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Outline
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Monday • brief astrophysical introduction 
• matter in supernovae, comparison with HICs 
• QCD phase transition in supernovae

Tuesday • comparison liquid-gas with QCD phase transition, non-
congruence 

• cluster in supernovae 
• cluster formation in nuclear matter, experimental probes



Non-congruence of the nuclear liquid-gas and 
QCD phase transition
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[MH, V. Dexheimer, S. Schramm, I. Iosilevskiy, PRC 88 (2013)]
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Fig. 1. QCD phase diagram (schematic) in T − µB plane (left) and in mud −ms plane (right).

and gluons) at T = Tc = (45B/17π2)1/4 ≃ 0.72B1/4, which gives Tc ≃ 170 MeV
for B1/4 = 240 MeV. The spontaneous breaking of the chiral symmetry and its
restoration are understood as a consequence of the zero point energy and thermal
contribution of quarks. We consider here a simple model for Nf = 2. The fermion
contribution to the free energy density is given as,

ΩF

dfV
= −

∫ Λ d3k

(2π)3
Ek

2
−

1

2

∫
d3k

(2π)3
log(1 + e−(Ek−µ)/T )(1 + e−(Ek+µ)/T ) (1.1)

= −PF
SB −

M2Λ2

16π2
+

M2µ2

16π2
+

M2T 2

48
+ const.+O(M4) , (1.2)

where M is the fermion mass, Λ is the cut-off, df = 4NcNf , and PF
SB = 7/8 ×

π2T 4/90 + µ2T 2/24 + µ4/48π2. The first term in Eq. (1.1) represents the zero point
energy, (Ek/2 for each momentum k), and the second integral shows thermal con-
tributions. Provided that the constituent quark mass is proportional to the chiral
condensate σ and the free energy density is given as Ω/V = ΩF /V + bσσ2/2 with a
constant coefficient bσ, we find that the second order chiral transition can take place
at T 2 + µ2

B
/3π2 = T 2

c (µB = 3µ), which is shown by the dotted line in Fig. 2. These
simple estimates roughly coincide with the critical temperature Tc obtained in the
lattice QCD Monte-Carlo (MC) simulations and the chemical freeze-out boundary,
as discussed later. The actual QCD phase transition has both of these natures and
is known to be cross over for physical masses of two light (u, d) and one strange (s)
quarks (Nf = 2 + 1)5) as shown in Fig. 1.

In this proceedings, we discuss the QCD phase transition at high T and small
baryon densities in Sec. 2, the critical point in Sec. 3, and the phase diagram structure
of dense matter in Sec. 4. We give a short summary in Sec. 5.

K. Fukushima

• fundamental question: phase diagram of strongly interacting matter 
• typical examples in T-µ, first order phase transitions (PT) as lines:

TU Wien
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Introduction – QCD phase diagrams
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Wikipedia
BNL

B. J. Schaefer

A. Ohnishi
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Basics of phase transitions
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• two-dimensional area in T-ρ:

6

CBM/FAIR

Introduction – QCD phase diagrams
• additional axis: asymmetry, strangeness, 
lepton fraction, magnetic fields,…:

L. McLerran

• the phase diagrams of the previous slide correspond to “congruent“ first order 
PTs 

• for asymmetric systems the PTs are typically “non-congruent“ and manifest 
themselves in principally different forms
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• term “non-congruent“ is commonly used for PTs in terrestrial applications 
with chemically reacting plasmas [Iosilevskiy, Acta Phys. Polon. B  (2010)] 

• term introduced in astro and nuclear physics by I. Iosilevskiy 

• known in heavy-ion collisions (HICs), nuclear physics and astrophysics 
under the terms “Maxwell“ and “Gibbs“

Non-congruence
• first order PTs with more than one globally conserved charge:                    
non-congruent PTs 

• only one globally conserved charge: congruent 
• fundamental differences, because the concentrations of the charges can be 
exchanged between the two phases, “distillation“ 
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[C. Greiner, Koch, and Stöcker, PRL (1987)]
[Glendenning, PRD (1992)]

congruent

phase II

non-congruent

phase IIphase I phase I

[MH, V. Dexheimer, S. Schramm, I. Iosilevskiy, PRC 88 (2013)]
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Setup
• liquid-gas phase transition of nuclear matter: non-linear relativistic mean-field 
model FSUgold 

• QCD phase transition: Chiral SU(3) model 

• in all calculations: neglect of all Coulomb interactions, “Coulomb-less“ 
approximation (cf. works by Gulminelli, Raduta, Typel, …) 

• solve for thermal, mechanical, and chemical equilibrium
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[Todd-Rutel and Piekarewicz, PRL (2005)]

[Dexheimer and Schramm, PRC81 (2010)]



• populated degrees of freedom regulated by “Polyakov“ potential U 

• via contribution of Φ to masses of particles: 

• zero Temperature: baryons at low densities, quarks at high densities, first order 
PT in-between
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Chiral SU(3) model
• meson-exchange based effective relativistic mean-field model 
• coupling constants are fitted to vacuum masses of baryons and mesons, 
nuclear matter properties, hyperon optical potentials, and lattice data 

• quarks (u,d,s) and hadrons (baryon octet) are included as a chemical mixture 
of quasi-particle degrees of freedom
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[Dexheimer and Schramm, PRC81 (2010)]
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Conditions in heavy-ion collisions
• at least two conserved charges: (net) baryon number B and (net) isospin or 
equivalently the charge to baryon ratio YQ=Z/A 

•→ one can expect that PTs in HICs are generally non-congurent 
• 208Pb + 208Pb: YQ=0.39 
• 197Au + 197Au: YQ=0.40 

• additional conserved charge: (net) strangeness S=0

10
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Scenarios
• liquid-gas symmetric (LGS) 
• liquid-gas asymmetric (LGAS) 
• heavy-ion symmetric (HIS) 
• heavy-ion asymmetric (HIAS) 

• symmetric: YQ=0.5, asymmetric: YQ=0.3 
• zero strangeness locally 

11



nuclear liquid-gas PT
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LGS – phase diagrams
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• first order phase transition line terminates at critical end point (CEP)
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LGS – phase diagrams
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SC: saturation curve 
BC: boiling curve

de
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ity

phase I phase II

position

• discontinuity of the density  
• extended two-phase 
coexistence region in 
terms of density (still 
congruent)
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LGAS – phase diagrams
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gas liquid

• phase transition lines turn to two-dimensional phase coexistence regions 
• saturation and boiling curves do not coincide

phase 
coexistence
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Non-congruence
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Non-congruence

• charge fraction and density 
different in two phases 

• fixing of the total charge fraction 
→ variation of the intensive 
variables (e.g., µi) along the PT 

• projection onto P-T, P-µi planes: 
two-dimensional region instead 
of line
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142 KAPITEL 3. KOMPAKTE STERNE

der Ladungsneutralität innerhalb der hadronischen Phase, reduziert man die

Freiheitsgrade des Systems, so dass sich eine spezielle Kurve auf der Fläche

ergibt. Diese Kurve beschreibt nun ladungsneutrale Neutronensternmaterie

(siehe Abb. 3.39, Kurve unterhalb von Punkt ’C’).
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Abbildung 3.39: Gibbskonstruktion des Hadron-Quark Phasenüberganges:

Druckfläche der hadronischen Phase im CHM mit Hyperonen (transparente

Fläche) und der Quarkphase im MIT-Bag Modell mit B1/4 = 180 MeV in

Abhängigkeit ihrer zwei unabhängigen chemischen Potentiale. Die Kurve auf

den Flächen beschreibt ladungsneutrale Sternmaterie. Die Markierung ’C’

stellt den Beginn und ’D’ das Ende der gemischten Phase (MP) dar.

Die Druckfläche der Quarkphase P Q(µB, µe) ist ebenfalls in Abb. 3.39

dargestellt. Die hadronische Fläche P H schneidet die Quarkfläche P Q und

definiert dadurch eine Schnittfunktion. An dem Punkt, wo diese Schnitt-

funktion die Kurve der ladungsneutralen Neutronensternmaterie schneidet

(Punkt ’C’ in Abb. 3.39) beginnt die gemischte Phase MP. Ist der Druck des

Systems kleiner als der entsprechende Druck am Punkt ’C’, so ist die Materie

M. Hanauske, Ph.D. thesis
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LGAS – phase diagrams
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gas liquid

• phase transition lines turn to two-dimensional phase coexistence regions 
• saturation and boiling curves do not coincide 
• temperature endpoint (TEP), pressure endpoint (PEP) and critical point (CP) 
do not coincide 
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Why is LGS congruent?

19

• first order phase transition line terminates at critical end point (CEP) 
• binary system: isospin and baryon number 
• despite this the phase transition behaves congruent 
• both phases stay symmetric 
• symmetric nuclear matter is an “azeotrope“, due to isospin symmetry



QCD PT
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HIS – phase diagrams

21

• again “azeotrope“, due to isospin symmetry
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HIAS – phase diagrams
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• phase transition lines turn to two-dimensional phase coexistence regions 
• deconfinement and confinement curves do not coincide 
• distinction between CP, TEP, and PEP not achieved, but expected 
• reason: non-congruent features vanishingly small around the CP, difference 
compared to LG

“h
ad
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 p
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se

“quark“ phase



comparison – is the QCD PT of liquid-gas type?
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Comparison of LG and QCD PT
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liquid-gas phase transition chiral/deconfinement phase transition

• opposite slope as fundamental difference  
• due to lower/higher entropy of the more 
dense phase, Clapeyron equation:

SC: saturation curve 
BC: boiling curve 
DC: deconfinement curve 
CC: confinement curve

entropicenthalpic

[Iosilevskiy, arXiv:1403.8053]
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Phase diagrams
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symmetric matter

asymmetric matter



„Realistic“ supernova EOS — cluster formation
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„Realistic“ supernova EOS
• until now: phase diagrams for „infinite“ thermodynamic phases, despite net 
electric charges, “Coulomb-less approach of bulk matter“ 

• Coulomb and surface energies crucial for realistic description, correlations → 
clusterization

27

a model for the nuclear interactions and an approach for 
formation of nuclei/clusters is needed

yesterday:

• nuclear matter in the liquid phase → nucleons bound in nuclei 
• nuclear matter in the gas phase → unbound nucleons 

• the formation of clusters replaces/quenches the first-order phase 
transition of bulk matter 

• connected to „pasta phases“
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EOS model: excluded volume NSE with interactions
• chemical mixture of nuclei and interacting nucleons in nuclear statistical 
equilibrium (NSE) 

• nucleon interactions: relativistic mean-field (RMF) 
• phenomenological medium modifications of nuclei/nuclear clusters

28

n, p

A1,Z1

A2,Z2

A3,Z3

A5,Z5

A4,Z4

A6,Z6

MH, J. Schaffner-Bielich; NPA 837 (2010) (HS) 
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Nuclei in supernova matter
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Matthias Hempel 
Basel, December 16, 2010 

• analogy to liquid-gas phase diagram 
• dissolution of nuclei at low densities 
and large T 

• fraction of nuclei increases with Yp 

• transition to uniform nuclear matter 
at ~½ n0 

• almost no first order phase transition 
any more (not shown here)

heavy nuclei (Z ≥ 6)
light nuclei (Z < 5)



Constraining supernova EOS with equilibrium 
constants from heavy-ion collisions
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Phys. Rev. C 91, 045805 (2015)

in collaboration with:  
Gerd Röpke, Stefan Typel, Joe Natowitz, Kris Hagel,  
Kohsuke Sumiyoshi, Shun Furusawa
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Light cluster in supernova matter
• can be more abundant than protons (cf. Sumiyoshi & Röpke 2008) 
• modify cooling of proto-neutron star 
• relevant for nucleosynthesis in neutrino-driven winds (Arcones et al. 2008) 
• supernova dynamics (?) 
• see: O’Connor et al. 2007, Sumiyoshi and Röpke 2008, Arcones et al. 2008, 
Hempel et al. 2012, Furusawa et a. 2013, … 

• EOS: various different theoretical approaches

31

cluster formation can be probed in the lab, „femtonova“
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Original work of Qin et al.
• Qin et al. PRL108 (2012): measured charged particle and neutron yields at 
Texas A&M with low-energy heavy ion collisions

32

Bulk Properties and Correlations

........

An event of central collision of Xe + Sn at 50 MeV/nucleon (AMD calculation)

Bulk properties and dynamics
e.g. EOS E(ρ)

⇓

⇐⇒
interplay

Correlations
e.g. clusters and fragments

⇓
Isospin dynamics, Symmetry energy

ρn − ρp, n/p, t/3He,. . .

A. Ono (Tohoku U) Light cluster production in antisymmetrized molecular dynamics ECT* SSNHIC 2014 2 / 29

Akira Ono

• density extraction: thermal 
coalescence model of Mekjian 

• temperature: double isotope 
yield ratios 

• conditions similar as in core-
collapse supernovae
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Basic aspects of equilibrium constants
• primary observable used by Qin et al.: equilibrium constant 

• defined by particle yields or number densities

33

• ideal gas: 

• using nuclear statistical equilibrium 

• Kcid only a function of temperature, e.g.: 

• thus also „composition independent“ (Qin et al. 2012) 
• not true for an non-ideal (i.e. interacting) system
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Comparison of conditions in SN and HIC
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supernovae heavy ion collisions
dynamic timescales ms fm/c
equilibrium weak eq. only partly only strong eq.
temperatures 0 - 100 MeV 10 - 200 MeV
charge neutrality yes no
asymmetry moderate low
highest densities < 2-4 ρ0 < 4-5 ρ0

relevant systematic differences between matter in heavy-ion 
collisions and supernovae 

• isospin asymmetry; in the experiment: YQ~0.41  
• Coulomb interactions/charge neutrality 
• limited number of participating nucleons 
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Constraining cluster formation in SN EOS
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[MH, Hagel, Natowitz, Röpke, Typel, 
PRC 91, 045805 (2015)]
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• comparison with various 
theoretical approaches, 
all modified to account for 
differences SN ↔ HIC 

• ideal gas behavior ruled 
out, nuclear clusters 
encounter medium 
modification (Pauli 
blocking) 

• see also: Natowitz et al. 
PRL 2010, Typel et al. 
PRC 2010 
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Conclusions
• phase transitions with more than one globally conserved charge are generally 
non-congruent 

•→ different dimensionality of phase coexistence regions (e.g. T-P or T-µ) 

• principle difference between liquid-gas and QCD PT: enthalpic vs. entropic 

• in supernova matter phase transitions are „quenched“/replaced by cluster 
formation; partly due to charge neutrality and Coulomb interactions 

• cluster formation in the supernova EOS can be constrained with low-energy 
heavy-ion collisions  

• systematic differences of matter in heavy-ion collisions and supernovae are 
important, but can be taken into account
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