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Exact 1+1 dimensional hydrodynamical solutions

1. Help guide our intuition

2. Summarize important features

3. Point out essential elements

4. Can be used to investigate whether Hwa-Bjorken hydrodynamics is a
limiting case of Landau hydrodynamics
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Contents of Landau Hydrodynamics in z, t

1. A uniform energy density of length z = 2l initially at rest

2. An equation of state p = ε/3
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Boundary conditions

1. The flow velocity is zero at the center of he slab,

v = 0 at z = 0.

2. The Khalatnikov solution need to match to the Riemann solution at the
edge of the system.
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What is the Riemann solution ?

1. Riemann solution corresponds to the situation when the energy density
and the velocity can be expressed as a function of each other in which x
and t do not explicitly appear.

2. Because of this mutual dependence, the two independent degrees of free-
dom is reduced to a single degree of freedom.

3. The Riemann solution gives the superposition of (i) the propagation of
the disturbance with the speed of sound and (ii) the propagation of the
fluid element itself with the flow velocity
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What is the Khalatnikov solution ?

1. Representing density by ζ and velocity by y,

ζ=
1

4
ln

(
ε

ε0

)
= ln

(
T

T0

)
y= tanh−1 v

It is a general explicit solution of (x = z − l, t) as a function of (ζ, y).

2. It is necessary to invert (x(ζ, y), t(ζ, y)) to yield (ζ(x, t), y(x, t)) for the
usual hydrodynamical equation. Inversion can be done only numerically.

3. The Khalatnikov solution cannot be applied to t/l <
√

3.

4. For t/l <
√

3, only the Riemann solution applies.
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Explicit form of the solution

Definition of various quantities

ζ =
1

4
ln(ε/ε0) = ln(T/T0),

ε/ε0 = (T/T0)4 = e4ζ ,

s/s0 = (ε/ε0)3/4 = (T/T0)3 = e3ζ

y= tanh−1 v,

v= tanh y.

(i) Riemann solution

y = ± ζ
cs
.

x

t
=

tanh(−ζ/cs)− cs
1− tanh(−ζ/cs) cs

.
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(ii) Khalatnikov solution

t(ζ, y) = e−ζ
(
∂χ

∂ζ
cosh y − ∂χ

∂y
sinh y

)
,

x(ζ, y) = e−ζ
(
∂χ

∂ζ
sinh y − ∂χ

∂y
cosh y

)
.

χ(ζ, y) = −l
√

3eζ
∫ −ζ
y/
√

3
e2ζ ′I0

[√
ζ ′2 − 1

3
y2

]
dζ ′,

where I0(z) is the Bessel function of purely imaginary argument,

Iα(z) = e−iαπ/2Jα(iz)
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Riemann solution only for t/l <
√

3,
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Solid lines, Khalatinkov solution.
Dashed line, Riemann solution.
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Solid lines, Khalatinkov solution.
Dashed line, Riemann solution.
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Rischke and Gyulassy,NPA597,701(1996)
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Rischke and Gyulassy,NPA597,701(1996)
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Rischke and Gyulassy,NPA597,701(1996)
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Riemann solution

Method of finding the Rieman solution is from Landau and Lifshitz page
503 Fluid Mechnics

∂T 00

∂t
+
∂T 01

∂x
= 0

∂T 10

∂t
+
∂T 11

∂x
= 0

Because T ik depend on each other, we have

∂T 00

∂T 01
+
∂t

∂x
= 0

∂T 10

∂T 11
+
∂t

∂x
= 0

∂T 00

∂T 01
=
∂T 10

∂T 11

dT 00 dT 11 = dT 01 dT 10
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T 00= (ε + p)u0u0 − pg00 = (ε + p)u0u0 − p
= εu0u0 + p(u0u0 − 1) = εu0u0 + pu1u1

T 01 = T 10= (ε + p)u0u1

T 11= (ε + p)u1u1 − pg11 = (ε + p)u1u1 + p

= εu1u1 + p(u1u1 + 1) = εu1u1 + pu0u0

We use

p/ε = c2
s, u0 = cosh y, u1 = sinh y,

we can rewrite Tµν and dTµν as

T 00 = ε(u0u0 + c2
su

1u1) = ε(cosh2 y + c2
s sinh2 y)

dT 00 = dε(cosh2 y + c2
s sinh2 y) + 2ε cosh y sinh y(1 + c2

s)dy

T 01 = (ε + p)u0u1 = dε(1 + c2
s) cosh y sinh y

dT 01 = dε(1 + c2
s) cosh y sinh y + ε(1 + c2

s)[cosh2 y + sinh2 y]dy

T 11 = εu1u1 + pu0u0 = ε(sinh2 y + c2
s cosh2 y)

dT 11 = dε(sinh2 y + c2
s cosh2 y) + 2ε cosh y sinh y(1 + c2

s)dy
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Cosntruct dT 00 dT 11 − dT 01 dT 10, the dεdε term is

dεdε[(cosh2 y + c2
s sinh2 y)(sinh2 y + c2

s cosh2 y)

−(1 + c2
s) cosh y sinh y × (1 + c2

s) cosh y sinh y]

= dεdε[(1 + c4
s) cosh2 y sinh2 y + c2

s(sinh4 y + cosh4 y)

−(1 + 2c2
s + c4

s) cosh2 y sinh2 y]

= dεdε[c2
s(sinh4 y − 2 cosh2 y sinh2 y + cosh4 y)]

= dεdεc2
s(cosh2 y − sinh2 y)2 = c2

s(dε)
2

Cosntruct dT 00 dT 11 − dT 01 dT 10, the dydy term is

dydy[2ε cosh y sinh y(1 + c2
s)2ε cosh y sinh y(1 + c2

s)

−ε2(1 + c2
s)

2(cosh2 y + sinh2 y)2]

= dydyε2(1 + c2
s)

2[4 cosh2 y sinh2 y − (cosh4 y + 2 cosh2 y sinh2 y + sinh4)]

= dydyε2(1 + c2
s)

2[−(cosh4 y − 2 cosh2 y sinh2 y + sinh4)]

= −dydyε2(1 + c2
s)

2(cosh2 y − cosh2)2

= −dydyε2(1 + c2
s)

2
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Cosntruct dT 00 dT 11 − dT 01 dT 10, the dεdy term is

dεdy{[(cosh2 y + c2
s sinh2 y)2ε cosh y sinh y(1 + c2

s)

+2ε cosh y sinh y(1 + c2
s)(sinh2 y + c2

s cosh2 y)]

− 2(1 + c2
s) cosh y sinh yε(1 + c2

s)[cosh2 y + sinh2 y]}
= dεdy(1 + c2

s)2 cosh y sinh yε{(cosh2 y + c2
s sinh2 y)

+(sinh2 y + c2
s cosh2 y)− (1 + c2

s)[cosh2 y + sinh2 y]}
= dεdy(1 + c2

s)2 cosh y sinh y ε{(1 + c2
s) cosh2 y

+(1 + c2
s) sinh2 y − (1 + c2

s)[cosh2 y + sinh2 y]}
= 0

Finally, we get

dT 00 dT 11 − dT 01 dT 10 = c2
s(dε)

2 − ε2(1 + c2
s)

2(dy)2 = 0

We get

c2
s(
dε

ε
)2 = (1 + c2

s)
2(dy)2

dy = ± csdε

(1 + c2
s)ε

= ± csdε
ε + p
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which is equation (2) of Landau and Lifshitz, page 503. We have now

dy = ± csdε

(1 + c2
s)ε

= ± 1

cs

c2
sdε

(1 + c2
s)ε

= ± 1

cs

c2
sd ln(ε/ε0)

(1 + c2
s)

= ± 1

cs
d{ln[(ε/ε0)

c2s
(1+c2s)]} = ±dζ

cs

The Rieman solution is then

y = ± ζ
cs
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where we introduce

ζ = {ln[(ε/ε0)
c2s

(1+c2s)]} =
c2
s

(1 + c2
s)

ln[(ε/ε0)]

(1 + c2
s)

c2
s

ζ = ln[(ε/ε0)]

ε

ε0
= e

(1+c2s)

c2s
ζ

we can show (
ε

ε0
)c

2
s/(1+c2

s) =
T

T0

ζ = ln(
T

T0
)
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The entrophy conservation equations, along ui

We take projection along ui the basic hydro equation:

ui
∂T ik

∂xk
= 0

Upon multiply by ui and summed, we get∑
i

ui
∂T ik

∂xk
= 0 we shall use summed convention

ui
∂T ik

∂xk
= 0

ui
∂{(ε + p)uiuk − gikp}

∂xk
= 0,

ui[(ε + p)uk
∂ui

∂xk
+ uiu

i∂(ε + p)uk

∂xk
]− uigik

∂p

∂xk
= 0,

∂(ε + p)uk

∂xk
]− uk ∂p

∂xk
= 0,

uk
∂(ε + p)

∂xk
+ (ε + p)

∂uk

∂xk
− uk ∂p

∂xk
= 0,

(ε + p) = Ts, d(ε + p) = Tds s is the entropy density,

ukT
∂s

∂xk
+ Ts

∂uk

∂xk
= 0,

T
∂(suk)

∂xk
= 0, conservation of entropy (1)

∂(suk)

∂xk
= 0, conservation of entropy (2)
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The equation perpendicular to ui

We take projection perpendicular to ui the basic hydro equation:

∂T ik

∂xk
− uiuk

∂T kl

∂xl
= 0 (3)

Upon multiply by ui and summed, we get

ui
∂T ik

∂xk
− uiuiuk

∂T kl

∂xl
= 0

ui
∂T ik

∂xk
− uk

∂T kl

∂xl
= 0 (4)

Let us expand out the terms:

∂T ik

∂xk
− uiuk

∂T kl

∂xl
= 0

=
∂

∂xk
[(ε + p)uiuk − gikp]− uiuk

∂

∂xl
[(ε + p)ukul − gklp]

=
∂

∂xk
[(ε + p)uiuk − gikp]− ui ∂

∂xl
(ε + p)ukuluk + ui(ε + p)ukul

∂

∂xl
uk + gkluiuk

∂

∂xl
p

= [(ε + p)uk
∂

∂xk
ui + ui

∂

∂xk
(ε + p)uk − gik ∂

∂xk
p]− ui ∂

∂xl
(ε + p)ukuluk + ui(ε + p)ukul

∂

∂xl
uk + gkluiuk

∂

∂xl
p

= [(ε + p)uk
∂

∂xk
ui − gik ∂

∂xk
p] + gkluiuk

∂

∂xl
p = 0 (5)

Now,

dp = sdT, (ε + p) = Ts
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So, we have

[(ε + p)uk
∂

∂xk
ui − gik ∂

∂xk
p] + gkluiuk

∂

∂xl
p = 0

[Tsuk
∂

∂xk
ui − giks ∂

∂xk
T ] + gklsuiuk

∂

∂xl
T = 0

Tuk
∂

∂xk
ui + uiul

∂

∂xl
T − gik ∂

∂xk
T = 0

uk
∂uiT

∂xk
− gik∂kT = 0

uk
∂uiT

∂xk
− ∂iT = 0, as in Landau′s (4.5) (6)

For i = 1, we have

uk
∂u1T

∂xk
− ∂1T = 0,

u0∂u
1T

∂x0
+ u1∂u

1T

∂x1
+ ∂1T = 0, using ∂1 = g11∂1 = −∂1

u0∂u
1T

∂x0
+
∂(u1Tu1)

∂x1
− u1T

∂u1

∂x1
+ ∂1T = 0, using ∂1 = g11∂1 = −∂1

u0∂u
1T

∂x0
+
∂[T (u0u0 − 1)]

∂x1
− u1T

∂u1

∂x1
+ ∂1T = 0,

u0∂u
1T

∂x0
+ u0∂Tu

0

∂x1
+ Tu0∂u

0

∂x1
− u1T

∂u1

∂x1
= 0,

u0{∂u
1T

∂x0
+
∂Tu0

∂x1
} +

T

2

∂(u0)2 − (u1)2)

∂x1
= 0
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∂u1T

∂x0
+
∂Tu0

∂x1
= 0

the solution is

Tu1 = T0
∂φ

∂x1

Tu0 = −T0
∂φ

∂x0

dφ = − T
T0
u0dx0 +

T

T0
u1dx1 (7)

Introduce χ, we have

χ = φ + Tu0x0 − Tu1x1; u0 = cosh y, u1 = sinh y (8)

Then

dχ = tu0d(T/T0) + t(T/T0) cosh ydy − xu1d(T/T0)− x(T/T0) cosh ydy

= (tu0 − xu1)d(T/T0) + (T/T0)(t sinh y − x cosh y)dy

dχ = (t cosh−x sinh)d(T/T0) + (T/T0)(t sinh y − x cosh y)dy

Therefore,

∂χ

∂(T/T0)
= t cosh y − x sinh y)

∂χ

∂y
= (T/T0)(t sinh y − x cosh y) (9)
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The inverse solution is

t = T0
∂χ

∂T
cosh y − T0

T

∂χ

∂y
sinh y

x = T0
∂χ

∂T
sinh y − T0

T

∂χ

∂y
cosh y
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The Khalatnikov Equation for χ

We can get an equation for χ.

We have the equation along ui, the entropy conservation equation

∂su0

∂x0
+
∂su1

∂x1
= 0

Note that

∂su0

∂x0
=
∂(su0, x)

∂(t, x)
=

∣∣∣∣∣∂su
0

∂(t)
∂su0

∂(x)
∂(x)
∂(t)

∂(x)
∂(x)

∣∣∣∣∣
=

∣∣∣∣∣∂su
0

∂(t)
∂su0

∂(x)

0 ∂(x)
∂(x)

∣∣∣∣∣ =
∂(su0)

∂(t)

Note that

∂su1

∂x1
=
∂(su1, t)

∂(t, x)
=

∣∣∣∣∣∂(su1)
∂(t)

∂(su1)
∂(x)

∂(t)
∂(t)

∂(t)
∂(x)

∣∣∣∣∣
=

∣∣∣∣∣∂(su1

∂(t)
∂(su1)
∂(x)

1 0

∣∣∣∣∣ = −∂(su1)

∂(x)

Entropy equation is

∂(su0, x)

∂(t, x)
− ∂(su1, t)

∂(t, x)
= 0

We have therefore
∂(t, x)

∂(T, y)

{
∂(su0, x)

∂(t, x)
− ∂(su1, t)

∂(t, x)

}
= 0{

∂(su0, x)

∂(T, y)
− ∂(su1, t)

∂(T, y)

}
= 0
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Let us set T0 as a unit for T and add this unit factor to T back later on

∂(su0, x)

∂(T, y)
− ∂(su1, t)

∂(T, y)
= 0

∂(s cosh y, x)

∂(T, y)
− ∂(s sinh y, t)

∂(T, y)
= 0

∣∣∣∣∣
∂s cosh y
∂(T )

∂s cosh y
∂(y)

∂(x)
∂(T )

∂(x)
∂(y)

∣∣∣∣∣−
∣∣∣∣∣
∂s sinh y
∂(T )

∂s sinh y
∂(y)

∂(t)
∂(T )

∂(t)
∂(y)

∣∣∣∣∣ = 0{
∂s cosh y

∂(T )

∂(x)

∂(y)
− ∂s sinh y

∂(T )

∂(t)

∂(y)

}
− ∂s cosh y

∂(y)

∂(x)

∂(T )
+
∂s sinh y

∂(y)

∂(t)

∂(T )
= 0

this leads to

∂s

∂T
{ ∂

∂(y)
(x cosh y − t sinh y)− (x sinh y − t cosh y)}

−∂s cosh y

∂(y)

∂(x)

∂(T )
+
∂s sinh y

∂(y)

∂(t)

∂(T )
= 0

∂s

∂T
{ ∂

∂(y)
(x cosh y − t sinh y)− (x sinh y − t cosh y)}

−s sinh y
∂(x)

∂(T )
+ s cosh y

∂(t)

∂(T )
= 0

∂s

s∂T
{ ∂

∂(y)
(x cosh y − t sinh y)− (x sinh y − t cosh y)}

− ∂

∂T
(x sinh y − t cosh y) = 0,

which is Landau’s (4.13).
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We introduce the transformation

t = T0
∂χ

∂T
cosh y − T0

T

∂χ

∂y
sinh y

x = T0
∂χ

∂T
sinh y − T0

T

∂χ

∂y
cosh y

(x cosh y − t sinh y) = −T0

T

∂χ

∂y
(cosh2 y − sinh2 y) = −T0

T

∂χ

∂y

(x sinh y − t cosh y) = T0
∂χ

∂T
(sinh2 y − cosh2 y) = −T0

∂χ

∂T

Hydro equation becomes

∂s

s∂T
{−T0

T

∂2χ

∂y2
+ T0

∂χ

∂T
} + T0

∂2χ

∂T 2
= 0

T0
∂s

s∂T
{−T0

T

∂2χ

∂y2
+ T0

∂χ

∂T
} + T 2

0

∂2χ

∂T 2
= 0

s∂T

T∂s
=

1

T

∂p

∂s
=

1

T

∂p

∂ε

∂ε

∂s
= c2

s

s∂T

∂s
= Tc2

s

∂s

s∂T
=

1

Tc2
s

{−T0

T

∂2χ

∂y2
+ T0

∂χ

∂T
} + T0Tc

2
s

∂2χ

∂T 2
= 0



29

ζ = lnT/T0, (T/T0) = eζ

dζ =
T0dT

T

1

T0
=
dT

T
∂χ

∂T
=
∂χ

∂ζ

∂ζ

∂T
=
∂χ

∂ζ

1

T
∂2χ

∂T 2
=
∂ζ

∂T

∂

∂ζ
[
∂χ

∂T
] =

1

T

∂

∂ζ
[
∂χ

∂T
]

=
1

T
[
∂2χ

∂ζ2

1

T
− ∂χ

∂ζ

1

T 2

∂T

∂ζ
] =

∂2χ

∂ζ2

1

T 2
− ∂χ

∂ζ

1

T 2

We get

{−T0

T

∂2χ

∂y2
+ T0

∂χ

∂ζ

1

T
} + T0Tc

2
s(
∂2χ

∂ζ2

1

T 2
− ∂χ

∂ζ

1

T 2
) = 0

We get finally

∂2χ

∂y2
− ∂χ

∂ζ
− c2

s

∂2χ

∂ζ2
+ c2

s

∂χ

∂ζ
= 0

∂2χ

∂y2
− c2

s

∂2χ

∂ζ2
+ (c2

s − 1)
∂χ

∂ζ
= 0

This is just Landau’s (4.15a), Khalatnikov equation.
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Khalatnikov solution

First, we need to eliminate the first order term by the transformation

χ(ζ, y) = f (ζ)Z(ζ, y),
∂χ

∂ζ
= f ′(ζ)Z + f (ζ)Z ′(ζ, y)

∂2χ

∂ζ2
= f ′′(ζ)Z + 2f ′(ζ)Z ′ + f (ζ)Z ′′(ζ, y)

We choose f according to

−c2
s(2f

′) + (c2
s − 1)f = 0

f ′

f
=
c2
s − 1

2c2
s

f (ζ) = e
c2s−1
2c2s

ζ
= e

−1−c2s
2c2s

ζ

f ′(ζ) = −1− c2
s

2c2
s

f

f ′′(ζ) = (
1− c2

s

2c2
s

)2f

χ(ζ, y) = e
−1−c2s

2c2s
ζ
Z(ζ, y)
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The Khaltnikov equation becomes, prime is for d/dζ

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
Z(ζ, y)

∂2χ

∂y2
− c2s

∂2χ

∂ζ2
+ (c2s − 1)

∂χ

∂ζ
= 0

f
∂2Z

∂y2
− c2s(f ′′Z + 2f ′Z ′ + fZ ′′) + (c2s − 1)(f ′Z + fZ ′) = 0

f
∂2Z

∂y2
+ Z ′′[−c2sf ] + Z ′[−c2s2f ′ + (c2s − 1)f ] + Z[c2sf

′′ + (c2s − 1)f ′] = 0

f
∂2Z

∂y2
+ Z ′′[−c2sf ] + Z[−c2sf ′′ + (c2s − 1)f ′] = 0

∂2Z

∂y2
− c2sZ ′′ + Z

[−c2sf ′′ + (c2s − 1)f ′]

f
= 0

∂2Z

∂y2
− c2sZ ′′ + Z[−c2s(

1− c2s
2c2s

)2 + (−1− c2s
2c2s

)(c2s − 1)] = 0

∂2Z

∂y2
− c2sZ ′′ + Z[−(

(1− c2s)2

4c2s
) + (

(1− c2s)2

2c2s
)] = 0

∂2Z

∂y2
− c2sZ ′′ + Z[(

(1− c2s)2

4c2s
)] = 0

∂2Z

∂y2
− c2s

∂2Z

∂ζ2
+ Z[(

(1− c2s)2

4c2s
)] = 0 (10)

We write it as

∂2Z

∂ζ2
− ∂2Z

c2s∂y
2
−
[

(1− c2s)
2c2s

)

]2
Z = 0 (11)

This is the equation we would like to solve. We make a change of variables. We could use +ζ or −ζ below, but because
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our ζ is always negative, so we choose to use −ζ below, as argued by Beuf et al. [? ]

α = −ζ + csy, β = −ζ − csy, (12)

ζ = −1

2
(α + β), csy =

1

2
(α− β), (13)

∂

∂ζ
=
∂α

∂ζ

∂

∂α
+
∂β

∂ζ

∂

∂β
= − ∂

∂α
− ∂

∂β
dαdβ = 2dζcsdy(
∂

∂ζ

)2

=

(
− ∂

∂α
− ∂

∂β

)2

∂

cs∂y
=

∂α

cs∂y

∂

∂α
+

∂β

cs∂y

∂

∂β
=

∂

∂α
− ∂

∂β(
∂

cs∂y

)2

=

(
∂

∂α
− ∂

∂β

)2

(
∂

∂ζ

)2

−
(

∂

cs∂y

)2

=

(
− ∂

∂α
− ∂

∂β

)2

−
(
∂

∂α
− ∂

∂β

)2

= 4
∂2

∂α∂β
(14)

[
∂2

∂ζ2
− ∂2

c2s∂y
2

]
Z −

[
(1− c2s)

2c2s

]2
Z = 0

4
∂2

∂α∂β
Z(α, β)−

[
(1− c2s)

2c2s

]2
Z(α, β) = 0

∂2

∂α∂β
Z(α, β)−

[
(1− c2s)

4c2s

]2
Z(α, β) = 0 (15)

We solve this equation by using green’s function (Beuf et al (2008))

∂2

∂α∂β
G(α, β)−

[
(1− c2s)

4c2s

]2
G(α, β) = δ(α)δ(β) (16)
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Consider the following and we would like to choose a to make it work.

G(α, β) = Θ(α)Θ(β)I0(a
√
αβ)

∂αG(α, β) = δ(α)Θ(β)I0(a
√
αβ) + Θ(α)Θ(β)I ′0a

1

2
α−1/2

√
β,

( where I ′(z) = dI0(z)/dz, )

= δ(α)Θ(β)I0(a
√
αβ)) + Θ(α)Θ(β)I ′0a(

1

2
)

√
β

α

∂αβG(α, β) = δ(α)δ(β)I0(a
√
αβ) + δ(α)Θ(β)I ′0a

1

2
β−1/2α + Θ(α)δ(β)I ′0a(

1

2
)

√
β

α

+Θ(α)Θ(β)I ′′0a(
1

2
)

√
β

α
a(

1

2
)

√
α

β
+ Θ(α)Θ(β)I ′0a(

1

2
)

√
1

α

1

2
β−1/2

= δ(α)δ(β)I0(0) + Θ(α)Θ(β)I ′′0a(
1

2
)

√
β

α
a(

1

2
)

√
α

β
+ Θ(α)Θ(β)I ′0a(

1

4
)

√
1

αβ

= δ(α)δ(β) + Θ(α)Θ(β)I ′′0 × (
a2

4
) + Θ(α)Θ(β)I ′

a

4

√
1

αβ
(17)

So, we have

∂αβG(α, β)−
[

(1− c2s)
4c2s

]2
G(α, β)

= δ(α)δ(β) +
a2

4
Θ(α)Θ(β)I ′′0 +

a

4

√
1

αβ
Θ(α)Θ(β)I ′(z)−

[
(1− c2s)

4c2s

]2
G(α, β)

= δ(α)δ(β) +
a2

4
Θ(α)Θ(β)I ′′0 +

a

4

√
1

αβ
Θ(α)Θ(β)I ′(z)−

[
(1− c2s)

4c2s

]2
Θ(α)Θ(β)I(z)

Bessel equation for I0(z) is (Abramowitz page 374 9.6.1)

z2
d2Iν
dz2

+ z
dIν
dz
− (z2 + ν2)Iν = 0 (18)
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We choose

z =
(1− c2s)

2c2s

√
αβ

a =
(1− c2s)

2c2s

z = a
√
αβ (19)

G(α, β) = Θ(α)Θ(β)I0(
(1− c2s)

2c2s

√
αβ) (20)

The last three terms in (18) give

αβ

[
+
a2

4
Θ(α)Θ(β)I ′′0 +

a

4

√
1

αβ
Θ(α)Θ(β)I ′(z)−

[
(1− c2s)

4c2s

]2
Θ(α)Θ(β)I(z)

]

=
z2

4
Θ(α)Θ(β)I ′′0 +

z

4
Θ(α)Θ(β)I ′0(z)− z2

4
Θ(α)Θ(β)I0(z) (21)

which gives zero if I0 is the solution. So, we have
Then

∂αβG(α, β)−
[

(1− c2s)
4c2s

]2
G(α, β) = δ(α)δ(β) (22)

with

G(α, β) = Θ(α)Θ(β)I0(
(1− c2s)

2c2s

√
αβ) (23)

A general solution is

χ(α, β) = e
− 1−c2s

2c2s
ζ
Z(α, β)

Z(α, β) =

∫
dα′dβ′G(α− α′, β − β′)F (α′, β′) (24)

∂αβZ(α, β)−
[

(1− c2s)
4c2s

]2
Z(α, β) =

∫
dα′dβ′δ(α− α′)δ(β − β′)F (α′, β′) = F (α, β)
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as required.

χ(α, β) = e
− 1−c2s

2c2s
ζ
∫
dα′dβ′G(α− α′, β − β′)F (α′, β′) (25)

We change variables:

dαdβ = 2dζcsdy∫
δ(α)δ(β)dαdβ =

∫
δ(ζ)δ(csy)dζcsdy = 1∫

δ(α)δ(β)dαdβ =

∫
δ(ζ)δ(csy)

2
2dζcsdy

δ(α)δ(β) =
δ(ζ)δ(csy)

2
(26)

Let us write the Green’s function for G(ζ, y): Then

∂αβG(α, β)−
[

(1− c2s)
4c2s

]2
G(α, β) = δ(α)δ(β) =

δ(ζ)δ(csy)

2
(27)

Eq. (16) gives

1

4

{(
∂

∂ζ

)2

−
(

∂

cs∂y

)2
}
G(α, β)−

[
(1− c2s)

4c2s

]2
G(α, β) =

δ(ζ)δ(csy)

2{(
∂

∂ζ

)2

−
(

∂

cs∂y

)2
}
G(α, β)− 4

[
(1− c2s)

4c2s

]2
G(α, β) = 2δ(ζ)δ(csy)

(28)

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫
dζ ′csdy

′G(ζ − ζ ′, y − y′)F (η′, y′)

2
(29)
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G(α, β) = Θ(α)Θ(β)I0(
(1− c2s)

2c2s

√
αβ)

= Θ(α)Θ(β)I0(
(1− c2s)

2c2s

√
ζ2 − c2sy2)

= Θ(−ζ + csy)Θ(−ζ − csy)I0(
(1− c2s)

2c2s

√
ζ2 − c2sy2)

= G(ζ, y) (30)

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫
dζ ′csdy

′Θ[−(ζ − ζ ′) + cs(y − y′)]Θ[−(ζ − ζ ′)− cs(y − y′)]

×I0(
(1− c2s)

2c2s

√
(ζ − ζ ′)2 − c2s(y − y′)2)

F (ζ ′, y′)

2

We introduce

−(ζ − ζ ′) = ζ ′′, ζ ′ = ζ ′′ + ζ, dζ ′ = dζ ′′ (31)

and choose

F (ζ ′, y′) = f(ζ ′)δ(csy
′) (32)

then we have

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫
dζ ′Θ[−(ζ − ζ ′) + csy]Θ[−(ζ − ζ ′)− csy]I0(

(1− c2s)
2c2s

√
(ζ − ζ ′)2 − c2sy2)

f(ζ ′)

2
(33)

We consider only the region of y > 0. We have from the step functions
Θ[−(ζ − ζ ′) + cs(y − y′)]Θ[−(ζ − ζ ′)− cs(y − y′)],

−(ζ − ζ ′) + csy > 0, − (ζ − ζ ′) > −csy
−(ζ − ζ ′)− csy > 0, − (ζ − ζ ′) > csy > −csy, ζ ′ − ζ = ζ ′′ > csy

(34)

We consider only the region of y > 0, because there is complete symmetry in y. Then

Θ[−ζ ′′ + csy]Θ[−ζ ′′ − csy]= Θ[−ζ ′′ − csy + 2csy]Θ[−ζ ′′ − csy]

= Θ[−ζ ′′ − csy] because 2csy > 0,
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χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫
dζ ′Θ[−(ζ − ζ ′) + csy]Θ[−(ζ − ζ ′)− csy]

×I0(
(1− c2s)

2c2s

√
(ζ − ζ ′)2 − c2sy2)

f(ζ ′)

2

= e
− 1−c2s

2c2s
ζ
∫
dζ ′Θ[−(ζ − ζ ′)− csy]I0(

(1− c2s)
2c2s

√
(ζ − ζ ′)2 − c2sy2)

f(ζ ′)

2

= e
− 1−c2s

2c2s
ζ
∫
dζ ′Θ[(ζ ′ − ζ)− csy]I0(

(1− c2s)
2c2s

√
(ζ − ζ ′)2 − c2sy2)

f(ζ ′)

2

= e
− 1−c2s

2c2s
ζ
∫ ∞
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)

f(ζ ′′ + ζ)

2
(35)

We need to look for f(ζ ′′ + ζ) to satisfy the boundary condition. the Khalatnikov solution must satisfy two boundary
conditions
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Boundary conditions
(1) It must match to the Rieman solution when ζ = −csy, as given by (1). This occurs when χ(ζ, y) is no longer a

function of ζ and y, the case when there are two degrees of frrdom. Instead, χ is a consstant. Note that beause x and t
are related to χ by derivative, χ is free up to a constant, and we can choose this constant to be zero, when we match to
the Riemann solution.

(i) χ(ζ, y) = 0 at Rieman matching (36)

In order to satisfy this boundary condition, we must have

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫ −ζ
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)

f(ζ ′′ + ζ)

2
(37)

which gives zero when

−ζ = csy or ζ = −csy (38)

(2) When y = 0, whatever is ε(ζ), the matter is at rest, y = 0 and that occurs at x = −l. The midpoint is the point of
reflection and no motion. Eq.(??) gives

(ii) at y = 0, we must have (39)

x = e−ζ
(
∂χ

∂ζ
sinh y − ∂χ

∂y
cosh y

)
, α = y

x = −e−ζ ∂χ
∂y

cosh y = −e−ζ ∂χ
∂y

= −l
∂χ

∂y

∣∣∣∣
y=0

= eζl (40)
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We get from (37) that

∂χ(ζ, y)

∂y

∣∣∣∣
y=0

=
∂

∂y

∣∣∣∣
y=0

e
− 1−c2s

2c2s
ζ
∫ −ζ
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)

f(ζ ′′ + ζ)

2

=

(
e
− 1−c2s

2c2s
ζ
(−cs)I0(

(1− c2s)
2c2s

√
(ζ ′′)2 − c2sy2)

∣∣∣∣
ζ ′′=cs, and y=0

+ y × integral...

)
×f(ζ ′′ + ζ)

2
(41)

The term proportional to y inside the bracket is zero at y = 0. So, we are left with

∂χ(ζ, y)

∂y

∣∣∣∣
y=0

=

(
e
− 1−c2s

2c2s
ζ
(−cs)I0(

(1− c2s)
2c2s

√
(ζ ′′)2 − c2sy2)

∣∣∣∣
ζ ′′=csy, and y=0

)
f(ζ ′′ + ζ)

2

= e
− 1−c2s

2c2s
ζ
(−cs)

f(ζ ′′ + ζ)

2
= eζl (42)

f(ζ ′′ + ζ)

2
= −eζle

1−c2s
2c2s

ζ
/cs (43)

We have therefore

f(ζ ′′ + ζ)

2
= −e

(
1−c2s
2c2s

+1)(ζ+ζ ′′)

cs
= −e

(
1−c2s
2c2s

+1)ζ
e
(
1−c2s
2c2s

+1)ζ ′′)

cs
= −le

(
1−c2s
2c2s

+1)ζ
e

1+c2s
2c2s

ζ ′′

cs
(44)

We put this back into χ, and we get from (37),

χ(ζ, y) = e
− 1−c2s

2c2s
ζ
∫ −ζ
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)

f(ζ ′′ + ζ)

2

= e
− 1−c2s

2c2s
ζ
∫ −ζ
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)(−1)

le
(
1−c2s
2c2s

+1)ζ
e

1+c2s
2c2s

ζ ′′

cs

= − l

cs
eζ
∫ −ζ
csy

dζ ′′I0(
(1− c2s)

2c2s

√
(ζ ′′)2 − c2sy2)e

1+c2s
2c2s

ζ ′′
, change ζ ′′ → ζ ′

= − l

cs
eζ
∫ −ζ
csy

dζ ′e
1+c2s
2c2s

ζ ′
I0

(
(1− c2s)

2c2s

√
(ζ ′)2 − c2sy2

)
, the Khalatnikov solution (45)
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Conclusions

1. Exact solution of 1+1 dimensional hydrodynamics gives a compact form
of the solution with the Landau initial conditions

2. Landau hydrodynamics remain different from Hwa-Bjorken hydrody-
namics even at very late time

3. Hwa-Bjorken hydrodynmics must obtain the flow condition not from
hydrodynamics but from other types of initial conditions.


