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We don’t know all physics up to infinitely high energies
(or down to infinitely small distances)
All our theories are effective low-energy (or large-distance)
theories

(except The Theory of Everything if such a thing exists)
There is a high energy scale M where an effective theory
breaks down. Its Lagrangian describes light particles
(mi �M) and their interactions; physics at distances
. 1/M produces local interactions of these light fields.
The Lagrangian contains all possible operators (allowed by
symmetries). Coefficients of operators of dimension n+ 4
contain 1/Mn. If M is much larger than energies we are
interested in, we can retain only renormalizable terms
(dimension 4), and, maybe, a power correction or two.
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Vacuum diagram

k

n

∫
ddk

Dn
= iπd/2Md−2nV (n)

D = M2 − k2 − i0

V (n) =
Γ(−d/2 + n)

Γ(n)



2-loop vacuum diagram
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Full theory (QED)

L = ψ̄0 (i /D −M0)ψ0 −
1

4
F0µνF

µν
0

− 1

2a0

(∂µA
µ
0)2

Dµψ0 = (∂µ − ie0A0µ)ψ0

F0µν = ∂µA0ν − ∂νA0µ

Renormalization

ψ0 = Z
1/2
ψ ψ A0 = Z

1/2
A A

a0 = ZAa e0 = Z1/2
α e M0 = ZmM
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MS scheme

e20
(4π)d/2

= µ2εα(µ)
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+ · · ·



Photon propagator
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On-shell renormalization

A0 = (Zos
A )1/2Aos

D⊥(p2) = Zos
AD
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Near the mass shell
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+ · · ·

By definition, Dos
⊥ (p2) behaves as the free propagator 1/p2

near the mass shell
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Low-energy effective theory (QPD)
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Photon self-energy
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2 loops
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Charge

Full theory (QED)

Zα = Z−1
A Zos

α = (Zos
A )−1

Effective low-energy theory (QPD) — no renormalization
On-shell charge (measured at large distances) is the same

αos = α′

α(µ) = ζα(µ)α′ ζα(µ) =
Zos
α

Zα
= ζ−1

A (µ)
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Popular choice: µ0 = M(µ0)

ζα(µ0) = 1 +
13

3

(
α(µ0)

4π

)2

+ · · ·

Another popular choice: µ = Mos

M(µ)

Mos

= 1− 6

(
log

µ

Mos

+
2

3

)
α

4π
+ · · ·

ζα(Mos) = 1 + 15
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α(Mos)

4π

)2
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QED with massless electrons and heavy muons

ψ0 =
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ζ0
ψ

)1/2
ψ′0 ψ(µ) = ζ

1/2
ψ (µ)ψ′(µ) ζψ(µ) = ζ0

ψ

Z ′
ψ

Zψ

/pS(p) = ζ0
ψ /pS ′(p) +O

(
p2

M2

)

Near the mass shell p→ 0

S(p) =
Zos
ψ

/p
Zos
ψ =

1

1− ΣV (0)

S ′(p) =
Z ′os
ψ

/p
Z ′os
ψ =

1

1− Σ′
V (0)

= 1

ζ0
ψ =

Zos
ψ

Z ′os
ψ

=
1

1− ΣV (0)
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(
ζ0
ψ

)1/2
ψ′0 ψ(µ) = ζ

1/2
ψ (µ)ψ′(µ) ζψ(µ) = ζ0

ψ

Z ′
ψ

Zψ

/pS(p) = ζ0
ψ /pS ′(p) +O

(
p2

M2

)
Near the mass shell p→ 0

S(p) =
Zos
ψ

/p
Zos
ψ =

1

1− ΣV (0)

S ′(p) =
Z ′os
ψ

/p
Z ′os
ψ =

1

1− Σ′
V (0)

= 1

ζ0
ψ =

Zos
ψ

Z ′os
ψ

=
1

1− ΣV (0)



2 loops

ζ0
ψ = 1 +

2(d− 1)(d− 4)(d− 6)

d(d− 2)(d− 5)(d− 7)

e40M
−4ε
0

(4π)d
Γ2(ε)

ζψ(M) = 1− 5

6

(
α(M)

4π

)2

+ · · ·



2 loops

ζ0
ψ = 1 +

2(d− 1)(d− 4)(d− 6)

d(d− 2)(d− 5)(d− 7)

e40M
−4ε
0

(4π)d
Γ2(ε)

ζψ(M) = 1− 5

6

(
α(M)

4π

)2

+ · · ·



Electron mass

On-shell mass is the same

mos = m′
os

m0 = ζ0
mm

′
0 ζ0

m =
Zos
m

Z ′os
m

m(µ) = ζm(µ)m′(µ) ζm = ζ0
m

Z ′
m

Zm
=
Zos
m

Z ′os
m

Z ′
m

Zm

When calculating Zos
m we may set m = 0, then Z ′os

m = 1, Zos
m

is given by diagrams with a muon loop



Electron mass

On-shell mass is the same

mos = m′
os

m0 = ζ0
mm

′
0 ζ0

m =
Zos
m

Z ′os
m

m(µ) = ζm(µ)m′(µ) ζm = ζ0
m

Z ′
m

Zm
=
Zos
m

Z ′os
m

Z ′
m

Zm

When calculating Zos
m we may set m = 0, then Z ′os

m = 1, Zos
m

is given by diagrams with a muon loop



2 approaches

QED processes with pi ∼ m�M

1. Low-energy effective theory

L′ = ψ̄′0i /D
′ψ′0 −

1

4
F ′

0µνF
′µν
0 +

c0
M
ψ̄′0F

′
0µνσ

µνψ′0 +O
(

1

M2

)
2. Expansion by regions (hard and soft)

⇒
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c ∼ e5

Two ways to search for “new physics”:

I To raise energies of our accelerators in the hope to
produce real new particles (e.g., muons);

I To measure low-energy quantities (such as the electron
magnetic moment) with a high precision in the hope to
find effects of higher terms in the effective Lagrangian
caused by loops of virtual new particles



Power counting

λ =
m

M

When acting on soft fields,

∂µ ∼ λ

Soft photon

<0|T {Aµ(x)Aν(0)} |0> ∼
∫

d4p

(2π)4
e−ip·x

1

p2

[
gµν − (1− a)

pµpν
p2

]
p ∼ λ, x ∼ 1/λ

A ∼ λ

Dµ ∼ λ
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Power counting

λ =
m

M
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Soft photon

<0|T {Aµ(x)Aν(0)} |0> ∼
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Soft electron

<0|T
{
ψ(x)ψ̄(0)

}
|0> ∼

∫
d4p

(2π)4
e−ip·x

1

/p−m

ψ ∼ λ3/2

Lagrangian

FµνF
µν ∼ λ4 ψ̄ (i /D −m)ψ ∼ λ4 ψ̄Fµνσ

µνψ ∼ λ5

Action: 1, λ . . .



Soft electron

<0|T
{
ψ(x)ψ̄(0)

}
|0> ∼

∫
d4p

(2π)4
e−ip·x

1

/p−m
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QCD

L = −1

4
Ga

0µνG
aµν
0 +

∑
i

q̄0ii /Dq0i + Q̄0 (i /D −M0)Q0



Low-energy effective theory

L′ = −1

4
G′a

0µνG
′aµν
0 +

∑
i

q̄′0ii /D
′q′0i

+
cG
M2

fabcG′a
0λ
µG′b

0µ
νG′c

0ν
λ

+
cV
M2

(∑
i

q̄′0iγ
µq′0i

)(∑
j

q̄′0jγµq
′
0j

)

+
cV c
M2

(∑
i

q̄′0iγ
µtaq′0i

)(∑
j

q̄′0jγµt
aq′0j

)

+
cA
M2

(∑
i

q̄′0iγ
[λγµγν]q′0i

)(∑
j

q̄′0jγ[λγµγν]q
′
0j

)

+
cAc
M2

(∑
i

q̄′0iγ
[λγµγν]taq′0i

)(∑
j

q̄′0jγ[λγµγν]t
aq′0j

)
+O

(
1

M4

)



QCD

α(nl+1)
s (µ) = ζα(µ)α(nl)

s (µ)

ζα(Mos) = 1 +

(
15CF −

32

9
CA

)
TF

(
αs(M)

4π

)2

+ · · ·

RG equation

d log ζα(µ)

d log µ
+ 2β(nl+1)(α(nl+1)

s (µ))− 2β(nl)(α(nl)
s (µ)) = 0



QCD

mbmb − 0.5GeV mb + 0.5GeV
0.21

0.215

0.22

0.225



Photonia

Imported a single electron and study how it interacts with
soft photons (both real and virtual)

L = − 1

4
FµνF

µν + ϕ+

[
iD0 +

ck
2M

~D 2 − cm
2M

e~B · ~σ

− cd
8M2

e
(
~D · ~E − ~E · ~D

)
− i

cs
8M2

e
(
~D × ~E − ~E × ~D

)
· ~σ + · · ·

]
ϕ

Leading order
mass shell: E = 0 independently of ~p
SU(2) spin symmetry: electron spin does not interact with
electromagnetic field (and can be rotated at will) because
the electron magnetic moment ∼ e/M
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Feynman rules

Propagator

S(k) =
1

k0 + i0
S(x) = −iθ(x0)δ(~x )

Vertex ie0v
µ where vµ = (1,~0 )
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Wilson line
Propagator in an external field

S(x) = −iθ(x0)δ(~x )W (x)

Wilson line D0W (x)ϕ(x) = W (x)∂0ϕ(x)

~x

x0

(x0, ~x )

W (x0, ~x ) = P exp

(
i

∫ x0

−∞
A0(x

0′, ~x ) dx0′

)
W−1(x)D0W (x) = ∂0

Transformation ϕ(x) = W (x)ϕ(0)(x):
the leading-order Lagrangian becomes free

L = ϕ(0)+i∂0ϕ
(0)
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Covariant notation

p = Mv + k

/vhv = hv

L = h̄v

[
iv ·D − ck

2M
D2
⊥ −

cm
4M

Fµνσ
µν

− cd
8M2

vµ[Dν
⊥, Fµν ] + i

cs
8M2

[Dµ
⊥, F

λν ]+vλσµν + · · ·

]
hv

D⊥ = D − v(v ·D)
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Feynman rules



Tree level

Propagator

/p+M

p2 −M2 + i0
=

M(1 + /v) + /k

2Mv · k + k2 + i0
=

1 + /v

2

1

k · v + i0
+O

(
k

M

)

Vertex ie0γ
µ → ie0v

µ

1 + /v

2
γµ

1 + /v

2
=

1 + /v

2
vµ

1 + /v

2
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Propagator
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2Mv · k + k2 + i0
=

1 + /v

2

1
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Vertex ie0γ
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2
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Mass shell

Propagator at E → 0, ~p→ 0

1

E − c0k
2M

~p 2

c0k = 1 ck(µ) = 1



Scattering in external field in QED

p p′

q

µ

ū(p′)

[
F1(q

2)
(p+ p′)µ

2M
+ FM(q2)

[/q, γµ]

4M

]
u(p)

F1(q
2) = 1 + F ′

1(0)
q2

M2
+ · · · FM(q2) = FM(0) + · · ·



Foldy–Wouthuysen transformation

p = Mv + k

u(p) =

[
1 +

/k

2M
+

k2

4M2
+ · · ·

]
uv(k)

/vuv = uv

ūv(k
′)

[
F1(q

2)

(
vµ +

(k + k′)µ

2M
− q2 + [/k, /q]

8M2
vµ + · · ·

)

+ FM(q2)

(
[/q, γµ]

4M
+
q2 + [/k, /q]

4M2
vµ + · · ·

)]
uv(k)
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Scattering in the effective theory
Loop corrections vanish

ūv(k
′)

[
vµ + ck

(k + k′)µ

2M
+ cm

[/q, γµ]

4M

+ cd
q2

8M2
vµ + cs

[/k, /q]

8M2
vµ + · · ·

]
uv(k)

ck = 1 cm = FM(0)

cd = 8F ′
1(0) + 2FM(0)− 1 cs = 2FM(0)− 1

Reparametrization invariance v → v + δv, δv ∼ k/M

ck = 1 cs = 2cm − 1
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Regions



Power counting

Small parameter

λ ∼ k

M

Soft fields: ∂ ∼ λ, A ∼ λ, D ∼ λ

<T{ϕ(x)ϕ+(0)}> ∼
∫

d4k

(2π)4
e−ik·x

1

k · v + i0

ϕ ∼ λ3/2

ϕ+iD0ϕ ∼ λ4

ϕ+ ~D 2ϕ ∼ λ5 ϕ+ ~B · ~σϕ ∼ λ5
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Another derivation at tree level

ψ(x) = e−iMv·x (hv(x) +Hv(x))

hv(x) = eiMv·x1 + /v

2
ψ(x) Hv(x) = eiMv·x1− /v

2
ψ(x)

/vhv(x) = hv(x) /vHv(x) = −Hv(x)

L = ψ̄ (i /D −M)ψ

= h̄viv ·Dhv + H̄v (−iv ·D − 2M)Hv + h̄vi /D⊥Hv + H̄vi /D⊥hv

Solution of the equation of motion

Hv =
1

2M + iv ·D
/D⊥hv =

1

2M
i /D⊥hv −

iv ·D
(2M)2

i /D⊥hv + · · ·

L = h̄v

[
iv ·D − D2

⊥
2M

+
eFµνσ

µν

4M
+ · · ·

]
hv
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NRQED

L = − 1

4
FµνF

µν + ϕ+

[
iD0 +

ck
2M

~D 2 − cm
2M

e~B · ~σ

− cd
8M2

e
(
~D · ~E − ~E · ~D

)
− i

cs
8M2

e
(
~D × ~E − ~E × ~D

)
· ~σ + · · ·

]
ϕ

+ χ+
[
e→ −e

]
χ+

1

M2
Oc + · · ·

Oc = ds(ψ
+ψ)(χ+χ) + dv(ψ

+~σψ) · (χ+~σχ)

= d̄s(ψ
+χ)(χ+ψ) + d̄v(ψ

+~σχ) · (χ+~σψ)

ds = −1

2
d̄s −

3

2
d̄v dv = −1

2
d̄s +

1

2
d̄v
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Contact interaction

d̄v = −πα +O(α2) d̄s = O(α2)



Regions

Region E ~p Electron Photon
1

(M + E)2 − ~p 2 −M2

1

E2 − ~p 2

Hard ∼M ∼M
1

2ME + E2 − ~p 2

1

E2 − ~p 2

Soft ∼Mv ∼Mv
1

2ME + E2 − ~p 2

1

E2 − ~p 2

Potential ∼Mv2 ∼Mv
1

2ME − ~p 2 + E2

1

−~p 2 + E2

Ultrasoft ∼Mv2 ∼Mv2 1

2ME + E2 − ~p 2

1

E2 − ~p 2

QED
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pNRQED

L =

∫
d3~r

[
−1

4
FµνF

µν + ϕ+

(
iD0 +

~D 2

2M
+ · · ·

)
ϕ

+ χ+
(
e→ −e

)
χ

]
−
∫
d3~r1 d

3~r2 ϕ
+(t, ~r1)χ

+(t, ~r2)V (~r1 − ~r2)χ(t, ~r2)ϕ(t, ~r1)



Breit potential

V (~r ) = − α

r
− α

2M2r

[
~p 2 +

1

r2
~r · (~r · ~p)~p

]
+

3α

2M2r3
~l · ~s− α

4M2r3

[
~σ1 · ~σ2 −

3

r2
(~r · ~σ1)(~r · ~σ2)

]
+

πα

2M2

[
5 +

7

3
~σ1 · ~σ2

]
δ(~r )



Bilocal gauge-invariant field

χ(t, ~r2)ϕ(t, ~r1) → P exp

(
ie

∫ ~r1

~r2

~A(t, ~r) · d~r
)
S(t, ~R,~r )

~R =
~r1 + ~r2

2
~r = ~r1 − ~r2

Multipole expansion

L = − 1

4

∫
d3~r FµνF

µν +

∫
d3 ~R d3~r S+(t, ~R,~r )

[
i∂0 −

~p 2

M

+
~p 4

4M3
−

~P 2

4M
− V (~r ) + e~r · ~E(t, ~R )

]
S(t, ~R,~r )

Power counting

p ∼Mα r ∼ 1

Mα
∂0 ∼Mα2 P ∼Mα2

A ∼Mα2 ∂ ∼Mα2
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Positronium energy levels

Enls = −Mα2

4n2
+Mα4

[
− 1

2n3(2l + 1)
+

11

64n4
+

7

12

δl0δs1
n3

]
+· · ·

Vector current

ψ̄~γψ = cv χ
+~σϕ+O

(
1

M2

)
cv = 1− 2

α

π
+ · · ·
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Soft–collinear effective theory

Inclusuve B → Xsγ (neglecting ms and mK)

M2
X = MB(MB − 2Eγ)

I
MB

2
− Eγ ∼

Λ2

MB
Exclusive channels MX ∼ Λ

I
MB

2
− Eγ ∼ Λ

Jet M2
X ∼MBΛ

I
MB

2
− Eγ ∼MB

MX ∼MB



Light-front components

nµ± = (1,∓1,~0)

n2
+ = n2

− = 0 n+ · n− = 2

a± = a · n± = a0 ± a1

aµ =
1

2
(a+n

µ
− + a−n

µ
+) + aµ⊥

a · b =
1

2
(a+b− + a−b+)− ~a⊥ ·~b⊥

vµ =
1

2
(nµ+ + nµ−) v+ = v− = 1 ~v⊥ = ~0

γ± = γ · n± = /n±



Regions

λ ∼ Λ

E

Region p = (p+, p−, p⊥) p2

Hard (1, 1, 1) 1
Hard–collinear (λ, 1, λ1/2) λ
Soft (λ, λ, λ) λ2



Power counting

Soft fields

∂ ∼ λ As ∼ λ qs ∼ λ3/2 hv ∼ λ3/2

Hard-collinear fields

∂ ∼ (λ, 1, λ1/2)

Hard-collinear gluon

<0|T {Aµhc(x)A
ν
hc(0)} |0> ∼

∫
d4p

(2π)4
e−ip·x

1

p2

[
gµν − (1− a)

pµpν

p2

]
Ahc ∼ (λ, 1, λ1/2)
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Hard-collinear quark

ψhc = ξ + η γ+ξ = 0 γ−η = 0

ξ =
1

4
γ+γ−ψhc η =

1

4
γ−γ+ψhc

<0|T
{
ψhc(x)ψ̄hc(0)

}
|0> ∼

∫
d4p

(2π)4
e−ip·x

1
2
(p+γ− + p−γ+) + /p⊥

p2

<T
{
ξ(x)ξ̄(0)

}
> ∼ λ <T {η(x)η̄(0)}> ∼ λ2

<T {ξ(x)η̄(0)}> ∼ <T
{
η(x)ξ̄(0)

}
> ∼ λ3/2

ξ ∼ λ1/2 η ∼ λ
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Hard-collinear Lagrangian

L = ψ̄i /Dψ = (ξ̄ + η̄)i

(
1

2
D+γ− +

1

2
D−γ+ + /D⊥

)
(ξ + η)

=
1

2
ξ̄D+γ−ξ +

1

2
η̄D−γ+η + ξ̄ /D⊥η + η̄ /D⊥ξ

1

2
D−γ+η + /D⊥ξ = 0 η = −1

2
γ−

1

iD− + i0
i /D⊥ξ
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Wilson line

W (x) = P exp

(
ig

∫ 0

−∞
A−(x+ tn−)dt

)

W−1D−W = ∂−
1

iD− + i0
= W

1

i∂− + i0
W−1

η(x) = −1

2
γ−W (x)

1

i∂− + i0

(
W−1i /D⊥ξ

)
x

=
i

2
γ−W (x)

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt

L = ξ̄(x)D+ξ(x)

+
i

2

(
ξ̄i /D⊥W

)
x
γ+

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt



Wilson line

W (x) = P exp

(
ig

∫ 0

−∞
A−(x+ tn−)dt

)
W−1D−W = ∂−

1

iD− + i0
= W

1

i∂− + i0
W−1

η(x) = −1

2
γ−W (x)

1

i∂− + i0

(
W−1i /D⊥ξ

)
x

=
i

2
γ−W (x)

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt

L = ξ̄(x)D+ξ(x)

+
i

2

(
ξ̄i /D⊥W

)
x
γ+

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt



Wilson line

W (x) = P exp

(
ig

∫ 0

−∞
A−(x+ tn−)dt

)
W−1D−W = ∂−

1

iD− + i0
= W

1

i∂− + i0
W−1

η(x) = −1

2
γ−W (x)

1

i∂− + i0

(
W−1i /D⊥ξ

)
x

=
i

2
γ−W (x)

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt

L = ξ̄(x)D+ξ(x)

+
i

2

(
ξ̄i /D⊥W

)
x
γ+

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt



Wilson line

W (x) = P exp

(
ig

∫ 0

−∞
A−(x+ tn−)dt

)
W−1D−W = ∂−

1

iD− + i0
= W

1

i∂− + i0
W−1

η(x) = −1

2
γ−W (x)

1

i∂− + i0

(
W−1i /D⊥ξ

)
x

=
i

2
γ−W (x)

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt

L = ξ̄(x)D+ξ(x)

+
i

2

(
ξ̄i /D⊥W

)
x
γ+

∫ 0

−∞

(
W−1i /D⊥ξ

)
x+tn−

dt



Dµ = ∂µ− igAµhc− igA
µ
s ∼ (λ, 1, λ1/2)+(λ, 1, λ1/2)+(λ, λ, λ)

W = Whc +O(λ)

Multipole expansion: when a hard-collinear field interacts
with a soft field, x ∼ (1, λ−1, λ−1/2), but the soft field varies
at a scale (λ−1, λ−1, λ−1)

φs(x) = φs

(
1

2
x−n+

)
+x⊥·∂⊥φs

(
1

2
x−n+

)
+

1

2
x+∂−φs

(
1

2
x−n+

)
+· · ·

Leading-order Lagrangian

L = ξ̄(x)Dhc
+ ξ(x) + ξ̄(x)gAs+

(
1

2
x−n+

)
ξ(x)

+
i

2

(
ξ̄i /Dhc

⊥Whc

)
x
γ+

∫ 0

−∞

(
W−1
hc i /D

hc
⊥ ξ
)
x+tn−

dt
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