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1. Introduction

QCD running coupling at the 2-loop order in MS-like (massless) renor-
malization schemes can be solved explicitly as a function of the scale

in terms of the Lambert W function.
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The Lambert W function is the multivalued solution of

Wi (2) exp{Wy(2)} = z, (1)



the branches of W are denoted W,(z), k = 0,%1,... For a real positive
Q% (Q% = —¢°> = —(¢9%2 4+ 3% Q% > 0 and Q% > Q2%. the 2-loop

coupling takes the form

(2) _ =Bo/B1)A+W_1(2g))" L, if0O<ns<8
as™ (Q% ) —{ (Bo/B (1L + Wolsg)y L, fo<nr<is P

where
2 = —(eb))TH(QZ /NN,

Bo and (@1 are the first two @-function coefficients, b1 = ﬁl/ﬁg and

N\ = Ny is the conventional MS scheme QCD parameter.

The solution to RGE, at the three-loop order, with Padé transformed

beta-function

Bro
Bpade = —Boa? | 1+ ~ 50;2 ,

fo = T "




has the form

8o 1
B11 — BoB2/B1? + W—1(€)

1
B BoB2\ (Q%\ b1
5__aexp<51 ) (ﬁ) |

The running coupling in higher order (k > 3) in arbitrary M S-like

AP Q2 ) = —

renormalization scheme was expanded as

o{(@?) = z P alPm(Q?). (3)
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B Main ingradients of the APT of Shirkov and Solovtsov:

Adler D-function related to some timelike process in PT:

D(Q?) = Do(1+ 3 dna™™(Q2)),

n=1

the corresponding APT image is given by non-power expansion:

Dan(Q?) = Do(1 4+ Y dnAn(Q?))

n=1
The physical quantity R(s) determined through D(Q?) in the timelike

domain in APT has the representation

R(s) = Ro(1 +7(s)) r(s)= ) dnn(s, [).

n=1
The functions 2,, are defined through the transformation
1 s+1€ 2
an(s) — = —An(—Z),
271 Js—ie z



2 _1 Oopn(0-7f) _1 > do
An@) = [T, Ay = [ pn(o)do

where the spectral function:

pn(o) = %{048(—0 — ’LO)}n

m | he spectral functions are to be calculated in perturbation theory.
The analytical structure of the coupling must be determined in the

complex momentum plane.



The talk is organized as follows:

1. I shall discuss the singularity structure of the MJS coupling in

higher orders in the complex Q2 plane,

2. I shall give the proof of the convergence of the series
o
k k) (2
(@) = 3 a2,
n=1
in the MS scheme to all orders in perturbation theory.

3. The radii of convergence of series at 3- and 4-loops as a function

of nf

4. Applications of the series in the Shirkov-Solovtsov Analytic Per-

turbation Theory approach.



2. The Analytic Structure of the Coupling to
Higher Orders

The RG equation, to the kth order:

das(Q?)

k—1
anoz = A (es(@)) = = X Bufas(@))" 2. (4)

n=0

as(p?) = g°/(4m),

The results for the coefficients 3, in the MS scheme are known up

to 4-loops. With a new variable:
w=Q?/N?
and a modified running coupling,

as(u) = Boas(Q?)



the RGE equation:

das(u)

k—1
o= (as(w) =~ 3 bnag™(u) (5)

n=0

where 3 (as) = Bo8*) (as/Bp) and by, = Bn/850T 1. at the singularity

U

ol () = W /(= uSONE as w— W),
Let us integrate the RGE
t =T%(a) (6)
where t = In(u).
t = 1/a—byIn(by +1/a) + /Oag(k)(a/)da’ : (7)

g (a) = 1/8%(a) - 1/32(a),
where 3(2)(a) is the 2-loop 3-function.

The function T(k)(a) can be expressed in terms of the elementary



functions. In the 3-loop case, we find

T®3)(a) = 1/a + by In(a) — 0.5b1 In(bpa? + bra+ 1) + T (a) — 713 (0),

where

73 (a) = «

(8)
( 5 5
b — b1 arctan (bl T Qan) if0<ny<5
\/A(3)2 v A3) (9)
2by — b7 a— aq ,
In if 6 < ny <16,
|2 By NE) az —a

here AG) = 4by — b2, and a1 o = (b1 +\/—AB3)/(2b3). In the MS
scheme ABG) >0 (< 0)if0< ng<5 (6 <ny<16) (see tables 1 and

2).



In the 4-loop case, we find

3
T (@) = 1/a+biIn(a) —b31 Y EjIn(a — a;) + To (10)
1 =1

where a; (i=1..3) denote roots of the algebraic equation, for k = 4,

k—1
B(k)(a)/a,2 = — Z bna = 0, (11)
n=0
and

E; = {af(a; —aj)(a; —ap)} 1, i#EjFk

where (i,7,k) is a cyclic permutation of (1,2,3). we may rewrite
equation (10), for 0 < ng <7, as

t =1/a+ by In(a) +T¢% (a) — T (0), (12)



where T1(4)(a,) is a regular at zero function

7 (a) = b3 {E1 In(a — a1) — Re(E>) In[(a — az)(a — a3)]
—2Im(FE>) arctan [(a — Rea2)|1ma2|—1]}. (13)

In the 4-loop case for 8 < nf < 16, may now be rewritten, for 8 <
nf S 16,

3
t=1/a+byIn(a) —b3* Y E;In(a; 1(a; — a)), (14)
1=1

We have first to discuss the analytical properties of the inverse func-

tion t = T(*)(a) in the complex coupling plane.

For 0 < mny <5 at 3-loops and 0 < ng < 7 at 4-loops the cuts are



chosen as
{a :Im(a3) < Im(a) < oo, Re(a) = Re(a3z)}

{a: —o00 <Im(a) <Im(as),Re(a) = Re(ap)}

Consider now the cases with real roots (6 < nf < 16 at 3-loops
7 <ny<16 at 4-loops). Let a1 be the negative root, and a» be the
positive one (in the 4-loop case a» is the smallest positive root). The

branch cuts then can be chosen along the real intervals

{a:—c0<a<0} and {a:ap <a< oo}



Im(a) Im(a)

ba

ai
h Re(a) a1, .a3Re(a)

P

(3) 0<n;<7 (b) 8<n;<16




Evidently, the singular points are determined by the limiting values
of the function T(¥)(a) as a tends to infinity. The 3-loops case for
6<ny<16

2

0.5b7
tgs)(nf) —0.5b1 In |bo| + \/7 |a2/a1|:|:z(0 5b1 + \/T:)’%)f/

6 <np<16

In the 4-loop case for 8 < ny < 16:

3
£ () =031 S Epin|ag| +1(Ey + E3). (15)
k=1

It is important to determine whether or not the singular points tgf)(nf)

are located inside the strip —m <Im(t) <.



1) If the points lie inside the strip, then the unphysical Landau sin-
gularities appear in the first sheet. Then perturbation theory is in-

complete: This case corresponds to real-world QCD, where nf < 6.

2) In the second case, the singular points may arise beyond the strip.
So that there are not real or complex singularities on the first sheet
of the momentum squared variable, and thus perturbation theory is

consistent with causality.

The value of nf above which the causal analytical structure of the

coupling is restored can be found from the equation
Im{t()(n®)} = +r. (16)
We find

n}(Q) ~ 9.68, n}“) ~ 8.460 n}(‘*) ~ 8.455



Note that for ny > n;‘c the @-function has a positive infrared stable
fixed point.
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Non-perturbative studies show that there is a phase transition in QCD

with respect to nf inside the range 0 < ny < 16:
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via the non-Abelian Coulomb phase with no color confinement and



dynamical chiral symmetry breaking.
B Oehme-Zimmermann criterion for the gluon confinement, the su-

perconvergence rule for the transverse gluon propagator, determines
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It has been confirmed that the perturbative running coupling beyond
the 1-loop approximation always is causal inside the conformal win-

dow, i.e.
n}? < N](c:r.
T his condition is scheme independent.

[14] E. Gardi and M. Karliner, Nucl. Phys.B529 (1,2) (1998) 383-
423.

Consider now the cases where the g-function has complex roots. In

the M S scheme this takes place at 3-loops if

O<nf<5 at 3 —loops

Ognf§7 at 4 — loops.



Using the methods of complex analysis we find real singularities

3 by — b7 [ 7 by
Em)) (ng) = —0.501In(b2) + 1 1= _ arctan

Ja@ |2 JA® ]’
L(4)

rhp. (nf> = bgl (—QIm(EQ) <0.57r + arctan ( Reao ))

Imas|
+E7Inla1]| + 2Re(E>) Inap]), (18)

(17)

as well as complex singularities
tio) L (np) = t83) (ng) — m(2b2 — b3)/V AG) £ umby, (19)

ti) (np) = t4?) (nf) + 2xIm(E2) /b3 + ur (b1 — E1/b3). (20)

singularities always present in the first sheet of the Q2—plane.



a1 = an

3 3
tf«h;);. tz(hg.i

b wN = OoS

—0.39+0.88: 0.84 —1.5442.652
—0.40+0.892 0.84 —1.5142.632
—0.42+0.92: 0.83 —1.43 1253
—0.45+0.97, 0.81 —-1.2942.482
—0.53+1.07, 0.77 —1.03+£2.32
—0.82+1.352 0.65 —-0.4242.072

nf

aj

ao tgf)

6
7
3
9
10
12
14
16

-1.49
-0.388
-0.65
-0.51
-0.40
-0.25
-0.12
-0.02

7.09 0.17 £0.08:
1.24 —0.16F 1.05¢
0.66 —0.02F2.361
0.41 0.62F4.261
0.26 2.17F7.21
0.1 13.6F21.3
0.03 98 F 901

0.001 6216 F 2852,




ap» = a3z

L(4) A(4)

ng a1 rhp. Lhp.+
O -0.80 0.13—-0.78 1.16 —1.2940.962
1 -0.79 0.13-0.78: 1.16 —1.28+0.93
2 -0.79 0.14-0.79: 1.16 —-1.26+0.872
3 -0.80 0.16-0.81: 1.15 —-1.204£0.772
4 -0.80 0.19-0.84: 1.11 —-1.104+£0.59
5 -0.81 0.26—-0.91: 1.04 —-0.94+0.292
6 -0.79 044 —-1.01:. 0.82 —-0.71=F0.222
7 -0.74 1.12—-0.97: -0.05 —-0.42.F1.072

n aq aon a3 t(ﬁ)

8 -0.62 0.70 6.48 —-0.09F2.37

9 -0.48 0.43 4.81 0.52F4.29%

10 -0.36 0.28 1.94 195Fx7.32

12 -0.19 0.11 0.55 13 F 222

14 -0.09 0.03 0.20 98 F 921

16 -0.01 0.001 0.03 6219 F 2858




3. The Proof of the Convergence of the series

Inserting the series

(@2 = 3 MalP(@?). (21)

n=1
into the RG equation (4), we recursively determine the coefficients

{cf,(q,]““)}%@::3 in terms of ¢» (¢ = 1) and the g-function coefficients. We

have that: cgk) — 0. Let us change the variable according to

Q2 = 0 = Boal?(Q?)

and consider the new function

w(®) = w® () = P (Q2) /0 (@?) - 1.

The RG equation (4) may be rewritten as

g3V

g =P 0.w), (22)



where

w 2 k
(1 :_“bll)@ Z bnd™(1+w)" — (w+1),  (23)

and b, = ﬁn/ﬁn"'l. The function of two variables (%) (w,6) has the

Taylor expansion

FR 0, w) =

FfO w0 = S i wmen, (24)

m,n=0

with ”c() ) — = 0, ngkg = 1 and n(gkl) = 0. In the 4-loop case, the expansion

IS
(M) (w,0) = w + b16w + 5262 + w2 + (b3 — b1b2)03 + ... (25)
With the initial condition
w(0) = 0,

this equation has a singularity: for 6 = 0 and w = 0 the ratio



f(@(e,w)/@ is undefined. Nevertheless, in the special case where

k k k
né,S =0, 775,3 =1 77((),1) =0

an analytic solution satisfying the initial condition w(0) = 0 may be
found. The expansion (24) converges in the domain D = {0 < |w| <
r1,0 < |8| < ro}, where r1 and ro are some positive numbers chosen
in the range {r{,r70 : 111 < oo, 1ro < 1/|b1|}. It follows then from the
classical theory that there exists a positive number M) such that
£ (w, 0)] < M®) for (w,0) C D, and the coefficients nit), satisfy the

inequalities

mSnl < Eh. where g4 = MW, (26)



Under these conditions, we may show that there exists a regular
solution to equation (22)
= _(k
w(®) = w® (@) = 3 Mo, (27)
n=>2
where cq(f) = ﬁgnc(k) with c(k) being the coefficients in the original

n—+1’
series (21).

Consider now the auxilary function w = w(#) satisfying the equation

A (k)
(1 —w/r1)(1—0/r>2)
it has the Taylor expansion

@ = f{"(@,0) =

— M) (1 + Y4 3) . (28)
1 r2

fP@ey= S B amen, (29)
m=0,n=0



with the coefficients g(k) defined in (26). Equation (28) has a series
solution

@(0) = &M () = z 1o". (30)

Considering the recurrence formulas for the coefficients for c(k) and

%2’“) one may derive

OISV OR

or n=2,3...

So that the original series converges.



4 Determination of the Radius of Convergence
of the Series

By a change of variable Q2 — 0 = aéQ)(u) (v = (Q/N)?) equation (5)
can be rewritten
da Y Pt bpant?

n=0

do 0241103

(31)

where a=A()(9) = aék)(u) = 5oa§k>(Q2). In the preceding section,

we have shown that the series (27) or equivalently the series

a= A(0) = fj End", (&n = By " Ten) (32)

n=1
has a positive convergence radius. It is possible then to define the

inverse function 6 = ©(a), which can be expanded in powers of a

©(a) = )  dna™. (33)
n=1



The series (33) is also convergent. Under this condition, we may
apply the classical method for estimating the convergence radius of

series

There are two possible cases to be considered. First, suppose that
0o be a finite singularity of A(6),

do(a)
da

0o = ©(ag), = 0. (34)

a=ag

Using (31) at 6 = 0y, we may rewrite (34) in the form

do _ 03(L+b160)
dala=ag Zg_l bna’8+2

0, (35)

for a finite ag (which is not a root of Z’S_l bnag = 0) this equation

has only two solutions 6 = 0, which should be rejected, and

0p = —1/bq (= —-81/64 for ne = 3). (36)



Secondly, suppose that there exists a curve C' going to infinity in the

domain of analyticity of ©(a) along which

©(a) - 0g< oo as a— oo While a€C, (37)

then 6 is a singular point.

Consider the 3- and 4-loop cases with
0<ny<5 and 0<ne<7
Let us integrate equation (31) in the real range

1/6 — by In(by & 1/6) = 1/a — by In(by + 1/a) + /Oag(k)(a/)da’, (38)

where

g® (@) = (BX) (a))~1 — (3@ (a)) 1 (39)



Equation (38) may be continued for complex values of a and 6. Fortu-
nately, we may solve the transcendental equation (38) for 0 explicitly

as a function of a in terms of the Lambert-W function
0 = O(a) = b7 (1 + Wn(2)) 1, (40)
where z = ¢(a) with ¢(a) = —(eb1) L exp(—T(a)/b1)

T(a) = 1/a — by In(by + 1/a) + /Oag(a’) da’. (41)

In the region a > 0 inside the convergence disc of the series (33)

6 =0W () =—b71(1+W_1(¢¥(a))) L. (42)

Formula (42) can be continued beyond the convergence circle on the
positive a-axis. On using (42), we calculate the limit of ©(a) as

a — oo along positive a-axis, determining thereby the singularity of



the function a = A(0)

o) = b A+ W (W)t =Py, (43)
since
(Boo) = tim W) = ~(bre) ugpp) M (44)

and “Ef]fr)) — exp (tEﬁ%o) being the Landau singularity located on the

positive u-axis (see the 3-and 4-loop formulas (17) and (18)).

We find exactly one real negative solution for 6 inside the negative
interval a € (a,0), where a — —oo in the 3-loop order and it is the
finite negative root of (11) in the 4-loop order. This solution is

determined in terms of the branch Wy(z2)

k) (a) = —b71(1 + Wo(C™ (a))) L, (45)



where %) (q) = (eby) L exp(=T*)(a)/by) and

() (a) = 1/a — by In(—1/a — by) + /oag(a’) da’. (46)

In general, the singularities of T'(a) are, at the same time, singular-
ities of ©(a). Nevertheless, ©(a) is regular at a = 0, where T'(a) is
singular. On the other side, ©(a) may have additional singularities
ap+ arising due to the common branch point of Wp(z) and Wi1(z) at
z = —1/e. To determine locations of these singularities we numeri-

cally solve the equation

zzc(k)(a)z—l/e (47)

at the 3- and 4 loop orders.

To define the analytical continuation we demand that the function

0 = ©(a) = ©(¢(a)) will be continuous as a function of the phase



of a. This will be achieved if we use the rules of counter-clockwise

continuity to select the branches of W when the curve crosses the

branch cut.
W_i(x+::0) =Wi(x—1:0) if —-1l/le<ax<O (48)
Wi(x —10) = Wp(x +1:0) if —oco<z<—1/e

Wn(x +10) = Wy41(x —20) if —oco<zx<0 and n>1.

Having the analytical structure of ©(a) established, we can construct

explicit expressions for ©(a) in the entire cut complex a-plane.

We may now define the analytical continuation along negative a-

axis determining the relevant branch on the negative a-axis. Making



a — —oo in (45), we determine the singular point in the 3-loops

o) = iim @) = -(b1(1 + Wo(@®(—c0)))™t ,  (49)

{3 (—o0) = (eby) L exp(—T3) (—0) /b1),

with
0
T3 (—o0) = lim T(?’)(a):—bllnbl—p.v./

—O0

9(3) (a)da = Re(tl(r?gi),
(50)

In the 4-loop case, the limiting values of this analytic function from
above and below the left-hand cut, i.e. the limits of T(#)(a) as

Im(a) — 0 for Re(a) < aj, may be determined as

7 (a) = 1/a — by In(|by — 1/]al]) +p.v./oag<4>(s)ds tikm,  (51)



where k stands for the residue

k= lim (a—a1)g™® (a) = (ba+bzay){b3(1+b1a1)(a;—az)(ag—az)} L,

a—aq

and a;, i=1..3, denote the roots of (11).

Then we find

05, = b7 (1 + Wo(TP(—00))™Y for 0<ny<5 (52)

§42)j:: b11(1+Wi1(C(4)( o))"t for 6<n;<7

where CS_L4)(—oo) = (ebq) 1 exp(—Tf’)(—oo)/bl), and

TN (—00) = lim T (a +10) = Re(tnpy) + s, (53)

here the subscript “4"” shows that the limits were evaluated keeping

the upper (lower) side of the cut. Evidently, Qgg §42)+



In

ng | O 1 > 3 4 5

0'3) | 0.627 | 0.635 | 0.653 | 0.691 | 0.776 | 1.029

0'3) | -0.594 | -0.601 | -0.618 | -0.653 | -0.731 | -0.956
n 0s.1 nq 0s.04 05.04] | no p
0 0.485 1| | —0545F0.334:| 0.639 | 0 | 0.485
1 0.488 1| | —0544F0.341: | 0.642 | 0 | 0.488
> 0.497 1| | —0.546 F0.354: | 0.650 | 0 | 0.497
3 0.516 1| | —0.550F0.380: | 0.668 | 0 |0.516
4 0.554 1| | —0.552F0.429: | 0.699 | 0 | 0.554
5 0.641 1| | —0533F0.526:| 0.748 | 0 | 0.641
6 0.934 1| | —0.394+0.672:| 0.779 | +1 | 0.779
7 | —0.887F1.531s | F1| | —0.1054 0.614: | 0.623 | +1 | 0.623
the 3-loops:

,5(3) = |9§32)(nf)| for 0< nf < b.




In the 4-loops:

- 4 .

74 = \9§.1)(nf)| if 0<ng<5,

- 4 :

p(4) = |9§.2)(nf)| if 6<n;<T.
The radius of convergence of the original series (21) is

ptk) = 5(k) /4

(,0(3) = 0.965 and p(4) = 0.720 for ny=3).

Next consider the cases with large nf values where the g-function
has non-trivial real zeros. This takes place in the 3-loop case for

ne = {6 — 16}. From now on we shall confine ourselves to the 3-loop

case. Then we determine the singular points on the 6-plane:



ng Win 6Op=-1/by |0s14| p

6 Wi, -1.885 2.114 1.885
7 Wiy 3.008 0.664 0.664
8 Wixi9 48.17 0.417 0.417
9 Wx1 2.08 0.291 0.291
10 Wx1 0.761 0.208 0.208
11 Wx1 0.360 0.148 0.148
12 Wxq1 0.180 0.102 0.102
13 Wx1 0.087 0.067 0.067
14 W1 0.037 0.039 0.037
15 Wx1 0.011 0.018 0.011
16 W-; 0.001 0.003 0.001




6 The Momentum Scale Associated With the
Convergence radius of the Series

The convergence region of the series (32) in the momentum squared
space may be easily determined, since the function 6 = a(2>(Q2) for
real positive Q2 > Q% > 0 is monotonic (Q% being the real Landau
singularity of the 2-loop coupling which appear if 0 < nf < 8.05).
First, we consider the series for large nf values. Note that the quantity
fo = —by * in the Banks-Zaks domain (nf > 8.05) is the infrared fixed
point of the 2-loop coupling 6 = a(2)(u). So that the restriction,
0 < 0 < |b1|~ 1, holds for all Q2 € (0,00). From the Table 10, we see
that p = 6y for nf = {14 — 16}. This means that the series (32) at 3-
loops for nf = {14 — 16} converges in the whole interval Q2 € (0, o).
Let nt* be the lowest value for which this condition holds (nf* = 14

in the MS scheme). For nf < nf*, the series (32) converges in the



more restricted domain Q2. < Q2 < oo (Q2. > 0). The value of

Qmm may be determined from the equation
0=aP(u) =—b7 (1 +Walz) ' =5 (54)

where zg = —(eby)tu™1/%1 and u = Q2/A? (see Eq. (2)). Solving
(54), we obtain

Umin = Qanin/AN? = (b1 + 5 1) PLexp(p™h).
The results for the dimensionless quantity VUmin = Qmin/N (Qmin =
mm) to the 3- and 4-loop orders for ng = {0 — 6} are tabulated

in Table 11. We compare ,/umiy With the ratio /ump = Qrnp/N
(the value thp — ,/thp corresponds to the real space-like Landau

singularity of the coupling).

The ratios \/ugfi)n = ngi)n//\ and \/ugﬁé = ng?)//\ in the MS scheme
to the 3-and 4-loop orders for ng = {0 — 6}.



ne ud o Vmn |/ U
O 1.571 1.525 1.790 1.790
1 1566 1.521 1.788 1.788
2 1558 1.514 1.784 1.784
3 1541 1500 1.773 1.773
4 1505 1.467 1.745 1.745
5 1416 1.384 1.678 1.678
6 1.283 -— 1.623 1.507
It is seen from the Table that in general the quantity Q can not
be identified with the real Landau singularity Q The equality

len

thp holds only in the cases where the convergence radius

p is determined via the real (space-like) Landau singularity. This
happens, for example, in the MS scheme in the 4-loop case for nf =
{0 —-5}. However, in the cases where p is determined via the complex
Landau singularities, thpi, the relation between Qmm and QIhp:I: IS

not so simple, and then the inequality holds Qmm > thp Such a



situation occurs, for instance, in the MS scheme in the 3-loop case
for ng = {O — 5}.

It is reasonable to compare Qmin With the infrared boundary of QCD,
the momentum scale uc that separates the perturbative and non-
perturbative regimes of the theory in the confining phase. Several
estimates for this quantity was suggested using different nonpertur-

bative methods. In recent work

Alekseev, A. 1., Arbuzov, B. A.: Mod. Phys. Lett. A20, 103 (2005)

an useful nonperturbative approximation for the QCD g@-function was
constructed. This model, with the perturbative MS scheme compo-

nent of the g-function to the 3- and 4-loop orders at nf = 3, predicts



that

(NC/AQCD)S—loop ~ 3.204,

(“C//\QCD)ZL—loop ~ 3.526.

Another way to estimate the infrared boundary is to use arguments
based on dynamical chiral symmetry breaking in QCD. There are the
results obtained within the nonperturbative framework of Schwinger-

Dyson equations
Fomin, P. I., et al.: Riv. Nuovo Cimento 6, 1 (1983)

According to this the critical value of the coupling needed to generate
the chiral condensate is ac = 7w/4 (for Nc = 3 QCD). It is reason-

able to identify the corresponding scale with the infrared boundary.



One way to obtain approximations to uc is to use the perturbative
expressions for the coupling in the MS scheme. Then the equation
ag’@(ug) = 7 /4 to the 3- and 4-loop orders yields the estimates, at
ng = 3,

(he/Ngig)3—1oop = 1.972  and  (pc/Ngzg)4—100p = 2.115.

At least the above considered estimates are consistent with the in-
2

equality Q2. < p2.

This enable us to suppose that the series expansion (32) in the MS
scheme may be safely used in the whole perturbative region ug <
Q? < 0.



6 Application to Analytic Perturbation Theory

In the Analytic Perturbation Theory (APT) approach of Shirkov
and Solovtsov, Euclidean and Minkowskian QCD observables (which
depend on the single scale) are represented by asymptotic expan-
sions over non-power sets of specific functions {A( )(u)} >, and
{Ql%k)(s)}gozl respectively, here v = Q2/A? and 5 = s/A2. These
sets are constructed via the integral representations in the following

way

(k) (k)
o0 g)dg _ 1 oo S
7T JO s+ u 7 Js S
where the spectral densities to the kth order are determined from

powers of the running coupling: oy )(g) = —S(aF)n(—c440)). In APT



the power series (32) give rise to the following series of functions

A () = Z B AP () m=1,2... (56)
Ak (5) = Z cBalP ) m=1,2... (57)
o (s) = Z Cinor)(s) m=1,2. (58)
where ng% — 1. The sets of coefficients {Céﬁ% gy m =12,

are constructed from the set of coefficients of the original series,
{c(k)}n 1, according to the rules for products of power series: Cgk,,,)b —

E,Sk), Cékr)b — Z? } g“)ch(k) etc. The spectral densities at the 2-loop

order can be expressed analytically in closed form

o2 (&) = b7"S(1 + W_1(2))™"  with

2o = (eby) "t VP exp (—am(1/b1 — 1)).



Now we are going to prove that the series of functions (56), (57) and
(58) are uniformly convergent over whole ranges of the corresponding
variables: 0 < u < o0, 0 < s < oo and 0 < ¢ < . Evidently, it is
sufficient to prove that the series (58) is uniformly convergent. Let
us now write W_1(z0) =W =X+, (1L+W)~1 = Rexp (1W), where
R=((X+1)24+Y2)"1/2 and w = arcsin(—=YR) (for the branch W_q,
we have —37 < Y < 0). According to this, we may rewrite the 2-loop

spectral densities (59) as

o2 (¢) = (R/b))"sin(n¥), n=1,2.... (59)

It is seen from Eq. (59) that the modulus of the spectral densities

are bounded above

10652()] < (Bmax)™, (60)

where Omax = Rmax/b1 and Rmax is the maximal value of R in the



range 0 < ¢ < oo. We find useful to use the “Maple 7"’ for determining
Rmax numerically. In Table 12, we listed numerical values of Omax in

the phenomenologically interesting cases ny = {0 — 6}.

ne 0 1 2 3 4 5 6
Omaz 0.237 0.237 0.238 0.240 0.243 0.249 0.259

73)  0.594 0.601 0.618 0.653 0.731 0.956 1.885
54)  0.485 0.488 0.497 0.516 0.554 0.641 0.779




Note that all the power series > 02 mc(’“) , m = 1,2..., have the
same radius of convergence, p(k), as the original series (32). This

follows from the definition

00 m
k ~(k
z e o (z &t >el) . (61)
=1
Consider now the set of numerical series of positive terms

Z cEen - om=1,2..., (62)

n=m
looking at the numbers in Table 12, we see that Omax IS inside the

convergence disk of the series (61): 0 < Omax < ﬁ(k), both in the 3-
and 4-loop cases. Hence all the numerical series (62) are convergent.
Combining this fact with the bounding conditions (60), we find that
the series of functions > 52, |C§r’f21g7g )(§)|, m =1,2..., are uniformly
convergent by the comparison test due to Weierstrass. Then all

the series (58) are uniformly convergent. Hence by the arguments



given above, the series of functions (56) and (57) are also uniformly

convergent.

The expansions (56) and (57) enable us to calculate the infrared limits
of the APT expansion functions. Thus we may reproduce remarkable

results of Shirkov and Solovtsov in a mathematically rigorous way.

Since

lim AP (u) = I|m+9l( )(5) = 6, 1.

u—0T s—0

These relations may be extended to higher orders by means of the

expansions (56) and (57). Thus we can write

lim A% (4) = Z clk) im AP (w)y =c®) =5, 1, (63)

u—0T u—0T m,1 =



The universality of Agk)(O) and %gk)(O) (the scheme independence

and invariance with respect to higher-loop corrections) is evident.



Conclusion

e \We systematically investigate the analyticity structure of the mod-
ified coupling as(Q?%/A?) at 3- and 4-loops in the complex u =
Q?/A? plane for all ny values in the range of AF 0 < ny < 16. In
the confining phase of the theory, for relatively small nf values,
we have found a pair of complex conjugate singularities (besides
of the real Landau singularity) in the first Riemann sheet. Just
these complex singularities determine the radius of convergence

of the series solution for most values of nf.

e we have proved that in the M S-like schemes the power series solu-
tion has a finite radius of convergence to all orders in perturbation

theory for np = 1—-16.

e \We have determined the analytical structure of the higher order



coupling in the complex plane of the 2-loop running coupling 6
0 = a$?(Q2/A2?)). We have considered the 3- and 4-loop cases
for 0 < ny <16 and 0 < neg <7 respectively. The correspondence
between the singularities of the coupling in the Q2 and 6 planes
have been established. Comparing the singularities of the coupling
in the 6-plane, we have determined the radii of convergence of
the series solution. The radii have been found to be sufficiently

large from practical point of view,

We have studied the convergence properties of the non-power
series constructed from the series (32) according to the rules of
the QCD Analytic Perturbation Theory of Shirkov and Solovstov
in both the space- and time-like regions. We have shown that the
Euclidean and Minkowskian variants of these non-power series are

uniformly convergent over whole domains of the corresponding



momentum squared variables. A mathematically rigorous proof
of the finiteness and universality of the analytic coupling at zero

momentum has also been presented.



