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e The gauge-string correspondence is a pro-
found hypothesis and a promising approach
to important long-standing problems in QCD
(such as quark confinement), relating the ob-
servables (physical vertex operators) in string
theory to local gauge invariant operators in
QCD. In particular, such a correspondence
identifies open strings with thin tubes of gluon
field lines, connecting hadrons, so the Wilson
loop’s expectation value < W(C') > on the
QCD side is identified with the partition func-
tion Z(C):

Z(C) — <W(C) > (1)

of the open string with the ends attached to
the same contour C.

e Once such an isomorphism holds, one
could expect that correlation functions

of massless vertex operators in open string
theory are to reproduce QCD dynamics. Such
a string-theoretic framework would be par-
ticularly efficient and natural to address the

1



problem of confinement, as well as other non-
perturbative QCD dynamics.



IN PRACTICE THINGS ARE FAR
MORE COMPLICATED

PROBLEMS WITH “NAIVE” G/S COR-
RESPONDENCE:

e There are 8 coloured gluons in QCD vs 1
colourless massless gauge boson (a photon) in
perturbative spectrum of open string

e There is an infinite tower of massive inter-
mediate states in Veneziano amplitude, absent

in QCD:

s = —(p +p2)2 t=—(pm +P3)

- infinite sequence of poles for each integer
non-negative s and ¢ vs. single massless pole

for QCD amplitude



e The presence of massive intermediate
states in stringy amplitudes (destroying the
G/S correspondence) is related to higher or-
der terms in the OPE of two photon vertex
operators:

i (b, P)Wa(g; 252)

Z1 — &9
+3 (a1 — ) VT (&, W N (g)
N=0
(3)
where
Cr (k,p) = (K" — qmm)” + pim,) (1)
k+p+q=0

and we have skipped BRST trivial tachyonic
term of the order of (z — w)™2. Here W)
are the massive operators (intermediate poles)
with the on-shell condition

—

¢?=—2N —2=—m’ (5)

(m is the mass)



e There is an underlying geometrical rea-
son for the appearance of massive poles: the
absence of the ZIGZAG SYMMETRY in con-
ventional string-theoretic models (which, how-
ever, is present on the QCD side) - invariance
of < W(C') > under diffeomorphisms chang-
ing the orientation of the Wilson loop. Z(C)
on the string theory side is only invariant un-
der worldsheet reparametrizations preserving
the orientation of the boundary.

Therefore:

e Confining (QCD) string = string with
z1gzag symmetry

e Zigzag symmetry = existence of closed
subalgebra of

massless open string operators (gluons)

(no massive terms in their OPE).

e Our goal = to construct vertex operators
of 8 massless aguge bosons in the adjoint of
SU(3), possessing the zigzag symmetry and re-
producing field-theoretic QCD amplitudes (no
massive poles).



Outline of the construction :

eSpecial non-linear global space-time sym-
metries (a@-symmetries) in RNS model of su-
perstrings

0

e 3 underlying extra dimensions (each asso-
ciated with colour-anticolour pair)

0

e SU(3) subgroup of a-generators (isome-
tries of hidden coloured dimensions)

0

e SU(3) multiplet of gluon vertex ops with
zigzag symmetry and QCD string obtained as
a result of “photon painting” by a-generators



2. a-Symmetries, Hidden Dimensions
and Ghost Cohomologies

Consider full matter + ghost 4+ Liouville
RNS superstring action given by:

S = ! dz {——8X oOX™
o

1 _ 1
_iwmawm — iwmawm} + Sghost + SLioum'lle
1 _ _ _ _

1 _ _ _
SLioum'lle — A /dQZ{aSOaQD + AOA + AOA
[

—F% 4 20’ (ibAX — F)}
(6)
where ¢, A\, F' are the components of the Li-
ouville superfield, , X", m = 0,....d — 1 are
the space-time coordinates,y)™, 1™ are their
worldsheet superpartners; b, ¢, 3, are

the fermionic and bosonic

(super)reparametrization ghosts bosonized
as



b=¢e 7;c=¢e’,
— X0y = 0.~ — pPX (7)
B=eX%y =0e % yv=c¢
e The RNS action (5) is surprisingly in-
variant (in addition to translations and rota-
tions) under the set of global non-linear space-

time transformations (a-symmetries) mixing
the matter and the ghost degrees of freedom:

6X™ = e{0(e%P™) + 2e20n™}

oY = e{ —e?0”X™ — 20(e?0X™)}
5y = €2 X 4h,, 2 X" — 2000, 0X ™)
53 = 8b = dc =0

(8)

with the generator of (7) given by

20T

d
T - / 2 0K, — 20X, 00™)  (9)
It is straightforward to check that
5Smattefr — _5Sghost
€

= d*2(0e) (P X,b™ — 20X,,00™)
(10)



under (7), so the overall action Sgyg is invari-
ant.

e Equivalent set of transformations leaving
Skrns invariant can also be obtained from (7),
(8) by replacing

¢ < =3¢

e Given the Liouville mode, there are (d+1)
additional a-symmetry generators (one scalar
and one d-vector) with the structure similar to

(7), (8):

Lme — jqf 42 o1 8Rp™ — 20,00™

20T

+0° XM\ — 20X™ON}

(11)

and

L™ :]4 dz e?{0*p\ — 200N} (12)
207

The appropriate space-time transformations
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are given by
0 X = €ma{0(e?N) 4 2e?0N}
ON = —€0{20(e?0X™) + €20*° X}

13
07 = €ma€”? MO XN\ — 20X™ON} (13)
63 = 0b = bc = dp = Y™ = 0
and
00 = e_o{0(e?X) + 2¢O}
O = —e_o{20(e?0yp) + €20y} (14)

07 = €_o®* X{N0*p — 200O\}
03 =db=306c=06X" =" =0

(equivalent versions of these generators ob-
tained by ¢ — —3¢ are also available)

e Combined with (d 4+ 1) translations and

<d+1)2<d+2) rotations of Poincare (includng the

Liouville direction), the (d + 2) a-generators
(8), (11), (12) extend the full space-time isom-

etry group

SO(d,2)=S0(d + 1,2)
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, unsealing the underlying hidden extra dimen-
sion (with the index « in (8), (11), (12) refer-
ring to this extra dimension)

e The generators (8), (11), (12) of the a-
symmetries are the worldsheet integrals of
dimension 1 primary fields, i.e. are phys-
ical wvertexr operators (one can prove their
BRST invariance and non-triviality). Their
peculiar property is that they are annihi-
lated by the inverse picture changing oper-
ator I'™!1 ~ ceX7299y, if taken at picture
+1-representation and by the direct picture-
changing I' =: egb(Gmatter—kG[l]) ., if taken in an
equivalent picture —3-version. In other words,
they violate the equivalence of superconformal
ghost pictures, existing at pictures 1 and above
and —3 and below, but not in between (includ-
ing picture 0), so their coupling to supercon-
formal ghost d.o.f. is essential, distinguishing
them radically from standard symmetry gen-
erators (such as those of Poincare group).

e The a-generators can be classified in terms
of ghost cohomologies H, ~ H_, s(n =
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2,...); in particular for the generators (8),
1

1,2,
(11) and (12) n = 1.
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Definition and brief description of properties
of ghost cohomologies H, ~ H_,,_»

e The positive number n ghost cohomology
H, (n = 1,2,...) consists of physical (BRST
invariant and non-trivial) vertex operators vi-
olating the picture equivalence, existing at pic-
ture n and above, that are annihilated at their
minimal positive picture n by the inverse pic-
ture changing operator I'™! = cO¢e™2¢ (higher
than n pictures of such operators are related
by the usual picture changing).

e The negative number —n ghost cohomol-
ogy H_, (n > 3) consists of physical (BRST
invariant and nontrivial) operators that ex-
ist at picture —n or below, that are annihi-
lated by the direct picture changing operator
[ =: e?G : at the minimal negative picture
—n (here G is the full matter + ghost world-
sheet supercurrent). The operators of H_,, at
lower than —n pictures are related by the usual
picture-changing.

e There is an isomorphism between positive
and negative ghost cohomologies H,, ~ H_,_»
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as any element of H_, o (typically having the
form ~e~("t29F . at the minimal negative
picture) has a representation in H, obtained
by replacing e~ ("*2¢ — ¢"¢ (with the matter
part unchanged) and adding the b—c ghost de-
pendent counterterms in order to protect their
BRST invariance.

o

The usual picture-independent observables,
existing at all pictures, including picture 0 (at
which the superconformal ghosts decouple) are
by definition the elements of Hy. The coho-
mologies H_; and H_5 are empty.
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e The a-generators (8), (11), (12), unsealing
the first hidden dimension, are thus the ele-
ments of H; ~ H_3. It is possible to construct
two higher order classes of the a-generators
inducing space-time symmetries, that are the
elements of H, ~ H_,_5 for n = 2 and 3,
with each n opening up an associate hidden
dimension. The overall number of hidden di-
mensions thus turns out to be 3, with each
extra dimension alluding to colour in terms of
G/S correspondence (see below)

eThe (d+3) a-generators at the n = 2 level
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are given by

1 = ¢ L0 g (X ) a0, 0) ()

227‘(’

- _ 2% O (X, N)F (0, 90)(2)

dz
L™ = %e—%(ﬂ (X, )i (@, A

)
—Fi(X, ) F" (¢, ) (2)
a8 _ dz 1 o)

el —4¢
2 (2 (A,

+L1(X,¥)0L1(, ) — OL1(X,9)Li(p, A))(2)
(15)
with the matter+Liouville structures L. and F
(L1, F1 and F{") being the primary fields of
dimensions 2 and g:
Fi(X, ) = ¢, 0°X™ — 200),0X™
Fi(p, \) = M\0%p — 200y
FM(X,A) = MO X™ — 20\0X™
F*(p,¢) = " 0% — 20¢™ D
Li(X,¢) = 0X,,0X™ — 200, y"™
Li(p, X) = (9¢)” — 20\
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and F5(\, @) being the primary field of dimen-
sion :

| 3 |
Fy(ip,A) = 7(09)" = 700(0°0)" + 5(0¢)° 0"
LAON (D — (D)) — gmﬂxa%p

+3000° N0} =i : ( ]f e PN e
(17)

e Combined with the matter + Liouville

Poincare generators of SO(2,d) and the a-
generators (8),(11),(12) of Hy ~ H_3, the a-
generators () of Hy ~ H_4 enhance the space-
time symmetry group to SO(2,d + 2) launch-
ing the second hidden space-time dimension
(labelled by the index 3 in ())

e The n = 3 level a-generators of Hy ~ H_5,
opening up the third extra dimension (labelled
by the space-time index ) , are constructed
as
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dz

[+ — %e—w{m(gp, N)OF(X, )
_Fl(Xa ¢)8F2(907 )‘)}
Jom — %6_5¢{2F2m(¢, )\, QO)aFl (X, ¢)

_6F2(¢7 )‘7 @)Fl(X7 w)
+2 5 (¢, NOF" (X, A) — OFa(p, N FT" (X, \)}
[~ = %e_5¢{2G2(¢, >\, @)aFl (X, %D)
—3G2(¢7 )\7 gp)Fl(X? w)
+3Fom (¥, A, ) OFT" (X, A)
—28F2m(¢7 )\7 QO)Flm(X? )\)
—@Fg()\, gO)F1(X,¢)}
d
778 — ﬁe_w{}«},(gp, A)
—I—@Ll(X, ¢)L2(907 )‘)

A L (X, 0)OLa(p, \))

11
dz
LY = —6_5¢L2m(¢7 w)LT(X7 >\)

20T
(18)
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with the additional matter+Liouville blocks
given by:

F' (4, A, ) = 0P N0 — "IN
+30°Y™MONIp — 30U NOp

G2(¢, A, 90) = 48¢m82¢m690 — Q@Dma%m@s@
+(2d — 4)()\83)\8¢ - 20)\02)\8gp)

Lo(p, \) = ——(890)45)\ + = (82 )20\
-|—§8g082g002)\ — 5&083903)\
—i(@gp)Qﬁg)\ — 40000\ + 80P )
L§(0,0) = —(09) 00 + S0V 0u™
000U — 200" 00
L@V — 40P PP + PP
LT(X, ) = 0° 2™ 4 AO*Y™
F5(o,\) =: ( ]{ e N) e PO )

(19)
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e Combined with the space-time Poincare
generators (9) and with the a-generators of
two lower ghost cohomologies,

the a-generators (14),(15) of H 3 ~ H_5 ex-
tend the space-time isometry group to

SO(2,d + 3), giving rise

to the third hidden dimension.

Construction of the octet of gluon vertices

e Consider the subset of the a-generators
corresponding to isometries of 3 hidden di-
mensions (those not mixing with the visible
d-dimensional space-time, i.e. without the
space-time index m) There are altogether 9
generators:

LOCI:, Lﬂ:l:’ L’y:l:’ Lozﬁ’ Loz’y’ Lﬁ”y

e The gluons are constructed by acting with
this extra-dimensional subset of 9 a-isometries
() on a photon vertex operator:

—
- —

Von(P) = Am(p) ]{dz((‘?Xm —- @'(E *Wm)eZpX
(20)
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e Remarkably, one of 9 a-generators, L“",
drops out as it turns out to commute with the
photon:

LY, Von(p)] = 0 (21)

producing no new state.

e The remaining 8 operators, however, do
not commute with V), their commutators pro-
ducing 8 new physical states (massless gauge
bosons), each inheriting the ghost cohomology
of the appropriate a-generator.

e Because of () each of these 8 operators

can be shifted by any operator proportional
to LY = 0

e The SU(3) group is then induced by the
following 8 linear combinations of the extra-
dimensional a-generators: vfill
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= - :
T Y+
\/i(L I PG Ly
7 +
1+L QLY - (L — L
1 \/5 ) -
F Y+
\/i(L Lfy_) i g )
| o +
af . \/i(L Lﬂ_)
| L Lot — (et
. o+
F —(l,7+ . — \/5 a_>
\/§ L ) ; (Lﬁ+
\/§ Lﬁ_>
L= il;
‘B
| Ly= (1o 4+ 2[, |
- N \/5 o+ o—
CZ l:’y—l— Z: [ Z:
\/5( " ) i ( ’ )
7 +
| VLB LY (L — L
- \/i(LW_ -+ L7~ \/5 [, Z,Q>
_[aﬁ_i[ay 2 [ [ _)
Gy = 1([ i +%( "o
o . . oz—)
\/5 ' ) ; ( .
\/§ Lﬁ_>
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L5 are in Cartan subalgebra;
G+, G3 - raising subalgebra
F., F3 - lowering subalgebra.

Gluons are constructed as

Vi= [T, Vil
CFZ — {F:I:,Fg,Ll,LQ,G:I:,Gg} (23)
i=1,..,8

T, 1T9) = DIT

(DY are the SU(3) structure constants)
Zigzag Invariance of (Gluon Vertex Operators

Using Wi (z, k) = [T%, W™(z, k)], the OPE
of two gluon integrands is given by
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d”UJl dUJQ

W (21, F)Wi (22, B)r = ]f dw,

207 2 20T

(T (w)TY (w) Wi (21, k)W (22, 5) }

Z]Cp (E ]5) 21 -+ 29
k mn\"" .
21 — R9 Wp( 2 ,Cj>
00 @ ~ .
+Z(Z1 — 2) N C<N>(k>@Dk]WN((f)
N=0
(24)
where
Wx(q) = [T*, Wi ()] (25)

is the a-transtorm of massive operators of
q¢> = —2N — 2 of the photon OPE. vskip 0.2in

e Remarkably, it turns out that the a-
transform of any massive physical oper-
ator is BRST-trivial

Namely, defining

Wi (q) =7 Un(q)e'™
", Un(q)] =/ Uy (26)
[Tkj ez'qvf __def Zk:( q) ez'qvf
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one can show

W (g) = ——[Qorets bocUn 246 75]  (27)

@
e This ensures the zigzag symmetry of the
gluion OPE () and allows to use itto calcu-
late scattering amplitudes reproducing SU(3)
QCD dynamics (including the absence of mas-
sive poles)
6. Computation of the 4-point Amplitude

e The simple pole in the gluon OPE pro-
duces the 3-gluon vertex given by

< Vi ()VIDVH()

= Dl (K, 1)k + p+ g)
Using the zigzag invariance of (24) one can
apply the bootstrap expansion to calculate

QCD scattering amplitudes of higher points.
E.g. the 4-point scattering amplitude

(28)

B A
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is computed to give

4
Al(p1, p, ps, 1) = | [A™ ()
j=1
X {Djl 2D]Z3Z4 _|_ Djl 3D22]Z4 _|_ ng 4D@2@3]}
v { C??zlmg (ph pz) Cm3m4n(p37 p4)
(pip5) (P3pa) (30)
C’I??zllmg (p—i ) pi;’) Cm2m4n (p_é7 pj)
(P1p3)(P2p1)
— — — — 4
Cfrn;blmgl (pl? p4>0m2m3n(p2a p3) -
+ Ve 1> )
(p1p4) (p2p3)

_|_

a=1

e The group-theoretic factor is easily rec-
ognized as ~ Tr(t"..t") (with t* being the
SU(3) generators), as one would expect for
QCD amplitudes; the amplitude is manifestly
cross-symmetric and the factor in numera-
tor (quadratic in structure constants and mo-
menta) protects it from double poles. The cal-
culation can be extended to higher number of
points showing the constructed gluon opera-
tors to reproduce perturbative QCD dynamics
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Conclusions

e(QCD string turns out to be a special sector
of RNS string theory, related to conventional
RNS superstring by the a-transtorm.

ex-isometries of 3 hidden dimensions are-
translated into SU(3) colour group

e Schematically:
ghost cohomology

0

hidden space-time dimension

0

associated colour-anticolour pair
Future directions:

e Higher cohomologies/dimensions?

e Closed string extension/strongly coupled

QCD limit

e (Ghost number selection rules vs. conser-
vation laws in QCD?
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