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Abstract. We present a symbolic algorithm generating finite-element
schemes with interpolating Hermite polynomials intended for solving the
boundary-value problems with self-adjoint second-order differential equa-
tion and implemented in the Maple computer algebra system. Recurrence
relations for the calculation in analytical form of the interpolating Her-
mite polynomials with nodes of arbitrary multiplicity are derived. The
integrals of interpolating Hermite polynomials are used for constructing
the stiffness and mass matrices and formulating a generalized algebraic
eigenvalue problem. The algorithm is used to generate Fortran routines
that allow solution of the generalized algebraic eigenvalue problem with
matrices of large dimension. The efficiency of the programs generated in
Maple and Fortran is demonstrated by the examples of exactly solvable
quantum-mechanical problems with continuous and piecewise continuous
potentials.

1 Introduction

The study of mathematical models that describe tunneling and channeling of
composite quantum systems through multidimensional barriers, photo-ionization
and photo-absorption in molecular, atomic, nuclear, and quantum-dimensional
semiconductor systems, requires high-accuracy efficient algorithms and programs
for solving boundary-value problems (BVPs) [7,5,8,9,13].

In this direction, using the variation-projection BVP formulation and finite
element method (FEM) with Lagrange interpolation elements [12,2,1], the
symbolic-numeric algorithms (SNAs) and programs have been elaborated [5,6,4].
This implementation of FEM using the interpolation Lagrange polynomials
(ILPs) was such that it preserved only the continuity of the solution itself in
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the course of its numerical approximation on a finite-element grid. However, in
the above class of problems, particularly, in quantum-dimensional semiconduc-
tor systems, the continuity should be preserved not only for the solution (wave
function) itself, but also for the probability current [2,10]. The required continu-
ity of the solution derivatives can be preserved in FEM numerical approximation
using the interpolation Hermite polynomials (IHPs) [3,11].

This motivated the aim of the present work, namely, the use of FEM with
IHPs to elaborate SNAs implemented in Maple-Fortran for the solution of the
BVPs with self-adjoint second order differential equation, and the analysis of the
approximate numerical solutions in benchmark calculations.

In this paper, we present a symbolic algorithm implemented in Maple com-
puter algebra system (CAS) that generates finite-element calculation schemes for
solving BVPs for the self-adjoint second-order differential equation using interpo-
lating Hermite polynomials. We derived recurrence relations for the calculation
of the IHPs with nodes of arbitrary multiplicity. The stiffness and mass matrices
are expressed via the integrals of products of the BVP coefficient functions, the
IHPs and their derivatives. The result is used to formulate a generalized algebraic
eigenvalue problem solved in Maple for matrices of small dimension. We use the
symbolic algorithm to generate Fortran routines that allow the solution of the
generalized algebraic eigenvalue problem with matrices of large dimension. We
demonstrate the efficiency of the programs generated in Maple and Fortran for
100 x 100 and higher-order matrices, respectively, in benchmark calculations for
exactly solvable quantum-mechanical problems with continuous and piecewise
continuous potentials.

The paper is organized as follows. In Section 2, the formulation of BVPs
and variational functional is presented. Section 3 describes the algorithm that
generates algebraic problems using the finite element method with interpolation
Hermite polynomials. In Section 4, the benchmark calculations are analysed. The
obtained results and further development of SNA are discussed in Conclusion.

2 Formulation of BVPs

We consider a self-adjoint second-order differential equation with respect to the
unknown solution @(2) in the region z € 2, = (™0, zmax) [4]

1 0 0
(D-2E)®(2) =0, D= _f1(2’) 8ng(z)az

If no additional restrictions are explicitly specified, we assume f1(z) > 0, f2(2) >
0, and V(z) to be continuous functions that have derivatives up to the order of
K™% > 1 in the domain z € 2, = [¢™" 2™2]. In quantum mechanics, Eq.
(1) is actually the Schrodinger equation that describes a particle with the wave
function @(z) and the energy F.

For a discrete-spectrum problem, the eigenfunctions @(z) = @,,(z) € H2 in
the Sobolev space H3 corresponding to the eigenvalues Fy < Fy < ... < E,, <

+ V(2). (1)
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. are to satisfy the boundary condition of the first (I) and/or the second (II)
and/or the third (IIT) kind at given values of parameters R(z")

(D) : @,,(2") =0, t=min and/or max, (2)
(I : fi(z) dgli;nz(z) ’ =0, t=min and/or max, (3)
(I1I) - dglig;(z) = R(z")Pn(2"), t= min and/or max (4)

along with the normalization and orthogonality condition

max

(P (2)| P (2)) = / 1) (P (2))* Pr (2)dz = G- ()
The solution of the above BPVs can be reduced to the calculation of stationary
points of a variational functional [12,6]

max
z

E(P, E, 2™ pmax) = / &*(2) (D — 2E) &(2)dz = I (P, E, 2™, z™maX)

7f2(zmax)dj*(ZmaX)R(ZmaX)dj(zmax)+fZ(Zmin)dj*(Zmin)R(zmin)Qp(Zmin), (6)

I’Ila.X)

where the symmetric functional IT(®, E, 2™, » is expressed as

max
z

dd*(z) dP(z)

H((P,E,zmin,zma"):/ |:f2(Z) & & + f1(2)2*(2)V(2)®(z) (7)

min

—[1(2)2E®* (2)P(2) | dz.

Here R(z) — oo and R(z) = 0 for discrete spectrum problem with BCs (I) and
BCs (II), Egs. (2) and (3), respectively.

3 FEM Generation of Algebraic Problems

High-accuracy computational schemes for solving the BVP (1)—(4) can be derived
from the variational functional (6), (7) basing on the FEM. The general idea of
the FEM in one-dimensional space is to divide the interval [z™", 28] into many
small domains referred to as elements. The size of the elements can be defined
free enough to account for physical properties or qualitative behavior of the
desired solutions, such as smoothness.

min

The interval A=[z™" 2™MaX] is covered by a set of n elements A; = [250, e =
z;rfl‘] in such a way that A = U?Zl A;. Thus, we obtain the grid
th(z) [Zmin’ Zmax} :{Zmin — Zinin, Z;nax _ Z;nin + hg,] — 1’ cen— 1’ (8)

max __ .min __ _.max
2t = M 4 Ry = 2T

min — _max
where 2" = 2%,

are the lengths of the elements A;.

J = 2,...,n are the mesh points, and the steps h; =
Ill’laX
J

__ ,min
z Z]
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3.1 Interpolation Hermite Polynomials

hj(z)

A [ ;nln’z;pax] _
{zG-1)p = 2 2 paes T = 1o p — 1zjp = z;nax} w1th the nodal points
2r = 2(j—1)p4+r determined by the formula

In each element A; we define the equldlstant sub-grid {2;

Z(j—1)p+r = ((p — r)z;mn +r2)/p, r=0,...,p. (9)

max\1I™** jmax _ p max
As a set of basis functions {Nl( 2] ) g I =00 g Ky

the THPs {{¢%(2) 7nzo},ﬁzo " Tin the nodes z,, r =0,...,p of the grid (9). The
values of the functions ¢#(z) with their derivatives up to the order (k*®* — 1),
ie.k=0,...,k* —1, where ;" is referred to as the multiplicity of the node
z,., are determined by the expressions [3]

4" (2)
dzr’

m‘“ we will use

@f('zr') = 0100, = Oyt Operes - (10)

zZ=z
I

To calculate the IHPs we introduce the auxiliary weight function

max
’

wo= I (Z77)7 . we=t (1)

Z, — X
r/=0,r'#r T ’”/

The weight function derivatives can be presented as a product

T a(e),

where the factor ¢ (z) is calculated by means of the recurrence relations

vy - d977H(2) -
gr( )* d +gr( )gr l(z)a (12)
z
with the initial conditions
1 dw,.(2) L K&
0 1 — T T
= ]_ = =
g =L g@= 50 = > T
r'=0,r'#r
We will seek for the ITHPs ¢! (z) in the following form:
RMAX ]
pr(z) =we(z) Y apt(z—z)", (13)
K'=0

Differentiating the function (13) by z at the point of z, and using Eq. (11), we
obtain

dK‘/ QOK‘ (Z) 7 "
dzz’ B Z //l — lgT - (ZT)CL?K KL (14)
z= w!'"=0
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Hence we arrive at the expression for the coefficients a*

/ K —1
/ dr @?(z) 2 : k'] — "o /
af T = dzt' z=z, - K!'=0 H//!(K/ - N)'g;f . (Zr)af e /K . (15)

Taking Eq. (10) into account, we finally get:

0, K <K,
/ 1/K', K =K,
T K =1

Z (! ,N,,),gr " (2)a K > k.

K

Note that all degrees of interpolation Hermite polynomials ¢! (z) do not depend

on k and equal p’ = f«)':o k2% — 1. Below we consider only the IHPs with the
nodes of identical multiplicity x}'®* = k™* r = 0,...,p. In this case, the degree

of the polynomials is equal to p’ = k™**(p 4+ 1) — 1. We introduce the following
notation for such polynomials:
Nymaxy 44 (2, z;-nin, 2 =¢p(2), r=0,...,p, £K=0,..., k" —1. (16)
These IHPs form a basis in the space of polynomials having the degree p’ =
£M¥(p+1) — 1 in the element z € [2] min ;2] that have continuous derivatives

up to the order — 1 at the boundary points me and z7"** of the element
z € [0, 25"]. The THPs at £™* = 1,2,3 and p = 4 are shown in Fig. 1. It

is seen that the values of THP Nmaxpy (2, 2™, 22%%%) and N (2, 20701, 235%) (at

r = p and r = 0) and their derivatives up to the order k™** — 1 coincide at
the mutual point 2" = z“fll of the adjacent elements. Moreover, the boundary
points are nodes (zeros) of multiplicity £™** of other IHPs, irrespective of the
length of elements of [22", 2] and [z}, 22%]. This allows construction of
a basis of piecewise and polynomial functions having continuous derivatives to

max

the order of k™** — 1 in any set A = U L4y = [z, 2] of elements A; =
[z, 2% = 2] The Algorithm 1 of the IHP construction is presented in

Appendix A and implemented in the CAS Maple.

3.2 Generation of Algebraic Eigenvalue Problems

We consider a discrete representation of the solutions @(z) of the problem (1),
(5), (4) reduced by means of the FEM to the variational functional (6), (7) on
the finite-element grid,

D min _max] __ __ .min _ max

th(z)[z L2 = [z0 = 2™ 2l =1, np — 1, 2y, = 2,
3 3 —_ . _ max — InlIl }L 4 min max
with the mesh points 2, = 2;, = 2" = 247 of the grid 2 3 (2) [min | ymax)

determined by Eq. (8) and the nodal points 2; = 2(;_1)p4s, 7 = 0,...,p of the
sub-grids Q;-Lj(z)[zylin, 2%, j =1,...,n, determined by Eq. (9). The solutions
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p=4 «=2| «"*=3
0,5 0,0 0,5 10
Z

. S p=4 =0
10 05 0,0 05
z

f

Fig.1. The IHP coinciding at £™** = 1 with the ILP (a) and IHPs at x™* =2 (b,
¢) and k™™ =3 (d, e, f). Here p+ 1 = 5 is the number of nodes in the subinterval,

Aj = [z = —1,2"™ = 1]. The grid nodes 2, are shown by vertical lines.

@"(2) ~ @(z) are sought for in the form of a finite sum over the basis of local
functions NJ(z) at each nodal point z = 2 of the grid Qﬁj(z)[zmm, 2™

L—-1
didh (2
') = Y INIE), B ) = e, T

NZO z=z]

= Qj?ﬁ'“a’urn (17)

where L = (pn+1)x™2* is the number of local functions and (PZ at g = Ik"*+K
are the nodal values of the xth derivatives of the function ®"(z) (including the
function @"(z) itself for k = 0) at the points 2.

The local functions NJ(2) = Njlmaex,(2) are piecewise polynomials of the
given order p’, their derivative of the order x at the node z; equals one, and
the derivative of the order ' # &k at this node equals zero, while the values of

the function NJ(z) with all its derivatives up to the order (+™** — 1) equal zero

. . A" N,/ ma
at all other nodes zp # z; of the grid _th(z), ie., B = 1 Opnr s
zZ=z]

l=0,...,np, k=0,... kKM —1.

For the nodes z; of the grid that do not coincide with the mesh points 2",
ie,at I # jp, j=1...n—1, the polynomial N7 at = ((j — 1)p +r)k™> + &
has the form

Nymaxyy (2, 200, 219%) 2 € A

g _ K r+K pad} b 9 YE!
NpG-1)4rymmecin = {07 2 g A, (18)
i.e., it is defined as the THP Nmax,14(z, z;“in, z;nax) in the interval z € A; and
zero otherwise. Since the points z;“i“ and 2J"®* are nodes of multiplicity ™,

such piecewise polynomial functions and their derivatives up to the order K™**—1
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Fig. 2. The structure of matrices Br,r, and Ar,r, for the potential V(z) = 0, the
number of elements n = 6 in the entire interval (2™, 2™), and different values of
the multiplicity of nodes k™ and the number of subintervals p. From left to right:
(™, p) = (1,6), (™, p) = (2,3), (+™*,p) = (3,2). The dimensions of matrices are
Lx L, L=r"(np+1): 37 x 37, 38 x 38, 39 x 39.

are continuous in the entire interval A. In Fig. 1 such IHPs are plotted by dotted,
short-dashed and dot-dashed lines.

For the nodal points of the grid z; that coincide with one of the mesh points
z;*** belonging to two elements Aj and A;11, 7 =1...n—1, ie., for | = jp,
the polynomial, whose derivative of the order k equals one at the node z;, has
the form

Nnmaprr,?(z, z;»nin, ZeX) 2z e Ay,
Ngnmaxj_t'_ﬁ == NR(ZaZ_;r-l;rllaZ;rflx)a S Aj-‘rl; (19)
0, z ¢ Aj U Aj+1,
In other words, it is constructed by joining the polynomial Ny maxy (%, z}“i“, z

defined in the element A; with the polynomial Ny (z, 2%, 25%%) defined in the
element A;i . This polynomial is also continuous with all its derivatives of the
order k™?* — 1 in the interval z € A. The corresponding IHPs are plotted in Fig.
1 by solid and long-dashed lines.

The substitution of the expansion (17) into the variational functional (6), (7)
reduces the solution of the problem (1)—(5) to the solution of the generalized
algebraic eigenvalue problem with respect to the desired set of eigenvalues F
and eigenvectors @ = {@Z}ﬁ;& :

(A -2EB)®" = 0. (20)

Here A = A + Mpin — Mnax and B are symmetric L x L stiffness and mass ma-
trices, L = k™ (np+1), Mpax and My, are L x L matrices with zero elements
except Mi1 = fo(z™™)R(2™") and My i1 jmax 41— gmax = fo(2M%)R(2™),
respectively. The Algorithm 2 that generates the local functions Ng(z) de-
fined by (18), (19) and the matrices A and B is described in Appendix B and
implemented in the CAS Maple.
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Table 1. Runge coeflicients (24) for the eigenvalues (Runge Eigv) and the eigenfunction
(Runge EigF) of the first three lower-energy states calculated for schemes with different
£™* and p up to order p’ = k™ (p+1) —1 =8 at h = 0.125 for schemes with p’ = 7,
p’ =8, and at h = 0.0625 for the rest of the schemes. Theoretical estimates of Runge
coefficient for the convergence of eigenvalues and eigenfunctions are 2p’ and (p’ + 1),
respectively. The execution time T}, (in seconds) for the mesh step h = 1/32 is presented
in the last column.

K™ p p’  Runge Eigv  2p’ Runge EigF p' +1 Ty
1 11 200 200 1.99 2199199200 2 9.36
1 2 2 400 399 399 4 2992983.02 3 195
1 3 3 599 6.00 599 6 3.98399397 4 334
2 1 3 597 596 596 6 395395394 4 218
1 4 4 799 800 800 8 4.994985.00 5 48.6
1 55 999 999 9.99 10 598 6.015.97 6 65.6
2 25 997 997 997 10 596598595 6 476
3 1 5 10.0510.0510.06 10 6.01 6.04 6.02 6 38.0
1 6 6 12.0012.00 12.00 12 6.99 6.976.99 7 &88.9
1 7 7 13.9813.9813.98 14 7.858.037.85 8 111.
2 3 7 13.8813.8713.87 14 777795777 8 82.3
4 1 7 13.59 13.58 13.57 14 7.61 7.577.59 8 59.6
1 8 8 16.13 16.00 15.99 16 9.00 8.829.09 9 139.
3 2 8 15.7515.7515.74 16 8.838.67886 9 99.1

To solve equation (20) we have chosen the subspace iteration method [12,1]
elaborated by Bathe [1] for the solution of large symmetric banded matrix eigen-
value problems. This method uses a skyline storage mode, which stores the com-
ponents of the matrix column vectors within the nonzero band of the matrix
and, therefore, is perfectly suitable for the banded FEM matrices. The procedure
chooses a vector subspace of the full solution space and iterates upon the succes-
sive solutions in the subspace (for details, see [1]). Using the Rayleigh quotients
for the eigenpairs, the iterations are repeated until the desired set of solutions
in the iteration subspace converges to within the specified tolerance. Generally,
10-24 iterations are enough to converge the subspace to within the prescribed
tolerance. If the matrix A in Eq. (20) is not positive-definite, the problem (20)
is replaced with the following problem: A" = E" B&", A = A — aB. The
number « (the shift of the energy spectrum) is chosen such that the matrix A is
positive-definite. The eigenvector of this problem is the same, and E" = E" + .

The theoretical estimate for the H® norm of the difference between the exact

max

solution @,,(z) € H3 and the numerical one @7, (z) € H*"" has the order of
‘Eﬁl - Em| S C1 h2p/a Hégz(z) - @m('z)HO S Cth/+1a (21)

where h = maxi<;<n h; is the maximal step of the grid [12].
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Fig.3. Absolute errors o = |e§*** — ¢l and of = max, e on( [XI"" (2) — X1 (2)|

for the ground state vs the grid step h calculated using approximation by IHPs with

exact

max

different & and p

4 Benchmark Calculations

4.1 Modified Poschl-Teller Potential

As an example, we consider the exactly solvable eigenvalue problem for Schrédin-
ger equation in the units h =m = 1:

(_ dd; +2V(z) - 2E> B(z) =0, (22)

with the modified Pdschl-Teller potential on the axis z € (—o0, +00):

a2 A(A—1)

Viz) =~ 2 (cosh (a2))?’

(23)

where a > 0 and X\ > 0 are real-value parameters. The parameters A = 11/2 and
a = 1 were chosen such that the discrete spectrum problem for Eq. (22) with the

potential (23) had five eigenvalues 2F,, = [—20.25, —12.25, —6.25, —2.25, —0.25]
with the corresponding five eigenfunctions t,,(z) known in the analytical form.
The numerical experiments using the finite-element grid 27 1(2) [zmin = —40,

z™Max = 40] demonstrated strict correspondence to the theoretical estimations
(21) for eigenvalues and eigenfunctions. In particular, we calculated the Runge
coefficients

O'h _ O_h/2
Bl = 10g2 hl/2 lh/4 s I = ]-a 2, (24)
9, T

on three twice condensed grids with the absolute errors

of = B~ Bl of = max [0 - 0h()](25)
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Fig. 4. The solutions and their first and second derivatives for the ground state (solid

curves) and the first excited state (dashed curves) of the rectangular well potential
problem

for the eigenvalues and eigenfunctions, respectively. From Eq. (25) we obtained
the numerical estimations of the convergence order of the proposed numerical
schemes, the theoretical estimates being 81 = 2p’ and B2 = p’ + 1.

In Table 1, we show the Runge coefficients (24) for the eigenvalues (Runge
Eigv) and the eigenfunction (Runge EigF) of the first three lower-energy states
calculated for schemes with different k™ and p up to order p’ = K™**(p+1)—1 =
8. Ome can see that for the chosen p’ = 1 + 8, the numerical estimates of Runge
coefficients lie within 2p’ + 0.06 for p’ = 1,...,6 and 2p’ & 0.56 for p’ = 7,8 in
the case of eigenvalues and within (p’ + 1) + 0.2 in the case of eigenfunctions,

which strongly corresponds to the theoretical error estimates (21). In Fig. 3, we

show the dependence of absolute errors of = [g§%9¢t — gf'| for eigenvalues and
h exact

o = max,con(s) X7 (2) — X} (2)] for eigenfunctions of the ground state vs.
the grid step h calculated using approximation by IHPs with different x™** and
p. In the double logarithmic scale, the errors lie on lines with different slopes
that explicitly show the desirable order of approximation p’ = k™**(p + 1) — 1
by IHPs with different x™* and p.

For calculations, we used the program KANTBP 1.1 with the specified accu-
racy of ~ 1073* and the relative error tolerance of the eigenvalues €; = 4-10734,
implemented in Intel Fortran 77 on the computer 2 x Xeon 3.2 GHz, 4 GB RAM.
The data type QUADRUPLE PRECISION provided 32 significant digits. The

running time T} for h = 1/32 = 0.03125 is presented in the last column of
Table 1.

4.2 Rectangular Well Potential

For piecewise continuous potentials (or potentials with discontinuous deriva-
tives), the approximation by IHPs does not converge to the desired solution
with increasing number of nodes. Within the FEM approach, the following tech-
nique is used. Let the potential have the form V(z) = {V;(2), z € (¢™in, (M%)},
min — (maxwhere V;(z) are (p/ + 1)-times differentiable functions. The inter-

val of the problem definition is divided into a set of subintervals [z;-nin,z;-nax}
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=06

max
s

Fig. 5. The difference of numerical and exact eigenfunctions D::;fo’p =1y P(z)—
1o(z) (solid curves) and D:;:i’p = ™" P(2) — 1p1 (2) (dashed curves) (upper panels)
and their first derivatives (lower panels) for rectangular well potential for n = 10
elements in the interval (—5,5) and different values of the multiplicity of nodes x™**
and the number of subinterval divisions p. >From left to right: (s™**,p) = (1,3),

(57, p) = (2,1); (5",p) = (3, 1),

(z;?“aX = zﬁ‘f), such that every point (™, in which the second derivative of the
solution is discontinuous, coincides with some boundary point z;»nin.

Cousider, e.g., the exactly solvable discrete-spectrum problem for Eq. (22)
with the rectangular well potential 2V (z) = Vp, if |2] < a, and 2V (z) = 0
otherwise. At a = 1, 2V, = —50 the discrete-spectrum problem has five eigen-
functions (see Fig. 4), expressed in the analytical form via five eigenvalues
2E,, = [—48.109146, —42.474904, —33.232792, —20.714111, —5.965365].

Since the first two eigenfunctions rapidly decrease, it is sufficient to use the
finite-element grid QZJ_ () [zmin = —5 »max = 5] The calculation error for the
first two eigenvalues is presented in Table 2. It is seen that the scheme with
k2% = 1 and k™®* = 2 having the same order of accuracy p’ = 3 and p’ =5
(P = k™*(p+ 1) — 1) yield nearly the same error (at n = 20, h = 1/2 the
error is about 1072 and 4 - 1079, respectively), while for k™2 = 3, the error is
much higher (about 1072 at n = 20, h = 1/2 ). In Table 2, we show the Runge
coefficients (24) for the eigenvalues of the first two lower-energy states calculated
for schemes with different xk™** and p with order p’ = k™**(p+ 1) — 1 = 3 and
p’ = k™**(p+1)—1 = 5. One can see that for the chosen p’ = 3,5, the numerical
estimates of Runge coefficients lie within 2p’ £ 0.5 for schemes with ™ = 1,2
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Table 2. The absolute errors of (Eo) and of (E1) of eigenvalues of ground and first
exited state for square well potential for @ = 1 and 2Vp = —50. The Runge coefficient
(Ru) from (24) for the eigenvalues at h = 1/4, n = 40 and its theoretical estimates
(2p') are given in last two columns.

(5™, p) ' o= (Eo) v~ (Bo) o} = (Eo) o1 ™V®(Bo) o "% (o) Ru 2p/
(1,3) 3 1.93e-02 1.39e-03 4.44e-05 8.83e-07 1.48e-08 5.65 6
(2,1) 3 5.70e-02 3.15e-03 1.00e-04 2.21e-06 4.14e-08 550 6
(1,5) 5 2.47e-04 1.67e-06 3.82e-09 5.26e-12 2.22e-12 10.3 10
(2,2) 5 4.01e-04 2.59e-06 6.12e-09 8.59%e-12 2.20e-13 9.51 10
3,1) 5 1.48e-02 2.66e-03 3.51e-04 4.40e-05 5.50e-06 2.99 10
(5™, p) ' ot~ (Er) oy VA (B) o} TN (B of TR (B) o T (Br) Ru 2pf
(1,3) 3 9.96e-02 4.38e-03 1.25e-04 2.40e-06 3.96e-08 570 6
(2,1) 3 2.92e-01 1.14e-02 3.08e-04 6.33e-06 1.14e-07 5.60 6
(1,5) 5 6.44e-04 3.75e-06 7.93e-09 1.04e-11 2.63e-12 9.99 10
(2,2) 5 9.40e-04 5.66e-06 1.27e-08 1.74e-11 2.06e-13 9.53 10
(3,1) 5 6.70e-02 1.07e-02 1.39¢-03 1.74e-04 2.17e-05 3.01 10

which strongly corresponds to the theoretical error estimates (21). While the
scheme with k™ = 3, p = 1 of fifth order p’ = 5 gives Runge coefficient 8; = 3.
Maximal discrepancies arise in the vicinities of discontinuity of the potential well
(at z = £1) because of a worse approximation of function with discontinuous
second derivative by means of functions with continuous one.

It is due to the fact that the first derivative of the solution has a discontinuity
at z = +a displayed in Fig 4. To illustrate this fact, we display in Fig. 5 the
discrepancies of eigenfunctions and their first derivatives. It is seen that the
scheme with x™#* = 2, p = 1 provides better approximation for eigenfunctions
among schemes of third order p’ = 3. The scheme of fifth order p’ = 5 with
k™M* = 3 p = 1 leads to worse approximation in comparison with schemes of
third order.

5 Conclusion

We presented the SNAs for solving the BVPs with self-adjoint second order dif-
ferential equation using the FEM with interpolation Hermite polynomials. The
proposed approach preserves the property of continuity of derivatives of the de-
sired solutions. We demonstrated the efliciency of the programs generated in
Maple and Fortran for 100 x 100 and greater-order matrices, respectively, in
benchmark calculations for exactly solvable quantum-mechanical problems with
continuous and piecewise continuous potentials. The analysis of approximate
numerical solutions in benchmark calculations with smooth potentials shows
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that the order p’ = k™*(p + 1) — 1 of the elaborated FEM schemes strongly
corresponds to the theoretical error estimates. Schemes of higher order p’ allow
high-accuracy results at larger step of the finite-element grid, provided that the
derivative of the p’th order is a smooth function. Schemes with the fixed order
p’ have similar rate convergence, the execution time being smaller for greater
k™2 due to smaller dimension of matrices used in the calculations. However,
if the xth derivative of the desired solution has discontinuity points, i.e., for
potentials having a discontinuous derivative of the order k — 2, the schemes with
K™M?X > K operate worse, because in this case, the solution having discontinuous
k*"th derivatives is approximated by functions having no such discontinuities.

In future, the elaborated calculation schemes, algorithms, and programs will
be applied to the analysis of models of molecular, atomic, and nuclear systems,
as well as to quantum-dimensional systems such as quantum dots, wires, and
wells in bulk semiconductors, and smooth irregular wave-guide structures with
piecewise continuous potentials.

The authors thank Professor V.P. Gerdt for collaboration. The work was par-
tially supported by the Russian Foundation for Basic Research (RFBR) (grants
No. 14-01-00420 and 13-01-00668) and the Bogoliubov-Infeld program.

A Algorithm 1. Generation of THPs

Input:
Zmin pmax - (formal parameters) the boundary points of the interval;
p is the number of subintervals: p + 1 is the number of nodes of IHPs;
k™2 is the multiplicity of nodes;
f1(z) and f2(2) are coefficient functions from (1);
Output:
Ny, (z, 200 28X are THPs, I3 = 0, ..., lnax, i-€. lmax + 1 is number of IHPs;
Ay g, (270 2max) and By g, (2™, 2M3X) are auxiliary integrals;
Local:
Imax = K™**(p + 1) — 1 is largest index of THPS, l;ax + 1 is number of ITHPs;
z are nodes in subinterval;
wy.(z) are weight functions;
95 (z) are derivatives of order k divided by weight function;
a™"" are coefficients of expansion (13);
1: generation of IHPs and calculation of integrals in the interval [z™?, zmax
1.1.:  for r:=0 to p do
= ((p = 7)™ + 727) [y

end for;
1.2.: for r:=0 to p do
1.2.1:  auxiliary weight function
_ " K!uax
w?"(z) = Hf’:O,r’;ﬁr(zZ,.fz,;T/ ) )
1.2.2:  recurrence relation for calculating the function ¢ (z)

90(2) = 1;
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91(2) = X0 o rr £
for k:=2 to f{fialx —1do
65(2) = 7. + g (2)gr (=)
end for;
1.2.3:  recurrence relation for calculation of coefficients a/"
for k:=0 to k™** — 1 do
a* =1/r'l;

forn */<;+1to ﬁmaxfldo
K —1

== ZN//,H (w' 7N”)'gr - (zr)aﬁ - :
end for,
1.2.4: calculation of IHP .
éV;"*aXrer(Za 2N 2 = ff(2) = wy(2) Z:/z(,;l apt(z = 2)";
end for;
end for;
lmax = Kmax(p + 1) -1
1.3: calculation of the auxiliary integrals
for 11:=0 to ljnax do
for lo:=17 to lmax do _ _
All;lz (me Zmax) _f;:::x fQ(Z) lel(Z’ijZ 2 ) lez(Z’ZdZ 2 )dZ,
Bh;lg (Zmin Zmax) fzmm fl (Z)Nll (Z, Zmin’ Zrnax)Nl2 (Z, Zmin’ Zmax)dz;
end for;
end for;

Remarks. 1. In commonly used coordinates, the integrals in Step 1.3. are cal-
culated analytically. If fi(z) or fa(z) are such that these integrals cannot be
calculated analytically, then one can apply the expansion over the interpolation
polynomials.

2. The auxiliary integrals Ay, ., (2™0, 2M8%) and By, 4, (2™0, 2M8%) are sym-
metric with respect to permutations of their indexes.

B Algorithm 2: FEM Generation of Algebraic Eigenvalue
Problem

Input:
n is the number of subintervals A; = [2J"", 27 = 200 + Ry];

Aj = [2"™, 2] are sets of subintervals (2} = ;Tl‘)

p is the number of divisions of subintervals: p+ 1 is the number of nodes of IHP;
k™% is the multiplicity of nodes;

Ny, (z, 20 zmaX) are THP;

Apy g, (20 208 and By, ., (2™I0, 2M%%) are auxiliary integrals from the Algo-
rithm 1;

V(z) is coefficient function from (1);
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Output:
z; are nodes in the whole interval, [ =0, ..., np;
N are piecewise polynomials;
Ar,r, and Br, 1, are matrices of algebraic eigenvalue problem (20);
Local:
Imax = K™ (p + 1) — 1 where lax + 1 is number of THP;
L = k™*(np + 1) is the dimension of the algebraic eigenvalue problem.

2.1. calculation of grid points
zp = 20N,
for j:=1tondo
forr:=1top—1do
Z(—1)ptr = (= 1) 2P + 720 /p;
end for;
ij — Z;pax.
end for;
2.2. calculation of piecewise polynomials
for Kk :=0 to k™ — 1 do
Ng = {N,(z, 20, 200%) 2 € Ay}
for j:=1tondo
forr:=1top—1do
N0 ey = Va2, 200, 2809, 2 € A0, & Ag);
end for;
if (j < n) then
N max g 7= { Numaxp (2, 20, 20 2 € Ay
NN(Z, Z]n_lﬁrll, Z;nff), A AjJrl;O, z g Aj U AjJrl};
else
N’gpﬁmaerN 1= { Nigmaxpr (2, 2070, 201%%), 2 € Ap3 0,2 € A}
end if;
end for;
end for;
2.3. Generation of matrices A and B
for j :=1ton do
for I1 := 0 to lmax — 1 do
Ly =pr™>(j — 1)+ 11 + 1;
for I from 1 t0 lpax — 1 do
Ly =pr™™(j — 1)+l + 1
AriL, = ALy, + All;lz (Zr‘nmv Z;nax)

J
max

—&-f;_f;in fl(z)dzNLl(z,zmin,z;-“ax)V(z)NLz(z,zmi“ Zmaxy.

J J )
Br,r, = Br,1, + B, (Z;_nin, Z;_nax);
end for (4, l1, 2 )
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Remarks. 1. If the coefficients of the equation (1) are given in the tabular form,
then we use the following matrix elements in Step 1.3 of Algorithm 1 and Step
2.3 of Algorithm 2:

max

Z_] ) .
/ F1(2)d2 N, (2, 2590, 235 (2) Ny (2, 20, 2m9%)

min J B J B
P Kmax—1
=3 > VOl ) Vitasmmasr i n (270, 2)), - (26)
r=0 k=0
where Vi, .1,.1, (2™, 2™2%) are determined by integrals with IHPs

max

a
. J i
Visitasts (2577, 277) :/ ()N (2, 2, )

J
X N, (z, z;»nin, 27" Nig (2, z;»nin, 2;")dz. (27)
The obtained expression will be exact for polynomial potentials of the degree
smaller than p’. Generally this decomposition leads to numerical eigenfunctions
and eigenvalues with the accuracy of order about p’ + 1. If the integrals in Step
1.3 of Algorithm 1 and Step 2.3 of Algorithm 2 cannot be calculated in the
analytical form, then the Gauss integration rule [1,6] with p’+ 1 nodes is applied
and held the theoretical estimations (21).
2. Using the local coordinate n € [—1, 1] related to the absolute coordinate z
as z = 2"+ hi(141)/2, gf] = h;/2, one should exploit the following expansions
of the function and its first derivative

p KT —1 K
N . dz
P(z2) :Z Z @ emascy i Nygmap (17, —1,1) ( dn) ,
r=0 r=0
db(z) zp:“z_l ; ANy (s —1,1) (dz\ ")
dz B r=0 r=0 A d’l] d’l] .

3. The matrices Ar, 1, and Br,r, are symmetric, their dimension is L x L,
where L = ™ (np + 1). They consist of n sub-matrices with the dimension
K™ (p 4+ 1) x k™*(p + 1). The intersections of these sub-matrices are blocks
having the dimension £™** x x™?*. These blocks include elements that equal
zero in both matrices By, and Ap, 1, for V(z) = 0 and become nonzero in the
matrix Ar,r,, when V(z) # 0. The existence of such elements is a manifestation
of the IHPs symmetry. The total number of elements in all these blocks is (n(p? +
2p) + 1)(k™**)2. Examples of banded matrix structures are shown in Fig. 2.

4. To impose the BC (I1I) in 2™ one should apply Aj1 = A11+ fo(2™) R(z™1),
while to impose the BC (III) in 2™ one should apply Afi1_jmax 41— ,max =
AL 41— gmax 41— gmax — f2(2™%%) R(2™2%). To impose the BC (I) in 2™ one should
drop first row and first column, while to apply the BC (I) in 2™ one should
drop row and column with number L 4+ 1 — g™2*.
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5. For small matrix dimensions ~ 100, the desired solution of the problem
generated at Step 2.3 is performed using the built-in procedures of the Maple
LinearAlgebra package. For large matrix dimensions ~ 100 -+ 1000000, the sub-
space iteration method is used, implemented in the Fortran program SSPACE

[1]-
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