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Introduction

QCD where all 6 flavors is rarely used. If characteristic
pi �MQ, it is better to use a low-energy effective theory
without Q. Its Lagrangian has the QCD form plus 1/Mn

Q

corrections. Coefficients in the effective Lagrangian are
tuned to reproduce scattering amplitudes of the full theory
expanded in pi/MQ up to some order. Operators in the full
QCD are expanded in 1/MQ via appropriate operators in
the effective theory.

I QED with e and µ ⇒ QED with e

I QCD with qi and Q ⇒ QCD with qi
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Renormalization

Photon propagator

Πµν(p) =
(
p2gµν − pµpν

)
Π(p2)

Dµν(p) =
1

p2 [1− Π(p2)]

(
gµν −

pµpν
p2

)
+ a0

pµpν
p2

Electron propagator

Σ(p) = /pΣV (p2)

S(p) =
1

/p [1− ΣV (p2)]
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MS renormalization
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Γµ(p, p′) qµ = S−1(p′)− S−1(p) ZΓ = Z−1
ψ
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On-shell renormalization
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MS renormalized fields and parameters

A(µ) = ζ
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e(µ) = ζ−1/2
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where

ζA(µ) =
ZA(α(µ))
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ζ0
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ζψ(µ) =
Zψ(α(µ), a(µ))

Z ′ψ(α′(µ), a′(µ))
ζ0
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ζα(µ) =
Zα(α(µ))

Z ′α(α′(µ))
ζ0
α



RG equations
RG equations

d log ζA(µ)

d log µ
= γA(α(µ))− γ′A(α′(µ))

d log ζψ(µ)

d log µ
= γψ(α(µ), a(µ))− γ′ψ(α′(µ), a′(µ))

d log ζα(µ)

d log µ
= 2 [β(α(µ))− β′(α′(µ))]

where

d logZA(α(µ))

d log µ
= γA(α(µ))

d log a(µ)

d log µ
= −γA(α(µ))

d logZψ(α(µ), a(µ))

d log µ
= γψ(α(µ), a(µ))

d logZα(α(µ))

d log µ
= 2β(α(µ))

d logα(µ)

d log µ
= −2ε− 2β(α(µ))



Photon field
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Photon field decoupling

ζ0
A = 1 +

4

3

e2
0M

−2ε
0

(4π)d/2
Γ(ε) + · · ·

= 1 +
4

3

α(µ)

4πε
Zα(α(µ))Z−2ε

m (α(µ))

(
µ

M(µ)

)2ε

Γ(1 + ε)eγε + · · ·

where
M0 = Zm(α(µ))M(µ)

Z
(′)
A (α) = 1− 4

3
nf

α

4πε

ζA(µ) = 1 +
4

3
L
α(µ)

4π
+ · · · L = 2 log

µ

M(µ)

It is convenient to do choose µ = M̄

M(M̄) = M̄
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Electron charge
Scattering: on-shell electron (physical polarization), q → 0

e0ΓµZos
ψ [Zos

A ]1/2 = e′0Γ′µZ ′os
ψ [Z ′os

A ]
1/2

Γµ = Zos
Γ γ

µ Γ′µ = Z ′os
Γ γµ

ζ0
α =

[
Zos

Γ Z
os
ψ

]2
Zos
A[

Z ′os
Γ Z ′os

ψ

]2
Z ′os
A

=
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α

Zos
α

Z ′os
Γ = Z ′os

ψ = Z ′os
A = 1 Zos

Γ Z
os
ψ = 1

ζ0
α =

[
ζ0
A

]−1

The on-shell charge (measured at large distances) is the
same in both theories

αos = α′os
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Electron charge

Green function ψ̄0, ψ0, A0

e0ΓSSD =
[
ζ0
ψ

]−1 [
ζ0
A

]−1/2
e′0Γ′S ′S ′D′

e0Γµ = ζ0
ψ

[
ζ0
A

]1/2
e′0Γ′µ

Γµ =
[
ζ0

Γ

]−1
Γ′µ ζ0

Γ =
Z ′os

Γ

Zos
Γ

ζ0
α =

[
ζ0

Γζ
0
ψ

]−2 [
ζ0
A

]−1



Electron charge

MS decoupling

α(µ) = ζ−1
α (µ)α′(µ) ζα(µ) =

Zα(α(µ))
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ζ0
α

Z(′)
α =
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A (µ)
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3
L
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Electron charge

MS decoupling
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ζA(µ) = 1− 4

3
L
α(µ)

4π
+ · · ·



2 loops

Π(0) =− 4

3

e2
0M

−2ε
0

(4π)d/2
Γ(ε)

− 2

3

(d− 4)(5d2 − 33d+ 34)

d(d− 5)

(
e2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2

+ · · ·



A. Vladimirov (1980)

k1

k2

k1 − k2

n1

n2

n3

∫
ddk1 d

dk2

Dn1
1 Dn2

2 Dn3
3

= −πdM2(d−n1−n2−n3)V (n1, n2, n3)

D1 = M2 − k2
1 D2 = M2 − k2

2 D3 = −(k1 − k2)2

V (n1, n2, n3) =

Γ
(
d
2
− n3

)
Γ
(
n1 + n3 − d

2

)
Γ
(
n2 + n3 − d

2

)
Γ(n1 + n2 + n3 − d)

Γ
(
d
2

)
Γ(n1)Γ(n2)Γ(n1 + n2 + 2n3 − d)



Photon field decoupling: 2 loops

ζ0
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4

3

e2
0M

−2ε
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(4π)d/2
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2

3

(d− 4)(5d2 − 33d+ 34)

d(d− 5)

(
e2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2

+ · · ·

= 1 +
4

3
eLε

α(µ)

4πε
Zα(α(µ))Z−2ε

m (α(µ))

− ε
(

6− 13

3
ε+ · · ·

)
e2Lε

(
α(µ)

4πε

)2

+ · · ·

Z
(′)
A (α) = 1− 4

3
nf

α

4πε
− 2εnf

( α

4πε

)2

+ · · ·

Zα = Z−1
A = 1 + 2 · 4

3

α(µ)

4πε
+ · · · Zm = 1− 3

α(µ)

4πε
+ · · ·
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2-loop renormalized decoupling

ζ−1
α (µ) = ζA(µ) = 1+

4

3
L
α(µ)

4π
+

(
−4L+

13

3

)(
α(µ)

4π

)2

+· · ·

L = 2 log
µ

M(µ)
.

At µ = M̄ (M(M̄) = M̄)

ζα(M̄) = 1− 13

3

(
α(µ0)

4π

)2

+ · · ·

µ = Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
+ · · · L = 8

α

4π

ζα(Mos) = 1− 15

(
α(Mos)

4π

)2

+ · · ·

For any µ = M̄(1 +O(α)), ζα = 1 +O(α2)



2-loop renormalized decoupling

ζ−1
α (µ) = ζA(µ) = 1+

4

3
L
α(µ)

4π
+

(
−4L+

13

3

)(
α(µ)

4π

)2

+· · ·

L = 2 log
µ

M(µ)
. At µ = M̄ (M(M̄) = M̄)

ζα(M̄) = 1− 13

3

(
α(µ0)

4π

)2

+ · · ·

µ = Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
+ · · · L = 8

α

4π

ζα(Mos) = 1− 15

(
α(Mos)

4π

)2

+ · · ·

For any µ = M̄(1 +O(α)), ζα = 1 +O(α2)



2-loop renormalized decoupling

ζ−1
α (µ) = ζA(µ) = 1+

4

3
L
α(µ)

4π
+

(
−4L+

13

3

)(
α(µ)

4π

)2

+· · ·

L = 2 log
µ

M(µ)
. At µ = M̄ (M(M̄) = M̄)

ζα(M̄) = 1− 13

3

(
α(µ0)

4π

)2

+ · · ·

µ = Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
+ · · · L = 8

α

4π

ζα(Mos) = 1− 15

(
α(Mos)

4π

)2

+ · · ·

For any µ = M̄(1 +O(α)), ζα = 1 +O(α2)



2-loop renormalized decoupling

ζ−1
α (µ) = ζA(µ) = 1+

4

3
L
α(µ)

4π
+

(
−4L+

13

3

)(
α(µ)

4π

)2

+· · ·

L = 2 log
µ

M(µ)
. At µ = M̄ (M(M̄) = M̄)

ζα(M̄) = 1− 13

3

(
α(µ0)

4π

)2

+ · · ·

µ = Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
+ · · · L = 8

α

4π

ζα(Mos) = 1− 15

(
α(Mos)

4π

)2

+ · · ·

For any µ = M̄(1 +O(α)), ζα = 1 +O(α2)



Electron field
The electron propagators in the two theories are related by

/pS(p) =
[
ζ0
ψ

]−1
/pS ′(p) +O

(
p2

M2

)
Matching at p→ 0 — power-suppressed terms play no role.

The full-theory propagator near the mass shell is

S(p) =
Zos
ψ

/p
Zos
ψ =

1

1− ΣV (0)

where Σ(p) = ΣV (p2)/p. Only diagrams with muon loops
contribute to ΣV (0).
In the effective theory

S ′(p) =
Z ′os
ψ

/p
, Z ′os

ψ =
1

1− Σ′V (0)
= 1

ζ0
ψ =

Z ′os
ψ

Zos
ψ

= 1− ΣV (0)
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2 loops
The first diagram contributing to ΣV (0) appears at 2 loops
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Renormalized decoupling coefficient
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Electron mass

Σ(p) = /pΣV (p2) +m0ΣS(p2)
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ψ
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1− Σ′V (p2)
m′0
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Electron mass
Linear approximation in m

1 + ΣS(0)

1− ΣV (0)
m0 =

1 + Σ′S(0)

1− Σ′V (0)
m′0

m0 =
[
ζ0
m

]−1
m′0

ζ0
m =

[
ζ0
q

]−1 1 + ΣS(0)

1 + Σ′S(0)
=

1 + ΣS(0)

1− ΣV (0)

Σ′V (0) = Σ′S(0) = 0

On-shell masses coincide

mos = m′os

(less convenient for calculation)



Electron mass
Linear approximation in m

1 + ΣS(0)

1− ΣV (0)
m0 =

1 + Σ′S(0)

1− Σ′V (0)
m′0

m0 =
[
ζ0
m

]−1
m′0

ζ0
m =

[
ζ0
q

]−1 1 + ΣS(0)

1 + Σ′S(0)
=

1 + ΣS(0)

1− ΣV (0)

Σ′V (0) = Σ′S(0) = 0

On-shell masses coincide

mos = m′os

(less convenient for calculation)



Electron mass
Linear approximation in m

1 + ΣS(0)

1− ΣV (0)
m0 =

1 + Σ′S(0)

1− Σ′V (0)
m′0

m0 =
[
ζ0
m

]−1
m′0

ζ0
m =

[
ζ0
q

]−1 1 + ΣS(0)

1 + Σ′S(0)
=

1 + ΣS(0)

1− ΣV (0)

Σ′V (0) = Σ′S(0) = 0

On-shell masses coincide

mos = m′os

(less convenient for calculation)



2 loops
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Renormalized decoupling coefficient
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RG equation

d log ζm(µ)

d log µ
+ γm(α(µ))− γ′m(α′(µ)) = 0
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QCD with a heavy flavor

L =

nl∑
i=1

q̄0i /D0q0i + Q̄0 ( /D0 −M0)Q0

− 1

4
Ga

0µνG
0aµν − 1

2a0

(∂µA
aµ
0 )2 + (∂µc̄

a
0) (Dµ

0 c
a
0)

Low-energy effective theory

L′ =

nl∑
i=1

q̄′0i /D′0q
′
0i−

1

4
G′a0µνG

′0aµν− 1

2a′0

(
∂µA

′aµ
0

)2
+(∂µc̄

′a
0 )
(
D′µ0 c

′a
0

)
Decoupling

A0 =
[
ζ0
A

]−1/2
A′0 q0 =

[
ζ0
q

]−1/2
q′0 c0 =

[
ζ0
c

]−1/2
c′0

g0 =
[
ζ0
α

]−1/2
g′0 a0 =

[
ζ0
A

]−1
a′0
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Gluon self energy



Gluon field

ζ0
A = 1 +

4

3
TF
g2

0M
−2ε
0

(4π)d/2
Γ(ε)

+
1

d(d− 5)

[
2

3
(d− 4)(5d2 − 33d+ 34)CF

− d5 − 20d4 + 145d3 − 458d2 + 588d− 232

(d− 2)(d− 7)
CA

]
× TF

(
g2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2

+ · · ·

CF term trivially follows from QED



Quark self energy

ΣV (0) =
2(d− 1)(d− 4)(d− 6)

d(d− 2)(d− 5)(d− 7)
CFTF

(
g2

0M
−2ε
0

(4π)d/2
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+ · · ·

ΣS(0) = − 2(d− 1)(d− 6)
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CFTF
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−2ε
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(4π)d/2
Γ(ε)
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Quark field and mass

ζ0
q = 1− 2(d− 1)(d− 4)(d− 6)

d(d− 2)(d− 5)(d− 7)
CFTF

(
g2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2
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ζ0
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d(d− 2)(d− 5)(d− 7)
CFTF
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−2ε
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(4π)d/2
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+ · · ·

Trivially follows from QED results



Ghost field

G(p) =
1

p2 − Σc(p2)
Zos
c =

1

1− dΣc

dp2
(0)

dΣc

dp2
(0) = − 2(d− 1)(d− 6)
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CATF
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Decoupling: αs
Expand vertex functions in their external momenta up to
the first non-vanishing term

I Quark–gluon: γµ

I 3–gluon: fa1a2a3 (gµ1µ2(k1 − k2)µ3 + cycle),
da1a2a3 (gµ1µ2kµ33 + cycle). Slavnov–Taylor identity
<T{∂µAµ(x), ∂νAν(y), ∂λAλ(z)}> = 0 ⇒
Γa1a2a3µ1µ2µ3

kµ11 kµ22 kµ33 = 0

I Ghost–gluon: pµ (outgoing ghost momentum)

Low–energy effective Lagrangian has the QCD form
(up to power corrections)

ζ0
α(g0) = Γ2

Ac̄c [Zos
c ]2 Zos

A = Γ2
Aq̄q

[
Zos
q

]2
Zos
A

= Γ2
AAA [Zos

A ]3



Ghost–gluon vertex

p

µ

ν
= Aµνpν Aµν(0) = Agµν

0 k

k ∼ kλ

All corrections vanish in Landau gauge

= = 0
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Ghost–gluon vertex
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Decoupling: αs
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]
× TF
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(4π)d/2
Γ(ε)
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+ · · ·

g′20 = ζ0
α(g0)g2

0
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d3 − 14d2 + 53d− 32

d− 7
CA

]
× TF

(
g2

0M
−2ε
0

(4π)d/2
Γ(ε)

)2

+ · · ·

g′20 = ζ0
α(g0)g2

0



Step 1

Via renormalized quantities

g2
0

(4π)d/2
Γ(ε) = µ2εαs(µ)

4πε
Zα(αs(µ))Γ(1 + ε)eγε

Zα(α) = 1− β0
α

4πε
+

(
β2

0 −
1

2
β1ε

)( α

4πε

)2

+ · · ·

M0 = Zm(αs(µ))M(µ)

g′20 via αs(µ)



Step 2

Inverting the series

g′20
(4π)d/2

Γ(ε) = µ′2ε
α′s(µ

′)

4πε
Z ′α(α′s(µ

′))Γ(1 + ε)eγε

we obtain

α′s(µ
′)

4πε
=
g′20 µ

′−2ε

(4π)d/2ε
e−γε

[
1 + β′0

g′20 µ
′−2ε

(4π)d/2ε
e−γε

+

(
β′20 +

1

2
β′1ε

)(
g′20 µ

′−2ε

(4π)d/2ε
e−γε

)2

+ · · ·
]

α′s(µ
′) via αs(µ)



Renormalized decoupling coefficient

α′s(µ) = ζα(µ)αs(µ)

ζα(µ) = 1− 4

3
LTF

αs(µ)

4π

+

[
16

9
TFL

2 + 4

(
CF −

5

3
CA

)
L

−
(

13

3
CF −

32

9
CA

)]
TF

(
αs(µ)

4π

)2

+ · · ·

L = 2 log
µ

M(µ)



Renormalized decoupling coefficient

Convenient to use µ = M̄ (M(M̄) = M̄)

α′s(M̄) = ζα(M̄)αs(M̄)

ζα(M̄) = 1−
(

13

3
CF −

32

9
CA

)
TF

(
αs(M̄)

4π

)2

+ · · ·

CF term from QED
For other values of µ — RG

d log ζα(µ)

d log µ
= 2 [β(α(µ))− β′(α′(µ))]



Decoupling: αs

Mos
bMos

b − 0.5GeV Mos
b + 0.5GeV

0.21

0.215

0.22

0.225



Light-quark masses

Trivially obtained from QED results

m′(M̄) = ζm(M̄)m(M̄)

ζm(M̄) = 1− 89

18
CFTF

(
αs(M̄)

4π

)2

+ · · ·

For other values of µ, µ′ — RG



Gluon field and a

a′0 = ζ0
Aa0

ζ0
A = 1 +

4

3
TF
g2

0M
−2ε
0

(4π)d/2
Γ(ε) + · · ·

Re-expressing via renormalized quantities

a0 = ZA(αs(µ), a(µ)) a(µ)

a′0 via a(µ), αs(µ)

Solving by iterations

a′0 = Z ′A(α′s(µ
′), a′(µ′)) a′(µ′)

a′(µ′) via a(µ), αs(µ)



Gluon field and a

a′0 = ζ0
Aa0

ζ0
A = 1 +

4

3
TF
g2

0M
−2ε
0

(4π)d/2
Γ(ε) + · · ·

Re-expressing via renormalized quantities

a0 = ZA(αs(µ), a(µ)) a(µ)

a′0 via a(µ), αs(µ)

Solving by iterations

a′0 = Z ′A(α′s(µ
′), a′(µ′)) a′(µ′)

a′(µ′) via a(µ), αs(µ)



Gluon field and a

a′0 = ζ0
Aa0

ζ0
A = 1 +

4

3
TF
g2

0M
−2ε
0

(4π)d/2
Γ(ε) + · · ·

Re-expressing via renormalized quantities

a0 = ZA(αs(µ), a(µ)) a(µ)

a′0 via a(µ), αs(µ)

Solving by iterations

a′0 = Z ′A(α′s(µ
′), a′(µ′)) a′(µ′)

a′(µ′) via a(µ), αs(µ)



Gluon field and a

Convenient to use µ = M̄

a′(M̄) = ζA(M̄) a(M̄)

ζA(M̄) = 1 +
13

12
(4CF − CA)TF

(
αs(M̄)

4π

)2

+ · · ·

Gauge-dependent at α3
s

For other values of µ, µ′ — RG



Quark and ghost fields

From QED

ζq(M̄) = 1 +
5

6
CFTF

(
αs(M̄)

4π

)2

+ · · ·

Gauge dependent from 3 loops

ζc(M̄) = 1− 89

72
CATF

(
αs(M̄)

4π

)2

+ · · ·



Quark and ghost fields

From QED

ζq(M̄) = 1 +
5

6
CFTF

(
αs(M̄)

4π

)2

+ · · ·

Gauge dependent from 3 loops

ζc(M̄) = 1− 89

72
CATF

(
αs(M̄)

4π

)2

+ · · ·



Conclusion

I Relate αs(mτ ) to αs(mZ)

I Retate ms(mτ ) to higher µ

I Parton distribution functions (and their moments)

I Other quantities needed in a wide range of µ — QCD
decoupling effects are rather large (unlike QED)

A nice and simple example of low-energy effective theories
(Higgs–gluon interaction is similar).
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