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Intro Lattice

Introduction: Particle Physics

» Observations (e, p,...Z,...t, Lorenz invariance ...)

+ Principles (Unitarity, Causality, Renormalizability)

+ theory calculations including lattice QCD (spectrum, Fy)
» Standard Model of Particle Physics

local Quantum Field Theory (gauge theory)
QED + Salam-Weinberg + QCD + cr
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Intro Lattice

Introduction: the successfull Standard Model

» QED + Salam—Weinberg +
QCD

» very constrained: 3 coupling
constants

» enormous predictivity

Rainer Sommer Heavy Quarks on the lattice



Intro Lattice

Introduction: the successfull Standard Model

ALEPH

» QED + Salam—Weinberg + .r S s

QCD

» very constrained: 3 coupling
constants

& (nb)

» enormous predictivity

TR
Energy (Gev)

» top mass from loops = top
mass from Tevatron
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Intro Lattice

Introduction: the successfull Standard Model

ALEPH

» QED + Salam—Weinberg + -f
QCD .
> very constrained: 3 coupling

constants

z Z

o (nb)

» + masses of elementary fields +
CKM-matrix

» enormous predictivity

R
Energy (Gev)

» top mass from loops = top
mass from Tevatron
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Intro Lattice

Introduction: the successfull Standard Model

» QED + Salam—Weinberg + -f
QCD

» very constrained: 3 coupling
constants

ALEPH

I

o (nb)

» + masses of elementary fields +
CKM-matrix

» enormous predictivity

I —
Energy (Gev)

» top mass from loops = top
mass from Tevatron

> too successfull (all particle physics experiments match)
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Introduction: the incomplete Standard Model

But from other sources we know that there are missing pieces

» dark matter

» too little CP-violation
for the observed matter / e A —_—

from

antlmattel’ asymmetry S ,_,;_lu»m_lnaus disk

fo R (kpo)

M33 rotation curve

» There is an intense search for deviations from the Standard
Model in particle physics experiments

Rainer Sommer Heavy Quarks on the lattice



Intro Lattice

Two Frontiers

to search for missing pieces

Events/(8 GeV/c?)

> High Energy
— Tevatron
- LHC

00
M, [Gev/c?]

[CDF: arXiv:1104.0699 |
> High Intensity
— virtual (quantum) effects

o

5 T [Yutaka Ushiroda, May 2008]

z YR
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High Intensity Frontier

Less tested interactions: quark-flavour changing interactions

a%nt = .- -gweaijU'yu(l - VS)D/ tee

» B-decays
d’ d
D' = s’ = Vokm s = Vekm D
b’ b
—— ——
weak int. strong int.
Vud VUS Vub
VCKM = Vcd Ves Vcb
Vie Vi Vi

Confinement: Vj; are not directly measurable.
QCD matrix elements (or assumptions/approximations) are
needed.
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Intro Lattice

b to u transitions

>

1.

“clean” transitions: B = bu — W — v

inclusive: B — X,lv

optical theorem + heavy quark expansion

— perturbatively calculable: (accuracy?)
double expansion in as(my) ~ 0.2, Agcp/my, =~ 0.1

semileptonic: B — 7lv

4 Z
(three-body, form factor) —
b o i
-
‘De
leptonic: B — v
5 =
(decay constant)
= W
[ e
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Intro Lattice

b to u transitions

> Vi, “puzzle”

Rainer Sommer Heavy Quarks on the lattice



Intro Lattice

b to u transitions

> Vi, “puzzle”

G. Isidori — Quark flavour mixing with right-handed currents Euroflavour2010, Munich

P Motivation

Exp. side: RH currents provide a natural solution to the “V , puzzle’

BB =T Iv) o« |V 2
¢ ) ub Within

—_— B —mlv B — Xylv B —tv
B(B >1v) o | V)2 SM u
0.0030 0.0035 0.0040 0.0045 0.0050
B(B — Xlv) o | V|2 IVup
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Intro

b to u transitions

> Vi, “puzzle”

Lattice

G. Isidori — Quark flavour mixing with right-handed currents

P Motivation

Euroflavour2010, Munich

Exp. side: RH currents provide a natural solution to the “V , puzzle’

BB =T Iv) o« |V 2
B(B >1v) o | V)2

B(B — Xulv) | Vi |2

Lattice — ME ME
W'—;\?’”» B —mnilv B — Xlv B —tv
0.0030 0.0035 0.0040 0.0045 0.0050
|Vub|

Rainer Sommer
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Intro Lattice

b to u transitions

> Vi, “puzzle”

G. Isidori — Quark flavour mixing with right-handed currents Euroflavour2010, Munich

P Motivation

Exp. side: RH currents provide a natural solution to the “V , puzzle’

vl Lattice — ME ME
B(B »m V) o< |V |2
( ) v Within
B(B >1v) o [V |2 M B —nlv Bo>Xylv Bt
Ub 0.0030 0.0035 0.0040 0.0045 0.0050
B(B — Xylv) o< | Vi |2 Vil

» Precise & reliable lattice calculations are needed to check whether
such puzzles are for real or others are there.
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Intro Lattice

b to u transitions

> Vi, “puzzle”

G. Isidori — Quark flavour mixing with right-handed currents Euroflavour2010, Munich

P Motivation

Exp. side: RH currents provide a natural solution to the “V , puzzle’

vl Lattice — ME ME
B(B »m V) o< |V |2
( ) v Within
B(B >1v) o [V |2 M B —nlv Bo>Xylv Bt
Ub 0.0030 0.0035 0.0040 0.0045 0.0050
B(B — Xylv) o< | Vi |2 Vil

» Precise & reliable lattice calculations are needed to check whether
such puzzles are for real or others are there.

> V,p is one example. Others such as BB oscillations. . . .
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The challenge of B-physics on the lattice

: light st h beaut
multiple scale problem e sirange charm  beauly

alwaySdifﬁC_U|t Lol Lol L
for a numerical treatment 100 1000 Mg [MeV]

3 3 3 3
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The challenge of B-physics on the lattice

: light st h beaut
multiple scale problem e sirange charm  beauly

always diffiC_U|t L \\H‘ ) | | \*\\\H‘ *\ L1 \*\\H
for a numerical treatment 100 1000 Mg [MeV]
lattice cutoffs:
AUV = 371
Ag = L7t
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The challenge of B-physics on the lattice

: light st h beaut
multiple scale problem e sirange charm  beauly

always difficult AR
for a numerical treatment 100 1000 m,g[MeV]
lattice cutoffs:
Avy = at
Ar = L1
L' < my, ... .mp,mg < a!
O(e=tm=) mpa <1/2
! !
L>4/m; ~6fm a~ 0.05fm
L/a>120
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The challenge of B-physics on the lattice

: light st h beaut
multiple scale problem e sirange charm  beauly

always difficult AR
for a numerical treatment 100 1000 m,g[MeV]
lattice cutoffs:
Avy = at
Ar = L1
L' < my, ... .mp,mg < a!
O(e=tm=) mpa <1/2
! !
L>4/m; ~6fm a~ 0.05fm
L/a>120

beauty not yet accomodated: we'll discuss what to do
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The challenge of B-physics on the lattice

» The issue is
cutoff effects = discretization errors = lattice artefacts
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Intro Lattice

The challenge of B-physics on the lattice

» The issue is

cutoff effects = discretization errors = lattice artefacts
» Look at a simple one:

Dispersion relation, free fermion, Wilson discretization
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Intro Lattice

The challenge of B-physics on the lattice

» The issue is

cutoff effects = discretization errors = lattice artefacts
» Look at a simple one:

Dispersion relation, free fermion, Wilson discretization
» continuum:

E? = m? +p?
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Intro Lattice

The challenge of B-physics on the lattice

» The issue is

cutoff effects = discretization errors = lattice artefacts
» Look at a simple one:

Dispersion relation, free fermion, Wilson discretization
> lattice

E? = m*+p*+0(a%)
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Intro Lattice

The challenge of B-physics on the lattice

» The issue is

cutoff effects = discretization errors = lattice artefacts
» Look at a simple one:

Dispersion relation, free fermion, Wilson discretization
> lattice

E? = m*+p*+0(a%)
1)
enhanced by m > |p|
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Intro Lattice

Dispersion relation
» Wilson fermion action [05f(x) = L(F(x) — f(x — af1))]

a

— a, + oF )
St = 342};¢(X){m0+ u2 H’V#_aﬂzﬂ}w(x)

w/a ~ ~
— / d*p ¥ (p) {mo + By, + 257} U (p)

—7/a

~ . ., a
Bu=Lsin(pua), B* =D (Bu)? Bu=2sin(S*
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Intro Lattice

Dispersion relation
» Wilson fermion action [05f(x) = L(F(x) — f(x — af1))]

a

— a, + oF )
St = 342};¢(X){m0+ uz H’V#_aﬂzﬂ}w(x)

w/a ~ ~
— / d*p ¥ (p) {mo + By, + 257} U (p)

—7/a

~ . A N N . ,ap
Pu=1sin(pua), P* =D (B)? Bu=2sin(TH)

» propagator

_ (mo + %/32) — 1P

O F
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Intro Lattice

Dispersion relation
» Wilson fermion action [05f(x) = L(F(x) — f(x — af1))]

a

— a, + oF )
St = 342};¢(X){m0+ uz H’V#_aﬂzﬂ}w(x)

w/a ~ ~
— / d*p ¥ (p) {mo + By, + 257} U (p)

—7/a

~ . A N N . ,ap
Pu=1sin(pua), P* =D (B)? Bu=2sin(TH)

» propagator

_ (mo + %/32) — 1P
(mo+ 357 + 2
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Intro Lattice

Dispersion relation

Transfer matrix representation for euclidean correlation functions, (. ):
— generally

(0(x)0(0)) <% Be™ ™0
— here (free theory) expect

G(x0,P) = (ta(x0,P)¥5(0,—p))

= Bage 79, V%0, P —aZw e
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Intro Lattice

Dispersion relation

Transfer matrix representation for euclidean correlation functions, (. ):
— generally

(0(x)0(0)) <% Be™ ™0
— here (free theory) expect

G(x0,P) = (ta(x0,P)¥5(0,—p))

= Bage 79, V%0, P —aZw e

w/a )
Gwo.p) = [ dpoe™ Gn(p)

—m/a
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Intro Lattice

Dispersion relation

Transfer matrix representation for euclidean correlation functions, (. ):
— generally

(0(x0)0(0)) *~>*Be™ ™0

— here (free theory) expect

G(x0,P) = (ta(x0,P)¥5(0,—p))
Fo, a(x0, P —aZw o/P

100

= Bage

w/a )
Gwo.p) = [ dpoe™ Gn(p)

—m/a

—m/a w/a
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Intro Lattice

Dispersion relation ioo
7/a )
Gw(xo,P) :/ dpo €™ Gw (p)
e —7/a m/a

E(p) from Gw(p)~! =0 : || Exercise

14 a%p?

2 cosh(Ea) = +A, A:1+amo+§f)2

Interpretation:

1. Renormalization (in the free theory!)

p=0: eaE+e_aE:A+%—> E:%Iog(l—&—amo)EmR
Now expand in a: 2cosh(Ea) =2+ a*E% + La*E* + ...
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Intro Lattice

Dispersion relation

log(1 + amp) = mr  and expand in a:
2cosh(Ea) = 2 4+ a2E% + %a“E4 +...

find:

E> = pP+mp—(3p'+35mip’ +1D> pi)a"+0(a")
k
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Dispersion relation

log(1 + amp) = mr  and expand in a:
2cosh(Ea) = 2 4+ a2E% + %a“E4 +...

find:

E> = pP+mp—(3p'+35mip’ +1D> pi)a"+0(a")
k

cutoff effects are
» enhanced by large mp
» O(a?) (in the free Wilson theory automatically)
> break O(3) symmetry (not H(3))
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Intro Lattice

Dispersion relation

Numerical example, relevant for B-physics:

» Wilson discretization Wilson ferm.: E(a.p)*2 - E(0.p)"2, a[1/GeV], E[GeV], p=0.5GeV, m=4G
|p| = 0.5GeV -0.14
3= 1 1
T 2GeV """ 4GeV 0.2
mRr = 4GeV 03
) -0.4]
units: GeV

-0.54

-0.61

0.1 0.2 0.3 0.4 0.5

exact a"2 term
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Intro Lattice

Dispersion relation

Numerical example, relevant for B-physics:

» Wilson discretization Wilson ferm.: E(a.p)*2 - E(0.p)"2, a[1/GeV], E[GeV], p=0.5GeV, m=4G
|p| = 0.5GeV -0.14
3= 1 1
T 2GeV """ 4GeV -0
mRr = 4GeV ~03
] -0.4]
units: GeV
-0.5
-0.6]

0.1 0.2 0.3 0.4 0.5

exact a"2 term

> asymptotics (a*-behavior needs am < 1/2)

» am = 1/2...1/4 needed; therefore: charm: yes, beauty: no
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Intro Lattice

Relativistic heavy quark action

[EI Khadra, Kronfeld, Mackenzie; Aoki, Kuramashi; Christ, Li, Lin ]

— Ao + 9§ O + O %0
Slat = 34§X:¢(X){mo+ 02 070+5 k2 ka—a ”2”}¢(X)

£ =¢&(amp)
> |p| = 0.5GeV
1 1
9= 32GeV ' " 4GeV
mr = 4GeV
E?2 =p?+ m}
-(3p*+ 32 ph) &
+0(a%)
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Intro Lattice

Relativistic heavy quark action

[EI Khadra, Kronfeld, Mackenzie; Aoki, Kuramashi; Christ, Li, Lin ]

— Ao + 9§ O + O %0
Slat = 34§X:¢(X){mo+ 02 070+5 k2 ka—a ”2”}¢(X)

§ = &(amp)

> |p| = 0.5GeV RHQA EA2 artefacts
3= 1 1 )
T 2GeV """ 4GeV -0.001
mg = 4GeV ~0.002]
E2 — p2 + m%{ -0.003
1.4 1 4 2 -0.004
—(3p*+ 32k pk)a
~0.005]
+0(a%)
~0.006]
-0.007
~0.008]
-0.009] \
\\
-0.010] \

T T T T T
0.1 0.2 0.3 0.4 0.5

a
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Options to do B-physics on the lattice

» ‘“relativistic heavy quark actions”

» extrapolations in the quark mass

» effective theories: expansions in A/my,
Heavy Quark Effective Theory
Nonrelativistic QCD
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Options to do B-physics on the lattice

» ‘“relativistic heavy quark actions”
consistent beyond tree-level?
at the non-perturbative level?

» extrapolations in the quark mass

» effective theories: expansions in A/my,
Heavy Quark Effective Theory
Nonrelativistic QCD
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Options to do B-physics on the lattice

» ‘“relativistic heavy quark actions”
consistent beyond tree-level?
at the non-perturbative level?

» extrapolations in the quark mass
need continuum limit before the extrapolation

» effective theories: expansions in A/my,
Heavy Quark Effective Theory
Nonrelativistic QCD
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Plan

[arxiv:1008.0710 ]

and Les Houches school 2009
Oxford University Press

look there for more references
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Naive HQ on the lattice
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Tests
Non-perturbative matching
Large volume
Some results
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Cont Propagator

On continuum HQET

Want to describe hadrons with a single very heavy quark
e.g. a B-meson

like a hydrogen atom

hydrogen atom : heavy proton + light electron

B-meson . heavy b-quark + light anti-quark

b-baryons . heavy b-quark 4+  two light quarks
my, — 00

» Rest-frame of B < rest-frame of b (quark)

» antiquarks can’t be created

Dyyp =0

Rainer Sommer Heavy Quarks on the lattice



On continuum HQET

Dirac Lagrangian:

— Dyyp=0 — sta sta

P{Dyy, + miy s P{Doyo + mpp = L5 + L
——
anti-quark

L =y (m+ Do)n, Pyt =tn, YuPr =1, Pi= 1%7%

Corrections
by treating Dyyx perturbatively:  Dyip < my
Couple quark and anti-quark fields.
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“Deriving” the form of the continuum HQET Lagrangian

Decouple by Fouldy Wouthuysen-Tani (FTW) transformations
/ 1
b = P=ete’y, S=ED=-5,5= a2 07k o
m
T W =%
. rename ¢’ — 1)

¥ = fﬁtat_,'_ﬁj}fl) + gﬁtat_i_igél)_'_o(#)

-iﬂél) = _(Okin + Ospin) s gffl) = _(@kin + @spin) 5
Okin(x) = ¥3,(x) D? ¥(x) , Ospin(x) = ¢ (x) o - B(x) ¢n(x),
O'kZ%G;jkO',‘j, BkZi%eiij;j,
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Cont Propagator

Comments on the “Derivation”

» It is classical: in a path integral Dy < m) is not satisfied. All
momentum components are integrated over.

» Have not “integrated out any components”
» The derivation is order by order in 1/m

» We now have the classical effective Lagrangian.
Its renormalization could need more terms.
— to be discussed.
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Cont Propagator

Comments on the “Derivation”

» It is classical: in a path integral Dy < m) is not satisfied. All
momentum components are integrated over.

» Have not “integrated out any components”
» The derivation is order by order in 1/m

» We now have the classical effective Lagrangian.
Its renormalization could need more terms.
— to be discussed.

» Lagrangian for a b-hadron at rest.
B—Iv,B—r7lv,B—B,... ok

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

The static quark propagator

The propagator Gn(x,y) satisfies
(0% + Ao(x) + m)Gu(x,y) = 6(x — y) Py
Solution

Gu(x,y) = 0(x0 — y0) exp(—m(xo — y0)) d(x —y) Py

-?exp{/ dzvo(zo,x)}
Yo

> explicit solution (check it as an exercise)

‘P: path ordering

> O(x —y): static

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Mass dependence

Gu(x,y) = 0(x0—yo)exp(—m(xo — y0))d(x —y) P+
- P exp {f /XO dzvo(zo,x)}
Yo

explicit factor exp(—m |xo — yo|) for any gauge field

also after path integration over the gauge fields
Ch(x,yim) = Cuh(x,y;0) exp(—m (x0 — y0)) -

example:

Gy (%, yi m) = (1()s¥n (%) P (y)15¢1(x)) 5
Y1(x): a light-quark fermion field
» remove m from Lagrangian L3t =4y (Do + €)hn
L4 = P (=Do + )iy
» all energies are shifted by m EQCD _ pstat |

h/h h/h
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Cont Propagator

Heavy Quark Symmetries

1. Flavor

F heavy quarks

Yh = Uh=Yngse-orUng)

A = Py(Do + €)in .
symmetry
Un(x) = Vau(x), ¥u(x) =)V, vV eSU(F)
emerges as (F = 2)
m, —me=c¢ X Aqcp, or my/me=c, m, —

c or ¢’ fixed when taking m;, — co

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Heavy Quark Symmetries
2. Spin

Un(x) = T Yn(x), (%) = Wy (x)eT N,

—_— 1 I Py pp— O-k 0
Tk =56k = g o)

in Dirac representation where

1 0 10 0 0
(o S)or=fon) e =(03)

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Heavy Quark Symmetries

3. Local Flavor-number

Pn(x) = M Pu(x),  Py(x) = Py (x)e )
is a symmetry for any local phase n(x).

For every point x there is a corresponding Noether charge

@u(x) = ¥n()un(x) [= Un(x)0vn(x)]
80 Qh(X) =0Vx

@n(x): local (heavy) Flavor number

» All heavy quark symmetries are broken at order 1/m.
But it is essential to have them at the lowest order.

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Summary first lecture

» B-physics is interesting for searching for deviations from the
standard model

> my, < a~! impossible to realize for a while to come
» Expansion in A/my, ~ 1/10

» Lowest order Term

L = hy(Do + €)bn,  Pitpn =y

my, scale is removed
» Symmetries
SU(2) Flavor (for my, — oo and m, — o0)
spin symmetry
local flavor number
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Cont Propagator

Renormalizability of the static theory
L34 =3y, (Do + )

» local Lagrangian with field
O1(x) = ¥u(x)Doyn(x), [O1]=4

» standard wisdom: renormalized by adding all local fields with [O;] < 4

OQ(X) = Eh(x)wh(x) ) [02] =3

no other fields compatible with the symmetries
» complete renormalized Lagrangian

L = Yy(Do+6m+€)y
sm = (e8] + e85 +---) Acut

> ¢dm given for massless light quarks
> 1 x O1(x) possible by choosing wave function renormalization

> Energies of any state are

QCD _ stat
Eh/B - h/h

o +om+m= Eﬁt/a}‘lt 0 + Mbare

Sm= Sm=

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Renormalizability of the static theory

Note: none of this is proven (e.g. to all orders of PT),
but

» worked out in PT so far

> NP tests (later)

Rainer Sommer Heavy Quarks on the lattice



Cont Propagator

Predictions (if charm is heavy enough)

EQCD _ Estat

f
h/h h/h + Mpare

dm=0

+om-+me = Eﬁ;%t

dm=0

Considering different levels (e.g. radial excitations or different angular
momentum:

Ef — E, = E. — E. + O(Aqcn/me)

Also predictions for decays:

b z-
e
B— 1, & =
amplitude o< (0]a(x)y,v5b(x)|B(p)) = pueipxFB
p=0: (0]2(0)v015b6(0)|B(p)) = mpFg
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Cont Propagator

Normalization of states, scaling of decay constants

relativistic normalization of states

@l )a = (27)°2E(p)S(p—p').

The factor E(p) introduces a spurious mass-dependence.

non-relativistic normalization is

(plp')Nr (plp’) =2(2m)*5(p — p')

Pt = VEP)IP)-

To lowest order in 1/my, the FTW transformation is trivial:

HQET( ) = A5 (x) + O(1/my,) , A5 (x) = B(x)Y0v5%n(X) .
~ OB o) = e

mass—independent

1/2

pstat — mgl/z po Fp = m113/2FB Fo
in the limit my, — oo, me — o0; rather doubtful for charm.

also up to logarithmic corrections (see later)
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Static action on the lattice

» no chiral symmetry for a static quark
» discretize a la Wilson (with r = 1)
Dovo — 2{(Vo+ Vo) —aVoVol,
(Vi) = 31(0) = 9lx = ap)], Vi(x) = J(x+ ap) = 9(x)])
with PLyy =y, P_v; = 9y, get lattice identities
Do tn(x) = Voun(x),  Dowi(x) = Vou(x).

» convenient normalization factor —

1

S = 1+36mah(x)[v§+5m]¢h(x),
1 _
4G = 1+35m¢5(x)[—vo+5m]¢ﬁ(x)'

Rainer Sommer Heavy Quarks on the lattice



Static action on the lattice

The following points are worth noting.

>

Formally, this is just a one-dimensional Wilson fermion replicated for
all space points x

No doubler modes

Positive hermitian transfer matrix for Wilson fermions can be taken
over

The choice of the backward derivative for the quark and the forward
derivative for the anti-quark is selected by the Wilson term.

Selects forward/backward propagation; an e-prescription is not
needed

First written down by Eichten and Hill.

Preserves all the continuum heavy quark symmetries
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Propagator

1

m(% +6m)Gn(x,y) = d(x — H5m Yu Py .

Writing
Gh(x,y) = g(no, ko; x)o(x —y)P+, X0 =ano, yo = ako

simple recursion for g(ng + 1, ko; x) in terms of g(no, ko; )

solution
g(no, ko;x) = 0(mo — ko)(1+ aém)_("o_kU)P(y,x; 0)f,
P(x,x;0) = 1, P(x,y+a0;0)="P(x,y;0)U(y,0),
where
0 ng < ko
0 — ko) =
(mo — ko) {1 no > ko .
Gu(x,y) = 6(x0—y0) 8(x —y) exp (—dm(x0 — y0)) Ply,x;0)! Py,

5m = éln(l—&—aém).
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Propagator

Gu(x.y) = 00— y0) 8(x—y) exp (—3m(x —y0)) Ply.x;0) Py,
Sm= % In(1+ adm).
» 0(0) =1 for the lattice -function

» mass counter term dm just yields an energy shift

on the lattice:

QCD stat

h/h = h/h | §mo + Mbares Mbare =dm+ m.

the split between dm and the finite m is convention dependent
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Symanzik analysis of cutoff effects

| do not derive it here ... result:

>

>

automatic O(a) improvement of the action, energy levels
0(a?) cutoff effects

O(a) improvement term for currents, eg.

ASPY = YivosYn
(A?‘:{tat)o — Z/s&tat (Astat + athat (gO) 5A8tat)

irrespective of the light-quark action

other (components) of currents, similarly
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Numerical test of the renormalizability

36 -
£3589 (xg, 0) = -5 Z <(A§tat)0(x) Ch(y)7541(2)> : bév
y.z

a12 _ —
o) = 25 3 (G st MG 0sa@) © [

u,v,y,z

8 _ —
00,0 = =25 3 G036 0 GWwst@) T
X15X2,Y,Z

In a Schrodinger functional .
Double lines are static quark propagators.
0 angle in spatial BC's.

Renormalization according to standard wisdom

[fAstat]R — Zztatzch ZC fAstat , [flstat]R _ ZC2h ZC2 flstat , [f-lhh]R — Zélh f-lhh )
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Numerical test of the renormalizability [oeis mere. shindter. . 2005 |

F \ T \ g
~ 115 E & - E

£0(0,0) = fR(T/2,0) S 11as ® ? 3 =
fstat( /2 9/)’ = 1'1427 ] é

fstat(a) 1135 E ! - ! 3

£1(0,0") = fstat(el) , O, | O(To§ N ‘o.‘o1 0,0‘15 7
hh _im=E E

hd/L,0) = D0 T s 5 B oE W
(L/2,0) " S e - .

1205 F 3

P N BRI RN R

0 0.005 0.01 0.015

13 g L B B

R -

11 E

P e ]
095 0.005 0.01 0015 (a/L)?
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Ren match

Beyond the classical theory: Renormalization and Matching

a matrix element of Aq:

QCD HQET in static approx.
Za (flAo()li)qep  ZR (1) (FIAG ()] i)star
P (m) (1)

» m: mass of heavy quark (b) in some definition
(all other masses zero for simplicity)

» u: arbitrary renormalization scale
» matching (equivalence):
S (m) Canaten(m, 1) x (1) + O(L/m)
Cuaten(m, ) = 14+ a(m/u) &) +...
——

~o log(p/m)+const.

M, A\, ®rar: Renormalization Group Invariants
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Ren match

Beyond the classical theory: Renormalization and Matching

a matrix element of Aq:

QCD HQET in static approx.
Za (flAo()li)qep  ZR (1) (FIAG ()] i)star
P (m) (1)

» m: mass of heavy quark (b) in some definition
(all other masses zero for simplicity)

» u: arbitrary renormalization scale

» matching (equivalence):

®UP(m) = Cuaten(m, 1) x (1) + O(1/m)
Cuaten(m, 1) = 1+ a(m/p) &)+
———
~o log(p/m)+const.
= Cps(M/N) Prar

M, A\, ®rar: Renormalization Group Invariants
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Struct Toy model

The nature of the expansion

» QFT — divergencies, log(M)
» Strongly interacting:
— non-perturbative in « — perturbative in 1/M

> A toy model with the essential features

@UP(F) = C(M/A) ®o(8) + 1 01(8) + 15 ®2(8) + -

®QCD: 3 (renormalized) observable

energy level

decay constant (Fg,/mg)
B: Quantum number (e.g. pseudo-scalar vector)
M: the mass of the quark (RGI)
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Struct Toy model

The nature of the expansion

» QFT — divergencies, log(M)

» Strongly interacting:
— non-perturbative in « — perturbative in 1/M

> A toy model with the essential features

C: C
®P(B) = C(M/N)  Do(B) + - ®1(8) + 5 P2(B) + ..
— M M
(log(M/A))"
1+k[log(M/A)]—1

®QCD: 3 (renormalized) observable
energy level

decay constant (Fg/mg)
B: Quantum number (e.g. pseudo-scalar vector)

M: the mass of the quark (RGI)
» C(M/A) not constant; not a naive expansion!

as just discussed:
— from renormalization of HQET and matching to QCD [Eichten, Hill ]
— from QCD mass dependence at large masses [Shifmann, Voloshin; Politzer, Wise |
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Struct Toy model

The nature of the expansion

(log(M/N))"
1+ k[log(M/N)] 1
—_——

C(M/N)
log(M/N)] ™" ~ (M)

L 0x(B) 5+

+o1(6) 2

PUPL(B) = Do(B) v

C(M/N) = (log(M/N))" [1+Z )'(log(M/N))~ }
I>1
= ao(M)’ |:1+Z(—k)’a(l\/l)’:|
I>1
» simplified:

— summable, finite radius of convergence ( not in real QCD)
— neglected log-corrections and mixing in M~" terms
— r given by anomalous dimension in HQET (o)
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The standard approach

> [log(M/N)]7! ~a(M) <1
“matching (computation of the coefficients) can be done in perturbation theory”
" Wilson coefficients can be computed in perturbation theory”

» in our model this means

L
CM/N) = a(M)™" |1+ (=k)a(M)'| £ A[C(M/N)]
I=1
L
= (log(M/N)" |1+ (—k)'(log(M/N))~"| + A[C(M/N)]
1=1
. A[CM/A)
error W =0 <a(M)L+1)

» fine for leading term in 1/M if pertubration theory is well behaved
» but including M~!-term is theoretically ill defined

log(M/N)~L"1 > A/M  for M — o
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The standard approach

> [log(M/N)]7! ~a(M) <1
“matching (computation of the coefficients) can be done in perturbation theory”
" Wilson coefficients can be computed in perturbation theory”

» in our model this means

L
CM/N) = a(M)™" |1+ (=k)a(M)'| £ A[C(M/N)]
I=1
L
= (log(M/N)" |1+ (—k)'(log(M/N))~"| + A[C(M/N)]
1=1
. A[CM/A)
error W =0 <a(M)L+1)

» fine for leading term in 1/M if pertubration theory is well behaved
» but including M~!-term is theoretically ill defined
log(M/N)~L"1 > A/M  for M — o

» Need C(M/A), c1, ¢ non-perturbatively
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The standard approach

> [log(M/N)]7! ~a(M) <1
“matching (computation of the coefficients) can be done in perturbation theory”
" Wilson coefficients can be computed in perturbation theory”

» in our model this means

L
CM/N) = a(M)™" |1+ (=k)a(M)'| £ A[C(M/N)]
I=1
L
= (log(M/N)" |1+ (—k)'(log(M/N))~"| + A[C(M/N)]
1=1
. A[CM/A)
error W =0 <a(M)L+1)

» fine for leading term in 1/M if pertubration theory is well behaved
» but including M~!-term is theoretically ill defined

log(M/N)~L"1 > A/M  for M — o

» Need C(M/A), c1, ¢ non-perturbatively
» Also matching QCD — HQET on the lattice
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Struct Toy model

Including 1/my, corrections
( O(1/m?) dropped without notice)

ff}sl)(X) = _(Wkin Okin(x) + Wspin OSPin(X)) :

NRQCD path integral weight:

Wxrqop o exp(—a* Y [Hignt(x) + L (x) + SARO))

non-renormalizable ([Oxin] = [Ospin] = 5), no continuum limit
the real trouble is not the effective theory, but that at the same time we want
non-perturbative results: not a finite number of loops

HQET path integral weight:

Wiqrer = exp(—a’ Z[f/light(x) + 2 () {1 -a* Z%ﬁl)(x)}

part of the definition of HQET
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Struct Toy model

Expanding correlation functions.

Wiqer = exp(—a* D [Hignt(x) + L5 (x)])

X {1 + 84 Z(wkin Okin(X) + Wspin Ospin(X))}

This yields
(0) = (O)stat + wiina® Y (OO0kin(x))stat + wepina® D _(OOspin(x))stat
= (O)stat + wkin (O)kin + Wspin(O)spin ,
with
(Ohstar = 3 [ Oep(=a* Y () + L ()

X
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Struct Toy model

Expanding correlation functions.

(O) = (O)stat + Wkin{O)kin + Wspin{(O)spin »
one more point: also fields in correlation functions need to be expanded:
Oqep = Ao(x)AN(0)
Ao(x) —  AFET(x) = Z T At (x +ZcA AP ()],
A (x) = ¢1(X) 157 (V= T)un(x), AP (x) = —d; Astat
< =o(/m) [Aé”(x)] =4
symmetric derivatives:

&S

o=1@+d), V=3Ti+V), F=i"i+v).
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Struct Toy model

Expanding correlation functions.

Example

QCD _ 2 .3 i
CRARGo) = 2323 (Ao(A50))
its HQET expansion

CD —m X H sta sta
CHP o) = e Mz [R5 (x0) + <) GGk (o)

+ Wkin C}ilX(XO) + Wspin CZIXH(XO)]

,mxo(ZIIQET)2 Cstat(XO) [1 + CE\) Rstat( )

+ Wkin RKIX(XO) + Wspin RZPAH(XO)]

with
GRAGo) = 2 (A (AT () star + a3Z X)(A*H(0)) )star
km(XO) _ a3 Z<A(s)tat (X)(A(s)tat(o))fhdn
CRM(0) = 2D (AT ()(AF™(0)))spin -
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Struct Toy model

Expanding correlation functions.

CHP o) = ez [CRR (o) + e GG (o)

+W'kin C}A(,IK(XO) + Wspin CZIXD(XO)]

» parameters in the effective theory

< HQET 1
(UJI. . ..UJS) = (mbarn =m+om, In(ZA ’ ) CAE\) » Wkin Wspin)

w; = wj(go, aMy) bare parameters

» renormalization
all terms needed for the renormalization of the correlation functions with
insertions of Oyiy, Ogpin are present in the expression
wj are the necessary free coefficients
keep M, fixed change go — 0, a — 0: all divergences (logarithmic and power)
absorbed in w;
a more detailed explanation in [RS., arXiv:1008.0710 |
» matching
finite parts of the w; by matching to QCD (more precisiely later)

M ({w;}) = o2 (M)
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Struct Toy model

Expansion of energies...

- QCD
mp —Xolinooaoln Con (x0)

.oz 1
= Mpare — Xollnoo 80[ In Cztj;t(xo) + cf\) Rg,tAat(XO) n

+ Wkin R}i‘X(XO) + Wspin RZpAin(XO) ] Sm=0

_ stat ; kin , spin
- Mpare + E + M"kinE + Wspin ESP )
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Struct Toy model

Expansion of energies...
mg = — lim doIn CEIP(x0)
Xg— 00
= Mpare — _lim f%[lnCStat( )+C(1 stat(X)+
Xp— 00

+ Wkin REA(%0) + Wspin Rip:‘(xo) Tsmeo

= stat . kin , spin
- Mbare + E + “"kinE + Wspin ESP R

)

tat i tat
ES a — _xlinoo 80 In Cs a (XO)
0 Sm=0

E = — lim_8) R§(x0)
xX0—
1
= 2L3 B‘ 3ZOkm(0 Z)|B>qtat = _§<B|Okin(0)‘B>stat

Espin Iim 80 Rspm(xo) = 5<B‘Ospin(o)|8>stat ,

0 = ||m 80Rstat( )
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Struct Toy model

and matrix elements

. 1/2
Favims = lim_{2exp(ms) AP o)}
= ZJQET gstat Jim {14 3% [Wicin ES™ + wepin EP"]
+1 C&)Rsmt(xo) + 3wiin RER (%0) + 3wepin R (20) }
Ppstat lim {2exp(EStatX0) Cstat( )}1/2 )
Xp— 00
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Struct Toy model

and matrix elements

) 1/2
Favims = lim_{2exp(ms) AP o)}
= Z:—\’QET ¢Stat |£n {1 + %XO [Wkill Ekin + Wspin ESpin]

+3 C1(-\ )RECAM (XO) + “’kln RAA (XO) + ""*IH“R/S-\AD(XO)} ’

¢stat —_ lim {2exp(EStatX0) Cstat( )}1/2 )
Xp— 00
always a strict expansion

(CAg)uwkinywspin) - O(I/mb)

HQET — tat
ZA Wkin = ZZ a

# (Zztat + Z(Al/m)) Wkin

Wkin
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TeStS Of H Q ET [Fritzsch, Jiittner, Heitger, S., Wennekers ]

Example: SF boundary-to-boundary correlators

3
1 f1(01) k1 (61)
Ri = z1{In FTTRYNTRE z=ILM

f1(62)ki(62)
MR 1
1j - 5]
i i 1
08f == 1
e o]
i g 1
06k P 1
| g=== o (61,6)=(0,1) |
[ 0 (01,0)=(31) |]
04l A (61,60)=(0,1) |
) SIS DU -
07 L L L L L L 1
0 0.05 0.10 0.15 0.20 0.25

1/z

spin averaged
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TeStS Of H Q ET [Fritzsch, Jiittner, Heitger, S., Wennekers ]

Example: SF boundary-to-boundary correlators

A 0=00

06=05
0.06 F ¢ 610

v T
0 0.05 0.10 0.15 0.20 0.25
1/z

spin symmetry violating
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Non-perturbative determination of parameters [ Az 2001200 ]
static parameters
W= (L In(Za)) Nuqer =2
parameters at first order

oT HQET 1
WHQF : - (mharc ’ In(ZA ? ) CI&) » Wkin , Wspin )t NHQET =5

ot/m _ JHQET _ stat

matching: L; ~ 0.5fm
®;(Ly, M, a) = dR°P(L;,M,0), i=1... Nuqer
Why L; = 0.5fm?

» a=0.012...0.025fm is accessible
b-quark can be simulated, continuum limit can be taken

Rainer Sommer Heavy Quarks on the lattice



NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

L; = 0.5fm: a=0.012...0.025fm:

b-quark can be simulated, continuum limit can be taken

10 0.47
05 " A 0.46 *77,j,7T7777%——— S
O ottt F g 0.45 +777L7T77——%~———— E
%78.5 %ﬂ
0.44 PR S
8 d O 3
75 0.43
o 05 1 15 2 25 0 05 1 15 2 25
(a/L1)2 x107° (a/L1)2 <107
®; = Lmg(Ly) = O(2) o, = In(L3?[Fsymal(L) =
0(2%

three different z
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

L; = 0.5fm: a=0.012...0.025fm:

b-quark can be simulated, continuum limit can be taken

0.295
— 0.3 . ~
0.29 e
Y 0.25
8 0285 " . s -
C ¥ T — %‘5‘ 02
0.28f T —
o —— - 0.15
~.
0.275 B o1
0.27
0o o5 1 15 2 25 0 0.01 0.02 0.03
-3
(a/Ly) x10 (a/L1)?

b4 = O(1) = RS™ 4wy, O™
three different z three different 0
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NP HQET

Non-perturbative determination of parameters [ Az 2001200 ]

®;(L1, M, a) = ®3°P(L,M,0), i =1... NuqrT
natural:
o1 = LT = —LdpIn(—fa(x0))ersa ~ X7 Lmp
Gy = In(Zy—A) LR In(L32Fga/mp)2),
Vi

HQET expansion

d>1 = L [mbam + rstat] + O(l/mb)
2 = In(Zi™)+ Ca +O(1/m,)
in general
O(LM,a) = n(L,a)+ (L a)w(M,2)

[stat L o ...
77=<CA,¢>:01...
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Full strategy to determine w(M,, a), a = 0.05fm ... 0.1fm

(in
QCD | HQET
L L L Lo Lo
. N
w w
N Va |
4 AN [
match SSF
Si ; So S3 S4 S

'
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Full strategy (1-2a)

qco HQET

L L Ls L L

(1) continuum limit in QCD a=0.025fm...0.012fm
®RP (L, M,0) = lim QP (L, M, a),
a/L1—0

(2a) HQET parameters a=0.05fm...0.025fm

o(M,a) = ¢ (L1,a)[®(L1,M,0) — (L1, a)]
(L;1¢1(L1, M,0) — Istat ([, a))

®3(L1, M,0) — Ca(L, a)

Li/a > 1, aM, irrelevant
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Full strategy

(2b) step scaling to Ly =2L; a =0.05fm...0.025fm
Insert & into ®(L, M, a)

®(Ly, M,0) = a/ILi;'n_>0 {n(L2, a) + ¢(L2,a) (M, a)}
L2FS°M(L2, a) + %‘Dl(Ll, M,0) — Lgrsmt(Ll, a)
= lim Ca(L2,a) + (L1, M,0) — Ca(L1,a)
a/lLy—0
I_Z[rstat(L27 a) _ rstat(Ll, a)] %d)l(Lly M, 0)
= /lLim . Ca(L2,a) —¢a(Ly,a) + (L1, M, 0)
a 2—
—
finite HQET SSF's QCD, mass dependence
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Full strategy

(3.) Repeat (2a.) for L1 — Lo:
w(M,a) = ¢~ (L2, 2) [(L2, M, 0) — (L2, 3)]

With same resolutions Ly/a = 10...20 now a=0.1fm...0.05fm

(4.) insert w into the expansion of large volume observables, e.g.
mp = w+ Estat

from above: mp = mp(Myp) — determine My,
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Full strategy

mp = mp(Myp) — determine My,

explicitly in static approximation

mpg =
lim [ES®2* — stat ([, a)] a=0.1fm...0.05fm [S4, S5]

a—0

+ Iimo[FStat(L2, a) — %Ly a)] a =0.05fm . ..0.025fm [S2, S3]
a—s

1
+ = lim ®y(L1, My, a) 2 =0.025fm...0.012fm [S1] .

Ll a—0
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NP HQET

Large volume

statistical and systematic precision

P> statistical [Della Morte, Shindler, S., 2005; Hasenfratz & Knechtli, 2001 ]
self energy: signal/noise becomes worse as a — 0
change action: HYP-smearing
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NP HQET

Large volume

statistical and systematic precision

P> statistical [Della Morte, Shindler, S., 2005; Hasenfratz & Knechtli, 2001 ]
self energy: signal/noise becomes worse as a — 0
change action: HYP-smearing

» systematic
. c 1/2
Fgy/mp = Xolinoo {2exp(mpxo) CSAD(XO)} /

excited state contaminations typically non-negligible at a = 0.7fm

a common problem, e.g. nucleon structure

» the GEVP helps:
an operator Q°f can be constructed such that (rigorous [Biossier,
Della Morte, von Hippel, Mendes & S., 2009 ]) )

(0]QgTeFtpe=fit(Qehytio) = (Qa(2t)P(1)(QS(0)))
= (n|P|n') + O(e~[Enn—El o)

eg. t=th+a
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Exa mpleS Of reSU |tS Mb [Blossier, Della Morte, Garron, Mendes, Papinutto, Simma, S ]
static approximation
mp =

lim [EStat — stat([, 3)] a=0.1fm...0.05fm [S4, Ss]

a—0

+ Iimo[I'St‘“(L2, a) — %Ly, a)] a =0.05fm . ..0.025fm [S2, S3]
a—

1.
+ o lim (L1, My, ) a=0.025fm...0.012 fm [51] -
14—
19
181 Bl
ofo® o 1
16 B
15| B
14 exp st stat, n
o Lm™-L,E"T0)-o,
[ 20,(L,. M)
BE o L 4
12 i ‘ m ‘ I 3 ‘ 14
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Examples of results: M,

[ [[ LO (static) | NLO (static + O(1/m)) |
(01,02) = (0,0.5)  (61,02) =(0.5,1) (61,62) = (0,1)
6p=0 17.1+£0.2 17.1+£0.2 17.1+£0.2 17.1+£0.2
0p = 0.5 17.2+0.2 17.2+0.2 172+ 0.2 17.1+0.2
6y = 17.2+0.2 17.3+£0.3 17.3+£0.3 17.3+£0.3

Table: Dimensionless b-quark mass, ryM,,, obtained from the B; meson

mass, for different values of 6;.

» small 1/my, corrections
» weak dependence on matching conditions
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_______Intro Cont Latt Ren Struct NP HQET Res |
Examples of results: quenched Fg_ ,/mg;

2.1
— HYP1
20/ — HypP2
1.9
o
<18
1.7

1.5

0.000 _ 0.002

0.004
o [fm?]

0.006

0.008

static limit ®rgy

with 1/my:
GHQET _

Fg./ms,/Cps
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_______Intro Cont Latt Ren Struct NP HQET Res |
Examples of results: quenched Fg_ ,/mg;

[ [[ LO (static) | NLO (static + O(1/m)) |
(01,02) = (0,0.5)  (61,02) =(0.5,1) (61,62) = (0,1)
6o =0 233+6 220+9 218+9 21849
0p = 0.5 229 +£7 221+9 219+8 219+9
=1 219+6 22349 221+8 22248

Table: Pseudo-scalar heavy-light decay constant fg_ in MeV, for different
values of 6;.

» small 1/my, corrections

P> weak dependence on matching conditions
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Comparison to relativistic (not so) heavy quarks

24 T T
- r03/2 (pRGI

2 r 32 HQET
o s, Q / Cpg —o—

372 12 ]
fps Mps™*/ Cpg —

"o

18
16 -
14

12+

0.8

0 0.05 0.1 0.15 0.2 0.25 03
1(ro mpg)

surprisingly consistent picture

Cps inserted from perturbation theory (unclear theoretical status)
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Examples of results: quenched level splittings

I I | _ g ;
- b 1t i h 1 3s — 1s splitting static
2.0 q s .
= 2s — 1s splitting static +
) s S 1/my
) 1.5] ¥ of iy hes
o 2s — 1s splitting static
osi| — HYP1
— HYP2
006600 0002 0000 0006  0.008
a® [fm?]

Static results for splittings are in agreement with [T. Burch et al. |

Also ratio of ground state / excited state decay constant
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Example of a results for Ny = 2 (Lattice 2011) [ R |

Calabaration

: A: a=0.08fm
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FB:FB|mg(:o X <1—4w7r2,__72("m7rlog(m7r/F,r)+bm,r+ca
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Example of a results for Ny = 2 (Lattice 2011) [ R |
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» V,, becomes slightly more puzzling
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» We are at the beginning of applications

» Lots of work remaining to be done ... and phenomenology
waiting to be explored

Rainer Sommer Heavy Quarks on the lattice
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