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The Task 

to elaborate the algorithm and implementation for: 
 
 manipulation  with  multiple hypergeometric (Horn-type) functions 

(express parameters of arbitrary values in terms of ones that differ 
from original by integers) 

 construction of analytical coefficients of ɛ-expansion of multiple 
hypergeometric (Horn-type) functions 
 
 

Finally: 
Package for Numerical Evaluation of finite, O(ɛ) and  O(ɛ2) parts of 
one-loop Feynman Diagrams with an arbitrary set of kinematic 
invariants 



 



 



 



HyperDire project 
(HYPERgeometric DIFFerential REduction) 

HYPERDIRE is a set of Wolfram Mathematica based 
programs for differential reduction of Horn type 
hypergeometrical functions. 
 
 HYPERDIRE includes the following packages: 
• -- pfq is relevant to manipulation with hypergeometrical 

functions  𝑭𝒑𝒑+𝟏  

• -- AppellF1F4 is relevant to manipulation with Appell`s 
hypergeometric functions of two variables F1, F2,F3,F4. 

• Fd multiple variable function 
 

The package is available at: 
https://sites.google.com/site/loopcalculations/home 

http://www.wolfram.com/
http://www.wolfram.com/
http://www.wolfram.com/


 



 



• Differential identities: 

 

 

 

 

 

 

Inverse operators:  

Differential reduction algorithm for 
hypergeometric funct.  



Differential reduction algorithm for 
hypergeometric funct.  

• Example of differential reduction: 

 

 

 

 

• In reduction on more units the structure of 
equality will be the same 

 



Implementation of algorithm 

• The package called HYPERDIRE (HYPERgeometric 
DIFFerential REduction), based on language of program 
‘’Mathematica’’ 

• Key feature is that the product of non-commutative step-up 
and step-down operators of differential reduction  turn into 
product of special 2-dimensional matrices and vectors  
which greatly simplify and reduce the time of calculation 

• The functional programming style reduce the calculation 
time  



Example of module PFQ 
 

 

 

 

 

 

 

 

 

Hypergeometric  function  parameters transformation 



Example of module PFQ, reducibility 

 

 

 

 

 

 

 

 

 

From differential reduction formulas could be derived reducibility criteria: 
under which conditions the hypergeometric function could be expressed in 
terms of hyp. function of lower order (four criteria) 



Example of module PFQ, reducibility 

 

 

 

 

 

 

 

 

 

Hypergeometric  function  parameters transformation 



 

 

 

 
• Criteria of reducibility: 

• q=1                                                                                       IBP gives 1 MI 

 

• q=2                                                                                        IBP gives 2 MI 

 

• q=3,4,5….                                                                              IBP gives  ??? 

 

       Sunset type diagram  



Possible applications 
 

 

 

 

 

 

 

 

 

pFq package could work even with 𝑭𝟏𝟎𝟏𝟏  and reduce it to the 
function  of type 𝑭𝟔𝟕   



Appell Function F1,F2,F3,F4 
the case of two variables 

  

The differential reduction algorithm in application to the Appell function could 
be done in  similar way as for the case of one variable hypergeometrical 
function 



Differential reduction for 𝐹1 

the direct differential expressions reads: 

 

Inverse differential relations: 



Example of module AppellF1F4 
 

 

 

 

 

 

 

 

 

In explicit form: 

The similar procedures are implemented for  Appell function 𝐹2, 𝐹3, 𝐹4  



Application AppellF1F4 
 

 

 

 

 

 

 

 

 

massive q-loop propagator  
could be  expressed trough the F4 hypergeometrical function. 



The case of multiple variables 

• Functions 𝐹𝐴, 𝐹𝐵, 𝐹𝐶 , 𝐹𝐷 are the  extensions of  two variable 
functions 𝐹1, 𝐹2, 𝐹3, 𝐹4 to the mutivariable case. 

• In HyperDire project now  is implemented only 𝐹𝐷  differential 
reduction for any number of argument: 

𝐹𝐷(𝑎; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5; 𝑐; 𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5) is expressed in the terms of the function 

𝐹𝐷(𝑎 − 1; 𝑏1 + 1, 𝑏2 − 1, 𝑏3, 𝑏4, 𝑏5; 𝑐; 𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5) and its five derivatives 



 

 

thank You for an attention! 


