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QCD Phase Transitions
QCD→ two phase transitions:

1 restoration of chiral symmetry

SUL+R(Nf )→ SUL(Nf )× SUR(Nf )

order parameter:

〈q̄q〉


> 0⇔ symmetry broken, T < Tc
= 0⇔ symmetric phase, T > Tc

2 de/confinement

order parameter: Polyakov loop variable

Φ


= 0⇔ confined phase, T < Tc
> 0⇔ deconfined phase, T > Tc

Φ =
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trcP exp

„
i
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0
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At densities/temperatures of interest

only model calculations available

alternative: Ü dressed Polyakov loop (or dual condensate)

it relates chiral and deconfinement transition to spectral properties of Dirac operator

effective models:
1 Quark-meson model or other models e.g. NJL

2 Polyakov–quark-meson model or PNJL models
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The conjectured QCD Phase Diagram
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At densities/temperatures of interest
only model calculations available

Open issues:
related to chiral & deconfinement
transition

B existence of CEP?

B its location?

B additional CEPs?
How many?

B coincidence of both transitions at
µ = 0?

B quarkyonic phase at µ > 0?

B chiral CEP/
deconfinement CEP?

B so far only MFA results
effect of fluctuations
(e.g. size of crit. reg.)?

B ...
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Outline

◦ Polyakov–Quark-Meson Model

◦ Functional renormalization group (FRG)
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Nf = 3 Quark-Meson (QM) model

Model Lagrangian: Lqm = Lquark + Lmeson

Quark part with Yukawa coupling h:

Lquark = q̄(i∂/− h
λa

2
(σa + iγ5πa))q

Meson part: scalar σa and pseudoscalar πa nonet

fields: M =
8X

a=0

λa

2
(σa + iπa)

Lmeson = tr[∂µM†∂µM]−m2tr[M†M]−λ1(tr[M†M])2−λ2tr[(M†M)2]+c[det(M) + det(M†)]

+tr[H(M + M†)]

explicit symmetry breaking matrix: H =
X

a

λa

2
ha

U(1)A symmetry breaking implemented by ’t Hooft interaction
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Polyakov-quark-meson (PQM) model
Lagrangian LPQM = Lqm + Lpol with Lpol = −q̄γ0A0q− U(φ, φ̄)

polynomial Polyakov loop potential: Polyakov 1978, Meisinger 1996, Pisarski 2000

U(φ, φ̄)

T4
= −

b2(T, T0)

2
φφ̄−

b3

6

“
φ3 + φ̄3

”
+

b4

16

`
φφ̄
´2

with b2(T, T0) = a0 + a1(T0/T) + a2(T0/T)2 + a3(T0/T)3

logarithmic potential: Rößner et al. 2007

Ulog

T4
= −

1
2

a(T)φ̄φ+ b(T) ln
h

1− 6φ̄φ+ 4
“
φ3 + φ̄3

”
− 3

`
φ̄φ
´2
i

with a(T) = a0 + a1(T0/T) + a2(T0/T)2 and b(T) = b3(T0/T)3

Fukushima Fukushima 2008

UFuku = −bT
n

54e−a/Tφφ̄+ ln
h

1− 6φ̄φ+ 4
“
φ3 + φ̄3

”
− 3

`
φ̄φ
´2
io

a controls deconfinement b strength of mixing chiral & deconfinement
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Polyakov-quark-meson (PQM) model
Lagrangian LPQM = Lqm + Lpol with Lpol = −q̄γ0A0q− U(φ, φ̄)

polynomial Polyakov loop potential: Polyakov 1978, Meisinger 1996, Pisarski 2000

U(φ, φ̄)

T4
= −

b2(T, T0)

2
φφ̄−

b3

6

“
φ3 + φ̄3

”
+

b4

16

`
φφ̄
´2

with b2(T, T0) = a0 + a1(T0/T) + a2(T0/T)2 + a3(T0/T)3

in presence of dynamical quarks: T0 = T0(Nf , µ) BJS, Pawlowski, Wambach, 2007

Nf 0 1 2 2 + 1 3
T0 [MeV] 270 240 208 187 178

µ 6= 0 : φ̄ > φ

since φ̄ is related to free energy gain of antiquarks

in medium with more quarks→ antiquarks are more easily screened.
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QCD Thermodynamics Nf = 2 + 1
[BJS, M. Wagner, J. Wambach ’10]

SB limit:
pSB

T4
= 2(N2

c − 1)
π2

90
+ Nf Nc

7π2

180

(P)QM models (three different Polyakov loop potentials) versus QCD lattice simulations
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B solid lines:
PQM with lattice masses (HotQCD)

mπ ∼ 220,mK ∼ 503 MeV

B dashed lines:
(P)QM with realistic masses

lattice data: [Bazavov et al. ’09]
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Critical region

contour plot of size of the critical region around CEP in the phase diagram

Contour lines are defined via fixed ratio of susceptibilities: R = χq/χ
free
q

Ü compressed with Polyakov loop

QM model (2+1) PQM model (2+1)
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[BJS, M. Wagner; in preparation]
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Outline

◦ Polyakov–Quark-Meson Model

◦ Functional renormalization group (FRG)
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Functional RG Approach

Γk[φ] scale dependent effective action ; t = ln(k/Λ) ; Rk regulators

FRG (average effective action) [Wetterich ’93]

∂tΓk[φ] =
1
2

Tr ∂tRk

 
1

Γ
(2)
k + Rk

!
; Γ

(2)
k =

δ2Γk

δφδφ

k∂kΓk[φ] ∼
1
2
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Isentropes s/n = const and Focussing

[E. Nakano, BJS, B.Stokic, B.Friman, K.Redlich ’10]

here: Nf = 2 QM model: kink in MFA are washed out in FRG

→ no focussing if fluctuations taken into account

smallnest of critical region

MFA (no Dirac term) FRG (dashed: full grid; solid: Taylor expansion)
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Isentropes s/n = const and Focussing
[E. Nakano, BJS, B.Stokic, B.Friman, K.Redlich ’10]

here: Nf = 2 QM model: kink in MFA are washed out in FRG

→ no focussing if fluctuations taken into account

smallnest of critical region

kink structure at boundary in mean field approximation

⇒ remnant of first-order transition in chiral limit

if Dirac term neglected
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T0(Nf , µ) modification
full QCD FRG flow: gluon , ghosts, quark and meson (via hadronization) fluctuations
[J. Braun, H. Gies, L.M. Haas, F. Marhauser, J.M. Pawlowski et al.]

∂tΓk[φ] = 1
2 − − + 1

2

in presence of dynamical quarks
gluonic contribution modified:

pure YM flow
(→ Polyakov loop potential):

T0 ↔ ΛQCD : T0 → T0(Nf , µ)

[BJS, Pawlowski, Wambach, 2007]
[Herbst, Pawlowski,BJS; arXiv:1008.0081]
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Functional Renormalization Group
[Wetterich ’93]

∂tΓk[φ] =
1
2

Tr ∂tRk

 
1

Γ
(2)
k + Rk

!
; Γ

(2)
k =

δ2Γk

δφδφ

∂tΓk[φ] = 1
2 − − + 1

2

Γk[φ] scale dependent effective action ; t = ln(k/Λ) ; Rk regulators

PQM truncation Nf = 2 [Herbst, Pawlowski,BJS; arXiv:1008.0081]

Γk =

Z
d4x

ψ̄ (D/ + µγ0 + ih(σ + iγ5~τ~π))ψ +

1
2

(∂µσ)2 +
1
2

(∂µ~π)2 + Ωk[σ, ~π,Φ, Φ̄]

ff

Initial action at UV scale Λ:

ΩΛ[σ, ~π,Φ, Φ̄] = U(σ, ~π) + U(Φ, Φ̄) + Ω∞Λ [σ, ~π,Φ, Φ̄]

U(σ, ~π) =
λ

4
(σ2 + ~π2 − v2)2 − cσ
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Functional Renormalization Group
[Wetterich ’93]

∂tΓk[φ] =
1
2

Tr ∂tRk

 
1

Γ
(2)
k + Rk

!
; Γ

(2)
k =

δ2Γk

δφδφ

∂tΓk[φ] = 1
2 − − + 1

2

Flow equation for PQM Nf = 2 [Herbst, Pawlowski,BJS; arXiv:1008.0081]

∂tΩk =
k5

12π2

»
−

2Nf Nc

Eq

˘
1− Nq(T, µ; Φ, Φ̄) + Nq̄(T, µ; Φ, Φ̄)

¯
+

1
Eσ

coth
„

Eσ
2T

«
+

3
Eπ

coth
„

Eπ
2T

«–

with Eσ,π,q =
q

k2 + m2
σ,π,q , m2

σ = 2Ω′k + 4σ2Ω′′k , m2
π = 2Ω′k , m2

q = g2σ2

and

Nq(T, µ; Φ, Φ̄) =
1 + 2Φ̄eβ(Eq−µ) + Φe2β(Eq−µ)

1 + 3Φ̄eβ(Eq−µ) + 3Φe2β(Eq−µ) + e3β(Eq−µ)

Nq̄(T, µ; Φ, Φ̄) = Nq(T,−µ; Φ, Φ̄)|µ→−µ cf. [Skokov et al. arXiv:1004.2665]
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µ = 0: order parameters and T-derivatives

T0 = 270 MeV
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Phase diagram T0 = 208 MeV
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Phase diagram T0(µ),T0(0) = 208 MeV
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Thermodynamics
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Critical region
similar conclusion if fluctuations are included

fluctuations via Functional Renormalization Group

comparison: Nf = 2 QM model

Mean Field ↔ RG analysis
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[BJS, J. Wambach ’06]
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Summary
Nf = 2 and Nf = 2 + 1 chiral (Polyakov)-quark-meson model study

Ü Mean-field approximation and FRG

Ü fluctuations are important

Findings:

B matter back-reaction to YM sector:
T0 ⇒ T0(Nf , µ)

B FRG with PQM truncation: Chiral &
deconfinement transition coincide for
Nf = 2 with T0(µ)-corrections

B same conclusion for Nf = 2 + 1?

B role of quantum fluctuations

effects of Dirac term in a mean-field approximation

Outlook:

B include glue dynamics with FRG

→ towards full QCD
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