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Investigating the internal structure of the nucleon

magnetic moments of proton and neutron are not those of a (struc-
tureless) Dirac particle
Nobel prize 1943 (Stern)

finite radius (=~ 0.86 fm), electromagnetic form factors, charge distri-
bution
Nobel prize 1961 (Hofstadter)

deep inelastic scattering (DIS): scaling — pointlike free constituents
(partons)
Nobel prize 1990 (Friedman, Kendall, Taylor)

quark model: proton as a uud bound state

scaling violations in DIS: QCD — the (asymptotically free) quantum
field theory of quarks and gluons
Nobel prize 2004 (Gross, Politzer, Wilczek)
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long term goal: structure of hadrons from QCD
nonperturbative problem

R.P. Feynman:

Now we were in a position that’'s different in history than any other time in physics, that’s
always different. We have a theory, a complete and definite theory of all these hadrons, and
we have an enormous number of experiments and lots and lots of details, so why can’'t we
test the theory right away to find out whether it’s right or wrong? Because what we have to
do is calculate the consequences of the theory. If the theory is right, what should happen,
and has that happened? Well, this time the difficulty is in the first step. If the theory is right,
what should happen is very hard to figure out. The mathematics needed to figure out what
the consequences of this theory are have turned out to be, at the present time, insuperably
difficult. At the present time—all right? And therefore it's obvious what my problem is—my
problem is to try to develop a way of getting numbers out of this theory, to test it really carefully,
not just qualitatively, to see if it might give the right result.

The pleasure of finding things out

approach from first principles: lattice QCD




Topics

Prelude: pion decay constant
detailed description of (elementary) techniques and relations

Hadron structure on the lattice (general remarks)

How to describe the internal structure of a hadron?

Distribution amplitude of the pion

Distribution amplitude of the nucleon

Nucleon structure functions (parton distribution functions in the nucleon)

Evaluation of matrix elements of local operators between nucleon states

needed for (generalised) parton distribution functions

— How are the required three-point functions computed?

— How are the desired matrix elements extracted from the three-point functions?

Electromagnetic form factors of the nucleon (mostly results)
Generalised parton distributions (GPDs) (formalism)

Lattice results for GPDs: distributions in impact parameter space
Lattice results for GPDs: transverse spin structure

Lattice results for GPDs: quark angular momentum in the nucleon
Renormalisation of composite operators

Disconnected contributions




e subjective selection of topics biased by own work
e only few references given (far from complete!)
e more emphasis on (fundamental) techniques than on results

general reference: Ph. Hagler, Phys. Rep. 490 (2010) 49 [arXiv:0912.5483]
Note

impossible to describe all the technical tricks needed in a state-of-the-art calculation ...




Systematic problems

bare lattice results —- — — value to be compared with experiment

renormalisation (and mixing)
— dependence on renormalisation scale p
perturbative <> nonperturbative

projection onto the desired state
excited states sufficiently suppressed?

finite size effects
volume large enough?

chiral extrapolation (in m,)
quark masses in the simulations larger than
in reality

continuum extrapolation
lattice spacing small enough?
physical value of the lattice spacing?

chiral perturbation theory
if applicable




Prelude: pion decay constant
our lattice: spacing a, time extent L; = aNV;, spatial extent L, = alN;

what can be computed: correlation functions of (gauge invariant) observables Oy, ..., O,
(“operators”) in (Euclidean) time

(O1(t1) ... Op(tn)) (t1 >ty > ... >ty

representation as a trace in the Hilbert space H of the theory (for n = 2)

1 N A A A A
<Ol(t1 = akl)OQ(tQ = ak2)> = ETI’ SNf_k10lSk1_k2OgSk2

e Z =TrS™ (partition function)
e O;: operators in H corresponding to the fields O;(t)

e S: transfer matrix, positive definite, selfadjoint, bounded operator in 4
(for Wilson fermions and the standard one-plaquette gauge action)

boundary conditions in Euclidean time: periodic for boson fields
antiperiodic for fermion fields




t1
S
1 . " .
(O1(t1)Os(ts)) = 7 Tr St—t)/ay, Sthi—t)/a), Gta/a 3
transfer matrix .S 3
evolution over one time step in Euclidean time
t S
to

define a Hamilton operator H by S = ¢—H@
compare with the Minkowski space expression (Heisenberg picture)

(0[O1(t1)Os(t)[0) = (0] 110y (0)e~ 1162 O5(0)eH%2[0) = (0O, (0)e 1= O4(0)[0) (£]0) = 0)
— S replaces the (unitary) Minkowski time evolution operator

finite volume: spectrum of & and S discrete

L; — oo (temp. — 0): different boundary conditions possible, e.g., open boundary conditions




|v): complete set of eigenstates of S (energy eigenstates)
W) =6, , Sy =e )y =e Py | Ey< B <E<
states in “lattice (finite volume) normalisation”!

= 7= 8% = T b = S e ) = T

14

In the limit L, — oo only the state |0) with lowest energy (vacuum) survives, choose FE, = 0.
= Z = 1 in this limit (always assumed in the following)

Similarly for correlation functions:

1 . L .
<01(t1>02(t2)> = ?Tl" e_(Lt_tl)HO e_(tl_tQ)HO e_tQH
= D PO e Ol

—Ze ) (] O ) B (1| Oy )

depend on t; — t, only (invariance under translations in time)




without loss of generality ¢, = ¢, t, = 0:

1 A A A A
(O1(1)0:(0)) = — T o OOy =y e BT (| O |v)e B (0] O i)

T

tiixed, L o0:  (O1(000)) = 3 (0[01y) (v]Oafo)e 5

14

t — oo (t large): vacuum and the lowest (one-particle) state(s) coupling to O, dominate

(O1(t)02(0)) = (0]01]0)(0]O2[0) +(0]O1[1){1]|O|0)e 17 +
often 0

O, creates the particle from the vacuum, @, annihilates it
related to physical quantities: energies and matrix elements between energy eigenstates

contributing states are those “coupling to the chosen operators O;” (restricted by symmetries)

energies (masses) from eigenvalues of the transfer matrix
— independent of the operators (within a symmetry sector)

note: L, —tfixed, Ly — oo (O1(t)O02(0)) = Y (uO1]0)(0]Oa|pye b=

i

10



(O)O(0)) = Ae F! + Ae ELt=t) — 9 e ELt/2 cosh (E(t — Ly /2))

—myt

—mg(Ly—t)

e e
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pion propagator with single-cosh fit
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example: pion decay constant f, “wave function” at the origin in position space
determines the rate of the decay =™ — u" v,

definition in Minkowski space (and for renormalised operator):
(01d(0)7, "5 u(0) |7 (p))e = 1 faps

in particular: (01d(0)y v (0) |7 (p))e = ifepo = ifrEr(p)

experiment: f, ~ 131MeV beware of factor /2!

|7+ (p))e: # with momentum p in continuum (infinite volume) normalisation
phase such that f; real and positive

remember: (O4(1)05(0)) = (0]04]1)(1]Osf0ye 51" +

needed:

e field O, representing the nonsinglet axial-vector current in Euclidean space
e interpolating field O, “creating” a == from the vacuum
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take

e nonsinglet axial-vector current (in Euclidean space), e.g.

1(p,t) =a’ Z TP (@) (a5 sty () (no smearing!)
x, 4=t (extension fixed in lattice units)

e operator creating = (p) from the vacuum, e.g., the nonsinglet pseudoscalar density

Os(p,t) = —a® > Xl ()(75)apd}(x) (smearing allowed)
) x, T4=t (extension fixed in physical units)
suchthat  Os(p) = Oy(p)!  with  Oa(p,t) =a® Y e P*d(x)(75)apuls(z)
T, x4=t
7, 7,.... colour indices
a, 3, . ... Dirac (spin) indices

for these operators: (0|0 (p)|0) = (0]Os(p)|0) = 0

.. . 2T nj:()aly"'aN9_1
volume finite — momenta discrete: p; = 7 or
S

for periodic boundary conditions in space n; = —%NS +1, —%NS +2,..., %Ns
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for these operators:

(01 (p, )Ds(p, 0)) = (0|O1(p)|1)(1]Da(p)|0)e B + - -
= (0|01 (p) |7t (p)) (1" (p)|Os(p)T]|0)eEr P ...

normalisation on a finite lattice: (7 (p)|7"(q)) = dp q

normalisation in the infinite volume (continuum): (7" (p)|7(q))c = 2E:(p)(27)35(p — q)

hence |77 (p)). = v/L? - 2E.(p)|="(p)) and

(O1(p:1)Oa(p. 0)) = 75 zlEﬂ(p) (0]O1(p) |7 (p))c (0] Oa(p) 7 (p)): e ErPI 4.

operators are integrals (sums) of local densities: (’) =a’ Z —IPXO(x

14



using  O(p) =a®>» e P*O(x)

invariance under spatial translations = (0|O(x)|7* (p)) = (0|O(x = 0)|x*(p))eP™

= (0|O(p)|7*(p)) =’ Y _ e PX(0|O(x)|7*(p))

X

= a®) (0]0(x = 0)|7* (p)) = L}{0|O(x = 0)|7*(p))

X

hence we get from

(O1(p, 0P, 0) = 555 5 1O (P ()01 Oa(p) () e P -
the result
(O1(p, 1) O (p, 0)) = QEZ(I)) (0[O (x = 0)|7(P))e(0|Os(x = 0)|rt (p))F e ErP)F 4 ...

choosing p = O:

1 _
L_§<Ol<p =0,1)Ox(p = 0,0)) = 2m7r

(0]O1(x = 0)|7)e(0]|Og(x = 0) 7 ): e - -
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remembering that O, + Ay, Oy < P:

(01D = 0.02(p = 0,0)) = - (0]01(x = 0] ) (0]Os(x = O ¢ -
S ) A(Ay, P) ’
similarly:
i((’)g(p =0,t)0y(p=0,0)) = 1 <O]@2(X — ). 2 et 4= A(P, P)e"w ...

L3 2.,

S

These 2-point functions are real, choose the phase of |7"). such that (0|O;(x = 0)|x"). is real
and positive:

AALP) 1 [(0]Oi(x = 0)lm™).] (0]Oa(x = 0)r*)| 1 (0|0 (x = 0)]7 ).
VAP, P)  Vimg [{01O2(x = 0)[7 )| V 20y

7 . = renormalisation factor of the axial-vector current, i.e., of O;:

2 AADN L g 004(x = 0, = Lzt

VA(P, P) 2m 2my
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note: explicit breaking of the chiral symmetry for Wilson-like fermions = 7, # 1
for Ginsparg-Wilson fermions: Z, =1

to be evaluated in a Monte Carlo simulation:

(01(p,1)O2(p, 0)) = —a® 35 e PN d(2)ypysu(z) y)rsd(y))

T, xa=t
Y, Ya=0 . . ,
= —a" )y Py )as(5) e (dh(x)ul() @l (y)dy(y))
T, x4=t
Y, yf 0
= —L3a® > X (p3)an (95 (A () () ), (0) (0)
T, Tp=t
= L3a® Y e P (un5)an(s ) (Gul, 0), Gal0, )5,
z, xq=t integration over the gauge fields only
= L3a® Z *(trpc 475G u(z, 0)75Ga(0, 2))
T, TA=t
\\\\~>-— ,//
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~vs hermiticity of the lattice Dirac operator: G,(0, ) = 5G,(x, 0)'7s

<Ol (pv t)@g(}), O)> — Lga?) Z e—ip-x <trDC 7475GU(337 0)75Gd(07 33))9

T, x4=t

= Lla® Y e X (trpe 15 Gl 0)7575Gal, 0) 1)

T, Tp=1

—L3a® Y e P (trpe Gz, 0)Ga(, 0)1),

T, x4=t

a single source point is sufficient!
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Hadron structure on the lattice

main steps:
¢ find out which quantities contain information about hadron structure, e.g. fx

o express these quantities (if possible!) in terms of matrix elements of local operators
g. (Oldyy'ys ulm ™ (p))e = i fapy

e relate hadron matrix elements and Euclidean correlation functions (transfer matrix!)

e.g. (01(p,1)0a(p,0)) = (0]O1(p) |7 (p)) {7 ()| Oa(p) |0)e~F7P) 4 ..
interpolating fields for creating particles and operators to be studied

e compute Euclidean n-point functions within a Monte Carlo simulation, i.e., on given gauge
field configurations
6.9- (01(p,1)0x(p, 0) = —a® 3 | e ¥ d(z)yisulw) u(y)sd(y)) =

T, x4=t
Y, 9420
expressed in terms of quark propagators

computational effort: quark propagators and contractions

e renormalise the local operators on the lattice e.g. compute 74
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How to describe the internal structure of a hadron?

hydrogen atom: proton + electron proton: 3 valence quarks
+ 1, 2, ...quark-antiquark pairs
+1,2,...gluons

nonrelativistic quantum mechanics quantum field theory

wave functions distribution amplitudes,
(generalised) parton distributions, ...

distribution amplitudes (DAs) (of leading twist)
describe hadrons in terms of valence quark Fock states at small transverse separation

— (semi)exclusive processes

generalised parton distributions (GPDs)
encode information from, e.g., lepton-nucleon scattering experiments

exclusive: electromagnetic
form factors (FFs)

N\
/!

generalised parton distributions

inclusive:  structure functions
parton densities
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Distribution amplitude of the pion

description in terms of pion-to-vacuum matrix elements (in Minkowski space)

(Old(=2)7,75' =2, Ju(2)|7 (p))e = Lfzpp /1d€ P, )

T T
Wilson line distribution amplitude
z,: light-like vector (2% = 0) f: pion decay constant 1: renormalisation scale
_ 1
e %(1 +¢) fraction of the momentum carried by the qugrk
l—2=35(1-¢) antiquark
1

normalisation: / dé p(€, u?) = 1

—1

L . 3

expansion in terms of Gegenbauer polynomials: ¢(&, %) = (1 + Zan 2HC32(¢) )

= ( for odd n in case of exact |sosp|n symmetry

asymptotically: ¢(&, > — oo) = 2(1 — &%)

21



1
moments (¢")(u*) = | d€€"o(€. i
-1
are related to pion-to-vacuum matrix elements of local (renormalised) operators:

N7, M, M pue P + : n
<O|1 d(0)75 V(MODMI s Dun)u(0)|7r (p)>c - _1f7rp(u0 - Duy) <£ >

—

> —
D,=D,-D, (---): symmetrisation of all indices and subtraction of traces

example (n = 1): O = 50, + 30, — 19 Y _ O
A

matrix elements  (0O|local operator|z*(p)) in principle accessible on the lattice
compare computation of f;

. 7
relation to the Gegenbauer moments a,: ay = 5 (5(€*) — 1) etc.

QCDSF, Phys. Rev. D74 (2006) 074501 :
mild dependence of the MC data on quark mass and lattice spacing

(EHNMS (12 = 4GeV?) = 0.269(39) > (M) agymptotic = 0.2 = ag(p> = 4GeV?) = 0.201(114)

consistent with QCD sum rule estimates
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plot 66, 1%) = (1~ €) (14 aa(uA)CY(©) + s (1 = 4GeV?)

1 T 1
0.8 4 08 -
0.6 4 06 -
E E
04 E 0.4
0.2 4 02+
01 0.8 0.6 0.4 0.2 0 0.2 OI.4 0.6 0.8 1 01 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8
§ §
0.201 —0.114 < ap < 0.201 +0.114, a4 =0 as = 0.201, —0.15 < a4y < —0.05

“double hump structure”

preliminary results from RQCD point towards a smaller value of a,
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Experimental information:

measurement of the vv* — 7V transition form factor

vv* — 7’ described by one form factor F'((Q?)
— differential cross section for 7V production

perturbative QCD:
transition form factor £'(Q?) = convolution of a hard scattering amplitude (vy* — ¢q)
with the pion DA o(x, Q?) = 2¢(22 — 1, Q?)

: N | @oe
QF(Q) = @f” /O djso(x,@%w(as)w( g‘;D) Ve,

24



recent measurements: BABAR Collaboration

o o
N o w
133 w 3]

Q?|F(Q?)| (GeV)

o
N

0.15 |

01 |

0.05

Belle Collaboration

— fit(A)
— fit(B)

0 10 20 30

Q? (GeV?)

40

(Phys. Rev. D80 (2009) 052002)
(Phys. Rev. D86 (2012) 092007)

— \/2f. (asymptotic value)

BABAR data inconsistent with expected asymptotic behaviour?
can (only?) be described by an essentially flat (no zeros at the endpoints) DA

more accurate lattice results desirable!

difficult to get...
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Distribution amplitude of the nucleon
describes the nucleon in terms of valence quark Fock states at small transverse separation
leading twist: p(z1, xa, 23, °)
z;: longitudinal momentum fraction carried by the i-th quark (0 < z; <1, > . z; = 1)

proton state:

p, 1) = fu / P 21_25\/1_;22)“’(%) (! (@) ut(22)d! (23)) — |ul (@1)d (@2)u' (23)) )

w2)d' (w3)) — |u' (z1)d"(z2)u’ (23)) }

iL'
_ d ! ) b
= fn / 7] 24xxx {lu!(z)u'(
[dz] = dzydeedas (1 — 21 — 29 — 3) arrows indicate the helicities

fn: normalisation constant (“wave function” at the origin in position space)

/[dx] (a1, T, 23) =1

DA related to hard (semi)exclusive processes
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for example: magnetic form factor G,;(Q*) (measured in elastic electron-nucleon scattering)
= convolution of a hard scattering kernel h(z;, y;, Q) with the nucleon DA

for very large Q% = —¢°

CulQ?) = 2 / da] / Ayl & (1, @) bl s @) ol Q)

QO(ZUZ‘, Q2)

27



similar to the case of the pion DA:

moments of ¢

)

matrix elements of three-quark operators between the vacuum and a nucleon state

!

two-point functions on the lattice

however, several complications as compared to the pion:

e three-quark operators instead of quark-antiquark operators

e three types of distribution amplitudes
can be expressed in terms of a single amplitude ¢ due to symmetries

e distribution amplitudes depend on three momentum fractions z, xo, x3 with 1 + 29+ 23 =1

nucleon spin
operators have explicit spin index

e interpolating fields for baryons couple to both parities

— more detailed look at nucleon two-point functions
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interpolating field for a proton (neutron by interchanging « and d)

.(t,p) = a’ o el (2)ul(2) (O 5) gy dE ()
x%:t SRt e with CyTC1 = v, «

By(t,p) = —a® Y o eudy () (1:C) sy (x) ()

T, xa=t

two-point function with quark fields integrated out:

(Ba(t,p)Bs(0,p)) = —a’ Z Z e PV esjrer i (C™15)wrar (15C)
:r4 t y4:0

X <Gd($, y)g;;ﬁ/ (G (ZU y) /5” G (ZU y)% Gu(xa y)gﬁ// GU(:UD y)ijﬁ) >g

= —Li’a3 Z e_ip'XEZ'jkEi/j/k/(O_l’%) / //(’)/50)5/5//
Tq=1

< (G, 0)y (Gl 01y Gl 02, = G, 001 G, 01, ) )

pictorially: " /:\@ 0
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projection on (positive) parity for p = 0:

IS " (14 9) 40 (Balt,0)B5(0,0)) = > (0] (%(1 + %)3(0))
o

v,x

DO —

(1)) [0)e

«

vyl (B(O)

«

10) (0] <§(O)%(1 + 74)) ye Br(Eit)

« «

+ 30 (30 +)B(0)

first sum second sum
unless
-B---]0) =0 e B ]0) =0
parity +1 +1
baryon number +1 —1
lowest antiparticle
energy eigenstate proton of (excited proton
in the sum with parity -1)
excited proton with negative parity identified with the N(1535) S;; resonance N(1650)?

— results for states of negative parity come automatically along with the nucleon results
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(logarithm of the absolute value of the) nucleon 2-point function:

-20
22 L

24 +

-26

-28 +

230 +

32 +

-36 +

-38 +

nucleon (N) and its (backward propagating) parity partner N*

10

20

30
t/a

2 flavours, B = 5.29, k = 0.13632, 40° x 64 lattice

40

50

60

m. ~ 290 MeV, a ~ 0.07fm
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one-particle (one-proton) states: IN,p, o) = /2L3 Ex(p)|N, p, o)

with ¢ = 3 (3-component of the nucleon spin if p = 0)

nucleon operators:

Bu(p)=a®Y e P*B,(x) , Bs(p)=a>Y P> By(x)

assume (up to lattice artefacts)

(0| B,(x) IN,p, = /Z(p)Us(N,p,0
(N, p,a\BB =/ U (N,p,o

e /(p) dimensionful
e momentum dependence of Z(p) due to smeared sources

normalisation of the Dirac spinors:

U(N,p, O')U(N, p,0’) = 2my gy

Z Ua(N,p,0)Us(N,p,0) = (Ex(P)ys — 1P - ¥ + 1mx),

1px
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Oaﬁ (t; p) =

(Ba(t, p)Bs(0

)HBQ(X)e_tHEﬁ(X =

0)

L3 SZ Tre

for L; — oo and large t (keeping only the groundstate)

in particular:

= L} Z(p) (Ex(p)ys — ip - ¥ + muy)

FﬂaCaﬁ (t; p) —

tr

L3Z 0| Ba(x

=L} Z(p) Y Uu(N,p,0)Us(N,p,0)

N[

(1 +74) (En(p)y4

3(1+74)3aCas(t; P)

0)|N,p,0)c (N, p,o|Bs(x =

e_EN(p)t

2EN(p)

Tre—LtH

e_EN<p)t

7 2EN(p)

L} Z(p)tr(T (Ex(p)ya—ip -y +my))

e_EN(p)t

2Ex(p)

—ip-v+ mN)) =2(my + En(p))

my + EN(p

= L. Z(p) Fxp)

) o~ En(p)t
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back to the nucleon DA!
three typeS of DAs: V(il?l, To, $3), A(l‘l, X9, 513'3), T(xl, To, 333)

due to symmetries expressible in terms of (1, x2, x3) = V (21, T2, x3) — A(21, T2, 3)

1
moments /™" :/ [da] 2 al'a? oz, T, 3)

0
related to matrix elements of local three-quark operators between the vacuum and the nucleon
can be extracted from two-point functions

basic correlation function:

(eije[Day - - - Da(@)][Dyy - - Dy ul@)]}[ Dy - .. Dy, d(x)]

projection on momentum p:

(t,p)=a’ Y ¢ PXO(x) = O (p)=d’) ¢ P*O(x)

T, x4=t

7: spin index
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two-point function in terms of matrix elements:

(O,(t,p)B; L?’Z 0|0, (x = 0)|N, p, ) (N, p, | Bx(x = 0)[0)

3 \/7 oy
=L 2EN(p Z (0|0, (x = 0)|N, p,0). Up(N,p,0) e EnP
matrix elements «» moments ™"

<0‘@QV’N7P7 > OCngplmn --Ua(N,p,U)

Z(p): .
from the nucleon propagator  1(1 + 74)3aCas(t; P) = L? Z(p) mNEJf (pf; (p) o~ En(p)t
N

(A1 +70)50(Oult, p) B3 (0, p)))°
11+ 74)5aCas(t; P)

alternatively ratios like (Z(p) drops out!)

or combined fits or . ..
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“packward propagating” states in the nucleon 2-point function:
parity partners (IN*) of the nucleon (N(1535), N(1650), ...)

— results for N and N* from the same correlation functions
different interpolators — distinguish N(1535) and N(1650)  difficult!

recent results: V.M. Braun et al., Phys. Rev. D89 (2014) 094511 [arXiv:1403.4189]
tentative identification of two negative parity states:

N*(15357) N(1535)
N*(16507) N(1650) contaminated by nucleon-pion scattering states
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physical point

stars:
crosses: (=529 (a=0.071fm)

circles: B =540 (a = 0.060fm)

)
P 8=520 (a=0.081fm)

s . | | |
P = curves: chiral extrapolation
(chiral perturbation theory)

10° fn/GeV?

o

N*(16507)  fa= = fx

N*(15357)  fae < fy

0.10 0.15 0.20
m2/GeV?

000 0.5
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expand o(x1, x9, z3, 4?) in contributions renormalising multiplicatively (in 1-loop approximation)
(analogous to the expansion in Gegenbauer polynomials for the pion DA)

o(x1, 2, T3, M2> = 120z 12973 {1 + c1o(wy — 229 + $3)L8/(3ﬁ0) + c11(z — xg)LQO/(%o)
+ o [1+ Ty — 2wy — 222)] LHGH) 4. } L = as(p1) Jevslp10)

“shape parameters” ¢;; +> kth moments of ¢ «» operators with £ derivatives

0 N\

L))

——— 7

nucleon N*(16507) N*(15357)
lines of constant z1, x», x3 parallel to the sides of the triangle labelled by z», x3, x;

12 = 2GeV?, only first moments used, factor fy included
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o(x1, Ta, T3, ,LLQ) = 120212923 {1 + cro(ry — 229 + xg)LS/(gﬁO) + 11y — $3)L20/(9ﬁ0) + - }

nucleon N*(16507) N*(15357)

lines of constant z1, x», x3 parallel to the sides of the triangle labelled by z», x3, x;

DA of N*(16507) ~ DA of the nucleon (at the scale ;i* = 2 GeV?)

but with larger deviations from @, (21, x2, x3) = 120212973

approximately symmetric under the exchange of =, and x3
(quarks in the diquark)

DA of N*(15357) qualitatively different (at the scale ;i° = 2 GeV?)
very small value of the wave function at the origin fy+ < fn
approximately antisymmetric under the exchange of x, and z3

asymptotic
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lowest moments of the next-to-leading twist DAs («+» operators without derivatives):
two additional constants A, A\,

Lo () = e [ (2)" Oy (2)] % (357,d" ()

2) = € [u'(x) Co™ vl (z 0wd"(2))
MT( ) zyk‘[ ( ) ¢ ( )] X (75 H d( )) (MlnkOWSkl SpaCe)

<O‘£T<O)‘N7 P, O->C — AlmNUT(Na P, O-)
<O’MT<O)‘N7 P, O->C — AQmNUT(NJ P, 0)

operators £, M appear also in the low-energy effective action of generic GUT models:

matrix elements (r|£|p) and (x| M|p) give rise to proton decay

relevant factors in the decay amplitude for the p — 7 decay x «, 3
with o = mpyA1/4, B = myAo/8
(from soft pion theorems or to leading order in chiral perturbation theory)
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—10% \ymn/GeV?
@) 1 oo

W

b

o
e

0.05

0.10
mz /GeV?

0.15

0.20

10% X\amn /GeV?
S -

p—
<

0.00

0.05

0.10
m2/GeV?

0.15

0.20

stars: =520 (a=0.081fm)
crosses: (=529 (a=0.071fm)
circles: B =540 (a = 0.060fm)

curves: chiral extrapolation
(chiral perturbation theory)

nonrelativistic limit: Ay = —2)\;
in the nucleon

anomalous dimensions agree
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Nucleon structure functions

deep-inelastic scattering (DIS):
e

kinematic variables: Q? = —¢*>, x = Q*/(2p-q) (0 <z < 1) q=Fk—k

unpolarised structure functions  Fi(x, Q?%), Fy(z, Q*)
from inclusive cross section
polarised structure functions  ¢(z,Q?), ga(z, Q%)

deep-inelastic limit: Q? — oo, z fixed = scaling
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consider moments in the deep-inelastic limit

1
2/ dea" ' Fy(2,Q%) = > Q% i, ()l (1) + -+ (n=2,4,...)
" r=ud 4 1
Wilson coefficients renormalisation scale
Wilson coefficients cgq; v (1) + proton (forward) matrix elements
calculated in perturbation theory nonperturbative quantities, accessible on the lattice
in covariant notation: s? = —m5

%ZC@’ S‘qu “fin) \p, S)e = 22}7(;1)]9(#1 " Puy)

<—> — <~ —

.
ol .. =/2""¢ND,, - D,q with D, =D, —D, (covariant derivative)

(---): symmetrisation and subtraction of trace terms — twist-2 operators

e dominating contributions in the deep-inelastic limit

e multiplet of twist-2 operators with given n transforming irreducibly under the Lorentz group
(representation D"/21/2))
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parton model: interpretation in terms of parton distribution functions (PDFs) ¢(z), ¢(z)

o = / dr e (glx) + (—1)q(@) = ("),

“probability” to find a quark (antiquark) with momentum fraction «

* k%

—

<~
additionally in the polarised case: operators 0% = (i/2)"" qﬁf%}@m Dy q
. . D
with matrix elements .(p, SlOE}m---un) D, 8)e = aflqlls(mpw D)

MO / dean [ g (z) — g () +(—1)"(q, (x) — cj_(x))] = 2(2™) a,

0 ~~

Aq(x)

q.(x) (¢_(x)): “probability” to find a quark with momentum fraction = and helicity equal (oppo-
site) to that of the nucleon

: : 1
in particular: §aéq) = (1)ay = Ag
fraction of the nucleon spin carried by the spin of the quarks of flavour ¢

note: Au — Ad = g4 (axial coupling constant of the nucleon)
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(moments of) polarised structure functions in the deep-inelastic limit:

/o dx x" g (x Q2 Z €1n Q2/M g(p ))C’I;LQ)(M)

qud
1 n

4n+1

/0 dz " go(, Q) = D |SQ 2 g dP () — €)@ 12, g(w)alf) 1)

q=u,d
for even n and n > 0 (n > 2) for g, (¢»)

d\(11): twist 3, but not power suppressed

* k%

in addition transversity distribution h1(x) (not measurable in DIS):

H <~

moments related to operators  (i/2)" Gio,,, D, - - D,u,q

“probability” weighted by quark transverse-spin projection relative to nucleon transverse-spin
direction

46



Evaluation of matrix elements of local operators between nucleon states

aim: compute (N, p, o|local operator| N, p’, o’} (p may be different from p'!)

tool: three-point correlation functions
Coplt,7:p, ) = (Ba(t, p)J(7,q)Bs(0,p"))  with p'=p-—q

operator represented by JW(r,q) =a® > €W (z) withg=ud,s,...

T, TA=T
examples: J9(z) = g(z)Tq(x), J'9(z) = @(z)T D, q(z), ... (U= %775 -+ +)
for0 <7 < t: (L; — oo, keeping only the lowest contributing state)

—(Lt—t)ﬁléa(X)e—(t—r)ﬁj(y)e—rﬁéﬁ(x _ O)

Tre—LtH

) T
Caplly TiPo) = L5a® ) | ) e rtY re

y
_L3 6§ :E : —ip-x+iq-y

x Z 01 Balx) [N, Py )N .o 13 )| V. P o', B /| B = 0) o)~ EXPIO=T) BN .
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How are the required three-point functions computed?

represent the “current” J as  JW(z) =Y ¢\ (2)J 9 (z, 21 2)7; ¢ ()

examples:
JW(z) = u(z)Tu(r) = JW(z, ; as)fjﬁ = 0;j'0p02 202 ;
JO(x) = d(2)T'D,d(x) = %@x)w(w, wd(z + 1) = d(@)TU (@ — o, p)d(z — 1))
— Ju )(z 2 I)aﬁ = Z—Faﬂézx(Uij(za M)5z’,x+ﬂ - Uﬂ-(z’, N)*(Sz’,x—ﬂ)

gauge field dependence of J suppressed!

: vector of length « in direction p

three-point function: sum of a (quark-line) connected and a disconnected contribution

Cop(t. 7P q) = CY(t, 71 p, @)™ + C(t, 7 p, @)™
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schematically: (u(t)u(t)d(t)q(T)q(T)u(0)u(0)d(0))

ng(tﬁ p,q)" = —Ld Z Z o~ PYIXe e (C715)75 (150 )

x7ZJ'Z/ y

T4=T  Ya=t

-/

X <trDC (J(q>(z, 2 x)Gy(7 z)) Galy, 0)’§;,

d n —ip-y+iq-x -
C(gﬁ)(tﬁ;PaQ)CQ =—L3a® Y > e PV (O 5)4s(150)

r,2,7 Y

TA=T Yg=t
ki’ - . .
/ i / i / k/
< (Gl 2179, )Gl 0) | (Gl 02 Gult 0 = Guly 01 Gul 015 )
g
/A\\
ng(t, 7:p,q)™": analogous, but slightly more complicated ( ‘;
\o’/ T
connected: t /:\@ 0  disconnected: t /:\@ 0
\\\_I_/;’ SS 1T

(Gu(y7 O)Z‘Zé, G“(y7 0)]7% - Gu<y7 Oﬂy{i’ Gu(y7 O)ézkﬁ/) >9
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proton 3-point function of a local operator g - - - ¢

schematically: (u(t)u(t)d(£)a(r)g(7)a(0)a(0)d(0))

S

[

~
>
o

S---5 only disconnected contribution

(quark-line) disconnected contributions drop out in isovector quantities (- - - u —
if isospin invariance is exact (m, = my)

..
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standard method for the evaluation of connected contributions:
sequential sources or sequential propagators

FﬁaCéqﬁ) (t,7:p,q)*" = L’a’ Z clax <trDC (Z<FQ)(Z; p,t)J 9 (2,2 2)G, (7, O))>

9

T4=T
m
for g = d: t @ - 2 0
\‘\ Pid
a2
J
SP(zpt)=a® Y S5y p)Gyly, 2) t @ - 0 (q = d)
Y, y4=t “~

/

(d) il —ip-y i\ T T g5’ T
Sr (y;p)aﬁze €ijk€il ik v5C (Gu(y,O) ) I (Gu(y,O) ) C™ s

. (FGu<y70)jj'> <C—175Gu(y,o)kk’%(;) T] ﬁ
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S§“>(y; p): analogous, but slightly more complicated
crucial point:

Z(FQ)(z; p.t) =a’ Z Sﬁ” (v; p)G,(y, z) can be computed from the linear system of equations
Y,ys=t

a* > My(z, 275 50 (z:p, 1) = 15.9(” (2: D) 00,
¢ 1
fermion matrix
Z(F‘-’)(z; p,t): sequential propagator

based on a source Sﬁ‘”(:c; p) constructed from two ordinary propagators
placed at time ¢
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computation of C(t, 7; p, q)°" proceeds in several steps:

compute propagator G(x,0)

construct sources S™ and 5@

compute sequential propagators X and (¥ (second inversion of the fermion matrix)
multiply ®, ¥(@ with G and J (representing the operator under study)

B~ w =

t o— @O%tmO%tmO%tmo

d

D S ) PSR

advantage:
without additional inversions arbitrary operators, arbitrary momenta q, arbitrary times 7

disadvantage:
additional inversions for each I' (polarised or unpolarised nucleon), momentum p, time ¢
(sequential propagators depend on I, p, t)

= varying ¢ (in addition to 7) is expensive...  but has become feasible in recent years

alternative: stochastic sources
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How are the desired matrix elements extracted from the three-point functions?

remember (0 < 7 < t):
Caﬁ(ty TP, q) _ L§&6 Z Z e—ip-x—l—iq.y
X |y

% Z<oyBa(X>1N, p,o)(N,p,o|J(y)|N,p', o'V (N, p, a'\éﬁ(x = 0)[0)e BN PIE=T)=ENIT 4

expressing the nucleon matrix element of the operator under study as
(N, p,olJ(0)|N,p',0"). = U(N,p,0)M(p,p)U(N,p',0")

one gets

— L3 \/Z(p)Z(p/) e—EN<p)(t—T)—EN<p/)T
T4EN(p)En(P')

x tr(D(En(p)ys — ip - ¥ + mx)M (p, p')(Ex(p')ys — ip' -y + mx)) + - -

FBaCaﬁ(ta TP, q)

Z(p) can be extracted from the two-point function (see above)

e_EN(p)t

2EN(p)

DsaCas(t;p) = L2 Z(p) tr(T (Ex(P)y4 — ip - ¥ + my) ) 4.
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in the special case p = p’ (= q = 0) Z(p) cancels in the ratio of the three-point function

Z
Mo Caplt, 30,4 = 0) = L _ZP) ey

*4EN(p)?
x tr(I'(Ex(p)ys — ip -y + my) M (p, p)(Ex(P)ya — ip -y + my)) + - -
over the two-point function

e_EN(p)t

2Ex(p)

PaCops(t; p) = L) Z(p) tr(T (Ex(p)ya — ip - v + mw) ) T

which reads

[5aCas(t, 7iP,a=0)  tr(I'(Ex(p)ys —ip - v + my)M(p, p)(En(P)ys — ip - ¥ + my))

DsaCls(t; P) 2Ex(p) tr(I' (En(p)ys —ip -y +my))

remember for T' = (1 + ~4): tr(5(1 +74) (En(p)ya —ip - ¥ + mn) ) =2 (my + Ex(p))

ratio independent of = (for 0 < 7 < t) if only the lowest state contributes
— look for a plateau in 7 (¢ fixed)
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example
details for the special case v\" = (z),

for general n we have in Minkowski space

< y P U’O (fo1-+pin) ’N7 P, 0J>C — /Uq(fLQ) U(Na P, J)V%\fllp;@ T p,un)U(N7 p, OJ)
. <~
with O,ul L, ( /2) qu,ulD/Q ) Dﬂnq
< e
in particular for n = 2: Of ) = 1 (O, + O) = iq (véle - %wDo) q

L AN, poolg (D) + Do) N, b, o) = o 1T(N Mpy +43py) U(N, p, o’
:4C< ,P,olg (v Di+7 Do) qIN,p,o’)e =v," - SUN,p, o) (vg'p1+7'po) UN, p,o’)

Euclidianisation ( v)! = ~f, vM = —iyf, D) =iDY, DM = DY) leads to
Z «(N.p,olq (%1 Dy +7i D4) aIN,p,0")e = v - SU(N,p, o) (—Fp1 — inF Ex(p)) U(N. p, o)

(marking Euclidean objects for once by an E)
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comparing
1 - A A / ( ) 177 : /
1 (N,p,o|q (74D1 - 71D4> qIN,p,0")c = vy - 3U(N,p,0) (—up1 — imEn(P)) U(N,p, o)

with (N, p,o]J(0)|N,p',¢")c = U(N,p,o)M(p,p)U(N,p', o)

11 .
5 i (iy4pr — 11 Ex(p))

<~ e A
if the renormalised operator g (74D1 - %D4) q corresponds to ZJ(0)

o o Z': renormalisation factor
e. J(z) = 1q(x) (MDI + 71D4) q(z) with a suitable discretisation of the derivatives

we have M(p,p) =

then taking I'" = I' = 1(1 + ):

DsaCas(t, 7:p,a=0) _ tr(D(En(p)ys —ip - v + my)M(p, p)(En(P)ys — ip - ¥ + my))
['50Cas(t; P) AEx(p) (my + En(P))
_ %véq)

e One needs p; # 0 (disadvantage of the particular operator)
e quark fields are assumed to be normalised as in the continuum
e polarisation would require I # 1(1 + ~4)
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details (and pitfalls) of the analysis: (z),_q4 = (x), — (x)

L= ,Uéu—d)

(forward matrix element)

G.S. Bali et al. (RQCD), in preparation

ratio ['3,Cos(t, 7;p,a = 0)/I'5,.Cus(t; p) (times appropriate factor) for different smearings:

0.4
0.38
0.36

. 0.34
0.32
N— 0-3
<l
21 028
=
0.26
0.24
0.22
0.2

2 GeV

I R Jacobi, Ny =75 @i
o A e SR Jacobi, APE, Ny, =75
¢ Jacobi, APE, N, = 225 I—Aj
- """""""" o - Wuppertal, APE, N,,, = 400
e e
LRI S T e
7y | | | | | |
IR - T J5 U S S & 5.4
¥ s 2 |
I WA S .0 0. 5 & 3 B v A
= '
- I B R I A S S TR T R
I I | | | I | |
-6 -4 -2 0 2 4 6 8
(1—1/2)/a

nonperturbatively improved
Wilson fermions

g =5.40, k = 0.13640
V =323 x 64

nf =2
a ~ (.06 fm
m, ~ 490 MeV

sufficient smearing required for improving the overlap with the ground state
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investigate remaining excited state contamination by varying ¢
simultaneous fits to the two- and three-point functions for all s including the first excited state:

0.18

[paCaplt; p) = Age™ "™V 4 Ajemvamit

T independent!

]

FgaCap(t, 7:P,q = 0) = Age” "V [Bo + B (e‘Am'(t‘T) + e‘Am'T> + BzeM't]

B =5.29, k =0.13632
V =323 x 64

nf =2

a ~ 0.07fm

m. ~ 290 MeV
t/a=17,9,11,13,15,17

plotted: data I'3,C.s(t, 7;p,q = 0)/(Age "¥") (times factor) and fitted value (z),_4
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fitting the ratio I'5,Cup(t, 7;p,q = 0)/I'3,Cop(t; p) for fixed ¢ to a constant By:

025 o o A o T

B =529, k =0.13632

V =323 x 64
nf = 2
a ~ 0.071m
3 3 3 3 3 3 m, ~ 290 MeV
T e ) [
0.18 7 9 11 13 15 17 C

t/a (fit-type)

results consistent with the combined fits (C) for ¢t > 11a
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comparison of results for (x),_4

(@)ia(2GeV)

0.28
0.26
0.24
0.22

0.2
0.18
0.16
0.14
0.12

0.1

RQCD N —eo—
RBC/UKQCD (40). gc13§ N; =5
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, LHPC (12) N} = 2
ETMC (13) N} = 2
| ETMC (13) ; | |
0.05 0.1 0.15 0.2
m? |GeV?]

LHPC:n; =2+1
(tree-level improved clover
fermions, link smearing)

RBC/UKQCD: ny=2+1
(domain-wall fermions)

ETMC:n;=2+1+1
nf =2
(twisted mass fermions)

consistency within the (large) errors (except for one high statistics ETMC point)
higher precision needed to see effects of strange quarks, discretisation, finite size, ...

agreement with phenomenology?
LHPC at almost physical pion mass: predominantly coarse (a ~ 0.12fm) lattices
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RBC-UKQCD collaborations: DWF fermions, a ~ 0.12fm

1.2 T T .

" 116 1.7GeV 1.8fm —F—
124 1.7GeV 2.8fm —¥—
experiment

<X>u_d/<AX>u_d
o
D
T
1

0.4 | .
0.2} i
0 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
m.2 (GeV?)

S. Ohta, arXiv:1102.0551 [hep-lat]
(z)

- u7?_ “naturally renormalised” for DWF fermions: renormalisation factors cancel

ratio
<x>Au—Ad
(x) = vy, (Ax) = ay/2

no dependence on lattice size or pion mass seen
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1.19
1.18
1.17
1.16
1.15

ren
ga

1.14
1.13
1.12
1.11

1.1

a look at g4

T e B =5.29, k = 0.13632
I S { ffffffffffffffffff 1 fffffffffffffffffff S I N V =323 x 64
e S S — - —_—
I """"""""""""""""""""""""""""""""""""""""""" a~ 0.07fm
[ ''''''''''''''''''''''''''''''''''''''''''''''''' m. ~ 290 MeV

| | I | | T

7 9 11 13 15 17

t/a

excited states effectively suppressed in the ratio by smearing
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13 - e T T
a~0.08fm +re—
128 b o o o a~0.07fm +—e—
) : : : a~0.006fm +—e—
¥ ? ? § Expt +—+—
126 -7 A A
1.24 ‘ ‘ 1 1 1
122 box: m.L = 6.7
iz 1.2 crosses: m,L = 4.2 — 4.9
1.18 filled circles: m,L = 3.4 — 3.8
116 triangle: m,L = 2.8
1.14
1.12 | ‘ ‘ ‘ ‘
11 | | | | |
0 0.05 0.1 0.15 0.2 0.25
m?2 |GeV?]

discretisation effects hardly significant for similar volumes

m, ~ 415 MeV: increase by ~ 5% for mL increasing from 3.7 to 4.9
m, ~ 290 MeV: increase by ~ 6% for m, L increasing from 3.4 to 4.2 (6.7)
m, ~ 150 MeV: no difference between m,.L = 2.8 and m,L = 3.5

increase by 6% at m, ~ 150 MeV would bring us close to the experimental value. ..




However, the Mainz group obtains agreement with experiment.

B. Jager et al., arXiv:1311.5804 (Lattice 2013)

LS - I ---------------- I ---------------- II -------------- 1 greensquares: a = 0.079 fm
14l AR ] | blue circles: a = 0.063 fm

N } ______ e | readtriangles:  a =0.050fm
R i) = =

¥ mom . o )] [ P——T_ | ) : |
1.2 giialaion e o ¢ et A A A T black cross: experiment

0 B R S T 1 blue band: linear fit
1hohm2 N . AR S ) (all masses)
PR AR ION ' | ' red band: linear fit
0 0.1 0.15 0.2 0.25 (m,. < 360 MeV)
m? [GeV?]

summation method for suppressing excited states

nonperturbatively improved Wilson fermions (ny = 2, CLS ensembles)
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Electromagnetic form factors of the nucleon

experimentally: electromagnetic form factors from electron-nucleon scattering
theoretically: maitrix elements of the electromagnetic (vector) current
2 1-
JH = Za~vMu — ZdAytd + - - -
3u7 U 3 yra +
decomposition of the nucleon matrix element (in Minkowski space)

0, 8T p, s)e = U (P, 8) |7, Fi (%) +i“W231VNF2(q2) Up:s)

form factors: Dirac Pauli

q=p —pwith@*=—¢*>0

values at ¢> = 0 for the proton:

vector current conserved

F(0)=1
p? — 1 anomalous magnetic moment (in units of e/(2my))

F3(0)

similarly for the neutron: FI'(0)=0 : F3'(0) = u"
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q2

(2771]\7)2

Gn(¢’) = Fi(¢%) + Fa(q%)

Fy(q?)

Sachs form factors: Ge()) = Fi (%) +

experimental results (until recently) compatible with (dipole) fits:

Gl (QQ) G, (q2) 2/ 2\ 2
~Y m ~Y m ~Y 1 —_— m
17| 3 (1= a"/mv)

G'@*)~0  my~082GeV  p~279  p"~—191

GY(q%)

with respect to flavour SU(2): decomposition into isovector and isoscalar components
Go(¢)) = GUq") — Gi(a®)  Gh(d®) =Gh(q)) —G(¢°)  ete.

such that G, (0)=G(0) =GP (0)=p’ —p" =K, +1
K, = isovector anomalous magnetic moment ~ 3.71

alternative (used in the actual simulations):

2 1- 2 1= _
(proton\guvﬂu - gdvud\proton> — (neutronlguvuu — gdv“d\neutrom = (proton|uy"u — d~"d|proton)

— Ky = Kyu—q etc.
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in the following: QCDSF results for F}, F5, Dirac and Pauli radii, anomalous magnetic moment
(in the isovector channel)
S. Collins et al., Phys. Rev. D84 (2011) 074507 [arXiv:1106.3580]

definition of the radii:

mean square radii «+ slopes of the form factors at Q% = 0

6 dR(QY)
e e

Q?=0

normalisation of the anomalous magnetic moment:

k, 1S the magnetic moment in units of the nuclear magneton

. . €
dimensionful; k,——
QmN

N

nucleon mass for the quark mass considered

“normalised” ™ referring to the physical nuclear magneton:

e e mPs
H;Eorm — = K, — Klgorm = K, N
omb 2mpy my

N

68



Q% [GeV?) Q% [GeV?)

isovector Dirac form factor (QCDSF, n; = 2)
darker colours «+» smaller pion masses

gray shaded band:
parametrisation of the experimental data
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4L “““““““““““““““““““““ ] 4L “““““““““““““““““““““ ]
1\ m,>0.8GeV | 1\ 0.8GeV=m,=0.4GeV |
hi \ © \
3(‘\I 2r \ 3N 2
LL LL
1 | 1 %
} . ¥\\§”‘ I | | L L . 777”@‘:
0.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
Q” [GeV?]
4r |
| m,<0.4GeV
3j\‘\

isovector Pauli form factor (QCDSF, ny = 2)

darker colours «+» smaller pion masses
gray shaded band:

parametrisation of the experimental data
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F,Y"9(Q%~0.49GeV?)

© o o o o
RO N B~ O O

o

F,""9(Q%~1.36GeV?)

© o o o o
RO N B~ O 0

o T T

dependence of F""(Q?) (Q? fixed) on the sink time t,,, = ¢ in the three-point function

o o
o 00

‘12‘

14 18

tsnk

‘18‘

F,Y"9(Q%~0.94GeV?)
© o o

N\\w\www\www\www
o

‘12‘

14 18

tsnk

standard choice: ¢y, /a = 13

thin gray shaded band: parametrisation of the experimental data

‘18‘

RO N B

o

‘12‘

14 16

tsnk

‘18‘

20

‘12‘

14 16

tsnk

‘18‘

20

B =529, k =0.13590 (a = 0.071 fm, m, = 660 MeV)
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0.8 ‘ :
i o pB=5.20
0 pB=5.25
A B=5.29
o pB=5.40
0.6 m,xL<3.4
& X PDG 2010
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results of the Mainz group comparing different methods for the suppression of excited states
B. Jager et al., arXiv:1311.5804 (Lattice 2013)
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Generalised parton distributions (GPDs)

form factor PDF GPDat¢ =0

pZ_>OO

p(b.) f(x)
ﬁ% .
X
1

pictures by Dieter Muller

for £ = 0: probabilistic interpretation in impact parameter space (M. Burkardt)

74



Formal definition of GPDs

Wilson line

dA iz I A 1 i 1
[ty lal=bn i U, )

— H,(2. &, )T () U (p, )

. i'n, A,
+ B, (x, &)U, s wUp,s
q

my

p=3ip +p), A=p —p, nlightlikevectorwithp-n=1, £ =-n-A/2, t=A>

(Minkowski space, dependence on renormalisation scale suppressed)
¢: called skewness

special cases:
ordinary parton distributions electromagnetic form factors

1
d _
H,(z,0,0) = { q() forz >0 /1 x Hy(x, &, t) = F{(t)

—q(—z) forz <0 /1dx Ey(z, & t) = F(t)
—1
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probabilistic interpretation in impact parameter space (M. Burkardt)

¢ = 0: momentum transfer purely transverse A = A |

AL 2
q(z,b1) = 2 © Y24 Hy (2,0, — A7)

with /delq(aj, b)) = q(x) expect: q(z,b,) = d(b.)

Note: momentum fraction of the quarks fixed

— longitudinal position undetermined (Heisenberg)
— distribution in impact parameter space meaningful

experimental access: DVCS (deeply virtual Compton scattering): ep — ep~y
meson electroproduction: ep — epm, p, w, . ..

however: direct (model-independent) extraction from experimental data difficult (impossible?)

— additional input highly welcome, e.g., from the lattice
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moments w.r.t. = in terms of generalised form factors (GFFs) A, B, C

/ dz 2" ' H,(z,6,t) = ZA”Q[ —28)* 4+ Mod(n + 1,2)C1(¢)(—2€)"
—1

| 17
/_ dx x”—lEq(x,f,t) - Bﬂ 2;( )( 25) Mod(n—l— 1’2>Cg<t)<_2£)n

1 i=0

[\3‘

GFFs from matrix elements of local (twist 2) operators (momentum transfer A = p’ — p £ 0)

=

<p S ‘qu i) ‘p, S>C - U(plv Sl)fY(NlU(]% 3) AZ,Q@@)AM T Aﬂ2i+1pﬂ2i+2 T 'Tjun)

1=0
_ . 5]
Up', s ) iA,,Ulp, s) B B
o 2mN = BZQL@)AMQ ’ Aﬂ2i+1pu2i+2 T pun)
1=0
1 _
+ CY(t)Mod(n + 1, Q)m—NU(p’, SYU(p, $) Ay -+ Ay
) n—1 _ e e
with OF, .., = (i/2)"" @y Dyy - Dya
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analogous equations in the polarised case:

O — (i/2)"" gy, Dy D
f1in (1/2) AV pg V54

)
C<p/7 S/|O?u1 m )’p, S)e = —U(p/, S/)757(M1U(p7 s) A?z 2z'<t>AM2 T AM2¢+1]§M2¢+2 " Duy)
1=0

QmN i—0
1 5] 1 7]
/dva” THy(,&t) = Y Al (t)(=26)” /dm” By, &,t) = ) Bya(t)(—26)"
-1 1=0 -1 i=0

similarly for (i/2)" gio,wD,, -+ - D,.q
similar towers of gluon operators

particularly easy to manage: flavour non-singlet operators
(quark-line) disconnected contributions and gluonic operators drop out
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Lattice results for GPDs: distributions in impact parameter space

(B,mr) = (5.29,157MeV) —A—
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0.3 | | | ‘Q‘CD‘SF‘(‘l‘l) ‘325‘” ‘64‘ r—e—{‘ —
. — v : X —
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E NEW: 323 x 64 +—o—
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- T
0.2 7\% \\\\I\ % i - é § —
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- []
\%\\ E %
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Q? [GeV?]

extrapolations of A% Q%) to Q@ =0

points at () = 0 determined directly
from the forward matrix element

G.S. Bali et al.,
Phys. Rev. D86 (2012) 054504

black squares: Jacobi smearing (old data)
blue circles: improved smearing

(preliminary data)
A. Sternbeck, Lattice 2013 (arXiv:1312.0828)
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/ldx vE,(z,€,t) = B(t) — 4€°CY(t)

1
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A. Sternbeck, Lattice 2013 (arXiv:1312.0828)
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GFFs AY% = F=?(t), Ai?, A (non-singlet), normalised to unity at ¢ = 0

B =54, k = 0.1350, 247 x 48 lattice
a = 0.060 fm, m, = 1320 MeV

dipole fit:
AnO(O) <xn—1>

Ano(t) = 2 2
(I —¢/M3)" (1 —1/Mg)

form factor A,(¢) flattens as n grows
00 L | +» dipole mass M,, grows with n

1
/ dz 2" ' Hy(z,£ = 0,t) = A%, (t) H, (as a function of t) becomes wider as = grows
—1

d°AL 4 A 5. ¢ (as a function of b, ) becomes narrower as
_ b, -A _
a(z,b1) / 2m)2 Hy(@,0,=A1) grows (as expected)

82



lowest three moments of H(z, & = 0,t) and H(x, & = 0, 1)
Fourier transform to impact parameter space
with the help of the dipole ansatz extrapolated linearly to the chiral limit:

2 1
/g eibl'Ai/ dz 2" ' H, (2,0, — A7)

(2m)? 1
2A, o Al (0 ! _
:/ 5 JQ—ele_AJ_ n(;() ~ _ /d[ECBn 1q<33,bL)
(2m) (14 A2 /M2) 1
12 10
10

8
0 Q=13 [fm 6 AQPE-3 (b [fm )

. | .

4: 4 "
2 2

01 02 03 04 05 01 02 03 04 05
Ib| [fm] Ib| [fm]
larger n corresponds to a narrower distribution flavour u — d

M. G. et al., Eur. Phys. J. A32 (2007) 445 [hep-lat/0609001]
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Lattice results for GPDs: transverse spin structure

<~

<
what about the GPDs (GFFs) connected with the tensor operators (1/2)”‘1 qioyy D,y - - Dy q?

— —

together with the vector operators (i/2)" ™" ¢y, Dy, -+ Dy g

— (moments of) the density of transversely polarised quarks in a transversely polarised nu-
cleon in impact parameter space
M. Diehl, Ph. Hagler, Eur. Phys. J. C44 (2005) 87

1
/ dz x"_lp(ac, b,s1,S)
-1

1 o 1 —
— 5 {An()(bi) + SZJ_Si <ATn()<b2L> — 4—2AbLATn()(b2L>)
my

b] Eﬁ i i = ; i1 i ] ~
= (SLBqlzo(bi) + SJ_BTn()(b%_)) + s (260 — b0 j)S‘i—zA%no(bi)}
my my

_|_

s . transverse spin of the quark S, : transverse spin of the nucleon

unpolarised quark in a L polarised nucleon: only contributions from vector operators
| polarised quark in an unpolarised nucleon: also contributions from tensor operators
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o8 : QCDSF/UKQCD,
0.4 7 PRL 98 (2007) 222001
0.2 6 _
E o 5% | -
5 4E (gen.) dipole parametrisation
~0.2¢ 3 + linear chiral extrapolation
-04 ? 0 B
06 UP 0 z” moment (¢ — q)
06 3 quark spins <« inner arrows
s down - nucleon spins < outer arrows
02} 2 _ _
E 15 transversely polarised quarks
& . 1 T in an unpolarised nucleon:
o distortion in positive y-direction
-04] || o 05 foru and d quarks
06l ,| | down I o
-06-04-02 0 02 04 06-06-04-02 0 02 04 06
byl fm] by[fm] 47
unpolarised quark sizable negative Boer-Mulders function for « and d quarks

in a polarised nucleon:

(correlation of quark 1. momentum and the | quark spin)

distortion —» Sivers effect M. Burkardt, Phys. Rev. D72 (2005) 094020
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Lattice results for GPDs: quark angular momentum in the nucleon

Ji’'s sum rule for the total angular momentum of quarks of flavour ¢ in the nucleon:

1
Jy= [ e (Hy(w,€0) + Byfa. & 0) = 5 (At = 0) + Bt = 0)
1

quark spin contribution to the nucleon spin:

1t 1 - 1
5= 5 [ do Bln,6,0) = 34t = 0) = 30

quark orbital angular momentum: L, = J, — 5,

decomposition controversial!

difficult problem:

e disconnected contributions (not yet included)
e Bj,(t =0) requires an extrapolation from ¢ # 0 to the forward limit
e chiral extrapolation and finite size corrections
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for GFFs at vanishing momentum transfer ¢

e heavy-baryon chiral perturbation theory
e.g., M. Diehl, A. Manashov, A. Schafer, Eur. Phys. J. A31 (2007) 335

e covariant chiral perturbation theory in the baryon sector
e.g., M. Dorati, T.A. Gail, T.R. Hemmert, Nucl. Phys. A798 (2008) 96

0.4 15—

0.3-JdTH { s*{ §}}
0.2

0.1}

OF  map  wgd Qi
Olg—02 04 06 08

m [GeVZ]

total angular momentum of quarks
in the nucleon with Y PT fit

QCDSF-UKQCD, arXiv:0710.1534
(Lattice 2007)

note: J; =~ 0
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LHPC: Ph. Hagler et al., Phys. Rev. D77 (2008) 094502

c | grey bands:
Q_ b . " . .
> 04 -H/"——'—*—'AM (preliminary) chiral extrapolations
IS |
g I
C L
5 0.2 A o
g 4l brown bands:
8 * errors for L, from the extrapolation in ¢
S 02 4&;, Ay Ad* s *oLJ--“ stars:

5 A2 experimental results from HERMES 2007

0.2 0.4 0.6
m 2 GeV?

similar findings as QCDSF: signs of 1A% = S, and L, opposite
Jg=Lg+ S;~0

L, + Lg = 0 in strong disagreement with relativistic quark models

strong scale dependence? lattice data at a scale of 4 GeV?!
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some more recent results compiled by S. Syritsyn arXiv:1403.4686 (Lattice 2013)
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Renormalisation of composite operators

renormalisation: let bare parameters and renormalisation factors Z depend on a in
such a way that the limit a — 0 (of correlation functions) is finite

gr(z) = Z%q(x)  quark field

Or(z) = ZpO(x) composite operator like gq

direct calculation of physical observables (e.g. hadron masses):
Z factors unnecessary (cancel in physical quantities)

N

scheme and renormalisation scale dependent
Why then worry about Z factors?

It is not always possible to calculate the physical observables direcitly!

example: deep-inelastic lepton-nucleon scattering
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OPE: structure function = Wilson coefficient ® hadronic matrix .element of
a (local) composite operator

observable short distance long distance
perturbative non-perturbative

Need: renormalisation of (local) composite operators
conversion to the MS scheme (Wilson coefficients!)

bare lattice operator O(a)
— renormalised continuum operator Or(u) = Zo(a, 1)O(a)

T

renormalisation scale

1 dependence should cancel between the operator and the Wilson coefficient

calculation of the Z factors:

e lattice perturbation theory (+ tadpole improvement) poor convergence!

e nonperturbative renormalisation (Monte Carlo simulation)
in a scheme which can be implemented on the lattice (unlike MS) and in the continuum
(RI-MOM scheme, Schrddinger functional, .. .)
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in general, all operators of the same symmetry can contribute!
“they mix with each other”

renormalisation of an operator of dimension d:

oY) =20 Z 70" + Z Z/o"?

"

large subtraction in the continuum limit

Perturbative calculation of the mixing with lower-dimensional operators (coefficients Z!)

unreliable:
7 = b192 + b2g4 4+t ﬂ —0/92
X AQCDa
b;: logarithmic a dependence

avoid mixing with lower-dimensional operators whenever possible!
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DIS: we have to deal with operators in the Euclidean continuum like

B <> <> B <> <>
Vi Pyy - Dyq ; Vi V5 Dy -+ Dy

or rather O(4) irreducible multiplets with definite C-parity.
All operators in one multiplet have the same renormalisation factor.

twist-2 operators: symmetrise the indices and subtract traces
(representation D"/27/2) of SO(4))
flavour-nonsinglet case: no mixing

corresponding lattice operators: continuum D — lattice D
O(4) — H(4) (the hypercubic group with 384 elements)
oo many irreducible representations — 20 irreducible representations

irreducible O(4) multiplet of operators — several irreducible H(4) multiplets
— more possibilities for mixing
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example: operator O, = ¢v,D.q —

<~

twist 2: £ (O + Opy) = 10 Y O

A
9-dimensional irreducible O(4) multiplet with a common Z

decomposes under H(4) into two irreducible multipletts:

HOw+0,) (1<p<v<i)

6-dimensional

Z6

— —
mixing pattern on the lattice for ~ ¢v(,, D, -+ D,,q

n d SO(4)
0 3 DO
1 3 DG
2 4 DY
3 5 pGid
4 6 D@

nen'er’erer"en e

H(4)

7_1(4) o 7_2(4) @ 7_1(8)

(6) (6)

O11 — O, O33 =04, O3 — Ou

3-dimensional

Try to avoid mixing
by a suitable choice
of indices (representa-
tions).
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simplest case: a single operator without any mixing

Or(p) = Z(ap, gr(p))O(a)

The renormalised operator O is scale and scheme dependent.
anomalous dimension (scaling violations neglected):

d 95 g\
W(QR) 'ud,u n ) /YO 1671'2 + /Yl (167].2)
~dgr| gi g
Blar) = n; - Pogen2 ~ Priond)

(cutoff a and bare quantities fixed)

2_|_

— scale dependence of Z governed by the renormalisation group:

Z(ap, gr(p) [ 4(g)
)—exp{ / dg }

Z(at, gr( o) 9r(k0) B(9)

scale and scheme independent:

_ gR(u)Q)W e (v(g>
Orar = (250 G2 exp /o 9\ B(g) +
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Perturbative renormalisation on the lattice
92 4
1loop: Z=1-— 62 (v0 In(ap) + A) + O(g")

lattice perturbation theory often has poor convergence properties
one reason: tadpoles (lattice artefacts)

1-loop contributions to the quark propagator:

Pmb - L

tadpoles originate from Ulz, i) = 9@ =1 4 iagA,(z) — La’g? A, () + - --

— tadpole improvement (G.P. Lepage, P.B. Mackenzie, Phys. Rev. D48 (1993) 2250)

“gauge invariant link variable”

up = ($trUg)* =1—- == -7+ 0(g")  SU(3)
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recipe for an operator with n covariant derivatives:

U np-1 1-n 92 4 2 4
Z(—) 7 =y, Dll— - (’YOIH(CLM)+A+(”D—1)§7T>+O(9 )]

U 1671'2

up: value from simulations

\)

92 = ¢* + O(g"): “physical” coupling constant, e.g. ¢; = g3 =

S-S

“poosted perturbation theory”

motivated by the appearance of
np operator tadpole diagrams and 1 leg tadpole diagram

R

contributing with opposite sign
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tadpole improvement does what it is expected to do:

operator 3A /4 3A /4 operator 3A /4 3A /4
no derivatives 2 derivatives

I 12.95240 3.08280 v3 -12.12740 -2.25779

vis 20.61780 10.74820 r3 -12.86094 -2.99133

vas 15.79630 5.92670 a2 -12.11715  -2.24754

ts 17.01810 7.14850 h2a -11.54826 -1.67866

Zpp 16.64440 6.77480 h2b -11.86877 -1.99917

1 derivative h2c -11.74773 -1.87813

v2a 1.27958 1.27958 h2d -12.92681  -3.05721
v2b 2.56185 2.56185 3 derivatives

r2a 0.34512 0.34512 v4 -25.50303 -5.76382

for unimproved Wilson fermions

4 .
A=A+ (np— 1)§7r2: tadpole improved counterpart of A

tadpole improvement does improve convergence,
but uncertainty remains, in particular if one is restricted to 1 loop order

lattice perturbation theory very complicated for more than one loop

way out: numerical stochastic perturbation theory (NSPT)?
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Nonperturbative renormalisation (RI-MOM)
G. Martinelli, C. Pittori, C.T. Sachrajda, M. Testa, A. Vladikas, Nucl. Phys. B445 (1995) 81
idea: mimic the continuum definition

three-point function of a quark-antiquark operator (O = ¢- - - ¢) in Landau gauge

Ze_lp (g (2)O(2) () V = L3L; = lattice volume
.Y,
+ + +
quark propagator: 57;(p) Ze_lp g ()T (y))

- +—»‘II\:S» T

vertex function: T'(p) = S~ '(p)G(p)S~(p) renormalised: T'r(p) = Z, ' ZoT'(p)
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renormalisation condition: trpe (I'r(p)Bom(p) ') | 2o =1 in the chiral limit
MOM-like: RI-MOM

‘ . . S—l
renormalisation of the quark fields: Z,(p) = — | 1122:%:% S'mQ((apA))a =
A S~ (ap)y

p2=p2

(Z,(p) = 1 for the free Wilson propagator)

corresponding to the continuum renormalisation condition

Zu(p) = trpc (—izﬁ;xmsl(p))

p2=pi2
ideally: 1/L* < Ajep < p° < 1/a® (scale dependence as in continuum perturbation theory)

MOM — MS: perturbation theory in the continuum

—0/(25) (1)
(o gr()\ / IR v(g) 0
ZRG1 = (250 162 > exp 0 dg B(g) + Bog A
such that ORrar = ZRGIO(CL)

independent of x for sufficiently large scales u (contact with perturbation theory)
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Nonperturbative renormalisation (RI-SMOM)
RI-MOM: vanishing momentum at the operator (exceptional momentum configuration)

RI-SMOM scheme (s = symmetric) uses a non-exceptional momentum configuration:
three momenta of the same size at the external legs and at the operator

— three-point function G/, (p, q) = Ze‘w HamPrE e (g (2) O (2)4(y)
XT,Y,2

— vertex function I'(p, q) = S‘l(p)G(p, q)S"'(q)

impose suitable renormalisation condition (in the chiral limit) at p?> = ¢*> = (p — q)* = p*
(twisted boundary conditions for exact realisation)

remember: moments of GPDs and meson DAs « nonforward matrix elements
— more operators contribute and mix under renormalisation
<~ . .
example: ¢v, D, D,q mixes with 9,0,¢7,¢

— RI-SMOM scheme required for a nonperturbative evaluation of the mixing coefficient
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Numerical implementation of RI-MOM

3-point function G(p) = av > e Pl g(2)0(2)q(y)) (quark-line connected)
€T,z
12
calculated as gauge field average of G(U|p) = a7 Z e P EVS(Ulw, 2)J(Ulz, 2)S(U|Z, y)
,y,2,2

with the operator O represented as  » ~ O(z Z q(2)J(U|z, 2)q(2")

z

S(Ulz,y) = quark propagator in the gauge field configuration U

either place the sources for the quark propagator at the operator or rewrite

+
GU|p) = Z% <a4ZS(Uz,x)eip'$> v J(U|z, 2 ( 425 UlZ', y)e W/)
and solve the lattice Dirac equation with a momentum source:

Aty MUy, 2 <a42 S0z, >> =

1 reduced statistical fluctuations, arbitrary operators
1 number of inversions o« number of momenta
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look for a plateau (values independent of i) in  ZR = AZ% (1) Z8 (p)ZRE-MOM ()

RI’—=MOM bare
1.0 T T T T T T T [ T T [
0
&
&
§
0.96 - <><><> _
o
o
L o i
0.92 0 299000 66600600°
o D ] .7
—— %ﬁmg%% example: Yo,
0.88 - DD% Foo&© -
&g
g
084 4 $=5.20 7
A p=525 e
0 B=5.29
O B=5.40
0.8 Lo S
1 2 5 10 2 5 10 2
2 2
p [GeV]

plateau jeopardised by

e truncation of the perturbative expansions in AZ¢ and Zg (and finite size effects?)

at small values of

e lattice artefacts vanishing like powers (up to logarithms) of a for a — 0
at large values of

I'-MOM
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therefore: try to subtract lattice artefacts (perturbatively)

1_0 T T T T T T T T ‘ T T T T T T T T ‘
0.96 - _
(}()WW
, o Qooooooooooow
0.92 |- <> JENRSR—— i
2 [gaﬁ A INDDS INDS INTSTISES
o aﬁo%o 0 @0 ©OO00COCOtIE,
o]
0.88 - on -
[}
o —
0.84 O (=520
A (=525
O B=529
{ p=5.40
0.8 1 1 oo | 1 1 1 L1 l2
1 2 5 10 2 5 10 2
2 2
p [GeV]
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Subtraction of lattice artefacts

calculation of Z in lattice perturbation theory neglects lattice artefacts: a?p?> < 1
our momenta usually do not satisfy this condition

(1-loop) lattice perturbative results for arbitrary a’p*:
evaluate the loop integrals numerically (for each p separately) perhaps using NSPT

2
write the MOM scheme Z as Z(p,a) = 1 + 91 6C§ F(p,a) + O(g")
s
drop O(a?) terms |
F(p,a)

for the scalar density gq in the Landau gauge and in the chiral limit:

F(p,a) = 3In(a’p*) — 16.952410 — 7.737917cgw + 1.380381cky,

use the calculated difference between F and F to correct for the perturbative discretisation

~

errors in the Monte Carlo data: D(p,a) = F(p,a) — F(p,a)
subtracted renormalisation constant:

(\V]

2C
I D(p,a) with g% =

ZMC<p7 &) o

S

167
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Disconnected contributions

up to now: disconnected contributions neglected — systematic error unless flavour-nonsinglet
quantity considered

e.g., proton three-point function for an operator of the form J(9(z) = g(x)q(z):

Cg]ﬁ)(tﬁ p,q)"=—Lld Z Z e PYIAXe i (C7 15 )15(7150 )
x Y

TA=T Yg=t

/

 (trne (TG (. 2)) Galy 0087 (Cly: 0y Gulw. O = Culy, 01 Culy, 015 )

o°¢4°°°o
closed quark loop ) ~ €% trpc (IGy(x, 7)) Kloop
T, TA=T | T
correlated with proton propagator
e
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how to compute the closed quark loop >~ trpe (IGy(z, z)) ?

T, TQ=T

one source for every z is hardly practical (even for fixed 7)
use a stochastic estimator (noisy estimator)!

choose a vector of random numbers w’ () with

(%

W ()W (Y)) = 050030y s (W (2)) =0 ...),: average over the ws
s jYapYzy

several possibilities: Gaussian random numbers, +1 (Z, noise), ...

write trpcl'G(x, ) ZFBO‘ T, T) a@ = nga ZG T, 2) m/ 7 (2))w

13 13 zk~y

solve the Dirac equation with source w for every random vector w:
ZM:U:I: ZGSL‘Z,\/W> w ()
x'i'o! zkry

then multiply by the appropriate elements of w and sum over x to obtain a stochastic estimator

of Z trpc (I'Gy(z, x))

T, LQ=T
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Z trpcl'G(x, x) Z ZFBQ T, ) Z ZFBQ ZGSU Z(w 7 (2))w

T, TA=T T,x4=T iaf T,24=T iaf zky

“stochastic” noise in addition to the usual “gauge” noise

“noise reduction” techniques aim at reducing the statistical error for given CPU time,
e.g., by dilution:
divide the noise vector into subsets and estimate the trace on each subset separately

example: colour dilution
one random vector of size 3 - 4 - N? (for fixed 7) — 3 random vectors of size 4 - N?

3

Z trpcl'G(z, x) = S: Y YFW (ws(z ZG T, 2) g Wy (2))w

T,T4=T i=1 T,04=T af

Dirac equation to be solved: >~ M(xz, ) ZG 20 wi(2) = wa(@) i

e

additional challenge: renormalisation and (possibly) mixing with gluonic operators, ...
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example 1: Aq in the nucleon
G.S. Bali et al. (QCDSF), Phys. Rev. Lett. 108 (2012) 222001 [arXiv:1112.3354]

disconnected ratio of three-point function (axial current insertion) over two-point function

0.05 ' ' ' — unrenormalised
® SS - |
® 5P| SS: smeared-smeared
0 - SP: smeared-point
_ g : T T Tg]t t source-sink combinations
Eé;a 0.05 e % % 1 _i_ _=_ 1+ strange quark quenched
ng =2, 8 =>529, kga = 0.13632
0.1 ] m>* = 290 MeV
Kyal = Kloop = 0.1355(= Ks)
! | ! | ! | ! | ! |
0 5 10 va " 20 25 current insertion fixed at 7 = 4a

saturation into a plateau (within the statistical errors) at ¢t < 27
convergence of SS and SP ratios towards the same value

T = 4a reasonable

constant fit of the SS ratios for ¢t > Sa
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some results from this study:

q Aglt, Aght A (p)

w_ 1.071(15) -0.049(17) 0.787(18)(2)
4 -0.369(9) -0.049(17) -0.319(15)(1)
s 0 0.027(12)  -0.020(10)(1)
Y 0.702(18) -0.124(44)  0.448(37)(2)

AAY = 2(Au+ Ad + As): quark spin contribution to the nucleon spin

Ag™MS(1): renormalisation scale ;2 = 7.4 GeV? ~ a2

first error statistical, second error from renormalisation

estimated systematic error: 20%
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example 2: ss in the nucleon
G.S. Bali et al. (QCDSF), Phys. Rev. D85 (2012) 054502 [arXiv:1111.1600]

disconnected part of the ratio of three-point function (insertion of gg) over two-point function

3.5 T T T T I

T 11 SS: smeared-smeared
T = V] SP: smeared-point
25 ; | 1 $ I T 1 H { 4 % H | source-sink combinations
: T : '
2k {li{illll:%fil;-ilin_ strange quark quenched
st E ' 1 _ ng =2, 8 =529, Kyn = 0.13632
[ E E E I m>* = 290 MeV
1+ ]
0.5__ E E E __ Kyal = Kloop = 01355<: /<JS>
o current insertion fixed at 7 = 4a
00 5 10 15 20 25

t/a

saturation into a plateau (within the statistical errors) at ¢t < 27
convergence of SS and SP ratios towards the same value

T = 4a reasonable

constant fit of the SS ratios for ¢t > 6a
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renormalisation not quite straightforward due to explicit breaking of chiral symmetry
(for Wilson fermions)

phenomenologically interesting:
(dimensionless) strange quark contribution to the nucleon mass

[ms(Nss|N)]

ren = (.012(14)"3°  (rather small!)
my

fr, =

fr, relevant for dark matter searches:
models — dark matter candidates scattering from nuclei through Higgs exchange

Higgs expected to couple predominantly to s quarks in the nucleon
(coupling to light quarks too small, heavier quarks too rare)
— Cross section sensitive to matrix element of ss entering through fr,

if small value confirmed: predicted cross sections smaller than expected
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Concluding remarks

lattice QCD can provide results on hadron structure that are difficult (impossible) to obtain
by other means

lattice results important input for dark matter searches, determinations of CKM matrix
elements, physics beyond the standard model, ...

systematic uncertainties to be reduced:

continuum extrapolation, chiral extrapolation, finite size corrections, contamination by ex-
cited states, ...

more interesting results to be expected
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