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1. Basic examples and an idea for extended Higgs potentials
analysis by catastrophe theory methods

[Dolgopolov, Dubinin, Rykova, Journal of Modern Physics, 2011]

2. Basic examples for one-loop integrals need for finite-temperature
and zero-temperature effective Higgs potential reconstruction

3. Higgs potential bifurcation sets in MSSM and NMSSM (Elena
Petrova talk)
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Effective potential

General form
Uerr = 11”7 (817 81) -2 (827 @) -
H12° (81" B2) -ufo" (B2 1) +
A1 (T) (B1* 81)2 + 22 (T) (22" 82) % +
A3 (T) (21" 81) (82" &2) +
Aq (T) (217 82) (82" 81) +
> 25 (T) (21" ®2)2+ 5 25 (T) (22" @1) %+
Ag (T) (21" 81) (81" &2) +
25 (T) (21* @1) (82" &81) +
A7 (T) (22" 82) (81" 82) + A7 (T) (22" 32) (22" 21)
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Effective potential in terms of vevs:
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Uerr = - 11” vi? = 5 uo® vo? —Repf, vi vo + 2 vit +
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Minimization conditions

Equivilibrium

VUere = 0
Stationary conditions
1 3 1 2
u% = -Re;&z %f + A1 V12 + 5 A345 V% + 35 ReAg v1 vo + > ReA; %
1 3 1 3
u% = -Rel,@z 512‘ + Ao V22 + 5 A345 V% + 5 ReA7 vi vo + > Rexg 512‘

Type of equilibrium is defined by Hessin
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Classic analogy

1 ..
FE = E(Tnijmimj -+ k,:jmimj) + lijkmimjmk + ...
O = | Allx
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Morse lemma

Two-doublet potential evolution depends on two fields vi & v»
evolution and 7 parameters x (i =1.. 7).

Local propities of potential could be described by methods of
catastroph theory. We use Morse lemma for effective potential
to rewrite one in canonical form.

(VUerr = 0) A
82U ~ o~ 2 ~ o~ 2
(det ﬁ # O) = Uerf— Ucanon = 1 V1° + U V2

t1,H, - Hessian eigenvalues

V1,V2 _newvariables
Uerr and Ueanon are quality equivalent



Nonlinear transformations

Transform potential due to Morse lemma:

Linear transformation, diagonalization
v, = Cos [6] V1 -Sin [6] V2
vo =Sin[e] Vi1 + Cos[6] V2
% p1? vi? - % p? V12 -Reuf, Vi Vo + . . —

—2g2 1=2g2
Hi™ V1™ =5 H2" V1™ + - .

— 1 2
where [y o= 5 |uf +pj = \/ (uf - u3)" + 4 ut,

Nonlinear transformation (axis-conserve)
V1 = V1 + (Ao Vi + Ayy V1 W + Aoz V3)
+ (Ago V3 +Ao1 VE V3 +Asp V1 V3 +A03 V3)
V2 =Vz+ (B V% + Byy Vi Vp + Bop V3) +
(Bso V3 +Boy V1 V2 +B1, V1 V5 +Bg3 V3)

in different variables



Equal coefficients for same powers of variables.

Ueff (Vl, VZ) = Ucanon (Vl, V2)
1 V1% + Hp Vo2 + ... =Ty V12 + I, V22




Minimum surfaces In terms of physical and unphysical fileds
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Algebraic-Derivative recursion method
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Algebraic-Derivative recursion method

The smallness of external state masses relative to the masses of
loop particles allows us to take the limit where the external
particles are massless.

These integrals are particularly easy to solve using algebraic
recursion relations or residue method

Remark. But it is necessary to keep the external momentum p,
general (i.e. nonzero) until it can be converted into an external
mass in the amplitude, after which point one may take accurate
limit p — 0, especially in the cases with equivalent internal masses
in loop.
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Algebraic-Derivative recursion method

In d dimensions such two-point loop integral By is defined as:

1 ‘ d9k i
(471')2 Bo(mz’ I\/I2) = pu d/ (27.r)d (k2 — m2) [k2 — M2](1)

In order to derive asymptotic results we expand By(p?, m?, m3) in
powers of the external momentum p?:

2 2 2 2 2
m3 log m$ — m5 log m p
Bo(p?, m?, m3) = AVES 1708 M 208 M3 +0 ( > .

2 2 2 2
m; — mjy mi + mj
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Algebraic-Derivative recursion method

The 3- and 4-point loop integrals at vanishing external momenta
are defined as:

1 d9k ik2n
7(_‘ n 2 2 2 — 4—d/ 9
(47_[_)2 2 (mla my, m3) H (27I‘)d H?(kz _ m12) ’( )

1 dvk ik?n
—— —Dop(m?, m3, m3, m?) = 4_d/ (3
(47)? 2n(Mi, M3, m3, my) H (2r)d H?(k2 ~ m,2) (3)

Note that the above equations are manifestly equivalent under
interchange of the arguments and explicit calculations show that
one may reshuffle the order of the arguments without changing the
result (for functions with unequal arguments it is obvious, and for
functions with the equivalent arguments it demands accuracy!).
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Algebraic-Derivative recursion method

The two-point loop integral in tensor reduction B; can be defined
as:

B o ) = (4)

aa [ d% ik,
8 / (2m)9 (k2 — m?) [(k + p)? — M?]’ ()

Such integrals appear in the self-energy contributions.
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Algebraic-Derivative recursion method

It turns out that this is very simple to evaluate integrals (1), (2),
(3) with the following algebraic relations:

1 1 1 1 ®)
(=) —m3)  m-m\k—m K—ng)

k2 m?
k2—m2:1+k2—m2' (7)
Note that denominators of integrals under consideration are
spherically symmetric.
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Algebraic-Derivative recursion method

And for the case of all equivalent masses the particularly
well-known general integral can be performed using I function:

d"k (k2)b B
| Gy - ©

i b+ n/2)[(—b+a—n/2)

(4m)n/2 r(n/2)r(a) ’

where the left-hand side is an integral in n-dimensional Minkowski
space. In the private case at b =0

d"k 1 o 2/ ao—arn/al (@—n/2)
/(zﬂ)n (k2 _ A2)a - (47T)n/2(_1) (Az) + ﬂif(a) .
(10)

(71)a+b(A2)b—a+n/2 r( (9)
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Results for one-loop scalar integrals

The explicit formulae at d — 4 are listed below (we give also
expressions for some 3-point functions proportional to higher
momenta powers, may be useful in contributions for Higgs potential
calculations) and may be represented only in terms of By integral,
or Ap (10):
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Results for one-loop scalar integrals

d i
Gl = i e )
4—d;
N "(irw(—l)(mz)ﬂ*d/zr(l —d/2) =(12)
— 1_67Ir; (1 + g |og(47w2) + 0(52)) m?>  (13)

X (1 — g log(m?) + 0(52)) X

x (-1) (i +1—-7e+ (9(5)) =
= Ao(x) = x(—Ay + logx), (14)
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Results for one-loop scalar integrals

Bolx.y) = 1 [Ao(x) — Ao(y)] = (15)

1
= y[XAH—yA#—xlogx—i—ylogy]:

X_
_ A 7—xlogx+y|ogx—y|ogx+y|ogy_
= u . =
— —A+log 5 —— —log? = (16)
W ox—y X
X X
=Bo(y,x) = —A‘Hog%—yfx'og;a (17)
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Results for one-loop scalar integrals

1
Go(x,y,2z) = E[BO(XJ/)—BO(XJ)] (18)
ong% zlogi
= + ) 19
) -2 -2 19)
P 1 xlogg
G = —B = 1 20
O(vavy) ay O(X,_)/) Y —x + Y —x ) ( )
C2(X,y,2) = BO(va)+ZC0(X)y7Z):
12 y2|ogX zzlogE
= —A—log—+ X X

x Ty e -2
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Results for one-loop scalar integrals

G(x,y,y) = Boly,x)+yGolx,y,y) =
« « x log —
= —A,+logy— log — + 4 1+ =
y=x "y y-—x y —x
log
2 xlog —
= —A—Iogu—— X y_ Y (21)
y X=y|x X=VYy

Mikhail Dolgopolov One-Loop Integrals at vanishing external momenta and appl



Results for one-loop scalar integrals

BO(X7Y)+}/CO(Xay7Y) =

X
2 (y—2x)log —

= Alogl 4 L 1o ——— Y (22
X  y—x y — X

- (fon(y) 1 xColx,y,y) =

2
— —A—Iogu—— X \y__ "y

y X=y|Xx XxX=Y

(23)

The answers (21), (23), and (22) are identical indeed, check by
Mathematica is done. Check for last equations:
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Results for one-loop scalar integrals

1 o B d9k i
(47)2 WAO(mz) = d/ (2m)d (k2= m?)2 ~ 24
- ;M(_l)z(mz)—zw/zr(g —d/2) =
_ ﬁ (1 + g log(4mp2) + O(sz)) x (25)

X (1 - % log(m?) + (9(52)> X

« (i—vngO(a)) — (“A, +1) + logx

yes aaon(X) =—-A, +logx+1. (26)
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Results for one-loop scalar integrals

Equal arguments correspond to equivalent masses. The divergent
part is

2
Ag1y = ypr + |0g(47r{,u2; 1))—E+1

where i is the renormalization scale.

And
B x — 3y % y
Cll(xvy) - 4(X — y)2 + 2(X — y)3 IOg X’ (27)
_ X+y B Xy y
C12(X,_)/) - 2(X — _)/)2 3(X _ y)3 IOg X' (28)
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Results for one-loop scalar integrals

The explicit formulae for the four-point integrals at vanishing
external momenta are (possible cross-checks are provided):

Do(xy,zt) = o (Golxy,2) — Colxoy, 1)) =
ylogi—/ zlog§
B (7% (7 Y (v Ry s e s R o
tlog —
S G = . (30)
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Results for one-loop scalar integrals

0
DO(X7}/7Z7Z) = C{)ZCO(Z’y’X) (31)
X
9 ylogg xlog;

2\ x—y) -0 -

1 xlogg ylog =
-2 -2 =Px-27 =027
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Results for one-loop scalar integrals

And some additional private checks:

0
By(m?) = WAo(mz) =—A, +logm?*+1, (32)
1 0 1
CO(mz) 29m a2 0( 2) = om2’ (33)
0 9 1
Do(m?®) = 392 Co(m*) = — ot (34)
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Finite temperature one-loop integrals

[CALC2009] In the finite temperature field theory Feynman
diagrams with boson propagators, containing Matsubara frequencies
wp=2mnT (n=0,+1,42,...), lead to structures of the form

b

= dk —1)°
I[ml,mg,...,mb] =T Z /(2 )3 H (k2 _{Ew%)+ mj2), (35)

n=—o0 i=1

Here k is the three-dimensional momentum in a system with the
temperature T. In the following calculations first we perform
integration with respect to k and then take the sum, using the
reduction to three-dimensional theory in the high-temperature limit
for zero frequencies.

—~1)b73/2 T(b —3/2)
(2m)3 r(p)

I[my, my, ..., mp] = 2T (2n T)*2° ( S(M, b—3/2),
(36)
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Finite temperature one-loop integrals

where
2_ (.M \?
S(M,b-3/2) = /{dx} Z +I\/I2 b—3/2° M™ = (QwT) '
(37)
5 2

For b > 1 the parameter m* is a linear function dependent on m?
and the variables {dx} of Feynman parametrization, which are the
integration variables in (37). At the integer values of b the
integrand in (3) is a generalized Hurwitz zeta-function Note that
for the leading threshold corrections to effective parameters of the
two-doublet potential b > 2, so the wave-function renormalization
appears in connection with the divergence at b =2
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Finite temperature one-loop integrals

M2(M,, Mp, x) = (M2 — M2)x + M2. Then we get

1 1 /1 dx (54)
k2 + m2][k2+ m2]  (2xT)* (p? + n? + M?)2
and divergent series for (45) (dk = (27 T)3dp)

lo[Ma, Mp] = / dx Z / +n21+ M2)2’

n=—o00,n#0
(55)
With the help of dimensional regularization or differentiating the
integral
dp 1 M M?

[epwem w6

over the parameter M, the equation (55) can be reduced to
1 ! 1
Io[Ma, Mp] = ——= [ dx {(2, =, M? 7
0[ as b] 167T2T XC( 727 )7 (5 )
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Finite temperature one-loop integrals

where ((u, s, t) is the generalized Hurwitz zeta-function !

C(u,s,8) =

n=1

1
0 (58)
So in the case under consideration the sums of integrals (51) and
(52) can be calculated by differentiation of (57) with respect to
mass parameters participating in M = M(M,, Mp, x).
Differentiation increases the power s in the denominator of (57)
giving convergent integrals

T 0 1 1 3 .,
I]_[Ma,Mb]— 2M38Malo__64ﬂ'47—2/0 dXXC[2,§,M (X)],
(59)
1 9 3 ! 5 5
h[Ma, Mp] = —mm(—h) = 2567767'4/0 dx x (1-x) ¢[2, M (x)
(60)
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Summar

1. Method for stable state research
2. Constrains on parameters.

3. Temperature evolution.
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