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Why anomalous transport?
Collective motion of chiral fermions

 High-energy physics:
v Quark-gluon plasma
v Hadronic matter
v Leptons/neutrinos in Early Universe
« Condensed matter physics:
v Weyl semimetals
v Topological insulators
v qumd Hehum [G Volovnk]




Hydrodynamic approach

Classical conservation laws for chiral fermions|
« Energy and momentum
e Angular momentum

» Electric charge No. of left-handed
« Axial charge ” No. of right-handed

Hydrodynamics:
« Conservation laws

« Constitutive relations

Axial charie violates parity

New parity-violating
transport coefficients




Hydrodynamic approach

Let’s try to incorporate
Quantum Anomaly into Classical Hydrodynamics

e

2 = , o2
éitQA: > deJ:EB aﬁb.]ﬁ:g?FMUFMU

272
Now require positivity of entropy production...

BUT: anomaly term
can lead to any sign of dS/dt!!!

-

e Strong constraints on ~
parity-violating transport coefficients
[Son, Surowka ¢ 2009]

 Non-dissipativity of anomalous transport
[Banerjee,Jensen,Landsteiner’2012]




Anomalous transport: CME, CSE, CVE

Chiral Magnetic Effect | . N.e _
[Kharzeev, Warringa, g = ng B' = == gA B*
Fukushima) 2m
Chiral Separation Effect | . B i Neepy
[Son, Zhitnitsky] Ja=oav B =—5— 8
Chiral Vortical Effect 3 N.e
[Erdmenger et al., V= OvW = —— A Uy W
Teryaev, Banerjee et al.] . v o2 HAK 1
2 2 2\/
-+ z
ja =ochw = Nce Py Q'UJA | w
47 12 7

| Ori gin in Flow vortic‘i,ty

quantum anomaly!!!




Why anomalous transport

on the lattice?
1) Weyl semimetals/Top. msulators are crystals

First, let’s consider
axial anomaly
on the lattice



Warm-up: Dirac fermions in D=1+1

 Dimension of Weyl representation: 1
 Dimension of Dirac representation: 2
e Just one “Pauli matrix” = 1

Weyl Hamiltonian in D=1+1 b E(k)

H=—i[dzyt(0, —iA)) / .
Three Dirac matrices:

_ __ (01 _ (0 —i o 1 0
70 = 01 = 1 0 Y1 = 02 = i 0 V5 =03 = 0 —1

] = 0109 = 103

Dirac Hamiltonian;

H = —i [ deilo30,0




Warm-up: anomaly in D=1+1

_ 0 1
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Axial anomaly on the lattice
Axial anomaly =
= non-conservation of Weyl fermion number
BUT: number of states is fixed on the lattice???
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Anomaly on the (1+1)D lattice
-—0—0—0—0— | i | _
- — - Vs Yy ¢ = Oxy
— _?:H’/Q Z Qﬁl, (wm—l-l - ¢3:—1)| { y} . ’
_a : \ 1D minimally
w (k) = rsin (k): k € [-m, 7] ™ doubled

DOU BLER$ fermions

\

« Even number of Weyl points in the BZ
 Sum of “chiralities” =0
1D version of Fermion Doubling

Qt:l




Anomaly on the (1+1)D lattice

Let’s try “real” two-component fermlons
H = —W/QZ%UB (%H Vs 1)| '

Two chiral “Dlrac” fermions
Anomaly cancels between doublers

P

Try to remove the doublers by additional terms
H = —in /25 s (o1 — e ) + |

+ /25 $loy (2% o1 — 1)

w (k) = /K2 sin? (k) + 4p? sin* (k/2)

o ( sin(k) A (k)




Anomaly on the (1+1)D lattice
(1+1)D Wilson fermions

A)

C)

B)

_

o)

In A) anc\l/_B):
_ ([ 1/V2
v=(1va )
In C) and D):
_( 1/v2
v=( %)

Maximal mixing of chirality at BZ boundaries!!!
Now anomaly comes from the Wilson term
+ All kinds of nasty renormalizations...

A\

A /B'i

»

\ojo

S

e

es(k)—sin(k)
2es (k)

e« (k)+sin (k) )‘
2e, (k)

s (k) = 51/sin? (k) + A2 (k)




Now, finally, transport: 88
“CME” in D=1+1
w - 4

W

Right-handed Left-handed : ‘Q‘
« Excess of right-moving particles S
» EXxcess of left-moving anti-particles g 2o
3¥$-

Directed current
Not surprising - we’ve broken parity

Effect relevant for nanotubes



“CME” in D=1+1

. OF _ mologZ F=YIn(1+ePs) = €;
Jr = OA,. T OA.. Z@: ( ) e;(_‘)
. dk, O
Jo =~ ) TEaa; ke — Ac — pal =

— f d;jf sign (ky — pta)

Fixed cutoff regularization: |j, = /7

Shift of integration
variable: ZERO

UV regularization
ambiguity



Dimensional reduction: 2D axial anomaly

Polarization tensor in 2D: “N‘O‘A’”
j,u — E;LJHJVAV: AO — ?:ﬂt')
Proper regularization (vector current conserved):
1 k%8, —kuk,

11, = = T [Chen,hep-th/9902199]
Final answer:
ko

js (k) = illss (k) ps (k) = 31z 125z s (k)

» Value at ky=0, k;=0: NOT DEFINED
(without IR regulator)

* Firstk; » 0, thenk, > 0

« Otherwise zero

11401




Chirality ng vs Ys

s is not a physical quantity, just Lagrange multiplier
Chirality ns is (in principle) observable
Express everything in terms of n;
To linear order in s @
ns = €oallapegors = 13 s

Singularities of N,, cancel !!!
J3 =nsb
Note: no non-renormalization for two loops or
higher and no dimensional reduction due to 4D
gluons!!!




“CSE” in D=1+1

Right-handed

Left-handed

Excess of right-moving particles
Excess of left-moving particles

g

Directed axial current, separation of chirality

Effect relevant for nanotubes



“AME” or “CVE” for D=1+1

Single (1+1)D Weyl fermion at finite temperature T
Energy flux = momentum density

Tor = T = —itp Oy

T(Jl f L E kfﬂ Z ?jwl_k
u

<T01 fdk k‘ 1tanh(%) =

— — 7 [ dzz (tanh (3) —sign (2) +sign (z)) =

= | £5 =" + UV divergence

0

(1+1)D Weyl fermions, thermally excited states:
constant energy flux/momentum density



What happens on the lattice (naively)?

All anomalous effects cancel between doublers!!!
We need to eliminate them somehow...



“CSE” on the D=1+1 lattice
Again, (1+1)D Wilson fermions

H:(sin(k)Jr,u A (k) j

A (k) —sin (k) + p

iA =Yloszos = T

.7;,1 — QZJ,UJSw — Epuéavqﬁ = €pv v

2D magic: Axial current=charge density
(for Wilson-Dirac,no unique ja)
Chemical potential mmp axial current



“CME” on the D=1+1 lattice
Again, (1+1)D Wilson fermions

0o ( Sm(Az k) —SiﬂA(l(j)ﬁ)JrﬂA )

. (k) = s/ (sin (k) —11.4)° + A (k)

= 4 WERIE S OF __ T@logZ
Jz DA, 9A.

/\/ }_zz?::ln(l—l—e_ i)_>ez-Z<:0€

................................

) " | Constant A, = shift of k,

fdk Oe _ 1(k ) -0




“CME” on the D=1+1 lattice: IR effects
Constant current on a finite lattice:

I

Oe_1(ky)

Ok 5

CME current vs lattice size[~

st *

{04

1 | 1
10

1 | 1
an

1 1 1
30

Mixing of IR and UV
singularities
g

Typical for anomaly

1 | 1
40



Going to higher dimensions:
Landau levels for Weyl fermlons

H = —igV =
— 4 82
B Oy — Ay + (0, —iA,)

A, = By/QjAy —BSU/?I \[a’ﬂh gg} 1 [&ya &;] =1

B R (0 + Bz /2) — i (0, + By/2) \
H= ( (0, — Bx/2) + i (9, — By/2) 0z ’ ]

Qg = \/LE(% - \/E:I:/Zj Ay = %a@, - \/§y/2j




Going to higher dimensions:
Landau levels for Weyl fermions

B k. —\/B (a,,y - ia:ﬂ) _
H = ( —VB (@} +ial) —k. ) R
k.  V2BA 1 AT =
:(\/@m k. ) [A’A]_l
[ an—1) _( 0
(G ) 2t %= ()
o = £y/R2 1 2Bl co = —k-

Finite volume:

BL2

Degeneracy of every level = magnetic flux [® =
Additional operators [Wiese,Al-Hasimi, 0807. 0630]

B—a,y—l—w,mBT—&,L—i&T I[B BT} 1




LLL, the Lowest Landau Level
Lowest Landau level = 1D Weyl fermion




Anomaly in (3+1)D from (1+1)D

Parallel uniform electric and magnetic fields
The anomaly comes only from LLL

20 4 = (1D result) EBL =

2 —~
ap]ﬁl ;QF F,uy

Higher Landau W
Levels do not
contribute ks




Anomaly on (3+1)D lattice
Nielsen-Ninomiya picture:

 Minimally doubled fermions [e.g. Borici-Creutz]
« Two Dirac cones in the Brillouin zone

 For Wilson-Dirac,
anomaly again stems m !
from Wilson terms

P
VALLEYTRONICS

Line defect




Anomalous transport in (3+1)D
from (1+1)D

CME, Dirac fermions - 72?7 On the lattice

=)

j:

HA
{4 B

CSE, Dirac fermions - OK on the lattice

=)

s = a1

“AME”, Weyl fermions - 2?7 On the lattice

Jx = HJA/C‘T
ja =L

_ 7T*
(To1) = 53

=)

(Toi )

_ I g
= o1 bi




Nielsen-Ninomiya and Dirac/Weyl
semimetals

5. We assume that we have found a parity non-
invariant zero-gap semiconductors which can be simu-
lated by a Weyl fermion theory with a dispersion law
€2 =v2P? The effect analogous to the ABJ anomaty

the electric current in the presence of the magnetic
field~H 1s enough 1O comSIder one CoOMAUuCtion barc

Enhancement of electric conductivity
along magnetic field



Nielsen-Ninomiya and Dirac/Weyl semimetals

wesk endin,
PRL 105, 132001 (2010) PHYSICAL REVIEW LETTERS 24 SEPTEMBER 2010

Magnetic-Field-Induced Insulator-Conductor Transition in ST7{2}
Quenched Lattice Gauge Theory

E V. Buividovich,'* M. N. Chemodub,>** D. E. Kharzeev,”® T. Kalaydzhyan, "
E.V. Luschevskaya, '™ and M. 1. Polikarpov'

WECH Tl

PRL 111, 246603 (2013) PHYSICAL REVIEW LETTERS 13 DECEMBER 2013

Dirac versus Weyl Fermions in Topological Insulators: Adler-Bell-Jackiw Anomaly
in Transport Phenomena

Heon-Jung Kim,"* Ki-Seok Kim,**" J.-F. Wang,* M. Sasaki,” N. Satoh,” A. Ohnishi,” M. Kitaura,” M. Yang,* and L. Li*

o Longitudinal MC
——(1+CB% , + o

WAL n
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Conductance (1)
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Topological stability of Weyl points

Weyl Hamiltonian in momentum space:

|ﬁ — kig‘%

Full set of operators for 2x2 hamiltonian
Any perturbation = just shift of the Weyl point
-
Weyl point are topologically stable
Only “annihilate™ with Weyl point of another chirality

E.2. ChSB by mass term:

=5 LT




Weyl points as monopoles in
momentum space

Free Weyl Hamiltonian: H=0c-p
18410y = (11 [ D (1) Dp (1) Pexp (i [ ar (545 5) ) 1) =
— (f| [ Da (7) p(’r)Pexp< de G- p))
Vig

Unitary matrix of eigenstates:

:::slgaated non-Abelian gauge ﬂ/pT 2V,

<f|€“i_t| = | Dz (1) Dp (1)
P exp (ifd? (:f-ﬁ—l— o3| p] —I-Eikﬁk))
0



Weyl points as monopoles in

momentum space

Classical regime: neglect
off-diagonal terms in a,

spin flips =

Classical action

S = [ar (5@~ |5l — (@), - D)

(a,)11 looks like a field of Abelian monopole in

momentum space

Berry flux Pp = de-b, b= ap (@ 'p)1

Topological invariant!!! B‘
{ P
s ’ff__ il » |Fermion doubling theorem:

| £ TN e ey
; ) //f;\\ ol f \:\\

In compact Brillouin zone

only pairs of
monopole/anti-monopole



Chiral kinetic theory
[Stephanov,Son]

Classical action and
equations of motion with gauge flelds

y s il s o sy More consistent
I=f (pre+A-2—d—|p|—ap-p)d %_ijp:Xb’ is the Wigner
. p=E+&XB. | formalism
Streaming equations in phase space

VGi=p+Exb+B@p-b); |E=0TB) Anomaly =
VGp=E+PxB+UE-B). | |p=Of injection of

o oot o) _, BW particles at zero

L momentum

(level crossing)



CME and CSE in linear response theory
Anomalous current-current correlators:

A 1k, - A .
AV (k) = / diz e (A (2) 3V (0)) e

Y () = [ dtoeson (Y @)} 0))n,
Chiral Separation and Chiral Magnetic Conductivities:

. . b AT
cosg = lim lim —II ks
ks —0ko—0 kg 12 (k)

OCME — lim lim LHYQV (]{33)

L"nén L‘ﬁ—\n k"‘]
vy A auy) 'Y ;UO



Chiral Separation:
finite-temperature regularization

d?l o .
Hﬁf (k) = /Wtr ("}"M"}"sgp ! (I +k/2, uy)v,D ! (I — k/QHU»V))

Integrate out time-like loop momentum

¥

Relation to canonical formalism

“+o0 +00 5
11y (k3) =i / g /d(ﬂh)
‘ J 2ml3 J (27)?

(9 ({LV — \/(]3 + kg/?)g + Zi + ?712) —

—0 (,uv — \/(’q - F::;;/Q)2 + li + ?n,2)> ,

Al12

7

/4

NHy + /////

4

_

Virtual photon hits out fermions % % s

out of Fermi sphere...




Chiral Separation Conductivity:
analytic result

Y (k3) = — <\/u%, — m2k3—

(2m)°

Singularity

24/ i —m?2 — ks

— (2 —m?—Kk2/4) 1
(”’V m 3/ ) 0g 2\/11% ....m,g—{—k'g

Al1,2

0.08 - - . . : > :
. Ko/(2 57) =essessses T
0.07 | MAy=0.0 rverrer I 7
Mi=0.1 s / /
;:‘;, 0.05 | f | ‘2 M/ =0- /%////
2 004} y N W,
[:53 003 | fg Y .‘ "’*,,,' | Al12
I 0.02 /" o .. "M--ﬂ'«"'m-_
0.01 -/ |
0 4 : : : ' : : '
05 1 1 2 25 3 35 4
kS/l’LV




Chiral Magnetic Conductivity:
finite-temperature regularization

Y (k) = [ beTr (1D (4 k/2, 1) %D~ (1= k/2, j1a))
D (ppa) = 3 Gy (b, 11a) Py X Decomposition
e of propagators

m —ipo + pa — S|P s .
(i ) 1 and polarization tensor

in terms of
G, (p,pa) = p2+ (|p] — spa)® +m?2  chiral states

b}
nvv U‘* g 35 sqp3 — S PQ% . S,S
12 A 7)° = 2pq(p — 8'sq) -

chiralities
( — SlA ss' (g —s'pa) )
X _
\/(P - Sﬂuﬁl)g +m? \/(q - s’;,LA)Q + m?



Chiral Magnetic Conductivity:
finite-temperature regularization

A% : d’l 1
Y (k) =i [ 35 % Careful
) ( powa a—m regula‘nzatlon
\/(p—;,c_,q)z—l—mg \/(q—,uA)Q—l—mQ rGQUIFEd!!!
L 4t pa B P+ pa )
\/(Q‘|‘HA)2 +m? \/(p+fm)2+m2

* Individual contributions of chiral states are divergent
« The total is finite and coincides with CSE (upon p,= H,)
* Unusual role of the Dirac mass )

non-Fermi-liquid behavior?




Chiral Magnetic Conductivity:

still regularization
Pauli-Villars regularization
(not chiral, but simple and works well)

0.2 . -

) ——
m/ua=0. 0‘3 1xPV
m/pA_O 0,naive ----w-----
0.15 m/j.LA=0.1,na|ve
o M/pp=0.5,naive e
= m/ua=1.0,naive
X m/ppa=5.0,naive
=
> 0.1
e
=
' 0.05 i t.":':;..,_
M*"':N ST,
0 I



CME, CSE and axial anomaly
Expand anomalous correlators in py or y,:

8
gy iz’ (Ka) =0 = ~Ton* (0, ks) =

/ d4y [tz (3 @) 38 0) ) (1),

a—HW (k3) |pamo = —Tio0” (ks, —k3) =
A

= — [dty [ diz e (G (@) (0) 5 ()
VVA correlator in some special kinematics!!!

FVVA

Lt ) = [ do [ diyer i @) 5 () 37 0)):



CME, CSE and axial anomaly: IR vs UV

0 M (ks
%Hm (k3) | im0 = L% 12 (ﬂ3 1)

At fixed k3, the only scale is p
Use asymptotic expressions for k3 >> p !!!
Ward ldentities fix large-momentum behavior

Particle k

st | | Petee gl || Patek [

Y
....

 CME: -1 x classical result, CSE: zero!!!



General decomposition of VVA correlator

FW‘ (p,q) = ) (’U-’L (pza ¢, (p+ Q)z)tﬁup (p,q) + wr (Pgeqz: (p+ Q)z)twp (p,q) +
+wy” (0. (0 + ) )5 (0.q) + i (12, 6% (0 + 0)° )5 (0. 0))
teo 0:9) = — (P + @) , €uvapPals

) (0, 0) = Puv€upasPals — Gu€vpasPats — (P 4) €uvpa (P — ), —
2p-q

T 4 )P esbals (r+q),
2 9
(D 00) = (0 - )~ 2L 0+ 0), ) epwespots
i \ »T4q) /
twp (p,q) = Pr€upapPals + qu€vpasPaldp — (p-q) €pvpo (p+ Q)a :
2 2 (p+q)?) = — 2 :
s 4 independent form-factors w (P ) =~

* Only wL is constrained by axial Wis

M. Knecht et al., hep-ph/0311100]

-



Anomalous correlators vs VVA correlator
CSE: p = (0,0,0,k3), q=0, p=2, v=0, p=1mm) ZERO

CME: p = (0,0,0,k3), 9=(0,0,0,-k3), p=1, v=2, p=0

"

IR SINGULARITY

Regularization: p = k + €/2, q = -k+&/2
€ - “‘momentum” of chiral chemical potential

Time-dependent chemical potential:

2
tio = ksea wy, ((k +€¢/2)°, (k —€/2)° ?52) _ -3

3 x Ls
o th3
—T1Y,) (k3) |usm0 = —=—
a/J/A 12 ( 3) ‘,UA—O 27_‘_2



Anomalous correlators vs VVA correlator
Spatially modulated chiral chemical potential

€
i) (k5= 5) = 288

2
5 € €
t120 (lf T 5’ k — 5) = k€3

By virtue of Bose symmetry, only w*)(k?,k2,0)

Transverse form-factor
Not fixed by the anomaly



CME and axial anomaly (continued)

In addition to anomaly non-renormalization,

new (perturbative!!!) non-renormalization theorems

[M. Knecht et al., hep-ph/0311100]
[A. Vainstein, hep-ph/0212231):

{[ 7 4w )| (a9 (@ + @)?) — [wi + )] (a0 + @)% a8, qQ)}

=0
pQCD

{[*’( ) + ‘EU((I‘ )] (q%nga(‘h +92)2) I:wﬁ(? ) + w{}‘)] ((Ql +q2)21q%,q%)} — 0

pQCD

{[ 0+ o (a6 (o + @2)?) + [wi? + )] (@ +q2)2,q§,q?)} —w, (g1
pQCD

_ {Z(fhﬂn 92) (+)((

Q1 1

+ @)’ a,4q1)

N
a+ @) e q) - 2852w (o + @) 6, ‘h)}
q pQCD

Valid only for massless QCD!!!




CME and axial anomaly (continued)
Special limit: p?=qg?

(+) 2 2 (+)¢p2 22 2
5 w ek +'w €2, k%, k wy (k% k%, €7) =0,
wy? (k% k2, €%) — w; ( K2 k) =0, r (€ ) ( o - (- )( " }12)
UJT( kz A2) =B TfT ( kZ k2) . ( ) ?1 T ( ) + HJT ((:(_Ij) N ) —_— 0
+ 2 2 1.2 .2
wi? (K2, K, 2)+uT ( ) i (¢ ,/132./132) wy” (¢%,K%, k%) + i (2,82, 1%) + wy” (2, K2, €2)
2 2 2;1 — € +) 5 : . 2
+L2'u g.j') (€2, k2, k?) + k. '”:r o) (®, k2, k%) = ~5 +6—2wgﬂ (A,Q, k2, 62) =—7

Six equations for four unknowns... Solution:

(+) (kQ k2. e ) _ wgf) (eQ,kQ,kz) _ _214;224_ >

we ) (€2, k%, k%) = wp (2, k%, k2) =0

0 1.

(+) 2 1.2 o 1 %
(k k 0) e aM—AHu (K3) [pa=0 = =55

Might be subject to NP corrections due to ChSB!!!



Fermi surface singularity
Almost correct, but what is at small p;2??

Particles Anti-particles

- k
Particle .z Particle
Photon, 'y///// Phot._c_n_r]____._ _______
Anti-cle ; é Antl-_P_:-:allpﬁcle \
:/ o : %A > Pea :; -
V/ ' /
@ kF . J
%}/

Full phase space is available only at |p|>2|kg]



Chiral fermions on the lattice:
Ginsparg-Wilson relation

e Assume chirally invariant

action g ((;5? qb) — S (d_)ei%gj e‘i%gqgj
at some very fine physical scale

e Construct “blocked variables” yp

exp (=S (Y, Pn)) =
= [D¢Deexp <—a2 (% — fd%qs) (% - dexqb) — S (o, gb)J

« Change variables to (0 is infinitely small)
b, — Y€ % Py — €750y,

 Assume |S (v,9) =YDy

[Picture by G. Bergner]



e~ AP Lied{y hiy]= f_[l_p;'e[{ﬁ—&}{'ys a}(¢-¢l]¢xp[—{E—J}aflp—t;ﬁ)'—AI(tﬁsaJ] |
= l-—ze—a"liysa} -1 = If'ﬂexp[ —(p—@a(p—¢d)— A ($,d)]

_‘___-_ -1y 9 |, —4A9
- -1 tea'p{y’,a ’}aa}e g L

e ge {1 h e~ =ich (1,0~ e~

—Fhy_ O Py
Q{Ihf.' a¢€ Lo

Gmsparg-WIIson relation [1982]
{15, D} = 2Dys50 "5
Usually a = 1 in lattice units




Overlap Dirac operator
[Neuberger’1998]

Dov (v) = 1 + vyssign (v5Dw (1v))

sign (H) = Zsign (Re ;) [Ri)(Ls|, || HIRD = AilRi),  (Li| H = AilLi]

Lattice chiral symmetry: Lischer transformations
[5DO‘U T Z [1 O’U/Z 5627559 O‘U]zy _l_

+ Z O’U Tz 59275 [%ov/z 2y

These factors encode the anomaly
(nontrivial Jacobian)



Weyl fermions on the lattice?
Continuum index theorem
ng —np = Irvy; = # fd‘la:FWﬁ’w
Lattice index theorem
ng —nr = Trys(1 — D,,) = Trsign (75Dy)
Define the new gammab and “chiral states”
Y5 = slgn (752)‘10) ; ’7.':'? =1 s Iwn,ﬂ:) — L |¢n,:|:>‘
“Weyl operator” on the lattice [Luscher]

Duweyt = (¥n.— | Doy |G+ —> Eigenstates of gammas
Path integral with Weyl fermions

Z = fdng# det (Dwey;)e_SYM

¥n+) = L Unn [¥n+), U €U (V/2}e— Phase ambiguity!!!




Dirac operator with axial gauge fields

First consider coupling to axial gauge field:

. 9Dou [V, A,
Jou ™ 9,

Assume local invariance under e 0DV, A,] €50 =
modified chiral transformations =D [V, A, + 9,.6]
| Kikukawa, Yamada, hep-lat/9808026]:

e =D s (1 — F5) by 0w = Dothy (1= 2g2) 50
Y Y

Require 05 =0 (&Dw?ﬁ) — Z &mam,pj5m,u

ODou [V, Aul  O0Dow |V, AL
3141,?” - = avmf; =5 (1 — D{}‘U)

(Integrable) equation for D, !!!



Overlap fermions with axial gauge fields
and chiral chemical potential

We require that Liischer transformations generate
gauge transformations of A, (x)

— -
0A, (z) ~ov Vi (2), Ay ()] =

= 572 Dov [V (%) , Ay (2)] 15 (1 = Doy [Viu (), Ay (2)])

Linear equations for “projected” overlap or

propagator
1 _ 9
aA”(m)D — T 9V, (m)pov 5
0 1 —__0 p
0A, (x) “ov — BV, (x) “ov 5
D, |9 %

_ 2D, | D —
Dov— 24D DO‘U 2D, .




Overlap fermions with axial gauge fields

and chiral chemical potential: solutions
Dirac operator with axial gauge field
D [V#,A | =P D[V, + AP+

ov

+P_D, [V, — Aﬁ]P++1/2

Dov [Vp,g,A ] P_ D [V +AM]P++
+ P Doy Vv, — A, P_
Dirac operator with chiral chemical potential

f)oy (ﬂ’Va ﬂ’A) — ’P—f)ov (/J’V + /J’A) P+ +
+ P+Dov (N’V _ /JJA) P_

* Only implicit definition (so far)

Hermitean kernel (at zero pV) = Sign() of what???
Potentially, no sign problem in simulations




Current-current correlators on the lattice

“= /dgm,udet (D [gm,ua Aa’:,#a Vfc,u])Nf e~ SYMlga.ul

VOV o\ m2a—1aV aV
(Jaudyw) = T°277°0y,0; .2

A 2V o\ _ p22—-19V A
<3$?#3’y=v) =172 ay;vafcﬁﬁz

Ve, n=0"

Vmaﬂio’AmHu':o '

(Jgdyy) =—T*Ns(Tr (D710, , DD~ '8, ,D))
+ T2 Ny (Tr (D10, 0y ,D))

Consistent currents!Natural definition:charge transfer

Axial vertex: 92 D, = 9; , Doyy5(1 — Do)



Derivatives of overlap
In terms of kernel spectrum + derivatives of kernel:
B D=
¥ Vs | Ri)(Li 335:;17{ |Rj><le (si — ;)

N A T s\
17 4

Numerically impossible for arbitrary background...
Krylov subspace methods? Work in progress...

Derivatives of GW/inverse GW projection:

2 - 2
0y, Dow = — 3y Doe —=
* 24 Dyy 2+ Doy

~ 2
Oz Dov

),
- 0¥ D,
Yo Dy T VG D



Chiral Magnetic Conductivity with overlap
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At small momenta, agreement with PV regularization



Chiral Vortical Effect

Linear response of currents to “slow” rotation:

(W?T:ﬂz\ O'%/}*———- h 0]{; (JVT0y>

[ﬂuﬁ]
rw 0 2 0 O-jﬁ)l:kl Oki(inTQU)
\ 0 0 0 1) L o /
/
.y Nee In terms of correlators
Jv =0y = o5 PA RV Subject to
PT corrections!!!
jAzavsze M‘Q/ 'u‘%l'Tz ’UJZ/
A ‘ Ar2 12

Coriolis force = axial gauge field



Lattice studies of CVE

A naive method [Yamamoto, 1303.6292]:
e Analytic continuation of rotating frame metric
e Lattice simulations with distorted lattice
» Physical interpretation is unclear!!!
e By virtue of Hopf theorem:
only vortex-anti-vortex pairs allowed on torus!!!

More advanced method

[Landsteiner, Chernodub & ITEP Lattice, 1303.6266]):
e Axial magnetic field = source for axial current

* Ty, = Energy flow along axial m.f.

Measure energy flow in the background axial
magnetic field



Lattice studies of CVE

First lattice calculations: ~ 0.05 x theory prediction
* Non-conserved energy-momentum tensor
* Constant axial field mmp not quite a linear response

For CME: completely wrong results!!!...
Is this also the case for CVE?

Check by a direct calculation, use free overla

1/T=4 —e—
| 1/T=5 ——
1/T=6 —v
1/T=7 ——
T 1/T=8 —e—
1/T=9 —=—
- 1/T=10 —e—
1/T=12 —e—

2
12/T2 Jg/Bs

— )] w EES (&) D ~ o)
T T T

N
"
T 3
T
vV
1 1
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1L

2
12/T2 /By

12
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Constant axial magnetic field

D m a,V,[+B]\ _ m iko + 03ks — 102V, [+ B]
~ \ alV,[-B] m ~ \ iko — 03k3 + i0*V , [— B] m '

v, — iko + ks —iv2BAT
L=\ iv2BA  ikg — ks

ot — —iko + ks —iv2BC

B\ iV2BCT —iky — ks

v, vt — ki +k2+2BATCT  iv2B (ko + k3) (AT—C))
LYRT\ VB (iko — k3) (Ct —4) k2 +k2+2BAC




Chiral Vortical Effect from shifted
boundary conditions

Conserved lattice energy-momentum tensor:
not known
How the situation can be improved, probably?
Momentum from shifted BC [H.Meyer, 1011.2727]

\ o /

(&,7+8) =40 (F+E7) || Z = Z(exp (iP-E))

We can get total conserved momentum

Momentum density

=(?)
Energy flow



Overlap and other chiral Hamiltonians in (1+1)D

Overlap Hamiltonian [Creutz, Horvath, Neuberger]

e Continuous time

« Space-like lattice

« Space-like Overlap Dirac operator and the
Hamiltonian

(0) — Dy,
S (1 C

3
DEP) = _p 4 3 (2sin? (&) + i sin (k)
1=1

« Left and right projectors from y. and sign(D,,>°)
1D Weyl Hamiltonian hweyt = (U] b |@),

1—sign (DSD))
2 )

P, =

P; = 1—2’)/5




Overlap and other chiral Hamiltonians in (1+1)D

Dispersion relation

Periodicity violated!!!



Lattice CVE in (1+1)D from Shifted BC

Spatial shift = total momentum

(o, 7+ )= (2 Aj’f)‘

I —

w(m—kL,T) :QP(I:T)
2, w=2nT (n+1/2) +kAT, §x = kT

Temporal shift = energy flux

V(z, 7+ B) = (:I:,,’w
Y (x+ L, 7) =9 (x, 7+A)

k:2?rm,w&

T+, w=2rT(n+1/2),




Lattice CVE in (1+1)D from Shifted BC
(1+1)D partition function

Z = ;zk:log (w — i€ (k))l

Momentum density from spatial shift

Z Z w— Zﬁ(k) @.& Z Z w— %E(k) o

) c(k €
:Zk:?k tanh (%) Z‘wiie — ﬁtanh (ﬁ1

w

Energy flux from temporal shift

6
-5 ot

=22
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3 Oe(k) 9k __ —w/L Oe(k) __
w—ie(k) 3(k) oA Z Z w—‘iﬁ/(k) a(k)

Oe(k e(k
66) g (<42)




Lattice CVE in (1+1)D from Shifted BC - momentum
Weyl-Overlap Hamiltonian
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Conclusions

Lattice anomaly: closely related to doubling problem
And so is the anomalous transport

S:trong IR sensitivity of anomalous transport

Anomalous transport coefficients: proper definition
in linear response theory, constant fields not so nice

Overlap fermions good for CME and CSE
For CVE we need Weyl lattice fermions,
A very difficult problem + IR sensitivity

Open problems for the lattice:
Anomalous transport and SChSB [1408.4573]
Radiative QED-like corrections (cond-mat!!!)
[1304.4606,1307.3234,1407.3282,1408.4573)




