] V. B. Petkova, Structure constants of the (A, D) minimal c < 1 conformal models, Phys. Lett. B225 (1989) 357.

[542] V. B. Petkova, J.-B. Zuber, From CFT to Graphs, Nucl. Phys. B463 (1996) 161. [543] V. B. Petkova, J.-B. Zuber, CFT and Graphs, hep-th/9701103. [544] P. Podles, E. Muller, Introduction to Quantum Groups, q-alg/9704002. [545] J. Polchinski, What is String Theory?, hep-th/9411028.

[546] J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724. [547] J. Polchinski, String Theory, vol 1,2, Cambridge University Press 1998. [548] J. Polchinski, Scale and Conformal Invariance in QFT, Nucl. Phys. B303 (1988) 226. [549] A. M. Polyakov, Gauge Fields and Strings, Harwood Academic Publishers 1989. [550] A. M. Polyakov, Hidden symmetry of the two-dimensional chiral fields, Phys. Lett. B72 (1977) 224. [551] A. M. Polyakov, Conformal Symmetry of Critical Fluctuations, Sov. Phys. JEPT Lett. 12 (1970) 381.

[552] A. M. Polyakov, Phys. Lett. B103 (1981) 207.

[553] A. P. Polychronakos, Generalized Statistics in One Dimension, hep-th/9902157. [554] G. Pradisi, A. Sagnotti, Ya. S. Stanev, Planar duality in SU(2) WZW models, Phys. Lett. B354 (1995) 279.

[555] G. Pradisi, A. Sagnotti, Ya. S. Stanev, The open descendants of non-diagonal WZW models, Phys. Lett. B356 (1995) 230, [556] G. Pradisi, A. Sagnotti, Ya. S. Stanev, Completeness conditions for Boundary Operators in 2D CFT, Phys. Lett. B382 (1996) 97.

[557] A. Pressley, G. Segal, Loop Groups, Oxford University Press, 1986. [558] A. van Proeyen, Tools for supersymmetry, hep-th/9910030.

[559] Ya. P. Pugai, Notes on W GLn-Algebras and Quantum Miura Transformation, Int. J. Mod. Phys.

A8 (1993) 5023.

[560] Z. Qiu, SUSY, 2-Dimensional Critical Phenomena, and the Tricritical Ising Model, Nucl. Phys. B270 [FS16] (1986) 205.

[561] R. Rajaraman, Solitons and Instantons, North Holland 1987.

[562] A. Ramani, B. Grammaticos, T. Bountis, The Painlevé Property and Singularity Analysis of Integrable and Non-Integrable Systems, Phys. Rep. 180 (1989) 159.

[563] C. Ramirez, H. Ruegg, M. Ruiz-Altaba, Explicit quantum symmetries of WZWN theories, Phys.

Lett. B247 (1990) 499.

[564] C. Ramirez, H. Ruegg, M. Ruiz-Altaba, The contour picture of quantum groups: CFTs, Nucl.

Phys. B364 (1991) 195.

214 BIBLIOGRAPHY

[565] P. Ramond, Field Theory: A Modern Primer, 2nd edition, Addison-Wesley 1990. [566] F. Ravanini, Informal Introduction to Extended Algebras and Conformal Field Theories with c ≥ 1, Nordita preprint 89/21 P.

[567] N. Y. Reshetikhin, V. G. Turaev, Ribbon graphs and their invariants derived from QGs, Commun.

Math. Phys. 127 (1990) 1.

[568] A. Rocha-Caridi, Vacuum Vector Respresentation of the Virasoro Algebra, in Vertex Operators in Mathematics and Physics, J. Lepowsky, S. Mandelstam, I. M. Singer, eds, Springer 1985.

[569] P. Roche, On the Construction of Integrable Dilute ADE Models, Phys. Lett. B285 (1992) 49. [570] M. Rosso, Finite Dimensional Representations of the Quantum Analog of the Enveloping Algebra of a Complex Simple Lie Algebra, Commun. Math. Phys. 117 (1998) 581.

[571] L. Rozansky, H. Saleur, QFT for the Multi-Variable Alexander-Conway Polynomial, Nucl. Phys.

B376 (1992) 461.

[572] P. Ruelle, Symmetric Boundary Conditions in Boundary Critical Phenomena, hep-th/9904100. [573] S. N. M. Ruijsenaars, Relativistic Toda Systems, Commun. Math. Phys. 113 (1990) 217. [574] M. Ruiz-Altaba, Quantum Groups, hep-th/9311069.

[575] I. Runkel, Boundary structure constants for the A-series Virasoro minimal models, Nucl. Phys. B549 (1999) 563, [576] A. Sagnotti, Ya. S. Stanev, Open Descendants in CFT, Fortschr. Phys. 44 (1996) 585. [577] J. J. Sakurai, Modern Quantum Mechanics, Addison Wesley 1985.

[578] H. Saleur, Partition Functions of the 2-Dimensional Ashkin-Teller Model on the Critical Line, J.

Phys. A20 (1987) L1127.

[579] H. Saleur, Lectures on Non-Perturbative Field Theory and Quantum Impurity Problems,

cond-mat/9812110.

[580] H. Saleur, M. Bauer, On Some Relations Between Local Height Probabilities and Conformal Invariance, Nucl. Phys. B320 (1989) 591.

[581] H. Saleur, J.-B. Zuber, Integrable Lattice Models and QGs, SPhT/90-071. [582] A. N. Schellekens, Meromorphic c = 24 CFTs, Commun. Math. Phys. 153 (1993) 159. [583] C. Schmidhuber, Exactly marginal operators and running coupling constants in 2d gravity, Nucl.

Phys. B404 (1993) 342.

[584] T. Schultz, D. Mattis, E. Lieb, Rev. Mod. Phys. 36 (1964) 856.

[585] J. Schwenk, J. Wess, A q-deformed Quantum Mechanical Toy Model, Phys. Lett. B291 (1992) 273. [586] A. Schwimmer, N. Seiberg, Comments on the N = 2, 3, 4 Superconformal Algebras in Two Dimensions, Phys. Lett. B184 (1987) 191.

[587] G. Segal, Unitary representations of some infinite dimensional groups, Commun. Math. Phys. 80 (1981) 301.

[588] J. Schwinger, Science 165 (1969) 757.

[589] J. Schwinger, Magnetic Charge and QFT, Phys. Rev. 144 (1966) 1087.

[590] N. Seiberg, E. Witten, Electro-Magnetic Duality, Monopole Condensation, and Confinement in N = 2 Supersymmetric Yang-Mills Theory, Nucl. Phys. B426 (1994) 19.

[591] N. Seiberg, E. Witten, Monopoles, Duality, and Chiral Symmetry Breaking in N = 2 Supersymmetric QCD”, Nucl. Phys. B431 (1994) 494.

[592] N. Seiberg, E. Witten, Spin Structures in String Theory, Nucl. Phys. B276 (1986) 272. [593] M. A. Semenov-Tyan-Shanskii, What is the Classical R-matrix?, Funk. An. Ego Pril. 17 (1983) 17.

BIBLIOGRAPHY 215

[594] R. Shankar, E. Witten, S-Matrix of the supersymmetric nonlinear σ model, Phys. Rev. D17 (1978) 2134.

[595] S. Shenker, Introduction to 2-Dimensional CFT and SCFT, in Unified String Theories, M. Green, D.

Gross, eds, World Scientific 1986.

[596] W. Siegel, Introduction to String Field Theory, World Scientific 1988.

[597] E. K. Sklyanin, Quantum Inverse Scattering Method: Selected Topics, in Proceedings of the Fifth Nankai Workshop, Mo-Lin Ge, ed., World Scientific 1993.

[598] E. K. Sklyanin, Boundary Conditions for Integrable Quantum Systems, J. Phys. A21 (1988) 2375. [599] E. K. Sklyanin, J. Phys. A: Math. Gen. 21 (1988) 2375. [600] J. Sobczyk, W. Urbanik, Lett. Math. Phys. 21 (1991) 1.

[601] H. Sonoda, The energy-momentum tensor on a Riemann Surface, Nucl. Phys. B281 (1987) 546. [602] H. Sonoda, Functional Determinants on a Punctured Riemann Surface and their Applications to String Theory, Nucl. Phys. B281 (1987) 546.

[603] G. M. Sotkov, M. S. Stanishkov, N = 1 superconformal operator product expansions and superfield fusion rules, Phys. Lett. B177 (1986) 361.

[604] G. Sotkov, C.-J. Zhu, Bootstrap fusions and tricritical Potts model away from criticality, Phys. Lett.

B229 (1989) 391.

[605] D. Spector, Duality, Partial Supersymmetry, and Arithmetic Number Theory, Journal of Mathematical Physics 39 (1998) 1919.

[606] W. H. Steeb, N. Euler, Non-linear Evolution Equations and Painlevé Test, World Scientific 1988. [607] M. Stone, ed., Bosonization, World Scientific 1994.

[608] H. Sugawara, A Field Theory of Currents, Phys. Rev. 170 (1968) 1659.

[609] J. Suzuki, Quantum Jacobi-Trudi Formula and E8 Structure in the Ising Model in a Field,

cond-mat/9805241.

[610] J. A. Swieca, Solitons and Confinement, Fortschr. Phys. 25 (1977) 303.

[611] G. Takács, G. Watts, Non-Unitarity in Quantum Affine Toda Theory and Perturbed CFT,

hep-th/9810006.

[612] J. A. Teschner, On structure constants and fusion rules in the SL(2, C )/SU(2) WZNW model, Nucl.

Phys. B546 (1999) 390.

[613] C. Thorn Computing the Kac Determinant Using Dual Model Techniques and More About the No- Ghost Theorem, Nucl. Phys. B248 (1984) 551.

[614] M. Toda, Theory of Non-Linear Lattices, Springer 1981.

[615] I. T. Todorov, Current Algebra Approach to Conformal Invariant Two-Dimensional Models, Phys.

Lett. B153 (1985) 77.

[616] A. Tsuchiya, Y. Kanie, Vertex Operators in CFT on P^1 and Monodromy Rrepresentations of Braid Group, Lett. Math. Phys. 13 (1987) 303.

[617] A. Tsuchiya, Y. Kanie, Vertex Operators in CFT on P^1 and Monodromy Rrepresentations of Braid Group, Adv. Stud. Pure Math. 16 (1988) 297; Erratum ibid 19 (1989) 675.

[618] A. M. Tsvelik, Quantum Field Theory in Condensed Matter Physics, Cambridge University Press 1995. [619] C. Vafa, Modular Invariance and Discrete Torsion on Orbifolds, Nucl. Phys. B273 (1986) 592. [620] C. Vafa, Toward classification of conformal theories, Phys. Lett. B206 (1988) 421. [621] C. Vafa, N. Warner, Catastrophies and the Classification of CFTs, Phys. Lett. B218 (1989) 51.

216 BIBLIOGRAPHY

[622] E. Verlinde, Fusion Rules and Modular Transformations in 2D CFT, Nucl. Phys. B300 [FS22] (1988) 360.

[623] H. Verlinde, CFT, 2D Quantum Gravity, and Quantization of Teichmuller Space Nucl. Phys. B337 (1990) 652.

[624] E. Verlinde, H. Verlinde, Chiral Bosonization, Determinants, and the String Partition Function, Nucl. Phys. B288 (1987) 357.

[625] H. Verlinde, E. Verlinde, CFT and Geometric Quantization, in Trieste Superstrings 1989. [626] M. Virasoro, Subsidiary Conditions and Ghosts in Dual-Resonance Models, Phys. Rev. D1 (1970) 2933.

[627] M. Wadati, T. Deguchi, Y. Akutsu, Exactly Solvable Models and Knot Theory, Phys. Rep. 180 (1989) 247.

[628] M. A. Walton, Fusion rules in Wess-Zumino-Witten models, Nucl. Phys. B340 (1990) 777. [629] M. A. Walton, Affine Kac-Moody Algebras and the WZW Model, hep-th/9911187. [630] W. Wang, Rationality of Virasoro vertex operator algebras, Int. Math. Res. Not. 7 (1993) 197. [631] S. O. Warnaar, B. Nienhuis, Solvable Lattice Models Labelled by Dynkin Diagrams, J. Phys. A26 (1993) 2301.

[632] N. P. Warner, N = 2 Supersymmetric IMs and Topological Field Theories. [633] A. J. Wassermann, Operator Algebras and CFT, in Proceedings of the I.C.M. Zürich 1994, Birkhäuser 1995.

[634] G. M. T. Watts, W -algebras and coset models, Phys. Lett. B245 (1990) 65. [635] G. M. T. Watts, Fusion in the W3-Algebra, Comm. Math. Phys. 171 (1995) 87. [636] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity, Wiley 1972.

[637] S. Weinberg, The Quantum Theory of Fields, vol 1,2, Cambridge University Press 1992. [638] J. Wess, J. Bagger, Supersymmetry and Supergravity, 2nd edition, Princeton University Press 1992. [639] J. Wess, B. Zumino, Consequences of Anomalous Ward Identities, Phys. Lett. B37 (1971) 95. [640] P. West, Introduction to SUSY, World Scientific. [641] E. Wigner, Ann. Math. 40 (1939) 39.

[642] J. T. Wheeler, Extended Conformal Symmetry, hep-th/0002068.

[643] G. Wilson, The modified Lax and two-dimensional Toda lattice equations associated with simple Lie algebras, Ergod. Th. Dynam. Sys. 1 (1981) 361.

[644] E. Witten, SUSY Algebras that Include Topological Charges, Phys. Lett. B78 (1978) 97. [645] E. Witten, Dyons of Charge eθ/2π, Phys. Lett. B86 (1979) 283.

[646] E. Witten, Non-Abelian Bosonization in Two Dimensions, Commun. Math. Phys. 92 (1984) 455. [647] E. Witten, QFT and the Jones Polynomial, Commun. Math. Phys. 121 (1989) 351. [648] S. L. Woronowicz, Commun. Math. Phys. 111 (1987) 613. [649] C. Yang, Phys. Rev. Lett. 19 (1967) 1313. [650] C. Yang, Phys. Rev. 168 (1968) 1920.

[651] S.K. Yang, Modular Invariant Partition Function of the Ashkin-Teller Model on the Critical Line and N = 2 Superconformal Invariance, Nucl. Phys. B285 [FS19] (1987) 183.

[652] J. M. Yeomans, Statistical Mechanics of Phase Transitions, Oxford Science Publications 1992. [653] C. Zachos, Fermionic Center in the Superconformal Algebra on the Supertorus.

BIBLIOGRAPHY 217

[654] C. Zachos, L. Mezincescu, R. Nepomechie, Nucl. Phys. B 315 (1989) 43. [655] C. Zachos, L. Mezincescu, R. Nepomechie, Nucl. Phys. B (Proc. Suppl.) 11 (1989) 414. [656] A. B. Zamolodchikov, Infinite Additional Symmetries in Two-Dimensional conformal QFT, Theor.

Math. Phys. 65 (1986) 1205.

[657] A. B. Zamolodchikov, Integrals of motion in scaling three states Potts model field theory, Int. J.

Mod. Phys. A3 (1988) 743.

[658] A. B. Zamolodchikov, Integrals of motion and S-matrix of the (scaled) T =Tc Ising model with magnetic field, Int. J. Math. Phys. A4 (1989) 4235.

[659] A. B. Zamolodchikov, Integrable field theory from conformal field theory, Advanced Studies in Pure Mathematics 19 (1989) 641.

[660] A. B. Zamolodchikov, Exact two-particle S-matrix of quantum sine-Gordon solitons, Commun.

Math. Phys. 55 (1977) 183.

[661] A. B. Zamolodchikov, Commun. Math. Phys. 69 (1979) 165.

[662] A. B. Zamolodchikov, Factorized S-Matrices in Lattice Statistical Systems, Sov. Sci. Rev. A2 (1980) 1. [663] A. B. Zamolodchikov, Integrable Field Theory from Conformal Field Theory, in Integrable Systems in Quantum Field Theory and Statistical Mechanics.

[664] A. B. Zamolodchikov, Conformal Symmetry and Multicritical Points in 2-Dimensional Conformally Invariant Field Theories, Nucl. Phys. 44 (1986) 529.

[665] A. B. Zamolodchikov, ‘Irreversibility’ of the Flux of the Renormalization Group in a 2D Field Theory, JEPT Lett. 43 (1986) 730.

[666] A. B. Zamolodchikov, Conformal Scalar Field on the Hyperelliptic Curve and Critical Ashkin-Teller Multipoint Correlation Functions, Nucl. Phys. B285 [FS19] (1987) 481.

[667] A. B. Zamolodchikov, V. A. Fateev, Nonlocal (Parafermion) Currents in Two-Dimensional Quantum Field Theory and Self-Dual Critical Points in ZN-Symmetric Statistical Systems”, Sov. Phys. J.E.T.P. 62 (1985) 215.

[668] A. B. Zamolodchikov, V. A. Fateev, Operator Algebra and Correlation Functions in Two- Dimensional SU(2)×SU(2) chiral Wess-Zumino model, Sov. J. Nucl. Phys. 43 (1986) 657.

[669] A. Zamolodchikov, Al. Zamolodchikov, Factorized S-Matrices in Two Dimensions as the Exact Solution of Certain Relativistic Quantum Field Theory Models, Ann. Phys. 120 (1979) 253.

[670] Al. B. Zamolodchikov, Thermodynamic Bethe ansatz in relativistic models. Scaling 3-state Potts and Lee-Yang models, Nucl. Phys. B342 (1990) 695.

[671] Al. B. Zamolodchikov, Kramers-Wannier Transformation for Systems with Zn Symmetry, Sov.

Phys. JEPT 48 (1978) 168.

[672] Al. B. Zamolodchikov, Commun. Math. Phys. 96 (1984) 419. [673] Al. B. Zamolodchikov, Theor. Math. Phys. 73 (1987) 1088.

[674] Y.-K. Zhou, P. A. Pearce, Fusion of ADE Lattice Models, Int. J. Mod. Phys. B8 (1994) 3531. [675] Y. Zhu, Global vertex operators on Riemann surfaces, Commun. Math. Phys. 165 (1994) 485. [676] Y. Zhu, Vertex operator algebras, elliptic functions and modular forms, J. Amer. Math. Soc. 9 (1996) 237.

[677] D. Zwanziger, Exactly Soluble Non-Relativistic Model of Particles with Both Electric and Magnetic Charges, Phys. Rev. 176 (1968) 1480.

[678] D. Zwanziger, QFT of particles with Both Electrical and Magnetic Charges, Phys. Rev. 176 (1968) 1489.

[679] J.-B. Zuber, CFTs, Coulomb Gas Picture, and IMs, in [127].

[680] J.-B. Zuber, Discrete Symmetries of Conformal Theories, Phys. lett. B176 (1986) 127.