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Aim

Investigate the one loop polarization tensor of a non Abelian vector ¯eld (gluon)

in a chromo magnetic background ¯eld

Motivation

A chromo magnetic ¯eld is likely to be spontaneously generated by gluons due

to their magnetic moment (tachyonic mode)
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homogenous Abelian chromo magnetic ¯eld, is solution of the eom
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some de¯nitions

What means 'neutral' and 'charged' gluons?

consider SU(2)-¯eld: Aa
¹(x) it is a neutral vector ¯eld, a 2 SU(2)

make a transformation:
Q§¹ (x) =

1p
2

¡
A1
¹(x)§ iA2

¹(x)
¢

Q¹(x) = A3
¹(x)

then Q§¹ (x) is a charged vector ¯eld whereas Q¹(x) is a neutral one

wave equations:
@º@

ºQ¹(x) = 0
¡
D§
º D

§º
g¹¹0 ¡ 2igF¹¹0

¢
Q§¹0(x) = 0

with the covariant derivativeD§
¹ = @¹§iB¹ in an Abelian magnetic background

¯eld Ba
¹ = ±a;3B¹

coupling between the ¯elds:
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scalar ¯eld
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E2
n = B(2n+ 1)

spinor ¯eld
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E2
n = B(2n+ 1§ 1
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vector ¯eld
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In a technical sense, it is interesting to extend the formulas known from QED

in magnetic ¯eld (Schwinger proper time formalism) to non Abelian vector ¯eld

while we expected 'only' technical complications, there appeared more serious

ones
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Vacuum energy in a homogeneous magnetic background ¯eld

vacuum energy b= e®ective potential

use zeta functional regularization

scalar: E0 =
B

2¼

Z
dk3

2¼

X

n¸0

¡
m2 + k23 +B(2n+ 1)

¢ 1
2
¡s

spinor: E0 = ¡ B

2¼

Z
dk3

2¼

X

n¸0

X

¾=§1

¡
m2 + k23 +B(2n+ 1 + ¾)

¢ 1
2
¡s

vector: E0 =
B

2¼

Z
dk3

2¼

X

n¸0

X

¾=§1

¡
k23 +B(2n+ 1 + 2¾)

¢ 1
2
¡s
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use proper time representation (pseudo Euclidean)

¡
m2 + k23 +B(2n+ 1)

¢ 1
2
¡s

= i
1
2
¡s
Z 1

0

dt

t

ts¡
1
2

¡
¡
s¡ 1

2

¢ e¡it(m2+k23+B(2n+1)¡i²)

carry out the summation over n and perform Wick rotation t! ¡it

scalar: E0 = ¡ B

8¼2
cs

Z 1

0

dt

t
ts¡1

1

2 sinh(Bt)
e¡tm

2

spinor: E0 =
B

8¼2
cs

Z 1

0

dt

t
ts¡1 coth(Bt) e¡tm

2

vector: E0 = ¡ B

8¼2
cs

Z 1

0

dt

t
ts¡1

£
eBt + e¡Bt coth(Bt)

¤

cs = 1 + (° + ln 4¡ 2)s+ : : :

This is the contribution from the tachyonic mode,  
here one needs to make the ‘Anti’-Wick rotation 
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perform the renormalization and calculate the ¯nite parts

scalar: Eren
0 =

°

12
+

ln 2

6
+

1

6
+ ³ 0(¡1) » 0:16

spinor: Eren
0 = ¡°

3
¡ ln 2

2
+

5

6
¡ 4³ 0(¡1) » 1:07

vector: Eren
0 = ¡5°

6
+

ln 2

3
+

1

3
+ 2³ 0(¡1) » ¡0:25

the 'Anti'-Wick rotation in the tachyonic mode is so far the only complication

beyond pure technical ones



propagators

= 1
k2

=
1R
0

ds e¡sk
2

k2 = k24 + k23 + k22 + k21

= 1
p2

=
1R
0

ds e¡sp
2

p2 = p24 + p23 +B(2n+ 1)

¹ ¹0 =
g¹¹0

k2
=

1R
0

ds g¹¹0e
¡sk2 k2 = k24 + k23 + k22 + k21

¹ ¹0 =
³

1
p2+2iF

´
¹¹0

=
1R
0

ds E¹¹0e
¡sp2 p2 = p24+ p23+B(2n+1)

with E¹¹0 = ±
jj
¹¹0+iF¹¹0 sinh(2sB)+±

?
¹¹0 cosh(2sB)
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in addition there are tadpole graphs and ghosts

de¯ning corresponding tensor structures (6 in a pure magnetic background,

10 including temperature) one comes to a representation of the form factors

b.)

one loop polarization tensor (gluon self energy)

basic loop £ = e¡sp
2

e¡t(p¡k)
2

integration over the loop momentum p (Schwinger 1973)

neutral

h£i = exp[¡ st
s+t

(l23+l
2
4)+

ST
S+T

(l21+l
2
2)]

(4¼)2(s+t) sinh(s+t)

S = tanh(s)

T = tanh(t)

charged

h£i = exp[¡ st
s+t

(l23+l
2
4)¡m(s;t)(2n+1)]

(4¼)2(s+t)
p
¢

¢ = ¹+¹¡ , m = s+ 1
2
ln

¹¡
¹+

¹§ = t+ sinh(s) e§s
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neutral

M (1)(s; t) = 4¡ 2

µ
s¡ t

s+ t

¶2

cosh(2(s+ t))

M (2;3;4)(s; t) = : : :

M (5)(s; t) = ¡2¡ cosh(2s) + cosh(2t)

charged

M (1)(s; t) = 4¡ 2

µ
s¡ t

s+ t

¶2

cosh(2s)

M (2)(s; t) =
cosh(2s)t(¡2t3 + : : :)

2(s+ t)¢
+ : : :

M (3;4;5)(s; t) = : : :

M (6)(s; t) =
sinh(2s)(2t2 ¡ cosh(2s) + 1)

2¢

general structure

¦i =
B

(4¼)2

1R
0

1R
0

ds dt Mi(s; t) h£i

¢= ¹+¹¡, where ¹§ = t+sinh(s) e§s



Bordag@CPOD Dubna 2010 

convergence for s!1

note: Mi(s; t)! e2smi(s; t)

therefore divide Mi = e2smi(s; t)| {z }+Mi ¡ e2smi(s; t)| {z }
and ¦i = ¦A

i + ¦B
i

perform 'Anti'-Wick rotation in part A: (s; t)! (s; t) ei¼

after which the integrations do converge (IR)
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result of calculation for neutral polarization tensor on-shell (l2 = 0)
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vector ¯eld

n = 0

n = 1

n = 2
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0

1
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E2
n = B(2n+ 1§ 1)

rewrite levels in the form E2
n = 2n+1 with n=¡1;0;1; : : :

use variables s = qu, t = q(1¡ u)

and notations ~H = qu(1¡ u)± + qu2(2n+ 1)

with ± = l24 + l23 + 2n+ 1 (on-shell is ± = 0)

¦B
i =

Z 1

0

dq

Z 1

0

du ~Mi

exp(¡ ~H)

¹¡n+ ¹n+1¡

for the charged polarisation tensor we need to go into more dateil
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structure of the denominator

remember,

M1 - no ¢ in denominator

M2 =
: : :

¢2
=

: : :

(¹+)2(¹¡)2

M3;:::;6 =
: : :

¢
=

: : :

¹+¹¡

n = ¡1 n = 0 n = 1 : : :

i = 1 1
1

1
¹¡

1
(¹¡)2

i = 2 1
(¹+)3(¹¡)2

1
(¹+)2(¹¡)3

1
(¹+)1(¹¡)4

i = 3 : : : 6 1
(¹+)2(¹¡)1

1
(¹+)1(¹¡)2

1
(¹¡)3

the functions ¹+ and ¹¡ have zeros!
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u! 0

u! 1
q pseudo Euclidean

q Euclidean

Ã zeros of ¹+

Ã zeros of ¹¡

the original integration goes over pseudo Euclidean q's:

in part A we make an 'Anti'-Wick rotation, q ! iq, but part A does not have

zeros in the denominator

in part B we make a Wick rotation, q !¡iq, and we cross the zeros of ¹+

one could think to calculate the pole contributions separately, however, for

u! 1 the poles merge on the Euclidean q-axis

in this way, the integrals are not converging from the very beginning!!
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n = ¡1 n = 0 n = 1 : : :

i = 1 1
1

1
¹¡

1
(¹¡)2

i = 2 1
(¹+)3(¹¡)2

1
(¹+)2(¹¡)3

1
(¹+)1(¹¡)4

i = 3 : : : 6 1
(¹+)2(¹¡)1

1
(¹+)1(¹¡)2

1
(¹¡)3

this is what we have in scalar case, no factors Mi and no n = ¡1

hence no problems with Wick rotation

similar picture in spinor case

In this way this is a new problem occuring only for a charged vector ¯eld
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Conclusions

the attempt to calculate the polarization tensor for charged gluons in a magnetic

background ¯eld revealed unexpected di±culties

standard technical methods, Schwingers proper time representation, could be

generalized for the vector case, however, these did not allow to come to a well-

de¯ned expression.

For some values of the external momentum, n = ¡1; 0; 1 in B(2n + 1), the in-

tegration path in pseudo Euclidean region appears quenched between pairs of

poles and the integrations in the initial expression do not converge.

It is to be mentioned that these are NOT ultraviolet divergences, these would

appear for q ! 0

Also, these are NOT infrared divergences which would appear for q !1

The problem is puzzling since it appears also for T ! 1 where one would

expect perturbation theory to work (to some extent, at least)



Thank you for attention 
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