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1 Mini-Review

There are well known methods for tensor reduction:

• G.Passarino, M.Veltman: Nucl. Phys.B160(1979)151 -Solving a sysem of equations→ Gram determinants

• A.I. Davydychev,Phys.Lett.B263(1991)107 and J.F., F.Jegerlehner, O.V.TarasovNucl. Phys.D54(1996)6479
- integrals in higher dimensions and recursion relations

• A.Denner, S.Dittmaier :Nucl. Phys.B734(2006)62 -based on PV, higher point integrals and higher rank tensors
reduced to higher rank boxes

• T.Binoth et al.:JHEP 10(2005)015 -integrals in higher dimensions

For a recent review : S.Weinzierl,Automated calculations for multileg processes, ACAT (2007)005.



2 Tensor Integrals

Arbitrary n-point functions. Scalar propagators

cj = (k − qj)
2 − m2

j + iε, (j < n) and cn = k2 − m2
n + iε. qj are the “ chords” ; kinematics wih qn = 0.

We follow A.I. Davydychev andJ.F., F.Jegerlehner, O.V.Tarasov

Iµ
n =

∫ d

kµ
n
∏

r=1

c−1
r = −

n
∑

i=1

q
µ
i I

[d+]
n,i

Iµ ν
n =

∫ d

kµ kν
n
∏

r=1

c−1
r =

n
∑

i,j=1

q
µ
i qν

j nij I
[d+]2

n,ij −
1

2
gµν I [d+]

n ,

Iµ ν λ
n =

∫ d

kµ kν kλ
n
∏

r=1

c−1
r = −

n−1
∑

i,j,k=1

q
µ
i qν

j qλ
k nijk I

[d+]3

n,ijk

+
1

2

n
∑

i=1

( gµν qλ
i + gµλ qν

i + gνλ q
µ
i )I

[d+]2

n,i ,

Iµ ν λ ρ
n =

∫ d

kµ kν kλ kρ
n
∏

r=1

c−1
r =

n
∑

i,j,k,l=1

q
µ
i qν

j qλ
k q

ρ
l nijkl I

[d+]4

n,ijkl

−
1

2

n
∑

i,j=1

( gµν qλ
i q

ρ
j + gµλ qν

i q
ρ
j + gνλ q

µ
i q

ρ
j + gµρ qν

i qλ
j + gνρ q

µ
i qλ

j + gλρ q
µ
i qν

j ) nijI
[d+]3

n,ij

+
1

4

(

gµν gλρ + gµλ gνρ + gµρ gνλ
)

I [d+]2

n ,



I
[d+]l,stu···
p, i j k··· =

∫ [d+]l n
∏

r=1

1

c
1+δri+δrj+δrk+···−δrs−δrt−δru−···
r

,

∫ d

≡

∫

ddk

πd/2
,

[d+]l = 4 + 2l − 2ε (p is the number of scalar propagators of the “p-point function”; equal lower and upper indices “cancel”).
nij, nijk andnijkl : for the successive application of recurrence relations toreduce higher dimensional integrals:
nij = νij, nijk = νijνijk andnijkl = νijνijkνijkl with νij = 1 + δij, νijk = 1 + δik + δjk andνijkl = 1 + δil + δjl + δkl.
Gram determinants:
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“modified Cayley determinant” of the diagram with internal lines 1. . . n :
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()n = −|Gik|, Gik = 2qi · qk; i, k = 1, . . . n − 1. “Signed minors:”
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labeled by rows j1, j2, · · · jm and columns k1, k2, · · · km excluded from ()n. Sign: (−1)j1+j2+···+jm+k1+k2+···+km×
Signature[j1, j2, · · · jm]× Signature[k1, k2, · · · km] , “Signature”= sign of permutations to place the indices in increasing order.
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Recursion Relations:
The integralsI [d+]l,stu···

p, i j k··· occurring in the tensor decomposition are supposed to be reduced to integrals in generic dimension and
index 1 (scalarn-point functions). For the reduction of indices the “integration by parts” method (K.Chetyrkin and T.Tkachov,
Nucl.Phys. B192(1981)159) is usefull, reducing dimensions: O.TarasovPhys.Rev.D54(1996)6478.

Without derivation:2 relevant relations(reducinganindex and the dimension, respectivelydimension only)
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Applications:

Scalar5-point function (n = 5)
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Similarly for thevector we obtain
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where again in the limitd → 4 theI
[d+]
5 disappears(see Z.Bern,L.J.Dixon, and D.A.KosowerNucl. Phys. B412(1994)751.

These two cases aresimpleand lead to a direct reduction to scalar integrals,without the Gram determinant()5.



Applying the first recursion relation toI [d+]
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For higher tensors a complication arises due to the appearence of thegµν tensor, which we have to express in terms of the chords
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for which we need 4 independent vectors. Therefore this representation applies forn = 5 only.

Disregarding this (technical) problem for the time beeing,the observation is that we might obtain acceptable results from the
Davydychev formula ifgµν is eliminated such that considerable simplifications (cancellations) can occur among the various terms
when appying the recursion relations.

Thus a representation ofgµν as above is essenial: we express all tensors in terms of independentchords- and moreover we speak
the same language for all terms, which is thealgebra of the signed minors!

In the next steps we will investigaten = 5 andcancel the Gram determinant()5; later we find results for arbitraryn ≤ 6!



3 The algebra of signed minors

Signed minors are subdeterminants and it is surprising how many usefulrelationsbetween them can be derived. In fact these were
specified in the article of Melrose. :Nuovo Cim. 40(1965)181. Important general (arbitraryn) relations are

(

il

jk

)

n

()n =

(

i

j

)

n

(

l

k

)

n

−

(

i

k

)

n

(

l

j

)

n

; i, j, k, l = 0, . . . , n ,

n
∑

i=1

(

0

i

)

n

= ()n and
n
∑

i=1

(

j

i

)

n

= 0, (j 6= 0).

Further, “extensionals“ are needed, i.e. relations valid for()n can be extended to any minor of()n; extensionals of the last two
relations are

n
∑

i=1

(

0k

il

)

n

=

(

k

l

)

n

and
n
∑

i=1

(

jk

il

)

n

= 0, (j 6= 0).

For the reduction of5-point tensors to scalars we need

−

(

0

j

)

5

(

ts

0i

)

5

(

s

s

)

5

−

(

s

j

)

5

(

ts

is

)

5

(

0

0

)

5

+

(

0

s

)

5

(

ts

0s

)

5

(

i

j

)

5

= ()5 Xst
ij with Xst

ij = −

(

0s

0j

)

5

(

ts

is

)

5

+

(

0i

sj

)

5

(

ts

0s

)

5

.

The proof is obained by direcly evaluating the r.h.s.,Xst
ij ()5, resulting in

(

s

0

)

5

(

0

j

)

5

(

ts

is

)

−

(

i

s

)

5

(

0

j

)

5

(

ts

0s

)

= −

(

0

j

)

5

(

ts

0i

)(

s

s

)

5

, (3.1)

which in turn is proven by multiplying again with()5. Further relations will be shown when needed.



4 The tensor integral of rank 2

The tensor integral ofrank 2 can be written without agµν-term:
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With the notation (recombininggµν)
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In this way we havecancelled the Gram determinant()5 for the tensor of degree 2 and represented the tensor in relatively
simple form.



5 Reduction of the rank 3 tensor integral

The tensor integral ofrank 3 can be written as
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Disregarding thegµν- term and the3-point termI
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5
= −

(

0j
sk

)

5
()5 +

(

j
k

)

5

(

s
0

)

5
we can collect all contributions, using the notation

I
µ ν λ
5 =

4
∑

i,j,k=1

q
µ
i qν

j qλ
kEijk +

4
∑

k=1

g[µνq
λ]
k E00k, Eijk =

5
∑

s=1

S
4,s
ijkI

s
4 +

5
∑

s,t=1

S
3,st
ijk Ist

3 +
5
∑

s,t,u=1

S
2,stu
ijk Istu

2 .



S
4,s
ijk =

1

3
(

0
0

)

5

(

s
s

)2

5
{

−

(

0s

0k

)

5

[(

0s

is

)

5

(

0s

js

)

5

+

(

is

js

)

5

(

0s

0s

)

5

]

+

[(

0i

sk

)

5

(

0s

js

)

5

+

(

0j

sk

)

5

(

0s

is

)

5

](

0s

0s

)

5

+(i ↔ k) + (j ↔ k)} ,

S
3,st
ijk =

1

3
(

0
0

)

5

(

s
s

)2

5

{

(

0s

0k

)

5

[

(

ts

is

)

5

(

0s

js

)

5

+

(

is

js

)

5

(

ts

0s

)

5

+

(

s
s

)

5

(

0st
ist

)

5
(

st
st

)

5

(

ts

js

)

5

]

−

[(

0i

sk

)

5

(

0s

js

)

5

+

(

0j

sk

)

5

(

0s

is

)

5

](

ts

0s

)

5

−

[(

0i

sk

)

5

(

ts

js

)

5

+

(

0j

sk

)

5

(

ts

is

)

5

]

(

s
s

)

5

(

0st
0st

)

5

2
(

st
st

)

5

+(i ↔ k) + (j ↔ k)} and

S
2,stu
ijk = −

1

3
(

0
0

)

5

(

s
s

)

5

(

st
st

)

5
{(

0s

0k

)

5

(

ts

js

)

5

(

ust

ist

)

5

−
1

2

[(

0j

sk

)

5

(

ust

ist

)

5

+

(

0i

sk

)

5

(

ust

jst

)

5

](

ts

0s

)

5

+ (i ↔ k) + (j ↔ k)

}



The following relation (proven by multiplying with
(

s
s

)

5
)

(

s

0

)

5

(

µst

jst

)

5

=

(

s

j

)

5

(

µst

0st

)

5

−

(

µs

0j

)

5

(

st

st

)

5

+

(

ts

0j

)

5

(

ts

µs

)

5

, µ = 0, 1, · · · , 4

turns out to be useful for thesimplificationof the coefficients ofIst
3 (µ = 0) andIstu

2 (µ = u) of E00j. ForIstu
2 we consider the sum

over all permutations of any fixed set of values ofs, t andu; Istu
2 being symmetric ins, t andu:

∑

permutations

1
(

s
s

)

5

(

st
st

)

5

(

ts

0s

)

5

[(

us

0j

)

5

(

st

st

)

5

−

(

ts

0j

)

5

(

ts

us

)

5

]

= 0

(explicitely calculated withMathematica). Finally we have

3

(

0

0

)

5

E00j = −
1

2

5
∑

s=1

1
(

s
s

)2

5

[

3

(

s

0

)

5

(

0s

js

)

5

−

(

s

j

)

5

(

0s

0s

)

5

](

0s

0s

)

5

Is
4

+
1

2

5
∑

s,t=1

1
(

s
s

)2

5

[

3

(

s

0

)

5

(

0s

js

)

5

−

(

s

j

)

5

(

ts
0s

)2

5
(

st
st

)

5

]

(

ts

0s

)

5

Ist
3

−
1

2

5
∑

s,t,u=1

1
(

s
s

)2

5

(

s

j

)

5

(

s
s

)

5

(

ust
0st

)

5
(

st
st

)

5

(

ts

0s

)

5

Istu
2 .

Ref.: T.Diakonidis, J.Fleischer, J.Gluza, K.Kaida, T.Riemann, B.Tausk,Nucl.Phys.Proc.Suppl.183(2008)109;
arXiv:0812.2134; Phys.Rev. in print



6 Reduction of the rank 4 tensor integral

The tensor integral ofrank 4 can be written like the one of rank 3:

I
µ ν λ ρ
5 =

4
∑

i,j,k,l=1

q
µ
i qν

j qλ
k q

ρ
l I5,ijkl with

I5,ijkl = νijνijk



−

(

0
l

)

5

()5

I
[d+]3

5,ijk +

5
∑

s=1,s 6=i,j,k

(

s
l

)

5

()5

I
[d+]3,s
4,ijk +

(

i
l

)

5

()5

I
[d+]3

5,jk +

(

j
l

)

5

()5

I
[d+]3

5,ik +

(

k
l

)

5

()5

I
[d+]3

5,ij





−

[

νkl

(

i
j

)

5

()5

I
[d+]3

5,kl + νjl

(

i
k

)

5

()5

I
[d+]3

5,jl + νil

(

j
k

)

5

()5

I
[d+]3

5,il + νjk

(

i
l

)

5

()5

I
[d+]3

5,jk + νik

(

j
l

)

5

()5

I
[d+]3

5,ik + νij

(

k
l

)

5

()5

I
[d+]3

5,ij

]

+
1

()2
5

[(

i

j

)

5

(

k

l

)

5

+

(

i

k

)

5

(

j

l

)

5

+

(

j

k

)

5

(

i

l

)

5

]

I
[d+]2

5 and

νijI
[d+]3

5,ij = −

(

0
j

)

5

()5

I
[d+]2

5,i +
5
∑

s=1,s 6=i

(

s
j

)

5

()5

I
[d+]2,s
4,i +

(

i
j

)

5

()5

I
[d+]2

5 cancel and so does I
[d+]
5 such that

4

(

0

0

)

5

I5,ijkl =

(

0
0

)

5

(

0
l

)

5

()5

I5,ijk −





(

i
j

)

5

()5

5
∑

s=1,s 6=k

(

0
0

)

5

(

s
l

)

5

()5

I
[d+]2,s
4,k + (i ↔ k) + (j ↔ k)



+

1

3



νijνijk

5
∑

s=1,6=i,j,k

(

0
0

)

5

(

s
l

)

5

()5

I
[d+]3,s
4,ijk + (i ↔ k) + (j ↔ k)



+ (i ↔ l) + (j ↔ l) + (k ↔ l),



The second term is reckognized asI4,ijk, i.e. we have

I
µνλρ
5 = I

µνλ
5

5
∑

i=1

q
ρ
i

(

0
i

)

5

()5

−
5
∑

s=1

I
µνλ,s
4

5
∑

i=1

q
ρ
i

(

s
i

)

5

()5

≡ I
µνλ
5 Q

ρ
0 −

5
∑

s=1

I
µνλ,s
4 Qρ

s,

where we introduced the vectors (see5-point function of rank R=1 !)

Qµ
s =

n
∑

i=1

q
µ
i

(

s
i

)

n

()n

, s = 0 . . . n.

This opens a completelynew view on the tensor reduction: we expext that for any tensor we have the scheme

Tensor {n, R} = Tensor {n, R − 1}Q
µR

0 −
n
∑

s

Tensors {n − 1, R − 1}QµR

s + · · · .

This means: a tremendeoussimplification of the tensor structure; e.g. for the5-point tensor of rank 4(5) we would have

I
µ1µ2µ3(µ4)µ
5 = I

µ1µ2µ3(µ4)
5 Q

µ
0 −

5
∑

s=1

I
µ1µ2µ3(µ4),s
4 Qµ

s .

These representations have beenchecked numerically! Moreover: every expression you have calculated will be ”recicled“! Apart
from that the formalism is quite elegant and simple (in comparison, e.g. with Denner, Dittmaier).

Of course we need a similar representation also for the4-point functions etc., such that we obtain acomplete recursion for the
tensors! This causes a problem: forn-point functions withn ≤ 4 we havenot enoughindependent4-vectors to build thegµν!
Therefore, for these cases, we have first of all to investigate the metric tensor.



7 The metric tensor

In d = 4 dimensions, one may eliminategµν by expressing it in terms of then different chords of the integral:

gµν = 2
6
∑

i,j=1

q
µ
i qν

j

(

0i
0j

)

6
(

0
0

)

6

,

gµν = 2

5
∑

i,j=1

q
µ
i qν

j

(

i
j

)

5

()5

,

gµν = 2

4
∑

i,j=1

q
µ
i qν

j

(

i
j

)

4

()4

+
8vµvν

()4
,

gµν = 2
3
∑

i,j=1

q
µ
i qν

j

(

i
j

)

3

()3

+
4vµλvν

λ

()3

.

Forn = 6, 5 see [J.F., F.Jegerlehner, O.V.TarasovNucl. Phys.D54(1996)6479].
Forn < 5, we have to introduce extra terms [G.J.Oldenborgh and J.A.M. Vermaseren,Z.Phys. C46 (1990) 425]:

vµ = ε(µ, q1 − q4, q2 − q4, q3 − q4), vµλ = ε(µ, λ, q1 − q3, q2 − q3),

where

vµλvν
λ = q2

1q
µ
2 qν

2 + q2
2q

µ
1 qν

1 − q1 · q2(q
µ
1 qν

2 + qν
1q

µ
2 ) −

[

q2
1q

2
2 − (q1 · q2)

2
]

gµν ,

q1, q2 for the two4-vectorsqi − q3, i = 1, 2; the sums in the above expresssions annihilate the extra terms (orhogonality).



8 The 6-point function

Let us now first look at(6, R)-integrals. Representing thegµν-tensor as above, as generalisation of the5-point tensor one expects:

I
µ1...µR−1ρ
6 = I

µ1...µR−1

6 Q̄
ρ
0 −

6
∑

s=1

I
µ1...µR−1,s
5 Q̄ρ

s. (8.1)

The integralIµ1...µR−1,s
5 is derived fromI

µ1...µR−1µ
6 by scratching lines, and the auxiliary vectors̄Q read, due to the particular form

of the metric tensor

Q̄
µ
0 =

6
∑

i=1

q
µ
i

(

00
0i

)

6
(

0
0

)

6

≡ 0, (8.2)

Q̄µ
s =

6
∑

i=1

q
µ
i

(

0s
0i

)

6
(

0
0

)

6

, s = 1 . . . 6. (8.3)

Since
(

00
0i

)

6
= 0 only the second term contributes and this is what has been shown already beforeDenner et al., Diakonidis et al..

In this respect, also the6-point function fits into the general scheme of representingthe tensors.



9 The (n=5, R=3) recursions

The”master formula“for (5, 3)-integrals has on the r.h.s(5, 2)- and(4, 2)-integrals:

I
µ1µ2µ
5 = I

µ1µ2

5 Q
µ
0 −

5
∑

s=1

I
µ1µ2,s
4 Qµ

s .

Prodeeding recursively, the main discussion in the following concerns theevaluation ofn < 5 integrals:
The(5, 2)-integrals have been discussed before and it remains to investigate the (n=4, R=2) tensor. From

νijI
[d+]2,s
4,ij = −

(

0s
js

)

5
(

s
s

)

5

I
[d+],s
4,i +

5
∑

t=1,6=i

(

ts
js

)

5
(

s
s

)

5

I
[d+],st
3,i +

(

is
js

)

5
(

s
s

)

5

I
[d+],s
4 ,

it immediately follows

I
µν,s
4 = I

µ,s
4 Q

s,ν
0 −

4
∑

t=1

I
µ,st
3 Q

s,ν
t −

4vs,µvs,ν

(

s
s

)

5

I
[d+],s
4 ,

where the vectors are known from the above, i.e.

I
µ,s
4 = Is

4Q
s,µ
0 −

5
∑

u=1

Ist
3 Qs,µ

u and I
µ,st
3 = Ist

3 Q
st,µ
0 −

5
∑

u=1

Iust
2 Qst,µ

u ,

s andt as upper indices standing forscratched lines.



10 The (n=5, R=4) recursions

I
µ1µ2µ3µ
5 = I

µ1µ2µ3

5 Q
µ
0 −

5
∑

s=1

I
µ1µ2µ3,s
4 Qµ

s .

Here we needIµ1µ2µ3,s
4 - but not only here!Investigating the casen = 4, wedrop scratches! Recursion yields

I
µνλ
4 = I

µν
4 Qλ

0 −
4
∑

t=1

I
µν,t
3 Qλ

t + GµλV ν + GνλV µ,

with the”extra term“

Gµλ =
1

2
gµλ −

4
∑

i,j=1

q
µ
i qλ

i

(

i
j

)

4

()4

=
4vµvν

()4

, and V µ = −I
[d+]
4 Q

µ
0 +

4
∑

t=1

I
[d+],t
3 Q

µ
t .

In V µ enters besidesI [d+]
4 (known from above) alsoI [d+],t

3 , which may be reduced as follows

I
[d+],t
3 =

[

(

0t
0t

)

4
(

t
t

)

4

I t
3 −

4
∑

u=1

(

ut
0t

)

4
(

t
t

)

4

I tu
2

]

1

d − 2
.



Finally, our representation ofIµνλ
4 contains the integralIµν,t

3 and we have to reduce this also:

I
µν,t
3 = I

µ,t
3 Q

t,ν
0 −

4
∑

u=1

I
µ,tu
2 Qt,ν

u − I
[d+],t
3 ·

2vt,µλv
t,ν
λ

(

t
t

)

4

.

In theQ-vector we have to introduce now againscratches t

Qt,ν
u =

4
∑

i=1

qν
i

(

ut
it

)

4
(

t
t

)

4

, u = 0, . . . , 4

and theextra termreads

Gt,µν =
1

2
gµν −

4
∑

i,j=1

q
µ
i qν

i

(

it
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)

4
(

t
t

)

4

=
2vt,µλv

t,ν
λ

(

t
t

)

4

.



11 The (n=5, R=5) recursions

Now the procedure is ”standard“:

I
µ1µ2µ3µ4µ
5 = I

µ1µ2µ3µ4

5 Q
µ
0 −

5
∑

s=1

I
µ1µ2µ3µ4,s
4 Qµ

s .

Recursion yields:

I
µνλρ
4 = I

µνλ
4 Q

ρ
0 −

4
∑

t=1

I
µνλ,t
3 Q

ρ
t − GµρT νλ − GνρT µλ − GλρT µν

with

T µν = −V µQν
0 +

4
∑

t=1

W t,µ Qν
t − GµνI

[d+]2

4 ,

with thenew term

W t,µ =
4
∑

i=1

q
µ
i I

[d+]2,t
3,i = −I

[d+],t
3 Q

t,µ
0 +

4
∑

u=1

I
[d+],tu
2 Qt,µ

u . and

I
µνλ,t
3 = I

µν,t
3 Q

t,λ
0 −

4
∑

u=1

I
µν,tu
2 Qt,λ

u + Gt,µλW t,ν + Gt,νλW t,µ.



As anexercisewe have a look at

I
µν,tu
2 = I

µ,tu
2 Q

tu,ν
0 −

4
∑

v=1

I
µ,tuv
1 Qtu,ν

v − Gtu,µνI
[d+],tu
2 .

With
(

tu
tu

)

4
= −2(qi − qi′)

2 ≡ −2q2 (i < i
′

andi, i
′

6= t, u), we getsimple explicitexpressions:

Q
tu,ν
0 =

1

2
(qi + qi′)

ν −
1

2q2
(m2

i − m2
i′
)(qi − qi′)

ν,

Q
tu,ν
i = 2q2(qi − qi′)

ν,

Gtu,µν =
1

2

(

gµν −
(qi − qi′)

µ(qi − qi′)
ν

q2

)

and

I
µ,tu
2 ==

1

2
I tu
2 (qi + qi′)

µ −
1

2
(m2

i − m2
i′
)
I tu
2 (q2) − I tu

2 (0)

q2
(qi − qi′)

µ. Further:

I
µ,tuv
1 = −

4
∑

i=1

q
µ
i I

[d+],tuv
1,i = qiI

tuv
1 , i 6= t, u, v. due to I

[d+],tuv
1,i = −

(

0tuv
ituv

)

4
(

tuv
tuv

)

4

I tuv
1 = −I tuv

1 .



12 Comment onQs

Assume we have in the numerator of the original integral ascalar product of the integration momentum and a chord.
Standard: thescalar productqi · k is expressed in terms of thedifference of two propagators, which can then becancelled.
This simplification has to be handled as very first step, considering the original diagram (qn = 0) .
Our approach offers analternative:

qiQ0 =
n−1
∑

j=1

qiqj

(

0
j

)

n

()n

= −
1

2
(Yin − Ynn) , i = 1, · · · , n − 1,

qiQs =
n−1
∑

j=1

qiqj

(

s
j

)

n

()n

=
1

2
(δis − δns) , i = 1, . . . , n − 1, s = 1, · · · , n,

with

Yjk = −(qj − qk)
2 + m2

j + m2
k.

Further we have:

Q2
0 =

1

2

(

0
0

)

n

()n

+
1

2
Ynn,

Q2
s =

1

2

(

s
s

)

n

()n

, s = 1, . . . , n.


