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@ The ideal gas on the lattice
O QCD in the static and chiral limit
@ The strong coupling expansion at finite temperature

@ The equation of state



The ideal gas on the lattice

Starting point: propagator of a free scalar field
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Matsubara sum by analytic continuation, use: N Z g(e™n) = — Z



@ d3
Substitution: @ = sinh(aF/2) InZp = —V/ z In(1 — e~ N2F)
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Expand in small lattice spacing about continuum limit:
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So we may put a=0 in the integration limits! Now expand the dispersion relation
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sinhz(%) = E sinz(ﬂ) + (am)




* E®(p) = 94E(0 (Z pj +E%%(p ) breaks rotation invariance

* The bosonic dispersion relation has leading O(a?) cut-off effects

Improvement: subtracting these, the dispersion relation is “p4-improved”

—aBE N,

Expansion of the pressure now simple: expand down ¢ , then expand log

Use dimensionless variables: x=p/T,e=FE/T

p _<p> az/ d*z 2 (x) N
T4 o T4 cont | . (27T)3 (35('0)(1') —1

. s72 1 (1 Free boson gas has leading O(a?)
= o T cut-off effects!



Free fermion gas on the lattice
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Analogous calculation, massless case starts also at O(a”)
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For Wilson fermions with finite mass, the leading correction is O(a), staggered O(a?)

Note: N; > 10 required for leading cut-off effects to dominate!



Quenched limit of QCD and Z(N) symmetry

Infinite quark masses (omitting flavour index) m — o0

Static quark propagator:

<¢g (7-7 X)&g (07 X)> = 5045 e T (T@Z foT dt Ao (Tax)) ,

On the finite T lattice:

Static QCD:
(one flavour)

Gauge transformations:

Periodic b.c.:

Action gauge invariant:

N
L(x) = H Uop(z)

o

Sstatic|U] = Sy|U| + Z (e_mNTTrL(X) + e_mNTTrLT(X))

" S[U]

Polyakov loop

Ui(z) = 9(2)Uu(2)g™ (z + f1), g(x) € SU(N)

U,r.x)=U,(t + N,.,x), g(r,x) =g(7 + N;,X)

S,[U?) = S, (U]



Topologically non-trivial gauge transformations:

Modified b.c. for trafo matrix: g (7 + N;,x) = hg'(1,x), heSU(N)
global “twist”

Uﬁ'('r +N;,X)=nh U[{'(z\'}, x)h~!  needs to be periodic for correct finite T physics!

2N

* =21 Z(N), z= expi%, nei0,1,2,...N —1} Centre of SU(N)
l J

Sg[Ug/] = S,|U] invariant: centre symmetry of pure gauge action

Note: this is not a symmetry of H, but of /1, !

Requires compact time direction with periodic b.c.; finite T!



L (x) = ¢ (L,x)L(x)g'~ (1 + N;.x) = ¢'(L,x) L(x)g'~ (L, x)h™"

TrLY = :*TrL.  Polyakov loop picks up a phase under centre transformations

Partition function in the presence of one static quark:  Zg = /DU TrL(x) e~ >alV]

(TrL) = % / DU TrL e=5¢ = % _ o—(Fg—Fo)/T

gives free energy difference of thermal YM-system with and without a static quark

Small T: Fg = ~ because of confinement *

LargeT: B — o0 Uy — 1 =

Thus Polyakov loop is non-analytic function of T *

(TrL) = 0

(IrL) — Trl = N

phase transition!

Deconfinement phase transition in YM: spontaneous breaking of Z(N) symmetry



Now add dynamical quarks:

v (z) = g(z)Y(z), U(T+ NrX)=—-¢(1,X), "l‘;":..'g, (T+ N-,x) = —hy(7,X)

needs to be anti-periodic for correct finite T physics! h =1 only

==  Centre symmetry explicitly broken by dynamical quarks!

(TrL) # 0 for all T!

== Confined and deconfined region analytically connected (only one phase!)
No need for a phase transition!



Massless QCD and chiral symmetry (continuum)

massless quarks:
S¢ invariant under global chiral transformations Ua(1) x SU(N¢)r x SU(Ny)g
spontaneous symmetry breaking: SU(Ny)p x SU(Ny)r — SU(Ny)v

=> N? —1 massless Goldstone bosons, pions

_ 1 0
. chi _ In Z
order parameter: chiral condensate (V) N, om, ™
() > 0 & symmetry broken phase, T < T,
= 0 & symmetric phase, T > 1T,

chiral transition: spontaneous restoration of global SU(N¢)r x SU(N¢)r at highT

Chiral symmetry explicitly broken by dynamical quarks, no need for phase transition!
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Physical QCD

..... breaks both chiral and Z(3) symmetry explicitly
..... but displays confinement and very light pions
® no order parameter » no phase transition necessary!

® if thereis a p.t.: are there two distinct transitions?

® if there is just one p.t.: s it related to chiral or Z(3) dynamics!?

® if there is no phase transition: how do the properties of matter change?
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Strong coupling expansion (pure gauge)

. . | 1
Wilson action: S,[U] = y: y: 3 (1 - §ReTrUp> = Z Sp  Plaquette action
p

r 1<pu<v<4

Character of rep.r: x,(U) =TrD,(U)

t N

group element  representation matrix of group element

Character expansion:  exp —S, = ¢o(3)[1 + Z drcr (8)xr(Up)]

r+0 \

dimension of rep. matrix

Expansion coefficients: combinations of modified Bessel fcns. for SU(N)

53 "
Cf=u = E +O(3%) all others can be expressed by fundamental one
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3 v T ) . 115343 . 597663 7]
f(N-,u)=— NTu c _1+12N7u + 42N u” — 5048 VU~ 503 N u
3 - 17191
2 NN [ 19Nt 4 30N — N.ub — 180N.,u7]
N- ! 256

Remarkable result:

1 _
00 = A e 00

m(ATT) = —41In u — 3u + 9u?

Glueball masses in SCE:

Y B 5
(plaquette correlators) m(ETT) = —4In u — 3u + Yu

9
m(T1+_) = —4In u+3u+ §u3

At strong coupling the QCD partition function is that of a free hadron resonance gas!
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Equation of state: ideal (non-interacting) gases

partition fcn. for one relativistic bosonic/fermionic d.o.f.:

d>p +1
InZ = V/ E In (1 + e_(E(p)_“)/T) : E(p) = \/p2 + m?
T

equation of state for g d.o.f,, two relevant limits: Stefan-Boltzmann

Relativistic Boson, m < T x (Fermion) Non-relativistic, m > T
3
2

Pr = QS—QT4 (%) Prr = g1 (?721—7?) exp(—m/T)
Cr = Q%T4 (%) Cnr = %pnr > Dnr

» Pr = 67“/37 Pnr =0
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The QCD equation of state

Task: compute free energy density or pressure

f = —gan(T,V)

=) all bulk thermodynamic properties follow:

€ — 3p d /p S €+ p dp
p:_f7 — ( )7 °

T+ T dT
Technical problem: partition function in Monte Carlo normalized to |.

=> Z,p, f notdirectly calculable,only (0} = Z~! Tr(p0O)

_ __/ e 3an(x V)

=> Integral method: T4
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modify for lattice action:  Integration along line of constant physics!

f (:3,mf) J\TS 3.mf ( 13, |:<C)lll Z> <C)hlZ> ]
T = ~\3 d/ =) — 53
T4 (Bom10) N3 Bosm o toJb] o3 T—o
oln Z olnZ
+ Z dmf —
()m om [
T=0

N.B.: lower integration constant not rigorously defined,
but exponentially suppressed

%(60) ~ ¢ ™ Hadron /T ~ ()

. . . . 1
cut-off effects in the high temperature, ideal gas limit: momenta ~ T ~ —
a

+ — +O(N-%)  (staggered)
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1 OlnZ 1
N.N3 Omy N,N?

Quantities to be calculated: 1 O0lnZ 1
N.N3 93  N.N3 Z Up ) = (=54]

For the numerical integration along lines of constant physics, need beta-functions!

Directly accessible before integration: trace anomaly

d p(T)
[(T) =T"(T) =T"- =€— 3
(T) (T) a7 i — €~ P
I(T) dT L —
o = NV ((U(—Sg) "+ dmy(dsiy) b) ,
]

I(T) djs you dmf e
T4 — —_1'7\’ ((l— — b -+ Z vah f b)
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Numerical results, pure gauge

Boyd et al., NPB 469 (1996)

|deal gas behaviour at high and low T
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Continuum extrapolation using Nt=6,8
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Flavour dependence of the equation of state

staggered p4-improved,

N, =4

Karsch et al., PLB 478 (2000)

p/T4

3 flavour
2+1 flavour
2 flavour

—

ure gauge
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Pions
( 7T2
61,5_:43:3];_1,5;13: 3% , <
21 s
(16 + 5 Ng)55 » T > T

Gluons and Quarks

more degrees of freedom, but significant interaction!

sQGP or "almost ideal’ gas....?
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Deconfinement:

Free the Quarks!!!
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Beware of cut-off effects!

Different versions of improved staggered actions:
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Taste splittings of staggered actions give
different contributions to pressure
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Equation of state for physical quark masses, continuum

Hadron resonance gas model

Karsch et al., PLB 478 (2000)
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Figure 10: The pressure normalized by T4 as a function of the temperature on N, = 6,8 and 1( Figure 9: The trace anomaly I — ¢ — 3p normalized by T* as a function of the temperature
lattices. The Stefan-Boltzmann limit psg(7T') &2 5.200 .T* is indicated by an arrow. For our highest N: = 6.8.10 and 12 lattices.

temperature 7" = 1000 MeV the pressure is almost 20% below this limit.

Budapest-Marseille-Wuppertal

Symanzik-improved gauge action, staggered quarks with stout links
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Summary Lecture I

@ Perturbation theory allows assessment of cut-off effects, but only at high T
@ In the strong coupling limit QCD reduces to hadron resonance gas

@ Equation of state accessible at physical masses in the continuum limit
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