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Minimal Supersymmetric Standard Model
Gauge

Bosons Fermions Quantum numbers

Ĝ gluons G a
µ gluinos g̃a (8,1,0)

V̂ SU(2)-bosons Ai
µ gauginos Ãi (1,3,0)

V̂ ′ U(1)-bosons Bµ gauginos B̃ (1,1,0)

Matter

Fermions Bosons

Q̂ quarks Q =
(u
d

)
L

squarks Q̃ =
(ũ
d̃

)
L

(3,2,1/3)

Û U = uR Ũ = ũR (3,1,4/3)

D̂ D = dR D̃ = d̃R (3,1,-2/3)

L̂ leptons E =
(
νl
l

)
L

sleptons Ẽ =
(ν̃l

l̃

)
L

(1,2,-1)

Ê E = lR Ẽ = l̃R (1,1,-2)

Ĥ1 higgsino (H̃0
1 , H̃

−
1 ) higgses H1 =

(H0
1

H−1

)
(1,2,-1)

Ĥ2 (H̃+
2 , H̃

0
2 ) H2 =

(H+
2

H0
2

)
(1,2,1)
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Minimal Supersymmetric Standard Model
MSSM has the following set of free parameters

1 Three gauge couplings αi

2 Three Yukawa matrices yu, yd , yl

3 Parameter µ̄ (mixing of higgs superfields)

4 Soft (dim < 4) supersymmetry breaking terms
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Minimal Supersymmetric Standard Model
MSSM has the following set of free parameters

1 Three gauge couplings αi

2 Three Yukawa matrices yu, yd , yl

3 Sign of µ̄ (mixing of higgs superfields)
4 Soft (dim < 4) supersymmetry breaking terms

I m1/2 – a gaugino mass
I m0 – a common mass for squarks and sleptons
I A0 – trilinear squark-squark-higgs and slepton-slepton-higgs couplings

5 v2 = v2
1 + v2

2 , tanβ = v2/v1, где v1 =< H1 >, v2 =< H2 >
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I m1/2 – a gaugino mass
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2 , tanβ = v2/v1, где v1 =< H1 >, v2 =< H2 >
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√
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Heavy SM fermions

Data from Particle Data Group’08

Top quark
Mt = 171.2± 2.1 GeV

Bottom quark
mb = 4.20± 0.18 GeV

Tau lepton
Mτ = 1776.84± 0.17 MeV
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Pole mass of a fermion. Some definitions

Fermion ressumed propagator

i (p̂ −m − Σ(p̂,mi ))−1

Fermion self-energy

Σ(p̂,mi ) = p̂ΣV (p2,m2
i ) + p̂γ5ΣA(p2,m2

i )

+mΣS(p2,mi )

The pole mass M satisfies the following equation:((
1− ΣV (M2,m2

i )
)2 − Σ2

A(M2,m2
i )
)

M2

−m2
(
1 + ΣS(M2,mi )

)2
= 0
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Pole mass of a fermion. Some definitions

M = m
(

1 + αM(1)
)
,

M(1) = Σ
(1)
V (m2,m2

i ) + Σ
(1)
S (m2,mi ),
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Pole mass of a fermion. Some definitions

M = m
(

1 + αM(1)+α2M(2)
)
,

M(1) = Σ
(1)
V (m2,m2

i ) + Σ
(1)
S (m2,mi ),

M(2) = Σ
(2)
V (m2,m2

i ) + Σ
(2)
S (m2,mi )

+
1

2
Σ

(1)
A

2
(m2,m2

i ) + M(1)
(

Σ
(1)
V (m2,m2

i )

+ 2m2 ∂

∂p2

(
Σ

(1)
V (p2,m2

i ) + Σ
(1)
S (p2,mi )

))
p2=m2
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Quark pole mass

The pole mass of a quark is a well-defined, IR safe„ and gauge independent
quantity in a finite order of perturbaation theory [Tarrach,’80].
Nevertheless, due to confinement the precision of experimental
determination of the quark pole mass is limited by the ratio ΛQCD/Mq

[Bigi et al,’94], [Beneke&Braun,’94].
For the t-quark the uncertainty ∼ 0.05%, is much less then current
experimental errors [PDG,’08]
For the b-quark the uncertainty is significant ∼ 10%.
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Heavy SM fermions

Data from Particle Data Group’08

Top quark
Mt = 171.2± 2.1 GeV

Bottom quark
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b (mMS

b ) = 4.20± 0.18 GeV

Tau lepton
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DR renormalization scheme

Regularization: dimensional reduction (DRED)
[Siegel,’79-80],[Avdeev,Chochia&Vladimirov,’81],[Stockinger,’05]

Renormalization: minimal (modified) subtractions, DR.

gµν = ĝµν + g̃µν gµνgµν = 4
gµν ĝρν = ĝµρ ĝµν ĝµν = d
gµν g̃ρν = g̃µρ g̃µν g̃µν = 2ε = 4− d
ĝµν g̃ρν = 0

All fields in 4D Lagrangian depend only on x̂µ = ĝµνx
ν .
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DR renormalization scheme

Regularization: dimensional reduction (DRED)
[Siegel,’79-80],[Avdeev,Chochia&Vladimirov,’81],[Stockinger,’05]

Renormalization: minimal (modified) subtractions, DR.

G (4)
µ →

{
Gµ ≡ ĝµνG

ν
(4),Wσ ≡ g̃σρG

ρ
(4)

}
Gµ vector fields (gauge bosons),

Wσ unphysical ε-scalars.

A. Bednyakov (BLTP) Two-loop decoupling corrections 10.07.2009, CALC2009 8 / 25



DR renormalization scheme

Regularization: dimensional reduction (DRED)
[Siegel,’79-80],[Avdeev,Chochia&Vladimirov,’81],[Stockinger,’05]

Renormalization: minimal (modified) subtractions, DR.

LεB =
1

2
(DµWσ)+

a (DµWσ)a

− g2
s

4
f abc f adeW b

σW c
ρ W d

σ W e
ρ − gsqγ

σT aqW a
σ

+ i
gs

2
f abc g̃aγσg̃

bW c
σ + g2

s q̃∗T aT bq̃ W a
σW b

σ
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LεB =
1

2
(DµWσ)+

a (DµWσ)a+
1

2
m2
εW

a
σW σ

a

− g2
s

4
f abc f adeW b

σW c
ρ W d

σ W e
ρ − gsqγ
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gs

2
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DR renormalization scheme

Regularization: dimensional reduction (DRED)
[Siegel,’79-80],[Avdeev,Chochia&Vladimirov,’81],[Stockinger,’05]

Renormalization: minimal (modified) subtractions, DR.

The problem with ε-scalar mass m2
ε , can be solved in two equivalent ways

(DR′).
Minimal subtractions, but m2

ε 6= 0, with corresponding redefinition of
masses of scalar superpartners [Jack et al’94].

Non-minimal subtractions, m2
ε = 0 [Avdeev&Kalmykov,’97]
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Pole mass of a fermion. Some definitions

M = m
(

1 + αM(1)+α2M(2)
)
, m ≡ mDR(µ), α ≡ αDR(µ)

M(1) = Σ
(1)
V (m2,m2

i ) + Σ
(1)
S (m2,mi ),

M(2) = Σ
(2)
V (m2,m2

i ) + Σ
(2)
S (m2,mi )

+
1

2
Σ

(1)
A

2
(m2,m2

i ) + M(1)
(

Σ
(1)
V (m2,m2

i )

+ 2m2 ∂

∂p2

(
Σ

(1)
V (p2,m2

i ) + Σ
(1)
S (p2,mi )

))
p2=m2
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Heavy SM fermions

Data from Particle Data Group’08

Top quark

Mt = 171.2± 2.1 GeV ⇒ mDR
t (µ̄)

Bottom quark

mMS
b (mMS

b ) = 4.20± 0.18 GeV ⇒ mDR
b (µ̄)

Tau lepton

Mτ = 1776.84± 0.17 MeV ⇒ mDR
τ (µ̄)
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Feynman diagams

We need to calculate (159, 1897, 1375) two-loop propagator-type diagrams

(Generated by FeynArts)

(63, 453, 495) (16, 304, 124) (80, 1140, 756)
Calculated by means of FORM program based on ONSHELL2.
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Minimal Supersymmetric Standard Model
Gauge

Bosons Fermions Quantum numbers

Ĝ gluons G a
µ gluinos g̃a (8,1,0)

V̂ SU(2)-bosons Ai
µ gauginos Ãi (1,3,0)

V̂ ′ U(1)-bosons Bµ gauginos B̃ (1,1,0)

Matter

Fermions Bosons

Q̂ quarks Q =
(u
d

)
L

squarks Q̃ =
(ũ
d̃

)
L

(3,2,1/3)

Û U = uR Ũ = ũR (3,1,4/3)

D̂ D = dR D̃ = d̃R (3,1,-2/3)

L̂ leptons E =
(
νl
l

)
L

sleptons Ẽ =
(ν̃l

l̃

)
L

(1,2,-1)

Ê E = lR Ẽ = l̃R (1,1,-2)

Ĥ1 higgsino (H̃0
1 , H̃

−
1 ) higgses H1 =

(H0
1

H−1

)
(1,2,-1)

Ĥ2 (H̃+
2 , H̃

0
2 ) H2 =

(H+
2

H0
2

)
(1,2,1)
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Large Mass Expansion
Mass hierachy:

For t quark: mt � mg̃ ,mq̃

For b quark: mb � mt ,mg̃ ,mH,mq̃,mχ̃

For τ lepton: mτ � mt ,mH,mq̃,ml̃ ,mχ̃

Asymptotic expansion has the form (see e.g.,[Tkachov,’97], [Smirnov,’02]):

FΓ(p1, . . . ,M1, . . . ,m1, . . .) '∑
γ

FΓ/γ(p,m) •Mγ(pγ ,m)Fγ(M,m, pγ).

The operatorMγ perform Taylor expansion of Fγ in small (with respect to
subgraph γ) momenta and masses. The summation is over all asymptotically

irreducible subgraphs of Γ.
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Large Mass Expansion
Mass hierachy:

For t quark: mt � mg̃ ,mq̃

For b quark: mb � mt ,mg̃ ,mH,mq̃,mχ̃

For τ lepton: mτ � mt ,mH,mq̃,ml̃ ,mχ̃

5

1 2

43
Γ

=⇒ 5

1 2

43
γ0 = Γ

+

1

3

× 5

2

4
Γ/γ1 γ1

Two contributions to an asymptotic expansion:

1 Taylor expansion of the integrand (log Mhard, but no log mf )

2 subgraph contribution that
I cancel spurious IR poles (in dimensional regularization)
I restore non-analytical dependence of the result on “small” parameters

(log mf and/or log Mhard).
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Pole masses of heavy SM fermions in MSSM

M −mDR
f (MZ )

mDR
q (MZ )

≡ ∆mf

mf
=

. . . αs + . . . αf + . . . g2 + . . . g ′2 [Pierce et al,’97]

+ . . . α2
s [Bednyakov et al,’02]

[Bednyakov et al,05]

+. . . αsαf + . . . α2
f [Bednyakov&Sheplyakov,’04]

[Bednyakov’09]

For t-quark we calculated O(α2
s ) corrections, for b-quark and τ -lepton

two-loop corrections include ones proportional to

αf ≡ y2
f

4π
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Pole masses of heavy SM fermions in MSSM

M −mDR
f (MZ )

mDR
q (MZ )

≡ ∆mf

mf
=

. . . αs + . . . αf + . . . g2 + . . . g ′2 5–8 %, 20–25 %, -(2-10) %

+ . . . α2
s 2–3 %, 10–20 %

+. . . αsαf + . . . α2
f –(5–15) %, –(0.02–2) %

For t-quark we calculated O(α2
s ) corrections, for b-quark and τ -lepton

two-loop corrections include ones proportional to

αf ≡ y2
f

4π
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Running mass of b quark

MSSM, DR-scheme

mDR
b (µ) running mass mDR

b = yDR
b vDR

1 /
√

2

Pole mass Mb

QCD, MS-scheme

mMS
b (µ) running mass, mMS

b (mMS
b ) = 4.20± 0.18 GeV [PDG,’08].
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Running mass of b quark

MSSM, DR-scheme

mDR
b (µ) running mass mDR

b = yDR
b vDR

1 /
√

2

Pole mass Mb

Mb depends both on log mb/µ and log Mhard/µ
decoupling theorem [Appelquist&Carazzone,’74]

“does not” hold

QCD, MS-scheme

mMS
b (µ) running mass, mMS

b (mMS
b ) = 4.20± 0.18 GeV [PDG,’08].
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Running mass of b quark

MSSM, DR-scheme

mDR
b (µ) running mass mDR

b = yDR
b vDR

1 /
√

2

Effective theory, E � Mhard

Pole mass Mb

QCD, MS-scheme

mMS
b (µ) running mass, mMS

b (mMS
b ) = 4.20± 0.18 GeV [PDG,’08].
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Decoupling of heavy particles
MSSM, DR-scheme. up to O(m2

b/M
2
hard

) ∼ 0.1 %

Mb = mb

(
1

)
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Decoupling of heavy particles
MSSM, DR-scheme. up to O(m2

b/M
2
hard

) ∼ 0.1 %

Mb = mb

(
1+

αs

3π

(
4− 3 log

m2
b

µ2

) )

b

b

b

g
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2
hard

) ∼ 0.1 %
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(
1+

αs

3π

(
4− 3 log

m2
b

µ2

) )

b

b

b

g

b b

b̃1,2

g̃

A. Bednyakov (BLTP) Two-loop decoupling corrections 10.07.2009, CALC2009 17 / 25
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b/M
2
hard
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(
1+

αs

3π

(
4− 3 log

m2
b

µ2

)
+
α

4π

(
c1 + c2 log

M2
hard
µ2
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b

b

b

g

b̃1,2
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[
1 +

α

4π

(
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M2
hard
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b

b

b

g
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(
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b
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)
+
α

4π

(
c1 + c2 log

M2
hard
µ2

))

= mb

[
1 +

α

4π

(
c1 + c2 log

M2
hard
µ2

)][
1 +

αs

3π

(
4− 3 log

m2
b

µ2

)]

mMS
b (µ) = mDR

b (µ)

(
1 +

αDR(µ)

4π

(
c1 + c2 log

M2
hard
µ2

))
αMS

s (µ) = αDR
s (µ)
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Decoupling constants

mMS
b (µ) = mDR

b (µ)

(
1 +

αDR

4π

(
c1 + c2 log

M2
hard
µ2

))
αMS

s (µ) = αDR
s (µ)
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Decoupling constants

mMS
b (µ) = mDR

b (µ)× ζmb
(αDR(µ),Mhard, µ)

αMS
s (µ) = αDR

s (µ)×ζαs (αDR(µ),Mhard, µ)

g
b

b
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Decoupling constants

mMS
b (µ) = mDR

b (µ)× ζmb
(αDR(µ),Mhard, µ)

αMS
s (µ) = αDR

s (µ)×ζαs (αDR(µ),Mhard, µ)

We calculate two-loop contribution to ζmb
proportional to

αDR =

{
αs , αb ≡ y2

b

4π
, αt ≡ y2

t

4π

}DR

.

We have
Mhard = {mt ,mq̃,mg̃ ,mχ̃,mH} .
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Decoupling constants

mMS
b (µ) = mDR

b (µ)× ζmb
(αDR(µ),Mhard, µ)

αMS
s (µ) = αDR

s (µ)×ζαs (αDR(µ),Mhard, µ)

Decoupling constants have the following perturbative expansion

ζmb
= 1 + α δζ

(1)
mb + α2 δζ

(2)
mb + · · ·

ζαs = 1 + α δζ(1)
αs

+ α2 δζ(2)
αs

+ · · ·

MMSSM
b (mDR

b , αDR
s , · · · ) = MQCD

b (mMS
b , αMS

s ) +O
(

m2
b

M2
hard

)
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Decoupling constants
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b (µ) = mDR

b (µ)× ζmb
(αDR(µ),Mhard, µ)

αMS
s (µ) = αDR

s (µ)×ζαs (αDR(µ),Mhard, µ)

mDR
b δζ

(n)
mb =

[
MMSSM

b (mDR
b , αDR

s , · · · )
](n)

−
[
MQCD

b (mDR
b ζ

(n−1)
mb , αDR

s ζ(n−1)
αs

)
](n)

,

where

ζ(n) = 1 +
n∑

i=1

αiδζ(i)
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Large Mass Expansion
Mass hierachy:

For t quark: mt � mg̃ ,mq̃

For b quark: mb � mt ,mg̃ ,mH,mq̃,mχ̃

For τ lepton: mτ � mt ,mH,mq̃,ml̃ ,mχ̃

5

1 2

43
Γ

=⇒ 5

1 2

43
γ0 = Γ

+

1

3

× 5

2

4
Γ/γ1 γ1

Two contributions to an asymptotic expansion:

1 Taylor expansion of the integrand (log Mhard, but no log mf )

2 subgraph contribution that
I cancel spurious IR poles (in dimensional regularization)
I restore non-analytical dependence of the result on “small” parameters

(log mf and/or log Mhard).
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Optimal strategy

mMS
b (µ = mMS

b )

(4.20 GeV)

No large logs in the relation between mMS
b and mDR

b !
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1 + α
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c1 + c2 log
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µ

))
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DR→ MS transition

Since ε-scalar mass mε is an unphysical parameter one can take it to
be infinitely large, mε � mb,Mhard. One can formally decouple
ε-scalars together with superpartners. This trick allows one to make a
simultaneous transition from MSSM to QCD and from DR-scheme to
MS [Bednyakov,’07].

There is another (“standard”) way [Harlander et al,’06]. The transition
from DR to MS is realized by two (independent?) steps:

(MSSM, DR)
(1)−−→ (QCD, DR)

(2)−−→ (QCD, MS).

(αs ,mb,MSUSY, ...) −−→ (αs ,mb, αy , λ) −−→ (αs ,mb)
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Results

mMS
b = mDR

b

(
1 + δζ

(1)
mb + δζ

(2)
mb

)
, Mb = mDR

b

(
1 + M̃

(1)
b + M̃

(2)
b

)
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CMSSM parameters: tanβ = 50, A0 = 0, µ̄ > 0, m0 = 1000 GeV
Masses and couplings at MZ are obtained with the help of [SoftSusy].
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Results

t-quark

The task is to
incorporate the
correction into
computer codes,
e.g. in [SoftSusy],
[ffmssmsc].

h0
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Results

b-quark

The task is to
incorporate the
correction into
computer codes,
e.g. in [SoftSusy],
[ffmssmsc].

h0
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Conclusions

Main results include

1 Application of the effective theory approach both to the problem of
decoupling of heavy particles and to the problem of DR→ MS
transition (decoupling of ε-scalars).

2 Calculation of O(α2
s ) contribution to the relation between the running

mass of the t quark in MSSM and the pole mass Mt

3 Calculation of O(α2
s ) and O(αsαf + α2

f ) contribution to the relation
between the running mass of the b quark in MSSM and QCD
mMS

b (µ) = mDR
b (µ)× ζmb

(µ).

4 Calculation of O(α2
f ) contribution to the relation between the running

mass of the τ lepton in MSSM and its pole mass Mτ
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Conclusions

Issues:

1 We neglect electroweak gauge couplings. Masses of the would-be
Goldstone bosons G are gauge-parameter dependent in a linear Rξ
gauge. Numerical analysis shows that different prescriptions for the
Goldstone boson masses MG = MW ,Z and MG = 0 gives different
results in a region of large m1/2

2 Optimization of the computer code is needed
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Gauge dependence of the two-loop yukawa corrections
Blue curve corresponds to MG = 0 (Landau gauge),
Red one — to MG = MW ,Z (Feynman gauge)
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