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(ρ,T) phase diagram of strongly interacting matter Possible  
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SECOND  ORDER

FIRST  ORDER

CROSSOVER

Equation of State 

Confined phase: 
Hadron gas 

Deconfined phase: 
Quark-gluon plasma 

? 

T > Tc 

T = Tc 

T < Tc 

T = 0 
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Thermodynamics:  
large & uniform systems 

Small & non-uniform: 
gradient effects, 
interface tension  

Lecture	  I:	  	  	  	  Phase	  coexistence	  (equilibrium)	  

S(    ) S(           ) ≠ 

fT(ρ)	  
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Density	  ρ	
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Two-‐phase	  equaNon	  of	  state	  p(ε,ρ):	  	  
Interpolate	  between	  hadron	  gas	  &	  quark-‐gluon	  plasma	  

Spinodal	  instabiliNes	  (vsound2	  <	  0):	  
Dispersion	  relaNon	  for	  the	  amplificaNon	  of	  irregulariNes	  	  

Lecture	  II:	  	  	  Phase	  separa.on	  (non-‐equilibrium)	  
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0 = ∂µT
µν Dynamical	  model	  for	  ε(t)	  &	  ρ(t):	  

Ideal	  and	  dissipaNve	  fluid	  dynamics	  ∂tρ
.
= −ρ∂iv

i
⇒ ωρk

.
= ρ0kvk



p
H

= pπ + pN + pN̄ + pw

w(ρ) =

[

−A

(

ρ

ρs

)α

+ B

(

ρ

ρs

)β
]

ρ

Hadron Gas versus Quark-Gluon Plasma      

pQ
= pg + pq + pq̄ − B

pq + pq̄ = gq

[

7π2

360
T 4

+
1

12
µ2

q
T 2

+
1

24π2
µ4

q

]

pg = gg

π2

90
T 4

µ = µ0 + ∂ρw = 3µq
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Free pions, nucleons, and antinucleons: Free gluons, quarks, and antiquarks: 

Phase crossing: 

pπ(T ) = −gπT

∫
∞

mπ

pεdε

2π2
ln[1 − e−βε]

pN (T ) = −gNT

∫
∞

mπ

pεdε

2π2
ln[1 + e−β(ε−µ0)]

pN̄ (T ) = −gNT

∫
∞

mπ

pεdε

2π2
ln[1 + e−β(ε+µ0)]

pw(ρ) = ρ2∂ρ(w(ρ)/ρ)
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QGP 

HG 

Free energy density fT(ρ) 

Density	  ρ	  

spline 

         Equation of state:  
Spline between HG and QGP 
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Maxwell line 
(tangent) 

QGP 

HG 

A B 1 2 

Free energy density fT(ρ) 

Density	  ρ	  

spline 

Equation of State: spline 
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Thermodynamic relations 

v2

T =
ρ

h

(

∂p

∂ρ

)

T

= −

ρ

h

ρT

σεε

[σεεσρρ − σ2

ερ]

v2

s =
ρ

h

(

∂p

∂ρ

)

s

= −

T

h
[h2σεε + 2hρσερ + ρ2σρρ]

µT (ρ) = ∂ρfT (ρ)

σT (ρ) = −∂T fT (ρ)

pT (ρ) = ρ∂ρfT (ρ) − fT (ρ)

εT (ρ) = fT (ρ) − T∂T fT (ρ)

hT (ρ) = pT (ρ) + εT (ρ) = ρ∂ρfT (ρ) − T∂T fT (ρ)

Isentropic sound speed 

Isothermal sound speed 

Enthalpy density 

α = ∂ρσ(ε, ρ) = σρ = −µ/T

β = ∂εσ(ε, ρ) = σε = 1/T
π = σ − βε − αρ = p/T

f = ε − Tσ

σ(ε, ρ)
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Dynamical models for HIC 

	  Macroscopic                                                 Microscopic 

                ‚Hybrid‘ 
 QGP phase: hydro with QGP EoS  
§  hadronic freeze-out: after burner - 
hadron-string transport model 
         (‚hybrid‘-UrQMD, EPOS, …) 

fireball models: 
§  no explicit dynamics: 
parametrized time 
evolution (TAMU) 

ideal 
(Jyväskylä,SHASTA,
TAMU, …)  

Non-equilibrium microscopic transport models – 
based on many-body theory 

Hadron-string 
models 

(UrQMD, IQMD, HSD, 
QGSM …) 

Partonic cascades 
pQCD based 
(Duke, BAMPS, …) 

Parton-hadron models: 

§  QGP: pQCD based cascade 
§  massless q, g 
§  hadronization: coalescence  
   (AMPT, HIJING) 

§  QGP: lQCD EoS 
§  massive quasi-particles 
  (q and g with spectral functions)  
  in self-generated mean-field 
§  dynamical hadronization 
§  HG: off-shell dynamics 
(applicable for strongly interacting 
systems)  

viscous 
(Romachkke,(2+1)D VISH2+1, 

(3+1)D MUSIC,…) 

             hydro-models: 
§  description of QGP and hadronic phase 
   by hydrodanamical equations for fluid 
§  assumption of local equilibrium 
§  EoS with phase transition from QGP to HG 
§  initial conditions (e-b-e, fluctuating) 

11 

From	  the	  lecture	  by	  
E.	  Bratskovskaya:	  
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ν = 0 : 0 = ∂µTµ0 = ∂t(ε + pv2)γ2 + ∂i(ε + p)γ2vi

ν = i : 0 = ∂µTµi = ∂t(ε + p)γ2vi + ∂j(ε + p)γ2vjvi + ∂ip

∂2

t ε(x) = ∂i∂
ip(x)

p(x) = p0(ε(x)) ⇒ ∂i∂
ip(x) =

∂p0(ε)

∂ε
∂i∂

iε(x)

Ideal	  fluid	  dynamics	  without	  conserved	  flavors	  

Stress	  tensor:	  

0 = ∂µT
µν

E	  

P	  

Non-‐relaNvisNc	  flow	  (v	  <<	  1): 
ν = 0 : ∂tε = −∂i(ε + p)vi

: 
E	  

P	  ν = i : ∂t(ε + p)vi = −∂ip

Sound	  equa.on	  

EquaNon	  of	  state:	  	  p0(ε) 

(sound	  speed)2	  v2

s
≡ ∂εp0∂

2

t
ε = v

2

s
∇

2
ε

SECOND  ORDER

FIRST  ORDER

CROSSOVER

η, ζ, κ = 0 
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∂tE	  -‐	  ∂iPi	  :	  
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Small disturbance in a 
uniform stationary fluid 

First order in δε:	


Evolution of small disturbances 

=>  v << 1 

Sound equation: 

ω
2

k = v
2

s k
2

Harmonic disturbance: 

Dispersion relation: 
v
2

s > 0 : ωk = ±vsk

v2

s < 0 : ωk = ±iγk = ±i|vs|k

Diverges for large k! 
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Ideal	  fluid	  dynamics	  with	  one	  conserved	  flavor	  

T
00

≈ ε

0
.
= ∂µTµ0 = ∂tT

00 + ∂iT
i0 = ∂tε + (ε + p)∂iv

iE	  

P	  

Sound	  equa.on	  

Con.nuity	  equa.on	  ∂tρ
.
= −ρ∂iv

i
⇒ ωρk

.
= ρ0kvk

⇒ ωεk

.
= (ε0 + p0)kvk

F	  

ε(x) = ε0 + δε(x)

ρ(x) = ρ0 + δρ(x)
|v(x)| ≪ 1

Tµν(x): 

(ε0 + p0)ρk = ρ0εk

0
.
= ∂µTµi = ∂tT

0i + ∂jT
ji = (ε + p)∂tv

i + ∂jT
ji

η, ζ, κ = 0 

T i0 = T 0i
≈ (ε + p)vi

ρ tracks ε when κ = 0 

T ij
= T ji

≈ δijp

∂tE − ∂iM ⇒ ∂2

t ε = ∂i∂jT
ji

= ∂i∂
ip ω2εk = k2pk

E	  &	  F	  	  =>	  

=> 

pk =
∂p

∂ε
εk +

∂p

∂ρ
ρk = [

∂p

∂ε
+

ρ0

ε0 + p0

∂p

∂ρ
]εk = v2

sεkp(ε, ρ) ⇒ v2

s
≡

ρ

ε + p

(

∂p

∂ρ

)

s

ω
2

k = v
2

s k
2 Dispersion relation => γk = |vs|k=> 

Diverges	  for	  large	  k!	  
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∂tE	  -‐	  ∂iPi	  	  	  =>	  
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Inclusion	  of	  gradient	  correc.on	  

pk → pk + Cρ0k
2ρk

ρ(r, t) = ρ0 + δρ(x, t)
.
= ρ0 + ρkeikx−iωt

p(r) ≈ p0(ε(r), ρ(r)) − Cρ0∇
2ρ(r)

ω2
k = v2

sk2
+ C

ρ2
0

ε0 + p0

k4=> 

=> 

=> 

γ2
k = |v2

s |k
2 − C

ρ2
0

ε0 + p0

k4

=> 

resists	  
wriggling	  

= [v2

s + C
ρ2
0

ε0 + p0

k2]εk

maximum!	  
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Inclusion	  of	  finite	  range	  in	  EoS	  	  =>	  	  favored	  length	  scale!	  
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Viscous	  fluid	  dynamics	  with	  one	  conserved	  flavor	  

T
00

≈ ε

T ij = T ji
≈ δijp − η[∂iv

j + ∂jv
i
−

2

3
δij∇ · v] − ζδij∇ · v

0
.
= ∂µTµ0 = ∂tT

00 + ∂iT
i0 = ∂tε + (ε + p)∂iv

i
E	  

P	  

∇ · T ≈ ∇p − η∆v − [ 1
3
η + ζ]∇(∇ · v)

Sound	  equa.on	  

Con.nuity	  equa.on	  ∂tρ
.
= −ρ∂iv

i
⇒ ωρk

.
= ρ0kvk

⇒ ωεk

.
= (ε0 + p0)kvk

F	  

ε(x) = ε0 + δε(x)

ρ(x) = ρ0 + δρ(x)
|v(x)| ≪ 1

Tµν(x): 

=> 

E	  &	  F	  	  =>	   (ε0 + p0)ρk = ρ0εk

0
.
= ∂µTµi = ∂tT

0i + ∂jT
ji = (ε + p)∂tv

i + ∂jT
ji

κ = 0 

T i0 = T 0i
≈ (ε + p)vi

ρ tracks ε when κ = 0 

∂tE − ∂iM ⇒ ∂2

t ε = ∂i∂jT
ji = ∂i∂

i[p − (4

3
η + ζ)∂jv

j ]

ω2εk = k2pk − iξk3vk = v2

sk2εk − iξ
ω

ε0 + p0

k2εk=> 

=> 

ξ ≡
4

3
η + ζ

Dispersion	  rela.on	  γ2
k = |v2

s |k
2 − C

ρ2
0

ε0 + ρ0

k4 − ξ
k2

ε0 + p0

γk

η, ζ > 0 
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∂tE	  -‐	  ∂iPi	  	  	  =>	  



Dissipa.ve	  fluid	  dynamics	  

A	  Muronga,	  PRC	  76,	  014909	  (2007)	  
T ij

≈ δijp − η[∂iv
j + ∂jv

i
−

2

3
δij∂

kvk] − ζδij∂
kvk

ω2 .
= v2

T k2
+ C

ρ2
0

h0

k4
− iξ

ω

h0

k2
+

v2
s − v2

T

1 + iκk2/ωcv

k2

   Energy-‐	  
momentum	  
	  	  	  tensor:	  

EquaNons	  
of	  moNon:	  

 Sound	  
equaNon:	  

Heat	  flow:	   Tk ≈

1

1 + iκk2/ωcv

T0

ρ0

(

∂p

∂ε

)

ρ

ρk

pT (ρ) ⇒ pk =

(

∂p

∂ε

)

ρ

cvTk +
h0

p0

v2

T ρk

EquaNon	  
	  of	  state:	  

flavor	  

momentum	  

energy	  

ω2εk

.
= k2pk − i[ 4

3
η + ζ]

ω

ρ0

k2ρk

Dubna:	  2	  July	  2015	  

|ρk| ≪ ρ0 ⇒ |v| ≪ 1

Eckart	  frame	  

T 0i
≈ (ε + p)vi + qi

T
00

≈ ε & & 

∇ · T ≈ ∇p − η∆v − [ 1
3
η + ζ]∇(∇ · v) ≍ ∂xp − [ 4

3
η + ζ]∂2

x
v

q ≈ −κ[∇T + T0∂tv] : qk = −iκ[kTk −

T0

ρ0

ω2

k
ρk]

C : ∂tρ
.
= −ρ0∇ · v ⇒ ωρk

.
= ρ0kvk

M : h0∂tv
.
= −∇[p − ζ∇ · v] − ∇ · π − ∂tq

∂tE − ∇ · M : h0∂
2

t
ε

.
= ∆[p − ζ∇ · v] + ∇ · (∇ · π)

E : ∂tε
.
= −h0∇ · v − ∇ · q

Dispersion	  
	  equa.on:	  

ξ ≡
4

3
η + ζ

η, ζ, κ > 0 

=> 
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J	  Randrup,	  PRC	  82,	  034902	  (2010)	  	  



Transport	  coefficients	  

η ≈
1

3
np̄ℓ p̄ = mv̄

λvisc ≡

1

c

ξ(ρ, T )

h(ρ, T )/c2
≈

4

3
η0 c0 d(ρ, T )

h ≍ mc
2
n

λheat ≡
1

c

κ(ρ, T )

cv(ρ, T )
= κ0 c0 d(ρ, T )

κ

η
≈

cv

h/c2

ζ ≪ η ⇒ ξ ≡
4

3
η + ζ ≈

4

3
η

η(ρ, T ) = η0

c0

c
d(ρ, T ) h(ρ, T )

κ(ρ, T ) = κ0 c0 c d(ρ, T ) cv(ρ, T )

d ≡ n
1/3

cv ≡ ∂T εT (ρ) cv ≍
3

2
n

ρ = 0 : h ≡ p + ε = Tσ

κ ≈
1

3
v̄ℓcv

c0 =
1

4π

[

(gg + 3

3
gq)

ζ(3)

π2

]
1

3

≈ 0.12779

1) Bulk viscosity ζ : Ignore  

2)	  Shear	  viscosity	  η :	  	  
	  

3)	  Heat	  conduc.vity	  κ :	  	  

ρ = 0 : η ≥
h̄

4π
σ =

h̄

4π

h

T

ρ > 0, T ≪ mc2
: h ≍ mc2n ≫ Tσ

ρ = 0 : n ∼ T 3
⇒

h̄c

T
= 4πc0 d

Dubna:	  2	  July	  2015	  
*) V Koch & J Liao, PRC81, 014902 (2010)  

η0 ≥ 1

κ0 ≥ 1

*)  
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ω2 .
= v2

T k2
+ C

ρ2
0

h0

k4
− iξ

ω

h0

k2
+

v2
s − v2

T

1 + iκk2/ωcv

k2

Dispersion	  equa.ons:	  

Ideal	  fluid	  
dynamics:	  

+	  gradient	  
	  	  	  	  	  term:	  

+	  shear	  &	  bulk	  
	  	  	  	  	  	  viscosity:	  

+	  	  	  	  	  	  heat	  
	  	  	  conducNon:	  

ω
2 .

= v
2

s
k

2

ω2 .
= v2

s
k2

+ C
ρ2
0

h0

k4
− iξ

ω

h0

k2

ω2 .
= v2

s
k2

+ C
ρ2
0

h0

k4

ωk = ϵk + iγk
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ξ ≡
4

3
η + ζ

pk → pk + Cρ0k
2ρk

Evolu.on	  of	  density	  fluctua.ons	  
with	  dissipa.ve	  fluid	  dynamics	  

Ak ~ exp(-iωkt) 
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Fastest growth rates: 
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Use	  of	  spinodal	  instabiliNes	  to	  reveal	  
the	  nuclear	  liquid-‐gas	  phase	  transiNon	  

APPLICATION:	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Basic	  idea:	  
Spinodal	  amplificaNon	  favors	  a	  certain	  length	  scale,	  
so	  all	  the	  nuclear	  fragments	  should	  be	  of	  similar	  size	  
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(ρ,T)	  phase	  diagram	  

Equa.on	  of	  state:	  
	  	  	  	  	  	  	  	  	  	  	  pT(ρ)	  

Nuclear	  maZer	  

meta	  
	  	  	  	  stable	  

stable	  

unstable	  
ε(T ; ρ) = εFG(T ; ρ) + w(ρ)
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Dependence	  of	  growth	  rates	  on	  density,	  temperature,	  and	  wave	  length:	  
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2π/8	  ≈	  0.8	  



too	  fast	  

too	  slow	  

just	  right	  

             collision        
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Op.mal	  collision	  energy 



B.	  Borderie	  et	  al,	  Phys.	  Rev.	  Leh.	  86	  (2001)	  3252	  

32	  MeV/A	  Xe	  +	  Sn	  (b=0)	  

Experiment:	  INDRA	  @	  GANIL	  

For	  each	  event	  having	  M	  IMFs,	  	  	  
calculate	  mean	  IMF	  charge	  <Z>	  	  
and	  IMF	  charge	  dispersion	  ΔZ.	  	  	  	  

Make	  a	  LEGO	  plot	  of	  (<Z>,	  ΔZ):	  

Analysis:	  

<Z> 

ΔZ 

5 

0 

10 

10 20 

INDRA 

(suggested by L.G. Moretto) 

M 
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Brownian One-Body dynamics *) 
≈ Boltzmann-Langevin 

*)	  Ph.	  Chomaz,	  M.	  Colonna,	  A.	  Guarnera,	  J.	  Randrup,	  	  
	  	  	  	  	  	  	  Physical	  Review	  Lehers	  73	  (1994)	  3512	  

Transport calculations 

M = 4 

M = 6 

32 MeV/A Xe + Sn (b=0): 
 

… suggest a visible spinodal signal: 
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[Brownian One-Body model] 
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Brownian One-Body dynamics 
≈ Boltzmann-Langevin 
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Ph.	  Chom
az	  et	  al,	  Phys.	  Rev.	  Leh

.	  73	  (1994)	  3512	  
Experiment:	  INDRA	  @	  GANIL	  
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Use	  of	  spinodal	  instabiliNes	  to	  reveal	  
the	  nuclear	  liquid-‐gas	  phase	  transiNon	  

Ph.	  Chomaz,	  M.	  Colonna,	  J.	  Randrup	  
Physics	  Reports	  389	  (2004)	  263-‐440	  

A	  first-‐order	  phase	  transiNon	  
implies	  existence	  of	  instabiliNes	  

Such	  instabiliNes	  can	  have	  large	  dynamical	  effects	  
-‐	  provided	  that	  the	  condiNons	  are	  suitably	  chosen	  

LESSONS:	  
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These	  effect	  may	  be	  seen	  experimentally	  
-‐	  If	  the	  data	  is	  analyzed	  appropriately	  



Spinodal	  Instabili.es	  at	  the	  Deconfinement	  Phase	  Transi.on	  

Jørgen	  Randrup	  	  (Berkeley)	  
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Lecture	  I:	  	  	  	  	  	  Phase	  coexistence	  (equilibrium)	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  WED	  12:00-‐13:00	  

Lecture	  II:	  	  	  	  Phase	  separa.on	  (non-‐equilibrium)         THU	  	  16:30-‐17:30	  

Lecture	  III:	  	  	  Effects	  on	  collision	  dynamics	  (clumping)    FRI	  	  11:00-‐12:00	  

	  Discussion	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  18:00-‐19:00	  


