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1 Mini-Review

There are well known methods for tensor reduction:

e G.Passarino, M.Veltman: Nucl. PhyB160(1979)151 -Solving a sysem of equatiors Gram determinants

e A.l. Davydychev,Phys.Lett.B2631991)107 and J.F., F.Jegerlehner, O.V.Tarddast. Phys.D54(1996)6479
- integrals in higher dimensions and recursion relations

e A.Denner, S.Dittmaier :Nucl. Phy8734(2006)62 -based on PV, higher point integrals and higher rank tensors
reduced to higher rank boxes

e T.Binoth et al.:JHEP 10(2005)015 4ntegrals in higher dimensions

For a recent review : S.WeinzieAutomated cal culations for multileg processes, ACAT (2007)005.



2 Tensor Integrals

Arbitrary n-point functions. Scalar propagators
¢j=(k—q)*—=mj+ie, (j<n) and ¢, =k’ —mj +ic. gjare the “chords’; ki nematics wihq, =0.

We follow A.l. DavydychevandJ.F., F.Jegerlehner, O.V.Tarasov
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[d+]" = 4 + 21 — 2¢ (p is the number of scalar propagators of thegbint function”; equal lower and upper indices “cancel”).
n;j, nijr andn, i, o for the successive application of recurrence relationsdoice higher dimensional integrals:
Nij = Vij, Nijk = VijVijk andnij;d = V;jVijkVijkl with Vij = 1+ 52']', Vijk = 1+ 5,/€ + 5jk andz/,'jkl =1+ (5,'1 + 5]’1 + 5kl-
Gram determinants:
Yij = —(a —¢)* +mi +mj,
“modified Cayley determinahof the diagram with internal lines 1 . n :
0 1 1 ... 1

I Y Yo ... Yy
Op = |1 Yi2 Yoo ... Yo, |,

On = —|Girl, Gi=2¢; - qx; i,k =1,...n—1.“Signed minors:

J1 J2 cJm

ki ko -k, n’
labeled by rows ji, 72,5, and columns ki, ks, -k, excluded from (),. Sign:
Signaturéyy, jo, - - - 7] x Signaturéky, ko, - - - k.| , “Signature”= sign of permutations to place the indices in increasingorde
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Recursion Relations:

The integrals[l[fj;l,ff“”' occurring in the tensor decomposition are supposed to heceeldto integrals in generic dimension and

index 1 (scalam-point functions). For the reduction of indices the “intagon by parts” method (K.Chetyrkin and T.Tkachov,
Nucl.Phys. B192(1981)159) is usefull, reducing dimensions: O.TaraBbys.Rev.D54(1996)6478.

Without derivation:2 relevant relationgreducinganindex and the dimensigmespectivelydimension only
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Applications:

Scalar5-point function ¢ = 5)
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With 7. finite for d = 4 we have in this limit
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Similarly for thevector we obtain
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where again in the limid — 4 the]ki)dH disappearg¢see Z.Bern,L.J.Dixon, and D.A.Kosowlucl. Phys. B4121994)751.
These two cases asegmpleand lead to a direct reduction to scalar integraishout the Gram determinafis.



Applying the first recursion relation tdl‘fj] we can write the vectot-point function for arbitrary: < 5:
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where we introduced theniversal vectors

(ngzji:qfﬁaﬂ , s=0...n.
— " O,

For higher tensors a complication arises due to the appeadriheg”” tensor, which we have to express in terms of the chords

((3)” = nQ/S o Z 15—162?,
n s=1

uyo ° MV(;)5
5

i,j=1
for which we need 4 independent vectors. Therefore thisessmtation applies for = 5 only.
Disregarding this (technical) problem for the time beeitig observation is that we might obtain acceptable restdta the
Davydychev formula iig*” is eliminated such that considerable simplificatioresncellationscan occur among the various terms
when appying the recursion relations.

Thus a representation gf” as above is essenial: we express all tensors in terms ofendepichords- and moreover we speak
the same language for all terms, which is #hgebra of the signed minors!

In the next steps we will investigate= 5 andcancel the Gram determinaf)t; later we find results for arbitrany < 6!



3 The algebra of signed minors

Signed minors are subdeterminants and it is surprising hamymsefukelationsbetween them can be derived. In fact these were
specified in the article of Melrose Nuovo Cim. 40(1965)181. Important general (arbitrasyrelations are
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Further, ‘extensionafsare needed, i.e. relations valid f¢),, can be extended to any minor Of,; extensionals of the last two
relations are
n Ok’ k’ n 7]{ .
= and ' =0 0).
2(0).= (), e % (0), =00

For the reduction o%-point tensors to scalars we need

6.6~ GGG (), G), o wem = (), ), (5), a0

The proof is obained by direcly evaluating the r.nX;!()s, resulting in

(6).6).6) - 0).6).6) =G ), o

which in turn is proven by multiplying again witf);. Further relations will be shown when needed.



4 The tensor integral of rank 2

The tensor integral afank 2 can be written without g,,,-term:
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Dropping[{fgdH (as above it drops ouwye have

: (°) > ()5 i () ()
I5i; = Vijf5[c,l;;] = fd+ Z I e %Ei + > %IL;F]’S and with
s=1,5 5 s=1,s4i /O

IAEZ;—]’S — (Zs o[4+ Z /s )Igt we have

s " Z (s

1 L1
bi= Zﬁ ) {
(/:




With the notation (ecombiningg’”)

Igw Z ql q] EZ] +g EOO; E,’j 2525]4 + Z S%Stlgt

1,7=1 s=1 s,t=1

we have

and taking into account the expression J‘ﬁSlr+ ]
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o= S ()% ()] -3 5 ().
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In this way we haveancelled the Gram determinghny for the tensor of degree 2 and represented the tensor iivedyat
simple form



5 Reduction of the rank 3 tensor integral

The tensor integral afank 3 can be written as
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As before, substituing””

I5,ijk szszkI5 ij + T ‘|—

Inserting recursion relations and keeping in minaﬂr(oplédﬂ, we have
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from which we obtain for theé;i)S terms
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Disregarding theg*”- term and the3-point term[fﬁ"“ for the time being, we have aftét). (2), = (07). 05 + ;). (
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Here the following’master formula” is of great help
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so that the above curly brackdts can be combined to give
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AS next we use

(1)), 77,00 (). 0), e (), 6), = ), 000 ), 0,

In this way one factof), is cancellecand the other yields a further contribution to thetric tensalr

d+ st

Remains the{ term. After having applied agaifl). ;). = (i7). (5 + (). (1), we use

DO-0O-00.

The (:2)5 in the second termancelsand the remaining factor sntisymmetric ins andt, i.e. this term drops out after summation

overs, t. Using again(g)5(j.)5 =—("). 05+ (1),(3), we can collect all contributions, using the notation
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The following relation (proven by multiplying witl(uj)5)

V(Y = () () () () () ()L p=0,1,ea
0/ \Jst/- J/)s\0st/ 07/ :\st/ 07/ -\ s/ 5

turns out to be useful for the@mplificationof the coefficients of;’ (1 = 0) and 5™ (u = u) of Ey,. For I3 we consider the sum
over all permutations of any fixed set of valuessof andu; 5™ being symmetric irs, ¢ andu:

s a6 (.

permutations \S

(explicitely calculated wittMathematica). Finally we have
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Ref.. T.Diakonidis, J.Fleischer, J.Gluza, K.Kaida, T.RiemaBnTauskNucl.Phys.Proc.Suppl.1832008)109;
arXiv:0812.2134; Phys.Rev. in print
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6 Reduction of the rank 4 tensor integral

The tensor integral afank 4 can be written like the one of rank 3:

A = Z ¢ ¢ @ @/ Isijm With
1,5,k,l=1
0 i J
(l) [d+]? (/) [d+]? ('1)5 [d+]?
Isiiki = VijVijk —T 5% + Z 5]4% 0 ]5.jk + 0 I +
s= 15#2]1@ 5 5
Gy s, Ws o Wy are, W oer D e
— L T +vi——I 0 + sk T VikTy o5
[ 05 > "0, B 05 > (0, ()5 "
LT (R (1) (7 (3 (i) ] e
+ =1 + + I and
721G+ ()0, (),G)) -
[d+]? 0) [d+]? ° (S) [d+]?,s (Z) [d+]? [d+]
ileg; = —JT;’I&Z- + > JT5]4’Z +T5]5 cancel and so does I.
s=1,s#i

0 s
(0)(5)(1)5]£fl;]2,s+ (o k) + (o k)| +
s=1,s#£k 5

such t hat



The second term is reckognized[arsjk., i.e. we have

s 5
Iuw\p _ [,ul/)\ Z qZ Z Iuw\ s Z ((z))5 = ]éu/)\Qg . Z IiW/\’S
5 s=1

where we introduced the vectors ($epoint function of rank R=11)

Q’S‘:qu% ., s=0...n.
— " 0,

This opens a completelyew view on the tensor reductiowe expext that for any tensor we have the scheme

n

Tensor {n, R} = Tensor {n, R — 1} Q" — Z Tensor®{n —1, R —1} Q¥ + - ..
This means: a tremendeosisnplification of the tensor structyre.g. for thes-point tensor of rank 4(5) we would have
Iéuuzus(/m)u _ 151/12#3(#4)@61 _ Z ]M1M2M3 fia), Qﬂ

These representations have beercked numericallyMoreover: every expression you have calculated will kecicled! Apart
from that the formalism is quite elegant and simple (in congaa, e.g. with Denner, Dittmaier).

Of course we need a similar representation also foritheint functions etg.such that we obtain @mplete recursion for the
tensors This causes a problem: for-point functions withn < 4 we havenot enoughindependentt-vectors to build they**!
Therefore, for these cases, we have first of all to invesitis¢ metric tensor.



7 The metric tensor

In d = 4 dimensions, one may eliminagé” by expressing it in terms of the different chords of the integral:
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by ()a

4U“AUV
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Forn = 6,5 see [J.F., F.Jegerlehner, O.V.Taradel. Phys.D54(1996)6479].
Forn < 5, we have to introduce extra terms [G.J.Oldenborgh and J.XdvmaserenZ.Phys. C46 (1990) 425]:

A — 5(u, A G — 03, G2 — %)7

o' = e — Q2 — Qs Q3 — qu), V"
where

u/\ 2 U v

VMY = Gdhds + GEd — a el + A d) - (6 — (@ @2)’] ¢,

q1, g2 for the two4-vectorsg; — g3,7 = 1,2; the sums in the above expresssions annihilate the extre f@rhogonality).



8 The 6-point function

Let us now first look at6, R)-integrals. Representing tly¢”-tensor as above, as generalisation offfmint tensor one expects:

6
Iéll---NRflp — I(I;L--MRAQS o Z Igﬂ---uthSQg. (81)

s=1

The integralll* """ is derived fromI}"**~'" by scratching lines, and the auxiliary vector§ read, due to the particular form
of the metric tensor

6 00

Q& = qu(%i)G =0, (8.2)
1=1 (0)6

Q! = zﬁjq“ (%j)G s=1...6. (8.3)

Since(?f;)6 = 0 only the second term contributes and this is what has beemsalbeady befor®enner et al., Diakonidis et al.

In this respect, also th&point function fits into the general scheme of represerttiegensors.



9 The (n=5, R=3) recursions

The”master formula‘for (5, 3)-integrals has on the r.h(§, 2)- and(4, 2)-integrals:

5
Hifaph _ TH1M2 M_E H1[2,8 My
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Prodeeding recursively, the main discussion in the foll@asoncerns thevaluation ofn < 5 integrals
The (5, 2)-integrals have been discussed before and it remains tetigage the{=4, R=2 tensor. From

Os 1S
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it immediately follows

Y

4o HysY
UV,S 1S [,St [d+],s
e =1 § Q- Sy

(s

where the vectors are known from the above, i.e.
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s andt as upper indices standing fecratched lines



10 The (n=5, R=4) recursions

5

Hif2ph3ft _ pHIpH2H43 Y E M2 0358 Y
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Here we need/"”""*” - but not only herelnvestigating the case = 4, wedrop scratchédsRecursion yields
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[41,1/)\ _ [//11,1/@8 . Z ]éj/l/,tQ? + Gu/\VV + GV/\V'M,
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with the”extra term”
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1 (5) 4utv” d d
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In V# enters besideé‘“] (known from above) alsé&dﬂ’t, which may be reduced as follows
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Finally, our representation df"* contains the integral,”"" and we have to reduce this also:
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In the (Q-vector we have to introduce now agaicratches t
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11 The (n=5, R=5) recursions

Now the procedure is "standard®:

)
Hiflofi3fbaft __ pH1H2M3 04 I E K123 4,8 Y1

s=1

Recursion yields:
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As anexercisewe have a look at
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With (1), = —2(¢; — ¢/)* = —2¢° (i < i andi, i # t,u), we getsimple explicitexpressions:
1 1
tu,
0" =5l +a)" - 2—q2(m3 —m) (g — qr)"

(¢i —qy)". Further:

4 Otuv
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12 Comment onQ);

Assume we have in the numerator of the original integiedaar product of the integration momentum and a chord
Standardthescalar product; - & is expressed in terms of thiference of two propagatorwhich can then beancelled
This simplification has to be handled as very first step, d@sig the original diagramy( = 0) .

Our approach offers amlternative
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j=1 n
ST |
quS:Zquj(T = 5(5,35—5”5), 1=1,...,n—1, s=1,---.,n,
i=1 n
with
Vi =—(¢j — @)+ m? + m3.
Further we have:
1), 1
2 0
= 3 & _Ynna
% =50, T
1 S
Q§ = —(S)" s=1,...,n.
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