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Motivation and goals
 Recent years have seen the emergence of first results 

for 2 → 4 scattering processes

 One of the challenges posed is the need to compute 
one-loop tensor integrals with up to 6 legs

 We provide numerical results from compact analytic 
formulas for the complete reduction of tensor integrals to 
scalar master integrals

From bubbles to hexagons 
 Implementation to Fortran and Mathematica code 
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Fortran

 For Tensor integrals, we have a Fortran implementation package 
(Th. Diakonidis & B. Tausk)

The present implementation includes:
 Six point functions up to rank four (Hexagon.F)
 Five point functions (all 5 ranks) (Pentagon.F)
 Boxes (all 4 ranks) (Box.F)
 Triangles (all 3 ranks) (Triangle.F)
 Bubbles (all 2 ranks) (Bubble.F)

It is able to output the full result for:
 The tensor integrals
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 The code so far uses:

 Looptools 2.2 (by Thomas Hahn) 
(calculates only the finite part)

 QCDLoop (R.K. Ellis and G. Zanderighi) 
(Finite part and        and         terms)

To calculate the scalar master integrals after the reduction
 
( The first is restricted to massive cases but the second can be 

implemented for massless cases too)

 It can be adapted to any Fortran package for 1,2,3,4 point 
functions

 A lot of cross checks have been done so far (shown after) and 
we also cross checked the results with an independent code 
by Peter Uwer

1/ ε 21/ ε
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The triangle
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 Here we have to add some extra terms in the cases of 
boxes, triangles and bubbles with the exception of 1st rank 

(See Jochem’s talk)  
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Starting from a pentagon

For the randomly chosen phase space point:

A mixed case of massless and massive particles
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Pentagon
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Box case
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Triangle
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Bubble
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Some sample results for hexagons

For the randomly chosen phase space point given by:
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Results for scalar, vector and 2nd rank six point functions:
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3rd rank 6 point functions
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4th rank 6-point 
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More results (massless case)

For the phase space point given by:

p1 =(1, 0, 0, 0)
p2 =(-0.19178191,-0.12741180,-0.08262477,-0.11713105)
p3 =(-0.33662712, 0.06648281, 0.31893785, 0.08471424)
p4 =(-0.21604814, 0.20363139,-0.04415762,-0.05710657)
p5 =-(p1+p2+p3+p4)

M1=0, M2=0, M3=0, M4=0, M5=0

Golem95: T.Binoth, J.-Ph.Guillet, G. Heinrich, E.Pilon, T.Reiter 
[arXiv:hep-ph/0810.0992]
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Comparisons with golem95

Complete agreement to all the numbers shown

(QCDLoop was used for the scalar master integrals)
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Mixed case (Hexagon)

It corresponds to the reaction : gg tt qq�+
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Mixed case (Pentagon)

Produced by adding together the external momenta : 1 1 2p p p� = +
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Numerical results (Mathematica)

Mathematica package hexagon.m (by K. Kajda)

The present implementation includes:
 Six point functions up to rank four
 Five point functions up to rank three

It is able to output the full result for:
 Six or five point tensor integral
 A specific coefficient for a given rank
 A list of all coefficients of a given rank
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More about the Mathematica program

 They provide coefficients of 
Lorentz-covariant tensors, 
and work in a basis of       
and internal momenta

 

 In terms of these 
coefficients, the tensor 
decomposition e.g. for  
pentagons E and hexagons 
F reads:
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Functions used in the package
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Numerical cross checks
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Numerical cross checks
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Conclusions

 The full numerical implementation of the analytical reduction 
of one-loop tensor integrals down to scalar master integrals 
has been described 

 Reduction formulas have been implemented in a Mathematica 
and a Fortran program

 Results and cross checks with other programs were shown
 Mathematica program publicly available at:

http://www-zeuthen.desy.de/theory/research/CAS.html
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